
International Journal of Neutrosophic Science (IJNS) Vol. 19, No. 01, PP. 132-147, 2022

Neutrosophic Nano M Open Sets
A. Vadivel1,∗, C. John Sundar2, K. Saraswathi3, S. Tamilselvan4

1PG and Research Department of Mathematics, Government Arts College (Autonomous), Karur - 639 005,
India.

1,2Department of Mathematics, Annamalai University, Annamalai Nagar - 608 002, India.
3Department of Mathematics, Thiruvalluvar Government Arts College, Rasipuram, Namakkal - 637 401,

India.
4Engineering Mathematics, Annamalai University, Annamalai Nagar - 608 002, India.

Emails: avmaths@gmail.com1, johnphdau@hotmail.com2, srivanji2015@gmail.com3,
tamil au@yahoo.com4

Abstract

In this paper, we introduce the concepts of neutrosophic nano M -open sets and some stronger and weaker
forms of neutrosophic nano open sets in neutrosophic nano topological spaces. Further, we dealt with the
concepts of neutrosophic nano M -interior and M -closure operators. Moreover, we define the product related
neutrosophic nano topological spaces and proved some theorems related to this.
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1 Introduction

Zadeh29 was the first to present fuzzy set between intervals in mathematics. Later, Chang4 was the first to
present the idea of fuzzy topology. Atanassov2, 3 introduced a further generalisation of this fuzzy set in 1986
under the name intuitionistic fuzzy sets. In addition to this, intuitionistic fuzzy sets are widely explored in
the topological framework proposed by Coker.5 In 1995, Smarandache17, 18 introduced neutrosophic logic. It
is a logic in which each assertion is determined to have a certain amount of truth, uncertainty, and falsity.
Neutosophic topological spaces were first introduced in 2012 by Salama et al.16 The neutrosophic set has
numerous real-time applications in the many areas by several authors.1, 6, 10, 13, 23, 25 Rough set theory was
first introduced by Pawlak14 as a substitute mathematical tool for describing and handling vagueness and
uncertainty in reasoning and decision-making. Rough set concepts are frequently expressed in a very generic
manner using approximations, which are topological procedures for interior and closure. Rough set theory
was extended in 2013 by Lellis Thivagar,8 who also presented a new topology called nano topology and nano
topological spaces.

Additionally,11 investigated nano δ open sets in nano topological space. Vadivel et al.21, 22, 26–28 presented the
concepts of neutrosophic δ closure derived from neutrosophic regular closed sets and open sets in a neutro-
sophic topological space. El-Maghrabi and Al-Juhani? in 2011 introduced M -open sets in topological spaces
and Padma et al.12 introduced it in nano topological spaces and studied some of their properties. Recently, a
novel idea of neutrosophic nano topology was investigated by Lellis Thivagar et al.9 Recently, Thangammal
et al.19, 20 introduced Z-open sets in fuzzy nano topological spaces and Vadivel et al.24 investigated δ open
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sets and their weaker sets in neutrosophic nano topological spaces. Kalaiyarasan et al.7 introduced normal
spaces associated with M -open sets in fuzzy nano topological spaces and their applications using fuzzy score
function.

In section 2 of this paper, certain foundational ideas needed for our work are simply recalled. In section
3, we introduce the concept of neutrosophic nano M (resp. θ)-interior, neutrosophic nano M (resp. θ)-
closure operators. It also established NseuN θo, NseuN θSo, NseuN δPo, NseuN eo and NseuNMo sets
and discuss about some of their properties. In section 4, we dealt with the concepts of neutrosophic nano
interior and closure operators in various nano open and closed sets. Finally, in section 5, is to define the
product related neutrosophic nano M open sets via neutrosophic nano topological spaces.

2 Preliminaries

Definition 2.1. 15 Let U be a universe of discourse with a generic element in U denoted by s, the neutrosophic
set (briefly, Nseu s)is an object having the form S = {⟨s, µS(s), σS(s), νS(s)⟩ : x ∈ U}, where µS , σS , νS :
U → [0, 1] denote the degree of membership, indeterminacy and non-membership functions respectively of
each element s ∈ U to the set S and 0 ≤ µS(s) + σS(s) + νS(s) ≤ 3 for each s ∈ U .

Definition 2.2. 9 Let U be a non-empty set and Re be an equivalence relation on U .

