International Journal of Neutrosophic Science (IINS) Vol 19, No. 01, PP. 68-81, 2022

Some remarks on A™(1,) —summability on neutrosophic
normed spaces

Archana Sharma®, Sajid Murtaza?, Vijay Kumar®”
123 Department of Mathematics, Chandigarh University, Gharuan Mohali (Punjab), India

Emails: dr.archanasharmal022@gmail.com; sajidsulimani8@gmail.com; kaushikvjy@gmail.com

Abstract

In the present paper, we use the difference operator A™ and A — summability to define some new
summability concepts on neutrosophic normed spaces. We also introduce concepts of generalized
limit point, and cluster point and obtain some relationships among these notions. Finally, we define
generalized Cauchy sequences on these spaces and present a characterization of a new summability
method that preserves linear operators on neutrosophic normed spaces.
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1. Introduction

Statistical convergence was defined by Fast [9] and further studied in [5], [10], [11], [24] and [25].
“A sequence (x;) of numbers is said to be statistical convergence to a number L if for each € > 0,

limn1|{k <ni|x,—L| =¢e} =00r5(K,) =0,where K, by {k < n:|x;, —L| =&} € N”.
n

In [20], the (V,A) — summability is defined as follows: “For any non-decreasing sequence of
positive numbers A = (1,) with 1, > w0 asn - o and 1,,,; <4, +1, 4, =1, the generalized de
la Valée-Pousin mean is defined by

1
ta(x) = o Z X, where I, = [n— 21, + 1,n].

™ kel

A sequence x = (x;) is said to be A — summable to a number L if t,(x) = %Zke,nxk - L as
n

n — o”,

Statistical convergence is further generalized in [16], called I — convergence. Later, the idea is
developed in [4], [6], [7], [8], [12], [15], [17], [18], [19] and [21]. For basic information on I —
convergence, we recommend the paper [16].

Fuzzy sets were invented by Zadeh [28] and generalized by Atanassov [1], called intuitionistic fuzzy
sets. Over the years, many applications of these sets can be found in [6]. [12]. [21]. [22] and [23].
Recently, Smarandache [27] introduced a generalization of an intuitionistic fuzzy set, called a
neutrosophic set. For some recent works on these sets, we refer [2], [3], [13] and [14]. We aim in
this paper, to defineA™ (1) —convergence and A™(I;) —convergence on neutrosophic normed spaces
as a generalization of ideal convergence. Later, we introduce the concepts of A™(l;) —limit point,
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A™(I;) —cluster point and obtain some relationships among these. We also define A™ (1) — Cauchy,
A™(I;) —Cauchy sequences on these spaces and study their relations. Finally, we present a
characterization forA™(I,) —convergence preserving linear operators on neutrosophic normed
spaces

2. Background and Preliminary

In this section, we review and give some definitions and results which form the basis for the present
study.

Definition 2.1[16] “Let F be a vector space, N = {(9, G(I¥), B(9), Y(9)):9 € F} be a normed
space such that : F x R* — [0,1] and o, e respectively are continuous t — norm and continuous
t — conorm. Then a four touple V = (F,V,0,¢) is called a neutrosophic normed space (NNS) if the
following conditions are satisfied.

Forevery u,v € F and 4,u > 0 and for every o # 0 we have

0] 0<Gw,AN<1 0<BwA<1 0<YwA) <1 foreveryl€eR";
(i) G, )+ B(u,A) +Yu,A) <3 forleRt;

(iii) G, ) =1 (forA > 0) if and only if u = 0;

) G =6 (ur);

(V) Gu,w) oG, ) < Gu+v,1+p);
(vi) G(u,.) is a continuous non-decreasing function;

(vii)  limy,,Gw,A) =1
(viii)  B(u,A) =0 (forA>0) if andonlyif u=0;

(ix) B(ou, 1) =B (u, lj_l)

(X) B(u,u) e B(v,A) = B(u+v,1+ pu);

(xi) B(u,.) is a continuous non-decreasing function;
(xii) lim,_,, B(u,1) = 0;

xiii) Y, A) =0 (forA>0) if and only if u = 0;

0 Youd =Y (u);

xv) Y eYw,D)=2Yu+v,1+up);

(xvi)  Y(u,.) is a continuous non-decreasing function;

(xvii)  limy_e Y(u,A) = 0and

(xviii) IfA<0,theng(u,A) =0, B(u,4A) =1 and Yu, 1) =1.
Here, V' (G, B, 1) is called the neutrosophic norm”.

Some examples of neutrosophic normed spaces can be found in [16].

“A sequence (ay;) in Neutrosophic Normed Spaces V is said to convergent if, for each ¢ > 0 and 1 > 0,
there exists a positive integer m and £ € F such that

Glay —LA)>1—-¢B(ay—L,A) <eand Y(a, — L, 1) <e forallk =m.
This is equivalent to say
Ili_{glog(ak L)) =1, %L%B(ak —L,A) =0 and ,li_{g’y(ak —L,A)=0.
and we write in this case V" — %Lrt;oak =L

“The sequence (ay) is said to be Cauchy if, for each € > 0 and A4 > 0, there exists a positive integer m and
such that
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Glay —a,, ) >1—¢Blay —a,A) <e and Y(ay —a,,A) <e forallk,n =m.”
For basic terminology on neutrosophic normed space, we refer to [14].

Let w denotes the set of all sequences in the neutrosophic normed space V = (F, \V,o,¢). Define A™:w - w
by

AO Ay = Ay,
At ay = ag — Qyyy ;
A" a, =A™t (Aap) =A™ (ap —ag.;) m=2 andforallk € N.

Throughout the work V be an NNS; A = (4,,) is a sequence as described above and I < g (N)
denotes an admissible ideal.

3. A™(4) —Convergence

Definition 3.1 Let 0 <e<1 and u > 0. A sequence x = (x;) in V is said to be A™(1) —
convergent in neutrosophic norm N if 3, £ € F and an n, € N satisfying

1
=D Gy —Lw>1-¢,
n

kelp

1 1
/1—2 B(A™x), — L,u) < € and A—Z‘y(Amxk—L,,u) <eg forn=ny,
n n

kel kel
and we write V; — lim, A™x;, = L..
Theorem 3.1 If x = (x;,) be a A™(1) — convergent with NV; — lim, A™x;, = £, then, £ is unique.

Proof Assume, there exists £; and £, inV such that £, # £, and N, — lim, A™x;, = L, N, —
lim, A™x, = L,.lete > 0 and u > 0. Choose 9 > 0 such that

(1-8)o(1—-—e)>1—9 and cec<?V (3.1

Since, V; — limy, A™x;, = £;, N; — lim, A™x;, = £, so forevery e >0and u > 03 n, and n, in
N with

1
= GO~ L0 > 1-¢,
n

kel

1 1
A—Z B(A™x, — Ly, 1) < € and /1—2 YA x, — L, p) <e forn=ng;
n n

kely kEly
and

1
=D G~ Ly > 1-¢
n

kely,

1 1
A_Z B(A™x), — L,, 1) < € and A_Z YA™x), — Ly, u) <e  forn =n,.
n n

kEly, kel

1 1
Case (i) = Z G(A™x, — Ly, u)>1—¢ and = Z GA™ X, — Ly, u) > 1 —¢
n n

kEly, kEl,

1 1
Case (ii) " Z B(A™x), — Ly, u) <& and = Z B(A™x), — Ly, 1) < € and
n n

kel kel
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1 1
Case (iii) = Z YA™x, — L, 1) <& and = Z YA@A™xy, — Ly, 1) < €.
n n

kely keEly

Case (i) Letn, = max{ny,n,}, then forn > nywe can find p € N satisfying

g(Amxp —/:1,5) > %Z g(Amxk —/:1,5) >1-¢ and
n

2 2
kel
U 1 U
m _ h R m —_ —_ —
G (amx, LZ,Z) >An2g(A X, LZ,Z) >1-¢.
k€l
Now,
u u
G(Ly = Low) = G (A™a, — Ll,z) oG (ama, - LZ,E) >(A-g)o(l—e)>1-19 (3.2)

Since 9 is arbitrary and (3.2) holds for every u > 0, it follows that G(£, — £,, 1) = 1, and therefore
Ll = Lz.