1. Let S be aNseut s in U with µS , σS and νS . The neutrosophic nano lower (resp. upper) approximations
and neutrosophic nano boundary of S in the approximation (U,Re) denoted byNseuN (S), NseuN (S)
& BNseuN (S) are

(i) NseuN (S) =
{
⟨s, µRe(J)(s), σRe(J)(s), νRe(J)(s)⟩/t ∈ [s]Re, s ∈ U

}
(ii) NseuN (S) =

{
⟨s, µRe(J)(s), σRe(J)(s), νRe(J)(s)⟩/t ∈ [s]Re, s ∈ U

}
(iii) BNseuN (S) = NseuN (S)−NseuN (S)

where µRe(J)(s) =
∧

t∈[s]Re
µJ(t), σRe(J)(s) =

∧
t∈[s]Re

σJ(t), νRe(J)(s) =
∨

t∈[s]Re
νJ(t).

µRe(J)(s) =
∨

t∈[s]Re
µJ(t), σRe(J)(s) =

∨
t∈[s]Re

σJ(t), νRe(J)(s) =
∧

t∈[s]Re
νJ(t).

The collection τN (S) =
{
0N , 1N , NseuN (S), NseuN (S), BNseuN (S)

}
forms a topology called as

neutrosophic nano topology and (U, τN (S)) as neutrosophic nano topological space (briefly,NseuN ts).
The elements of τN (S) are called neutrosophic nano open (briefly,NseuN o) sets. Elements of [τN (S)]c

are called neutrosophic nano closed (briefly, NseuN c) sets.

2. Let S be an intuitionistic set (briefly, Int s) in U with µS and νS . The intuitionistic nano lower (resp.
upper) approximations and intuitionistic nano boundary of S in the approximation (U,Re) denoted by
IntN (S), IntN (S) & BIntN (S) are

(i) IntN (S) =
{
⟨s, µRe(J)(s), νRe(J)(s)⟩/t ∈ [s]Re, s ∈ U

}
(ii) IntN (S) =

{
⟨s, µRe(J)(s), νRe(J)(s)⟩/t ∈ [s]Re, s ∈ U

}
(iii) BIntN (S) = IntN (S)− IntN (S)

where µRe(J)(s) =
∧

t∈[s]Re
µJ(t), νRe(J)(s) =

∨
t∈[s]Re

νJ(t).

µRe(J)(s) =
∨

t∈[s]Re
µJ(t), νRe(J)(s) =

∧
t∈[s]Re

νJ(t).

The collection τI(S) =
{
0I , 1I , IntN (S), IntN (S), BIntN (S)

}
forms a topology called as an intu-

itionistic nano topology and (U, τI(S)) as an intuitionistic nano topological space (briefly, IntN ts).
The elements of τI(S) are called intuitionistic nano open (briefly, IntN o) sets. Elements of [τI(S)]c

are called intuitionistic nano closed (briefly, NseuN c) sets.

3. Let S be a fuzzy set (briefly, F s) in U with µS . The fuzzy nano lower (resp. upper) approximations
and fuzzy nano boundary of S in the approximation (U,Re) denoted by FN (S),FN (S) & BFN (S)
are
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(i) FN (S) =
{
⟨s, µRe(J)(s)⟩/t ∈ [s]Re, s ∈ U

}
(ii) FN (S) =

{
⟨s, µRe(J)(s)⟩/t ∈ [s]Re, s ∈ U

}
(iii) BFN (S) = FN (S)−FN (S)

where µRe(J)(s) =
∧

t∈[s]Re
µJ(t). µRe(J)(s) =

∨
t∈[s]Re

µJ(t).

The collection τF (S) =
{
0F , 1F ,FN (S),FN (S), BFN (S)

}
forms a topology called as fuzzy nano

topology and (U, τF (S)) as fuzzy nano topological space (briefly, FN ts). The elements of τF (S) are
called fuzzy nano open (briefly, FN o) sets. Elements of [τF (S)]c are called fuzzy nano closed (briefly,
NseuN c) sets.

Remark 2.3. Thus from the definitions of intuitionistic nano and fuzzy nano topologies we can assure that
throughout this paper all the properties and examples also holds good when it is possible for neutrosophic nano
topology.

Definition 2.4. 9 Let U be a nonempty set and the neutrosophic subsets (briefly, Nseu subs’s) S and T in the
form S = {⟨s : µS(s), σS(s), νS(s)⟩, s ∈ U}, T = {⟨s : µT (s), σT (s), νT (s)⟩, s ∈ U}. Then the statements
are hold:

(i) 0N = {⟨s, 0, 0, 1⟩ : s ∈ U}.

(ii) 1N = {⟨s, 1, 1, 0⟩ : s ∈ U}.