Case (ii) As in case (i) for n = n, there exists p € N such that

B (amx, - Ll,%) < % Z B (amx, Ll,g) <¢ and

k€l,
U 1 u
m _ W S m — —
B(A X, Lz,z) <AnZB(A X, LZ,Z) <e
KEI,
Now,
m K m K 9
B(L, — L, 1) < B(A ap—Ll,E)OB(A a, —LZ,E) <gee <.
Since 9 is arbitrary and above inequality holds for every u > 0, it follows that B(£; — £,,u) = 0,
and therefore £; = £,.
Case (iii) follows similarly to case (ii) m

Theorem 3.2 Let x = (x;), v = (y,) be two sequences in V such that N; — lim, A™x;, = £,
and V; — lim, A™y, = L,, then

() Ny = limy (A™ (x + Y1) = L4 + Ly
(ii) N, = lim (B(A™ x;)) = BLy for B # 0
Proof. excluded. m
Theorem 3.3 For any x = (x;) with V; — lim;, A™x,, = £, 3 a subsequence (xkj) of (x;) with
N —lim; A™x,, . = L.
]
Proof Suppose V; — lim;,, A™x;, = £ holds. For each € > 0 and u > 0, 3 n, € N satisfying

1
=D Gy L > 1,
n

kel

1 1
/1—2 B(A™x;, — L, 1) < & and /sz(Amxk—L,/J) <e fornz=n,.
n n

k€l, k€ly
Now for n > n, we can selecta k; € I,, such that

1
G (8mxy = L) > D G@x — L) > 1= e
n

kel,
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1
B (Amxkj s u) <= Z B(A™x, — L, i) < & and
n

k€Ely

m 1 m
y(a xk—L.u)<ZZy(A Xe — L) <.

kEly,

Thus, we have a subsequence (xk].) of (x;) such that V" — lim; Amxkj =L.m

4. A™(I;) — Convergence
Definition 4.1, Let 0 <e <1 and u > 0. A sequence x = (x;) in V is said to be A™(I;) —
convergent with respectto V' if 3, £ e F satisfying

1 1
A(e,u) =4n €N: A_Z GA™x, — Lip)<1—c¢ or A—ZB(Amxk—L,u)
n

" kel kel
1
> ¢ and A_Z Y@"x, —L,p) =¢e €L
" kel
We denote it by A™(I}) — lim x; = L.

Example 4.1 Let (F, ||.]|) be a normed space. Define t — norm o and t — conorm e as follows. For
w,v € [0,1,ucv=uvanduev =min {u +v,1}. Foru > 0 and u > |lu||, define

L B(u, ) = el and Y(u,A) = M
it lull’ ' w+ lull ' 2

Gw,) =

Then, (F,V,0,¢) is a neutrosophic normed space.
Let, m= 0,1 = (1,) = (n) and chose I = {S € N:6(S) = 0}. Construct a sequence x = (x;) by

X ={1 if k = j> where j EN _
k 0, otherwise ’

Then for e > 0 and u > 0, the set

1 1 1
A(e,u) =<n €N: A—Z GA™x ) <1—¢ or/1— z B(A™x, u) = €and = z YA xp,, 1)
n

kely kEly kEly,

is contained in the set of squares whose natural density is zero. So, we have 6(A(s, M)) =0 and
therefore §(A(e,w)) € 1. m

Lemma 4.1 For e > 0 and u > 0, the following are equivalents.
@ am(I) - limx, = L;

1 1
(i) nEN:/TZg(Amxk—L,u)Sl—s €l nEN:A—ZB(Amxk—L,/J)Ze
n

™ kel kel

1
€ I and nEN:A—Z‘y(Amxk—L,u)Ze €l
n

kel
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(i) nEN—ZQ(Amxk—Lu)>1—£

keEly

ZB(Amxk—L w <e and—z YA™xy, — Lop) <€

™ kel kel,

e F()

(iv) nEN—ZQ(Amxk—Lu)>1—s

™ kel

eEF(); {n€N: —ZB(Amxk—L/,L)<£ € F(I) and

kel

n € N: —Z‘y(Amxk—L w<ereF)

kel
w) L- lilgng(Amxk - L) =1; I — liIEnB(Amxk —L,uw)=0 and I
— lilgn YA™x, — L,pn) = 0.
Proof. Omitted m
Next Theorem provided the uniqueness of 1§ — limy, x;, provided it exists.

Theorem 4.1 If x = (x,) is a sequence in V such that A™(I}) — limy x, = £; and A™(I}) —
limk Xk = Lz, then Ll = Lz.

Proof: Suppose that £; # £, and let ¢ > 0. Choose y > 0 such that

1-8)o(1—e)>1—y and cec<y 4.1
For u > 0, define.
1
K (e,u) ={n €N /1— — L4, )Sl—s ,
u
ng(fﬂ)—{TlENl—Z —Lz,i)Sl—E ;
kely,

Ky, (&,0) = nEN—Z A X, — Ly, )>£ and Ky, (&, 1)
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Since A™(I4) — lim, x;, = £, and A™(I}-) — lim, x,, = £, so by Lemma 3.1, we respectively have
the sets K¢ (¢, 1); Kg, (e, 10); Ky, (e, 1) and K, (¢, 1); Kz, (g, 1) and Ky, (&, 1) belongs to 1. Define
aset Ky (e, ) by

Ko e, ) = {{{Ks, (2,10} U {5, (2,10} 0 {{K, (2100} U (K, 2.0}
 {{Ky, G0} U {Ky, e}
then K (e, u) € I and therefore @ # K (e, 1) € F(I). Letn € K (g, 1), then
@ neN-{{Kgem}u{Kg,em})
@) neN-{{Ks,(em}U{Ks,(em}}
(i) neN- {{Kyl (e, 10} U {Ky, (s, u)}}.

Suppose that (i) holds, then n & {K;_ (e, )} U {Kg, (e, 1)} which gives n & K;, (¢, 1) and n ¢
Kg, (e, 1). This implies that

1 u 1 u
I m — _ — . m — _ —
= E g(A X, 51,2)> -z and E g(A X, L2,2)> 1—¢ (4.2)

kEln kEly,

Clearly, we will get a p € N such that

6 (amx, - £,,%) >iz G (amx, —Ll,%) >1—¢ and

2 A k€l
U 1 U
G(amx, - £,5) > . Z G(amxe - £,5) > 1-2.
kel

Now,

m K m K
G(Ly — Ly ) = g(A X, —Ll,z) og(A X, —Lz,z) >A-8o(l-g)>1—y (4.3)

(using (4.1) and (4.2))

Since y is arbitrary and (4.3) holds for every u > 0, it follows that G(£, — £,, u) = 1, and therefore
Ll = Lz.

We now assume (ii) holds, thenn & Kz (e,1) and n & Ky, (¢, 1), and therefore we have

%Z B (47, — Ll,%) <eand =3 B (amx, - Lz,%) <e (4.4)

kEly kely

Using the same technique as above, we get p € N such that

B (Amxp - Ll,%) < %’;B (Amxk - Ll,g) <e and

B (AMxp - LZ,%) < %Z B (Amxk - Lz,%> <e

KEly,
Now,
w u
B(Ly — L5, 1) < B (A™x, - Ll,E) . B(amx, - Lz,z) <gee<y (4.5)
(using (4.1) and (4.4))
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As y is arbitrary and (4.5) holds for every u > 0, we must have B(L, — £,, ) = 0, which gives
immediately £, = £,.

Finally, assume that (iii) holds. It follows that n & Ky, (1, ), and n & Ky, (u, 1)and therefore we
have

%Z Y (amx, - Ll,g) <e and %Z Y (A, - Lz,%)

kel kel
<¢g

As above, we get p € N such that

y(amx, - Ll,ﬁ) < % Z Y (amx, - Ll,%) <e and
n

2 &
y (8, — £,5) < %Zy (amx £, 5) <.
Now,
YLy — Ly ) <Y (Amxp - Ll,%) .y (AMxp - Lz,%) <gee<y (4.6)

Since y is arbitrary and (4.6) holds for every u > 0, we must have Y (L, — £,, 1) = 0 and therefore
wehave £L; = L,.. m

Theorem 4.2 If x = (x;,), ¥y = (,) be two sequences in Vsuch that A™(I%) — limy, x, = £, and
A™ (1) —limy y, = L,, then
(i) A™(13) = limy (xie + i) = L1 + £,
(ii) A™(13) = lim (B x) = BL, for B # 0
Proof. Omitted. m
Next Theorem provide the relation between A™ (V) — convergence and A™(I}) — convergence.
Theorem 4.3 For x = (x;) if A™(V}) — limy, x;, = £, then, A™(I3) — lim x, = L.
Proof Suppose A™(N;) — limy, x;, = L holds. Thenfore > 0andu > 0,3 n, € Ns.t
%z GA™x, — L) >1—¢ ,%z B(A™x, — L,u) < & and %Z YA x, — L, 1)

keln kel kel
<g forn=nyg.