(iii) S ⊆ T iff µS(s) ≤ µT (s), σS(s) ≤ σT (s), νS(s) ≥ νT (s) ∀ s ∈ U}.

(iv) S = T iff S ⊆ T and T ⊆ S

(v) Sc = {⟨s, νS(s), 1− σS(s), µS(s)⟩ : s ∈ U}

(vi) S ∩ T = {s, µS(s) ∧ µT (s), σS(s) ∧ σT (s), νS(s) ∨ νT (s) ∀ s ∈ U}.

(vii) S ∪ T = {s, µS(s) ∨ µT (s), σS(s) ∨ σT (s), νS(s) ∧ νT (s) ∀ s ∈ U}.

Definition 2.5. Let (U, τN (F )) be a NseuN ts. Let S be a Nseu subs of U . Then neutrosophic nano

(i) interior of S9 (briefly, NseuN int(S)) is described as NseuN int(S) =
⋃
{C : C ⊆ S & C is a Nseut

N o}.

(ii) closure of S9 (briefly, NseuN cl(S)) is described as NseuN cl(S) =
⋂
{C : S ⊆ C & C is a Nseut

N c}.

(iii) regular open12 (briefly, NseuN ro) set if S = NseuN int(NseuN cl(S)).

(iv) regular closed12 (briefly, NseuN rc) set if S = NseuN cl(NseuN int(S)).

Definition 2.6. 24 Let (U, τN (F )) be a NseuN ts with respect to F where F is a Nseu subs of U . Let S be a
Nseu subs of U . Then a neutrosophic nano

(i) δ interior of S (briefly, NseuN δint(S)) is defined by NseuN δint(S) =
⋃
{C : C ⊆ S & C is a

NseuN ro set in U}.

(ii) δ closure of S (briefly, NseuN δcl(S)) is defined by NseuN δcl(S) =
⋂
{C : S ⊆ C & C is a

NseuN rc set in U}.

(iii) δ-open (briefly, NseuN δo) set if S = NseuN δint(S).

(iv) δ-pre open (briefly, NseuN δPo) set if S ⊆ NseuN int(NseuN δcl(S)).

(v) e-open (briefly, NseuN eo) set if S ⊆ NseuN cl(NseuN δ int(S)) ∪NseuN int(NseuN δcl(S)).

The complement of a NseuN δo (resp. NseuN δPo & NseuN eo) set is called a neutrosophic nano δ (resp.
neutrosophic nano δ-pre & neutrosophic nano e) closed (briefly, NseuN δc (resp. NseuN δPc & NseuN ec))
in U .
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3 More on neutrosophic nano open sets via nano θ-open sets

Definition 3.1. Let (U, τN (F )) be a NseuN ts. Let S be a Nseu subs of U . Then a neutrosophic nano

(i) θ interior of S (briefly, NseuN θint(S)) is defined by NseuN θint(S) =
⋃
{NseuN int(C) : C ⊆

S & C is a NseuN c set in U}.

(ii) θ closure of S (briefly, NseuN θcl(S)) is defined by NseuN θcl(S) =
⋂
{NseuN cl(C) : S ⊆

C & C is a NseuN o set in U}.

Definition 3.2. Let (U, τN (F )) be a NseuN ts. Then a Nseu subs S in U is said to be a neutrosophic nano

(i) θ open (briefly, NseuN θo) set if S = NseuN θint(S).

(ii) θ semi open (briefly, NseuN θSo) set if S ⊆ NseuN cl(NseuN θint(S)).

(iii) θ pre open (briefly, NseuN θPo) set if S ⊆ NseuN int(NseuN θcl(S)).

(iv) M -open (briefly, NseuNMo) set if S ⊆ NseuN cl(NseuN θint(S)) ∪NseuN int(NseuN δcl(S)).

The complement of a NseuN θo (resp. NseuN θSo, NseuN θPo & NseuNMo) set is called a neutrosophic
nano θ (resp. neutrosophic nano θ semi, neutrosophic nano θ pre & neutrosophic nano M ) closed (briefly,
NseuN θc (resp. NseuN θSc, NseuN θPc & NseuNMc)) in U .

Proposition 3.3. Let (U, τN (F )) be a NseuN ts. Then the statements are hold for NseuN ts. Every

(i) NseuN θo set (resp. NseuN θc set) is a NseuN o set (resp. NseuN c set).

(ii) NseuN θo set (resp. NseuN θc set) is a NseuN θSo set (resp. NseuN θSc set).