Let,

1 1
A(e,u) ={n eN: A—Zg(Amxk—L,u) <1l-—c¢or A_Z B(A™x), — L, u1)

™ kel " kel

1
> ¢ and A_Z YA x, — L,u) =€ ¢,
n

kel
then it is clear that A(e, u) € {1,2,3,--n, — 1} so in I. This implies A™(I%) — lim, x;, = L. m

Theorem 4.4 If x = (x;) be A™(1) — convergentin V and y = (y,) be another sequence in V
such that {n € N: A™x,, # A™y, for some k € I,} € I, then (y;) is A™(I;) — convergent to the
same limit.
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Proof Let A™(3;) — lim x;, = L. Foreache > 0andu > 0,3 n, € Ns.t

1
= Gy - Lw>1-¢,
n

kEly,

1 1
A_Z B(A™x), — L,u) < € and A—Zy(Amxk—L,u) <g forn=n,.
n n

kely kel

Thus

1 1
A(g, 1) = nEN:A—Z G(A™x, — L,uy)<1—¢€or A—ZB(Amxk—L,u)
n n

kely keln
1

> ¢ and A_Z YA™x, —Lp)=e p={1,23.--:ny — 1} €L
" kel

This implies that

1 1
AC(g,u) ={n €N: —Z G(A™x, — L,u) > 1 —e,—z B(A™x,, — L, 1)
An An

k€ln keln
1
< & and A_Z YA™x, — Lip)<e ¢l
™ kel

Now, for 0 < € < 1 and u > 0 we have

1 1
n €N: A_Z GA"y, —Luy)<1—¢or A—ZB(A’“yk—L,u)
n

™ kel kel

1
> ¢ and A—Z'y(Amyk—L,,u) >¢
n

kEln
c {n € N: A™x, # A™y, for some k € I,} U A(e, u).

Since, A(e,n) and {n € N: A™x,, + A™y, forsome k € I,} are sets in I so {n € N:A™x, #
A™y, for some k € I,} U A(e, i) € I, which immediately gives

1 1
n €N: ng(Amyk—L,u) <l-¢or TZB(Amyk—L,u)
n

kel kel
1
> ¢ and A—Z’y(Amyk —Lu)=¢e €L
" kel

and therefore (y) is A™(I}) — convergent. m.

5. A™(I;) — limit points and A™(I;) — cluster points

Definition 5.1 An element £, is said to be a A™ — limit point of (x;) w.r.t V if 3 a subsequence
of (A™x; ) that is convergent to £, w.r.t V.

Definition 5.2 An element £, is said to be a A™(I;) — limit point of (x;) if 3, K = {k; <k, <
wkj<--}CSNstthesetK' = {r € N:k; € I} & [ and I, — lim; A™x,, = L.
Let A% (1, x) denotes the set of all A™ () — limit points of x = (x;,).

Definition 5.3 An element £, is said to be a A™(1;) — cluster point of (x;) if 0 <& <1 and
u>0,
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1
neN: = > G~ Lo,i)

kEl,
1 1
>1 _S'A_Z B(A™x), — Ly, 1) < € and A_Z Y@A™x, — Lo, ) <€ p &1
™ kel ™ kel
Let T4 (1, x) denotes the set of A™(I;) — cluster points of the sequence x = (x;).
Theorem 5.1 For x = (x;) inV, A4 (1, x) € T{(, x).

Proof Let £, € A} (I,x),3set K ={k; <k, <-kj<--}SN st. K'={reN:k;el}el,
M—limjAmxkaﬁo. Sofor0<e<landu>0,3,j, EN st forj=j,

£ 26 (8~ Lown)

JEIn
1 m 1 m
>1-—¢, _/1n E B(A xkj—LO,u)<sand—/1n E y(A xkj—LO,y)<£

JEIn JEIn

This implies that

1
n € N: —z G(A™x,, — Lo, 1)
An

JEIn

1 1
>1-—¢, A_Z B(A™x), — Ly, 1) < € and A—Zy(Amxk — Lo, W) <e
n < n <
JEIn JEIn

CK' —{ky <ky<-kj}

Since I is admissible so K’ — {k1 <k, <-- kno} & I, which immediately gives

1
nEN: = GEA™x, — Lo,
PR

JEIn

1 1
>1-¢, /1—2 B(A™x;, — Lo, 1) < € and A—Z‘y(Amxk — Lo, ) <e
" jeI, " j€ln

&I
and therefore £, € T} (I, x). m

Theorem 5.2 For x = (x;) in V, T/ (1, x) is a closed set..

Proof. Let £, € Ff;(l,x) where bar denotes the closure of the set. Let, 0 < & < 1 and u > 0. Since
Lo €TEL,x) so TH(,x)NO0(Ly e u) where 0(Ly,eu) ={LEV:GL —Louw) >1—¢,
B(L—Ly,u) <€ and Y(L — Ly, 1) < €} denotes the open neighborhood of L, Let L; €
TA(1,x) N O(Ly, & ). Choose ¥ > 0 such that 0(Ly,y, 1) € 0(Ly, &, 1). Now we have

1 1
A=<{n€eN: A_Z GA™x), — Lo, 1) > 1—£,TZB(Amxk—LO,u)
n

JEIn JEIn

1
< gand A—Z’y(Amxk—Lo,u) <gp2
n

JEIn
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1 1
rEN: = ) GAMx — Lyw) > 1=y, 3 ) B, — Ly, k)
p 7

Jj€ln Jj€ln
1
<y and A—Z‘y(Amxk —L,u) <yt =B.
n <
JEIn

As L, € TH(1,x) so B ¢ I, and consequently A & I. Hence L, € T+ (1, x) and thereforel'’;+ (1, x) is a
closedsetinV.m

6. A™(A) —Cauchy and A™(I;) —Cauchy sequences

Definition 6.1 A sequence x = (x;) in V is said to be A™(A) — Cauchy w.rt N if 3 positive
integers p and n, s.t.

1
A_Z Q(Amxk—xp,/.t) >1-—c¢,
n

kEly

1 1
A_Z B(A™x), — xp, 1) < € and A_Z Y(A™xy, — x,, 1) < € forn =n,
n n

kel kel

Definition 6.2 Let 0 < e < 1 and u > 0. A sequence x = (x;) in V is said to be A™(I;) — Cauchy
w.r.t vV if 3 positive integers p s.t

1 1
n € N: A_Z G(A™x; —x,u)<1—¢ or A—ZB(Amxk—xp,u)
n

kel ™ kel
1
> ¢ and A_Z Y(A™xy, —xp ) =€ (€
™ kel

or equivalently

1
nEN:TZg(Amxk—xp,u)>1—e,

™ kelp

1 1
—Z B(A™x), — xp, 1) <& and — Z Y(A™xy, — xp, 1) < € { € F(D).
An An

kel kel

Definition 6.3 Let, 0 < ¢ < 1 and u > 0. A sequence x = (x;) in V is said to be A™(I3) — Cauchy
Wt NV if 3, K=f{ky <k, <k <-}SN st K'={neN:ik €L} €F() and () is
A™(Q) — Cauchy sequence W.r.t V.

The following two Theorems are analogs of Theorem 4.3, and Theorem 3.3 respectively.
Theorem 6.1 2 If x = (xz) inV is A™(A) — Cauchy then itis A™ (I;) — Cauchy.

Theorem 6.2 If x = (x;) in V is A™(A) — Cauchy then 3 a subsequence of (A™x;) that is V' —
Cauchy.

Theorem 6.3 If x = (x;,) inV is A™(I;) — Cauchy, thenitis A™ (I;) — Cauchy.
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7. A™(1;) —Convergence preserving linear operators

In this section, we define continuous and sequentially continuous mappings and present a
characterization of I, — convergence preserving linear operators.