(iii) NseuN o set (resp. NseuN c set) is a NseuN δPo set (resp. NseuN δPc set).

(iv) NseuN θSo set (resp. NseuN θSc set) is a NseuNMo set (resp. NseuNMc set).

(v) NseuN δPo set (resp. NseuN δPc set) is a NseuNMo set (resp. NseuNMc set).

(vi) NseuN δPo set (resp. NseuN δPc set) is a NseuN eo set (resp. NseuN ec set).

(vii) NseuNMo set (resp. NseuNMc set) is a NseuN eo set (resp. NseuN ec set).

But not converse.

Proof. (i) Let So is a NseuN θo, then So = NseuN θint(So) ⊆ NseuN int(So). Therefore So is a NseuN o.

(ii) Let So is a NseuN θo, then So = NseuN θint(So) ⊆ NseuN cl(NseuN θint(So)). Therefore So is a
NseuN θSo.

(iii) Let So is a NseuN o, then So = NseuN int(So) ⊆ NseuN int(NseuN δcl(So)). Therefore So is a
NseuN δPo.

(iv) Let So is a NseuN θSo, then So ⊆ NseuN cl(NseuN θint(So)) ⊆ NseuN int(NseuN δcl(So)) ∪
NseuN cl(NseuN θint(So)). Therefore So is a NseuNMo.

(v) Let So is a NseuN δPos, then So ⊆ NseuN int(NseuN δcl(So)) ⊆ NseuN int(NseuN δcl(So)) ∪
NseuN cl(NseuN θint(So)). Therefore So is a NseuNMo.

(vi) Let So is a NseuN δPos, then So ⊆ NseuN int(NseuN δcl(So)) ⊆ NseuN int(NseuN δcl(So)) ∪
NseuN cl(NseuN δint(So)). Therefore So is a NseuN eo.

(vi) Let So is a NseuNMo, then So ⊆ NseuN int(NseuN δcl(So)) ∪ NseuN cl(NseuN θint(So)) ⊆
NseuN int(NseuN δcl(So)) ∪NseuN cl(NseuN δint(So)). Therefore So is a NseuN eo.

Proof of the closed sets are also in a similar way.
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[arrows] NseuN θo [d] [r] NseuN θSo [r] NseuNMo [d]

NseuN o [r] NseuN δPo [r] [ur] NseuN eo

Figure 1: NseuNMos’s in NseuN ts.

Example 3.4. Assume U = {s1, s2, s3, s4} and U/R = {{s1, s4}, {s2}, {s3}}.

Let S =
{〈

s1
0.2,0.5,0.8

〉
,
〈

s2
0.3,0.5,0.7

〉
,
〈

s3
0.4,0.5,0.6

〉
,
〈

s4
0.1,0.5,0.9

〉}
be a Neu sub of U .

NseuN (S) =

{〈
s1, s4

0.1, 0.5, 0.9

〉
,

〈
s2

0.3, 0.5, 0.7

〉
,

〈
s3

0.4, 0.5, 0.6

〉}
,

NseuN (S) =

{〈
s1, s4

0.2, 0.5, 0.8

〉
,

〈
s2

0.3, 0.5, 0.7

〉
,

〈
s3

0.4, 0.5, 0.6

〉}
,

BNseuN (S) =

{〈
s1, s4

0.2, 0.5, 0.8

〉
,

〈
s2

0.3, 0.5, 0.7

〉
,

〈
s3

0.4, 0.5, 0.6

〉}
.

Thus τN (S) = {0N , 1N , NseuN (S), NseuN (S) = BNseuN (S)}.

Then

1.
{〈

s1,s4
0.1,0.5,0.9

〉
,
〈

s2
0.3,0.5,0.7

〉
,
〈

s3
0.4,0.5,0.6

〉}
is a NseuN o set but not NseuN θo set.

2.
{〈

s1,s4
0.1,0.5,0.9

〉
,
〈

s2
0.1,0.5,0.9

〉
,
〈

s3
0.4,0.5,0.6

〉}
is a NseuN δPo (resp. NseuNMo) set but not NseuN o

(resp. NseuN θSo) set.

3.
{〈

s1,s4
0.8,0.5,0.2

〉
,
〈

s2
0.7,0.5,0.3

〉
,
〈

s3
0.6,0.5,0.4

〉}
is a NseuN θSo (resp. NseuNMo) set but not NseuN θo

(resp. NseuN δPo) set.

4.
{〈

s1,s4
0.4,0.5,0.6

〉
,
〈

s2
0.6,0.5,0.4

〉
,
〈

s3
0.4,0.5,0.6

〉}
is a NseuN eo set but not NseuN δPo (resp. NseuNMo)

set.