Definition 7.1 A mapping T: V — V is said to be continuous at x, € V w.r.t NVif for 0 < e < 1 and
u>0,30<e <landy >0st forallx eV,

Glx —xp,7)>1—¢, B(x —xp,7) <& and Yx —xq,7) <€
imply that
GTE) =T W) >1—¢, BT —T)w) <e and YT (x)—T(x).p) <e.
If This is continuous at every point of the space V, then we call T continuous on V.

Definition 7.2 A mapping T:V — V is said to be sequentially continuous at x, € V w.r.t v’ and
A™ if for any sequence x = (x;) in V with NV — lim;, A™x;, = x, implies that N — lim, T (A™x;,) =
T (xo).

Theorem 7.1 Let V be an NNS. A mapping T:V — V is continuous w.r.t Nif and only if it is
sequentially continuous with respect to the neutrosophic norm V.

Proof. Omitted.

Definition 7.3 A mapping T:V — V is said to preserve A™ (1) — convergence in Vif A™(I}) —
limy, x,, = x, implies A™(I}) — lim, T(x;) = T(x,) for every sequence x = (x;) inV which is
A™(I)) — convergent tox, € V.

Theorem 7.2. A linear operator T: V — V preserves A™ (1) — convergence in Vif and only if Tis
continuous on V.

Proof First suppose that Tis continuous on V. Let x = (x;) be any sequence inV such that
A™(I3) — limy x,, = x,. For each 0 < & <1 and u > 0, there exists 0 < &' <1 and y > 0 such
that forall x e 1/,

Gx —x0,y) >1—¢, B(x —x0,y) <€ and Y(x—xpy) <&
imply that
G(T(x) —T(xp), 1) >1—¢, B(T(x) —T(xp), 1) <e and Y(T(x)—T(xp) 1) <Ee.
If,
O(xp, e, y) ={x €V:G(x —x0,¥) > 1 -, B(x —xp,7) <& and Y(x—x,p) <&’}

O(T (xo), & 1) = {T(x) € V:G(T(x) — T(xo), ) > 1 —¢, B(T(x) —T(xp), ) < €and Y(T(x) —
T(xo), ) <e.}

denotes open balls centered at x, and T(x,) respectively, then for all x € V, if x € 0(x,, &', y) then
T(x) € 0(T(xo), € w). But then we have

1
A ) = {neN:i— ) 6™ —xp,p)
n

kel

1 1
>1- s’,l— Z B(A™x), — x0,7) < € and T Z YA™xy, — xg,7) <&’
n n

keEl, kel
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1 1
n e N: " Z G(T(A™x,) = T(xp), ) >1—¢ N Z B(T(A™x;,) — T (xp), 1) < € and

c kely keElp

1
=) YT @™5) =T <&
™ jel,

= B(e, ).
Since A(e',y) € F(I) therefore B(e, u) € F(I). Hence, we have A™(I%) — limy, T(xx) = T(x).

Conversely, suppose that the operator T: V — V preserves A™(I;) — convergence inV. We prove
that T is continuous. Suppose that Tis not continuous at some point x, in V. Then there is some
0<e<1and pu>0 such that, for all 0 <&’ <1 and y > 0 we have if x € 0(xy,&',y) then
T(x) & O(T(xy),&,1) where x € V. Now we can have a sequence x = (x;) such that » —
limy, A™x;, = xo but & — lim,, T(A™x;,) # T (x,). This gives

1
D(e',y) =<n€N: /1_2 G(A™xy, — x0,7)
n

kel

1 1
>1- 8"/1_ z B(A™x) — xg,y) < €' and = Z YA x, — xp,7) < €'
n

kel ™ kely

1 1
|(n € N: T Z G(T(A™x,) —T(xp), ) <1—¢€ or " z B(T(A™x,) — T(x), 1) = € and\l
c 4 kel . kely, ¥
IL = YT@™x5) T, = & ]

keEly,

= E(g, p).
Since D(&’,y) € F(I) 0 E(e, ) € F(I) and therefore we have A™ (1) — lim, T(x;) # T(x,).

Conclusion

This paper used difference operators to define some new summability concepts on neutrosophic
normed spaces. The paper introduced the concepts of generalized limit point, cluster point and
obtain some relationships among these notions. In addition, the paper defined generalized Cauchy
sequences on these spaces and present a characterization of new summability method that preserve
linear operators on neutrosophic normed spaces.
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