Proposition 3.5. If So and To are two NseuNMo (resp. NseuN θo, NseuN θSo & NseuN δPo) sets, then
So ∪ To is NseuNMo (resp. NseuN θo, NseuN θSo & NseuN δPo) set.

Proof. If So and To are two NseuNMo sets. Then by definition So = NseuNMint(So) and To =
NseuNMint(To). Now So ∪ To = NseuNMint(So) ∪ NseuNMint(To) ⊆ NseuNMint(So ∪ To).
Since, NseuNMint(So ∪ To) ⊆ So ∪ To. So So ∪ To = NseuNMint(So ∪ To). Hence, So ∪ To is
NseuNMo set.

The proof in the other cases is comparable.

Proposition 3.6. Arbitrary union of NseuNMo (resp. NseuN θo, NseuN θSo & NseuN δPo) sets is a
NseuNMo (resp. NseuN θo, NseuN θSo & NseuN δPo) set.

Proof. Let {Sk} be a collection of NseuNMo sets of a NseuN ts (U, τN (F )). Then by definition Sk =
NseuNMint(Sk) for each k. Now

⋃
Sk =

⋃
NseuNMint(Sk) ⊆ NseuNMint(

⋃
Sk). Since, NseuNM

int(
⋃
Sk) ⊆

⋃
Sk. So

⋃
Sk = NseuNMint(

⋃
Sk). Hence,

⋃
Sk is NseuNMo set.

The proof in the other cases is comparable.

Remark 3.7. Intersection of any two NseuNMo (resp. NseuN θSo & NseuN δPo) sets need not be
NseuNMo (resp. NseuN θSo & NseuN δPo) set as shown below.
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Example 3.8. In Example 3.4, let A =
{〈

s1,s4
0.3,0.5,0.7

〉
,
〈

s2
0.5,0.5,0.5

〉
,
〈

s3
0.8,0.5,0.2

〉}
and

B =
{〈

s1,s4
0.8,0.5,0.2

〉
,
〈

s2
0.8,0.5,0.2

〉
,
〈

s3
0.5,0.5,0.5

〉}
are NseuNMo sets but

A ∩B =
{〈

s1,s4
0.3,0.5,0.7

〉
,
〈

s2
0.5,0.5,0.5

〉
,
〈

s3
0.5,0.5,0.5

〉}
is not NseuNMo set.

4 More on neutrosophic nano interior and closure operators

Definition 4.1. A set S is said to be a

(i) neutrosophic nanoM (resp. neutrosophic nano θ-semi & neutrosophic nano δ-pre) interior of S (briefly,
NseuNMint(S) (resp. NseuN θSint(S) & NseuN δPint(S))) is the union of all NseuNMo (resp.
NseuN θSo & NseuN δPo) set contained in S.

(ii) neutrosophic nano M (resp. neutrosophic nano θ-semi & neutrosophic nano δ-pre) closure of S (briefly,
NseuNMcl(S) (resp. NseuN θScl(S) &NseuN δPcl(S))) is the intersection of allNseuNMc (resp.
NseuN θSc & NseuN δPc) set containing S.

Theorem 4.2. Let (U, τN (F )) be a NseuN ts. Let S be a Nseu subs of U . Then

(i) 1N −NseuNMint(S) = NseuNMcl(1N − S) (or) (NseuNMint(S))c = NseuNMcl(Sc).

(ii) 1N −NseuNMcl(S) = NseuNMint(1N − S) (or) (NseuNMcl(S))c = NseuNMint(Sc).

Proof. (i) By Definition 3.1, NseuNMint(S) =
⋃
{G : G is a NseuNMo in U & G ⊆ S}. Taking com-

plement on both sides, (NseuNMint(S))c = (
⋃
{G : G is a NseuNMo set in U & G ⊆ S})c =

⋂
{Gc :

Gc is a NseuNMc set in U & Sc ⊆ Gc}. Replacing Gc by K, we get (NseuNMint(S))c =
⋂
{K :

K is a NseuNMc set in U & Sc ⊆ K}. By Definition 3.1, (NseuNMint(S))c = NseuNMcl(Sc). This
proves (i).

(ii) By using (i), (NseuNMint(Sc))c = NseuNMcl((Sc)c) = NseuNMcl(S). Taking complement on
both sides, we get NseuNM int(Sc) = (NseuNMcl(S))c. Hence proved (ii).

Remark 4.3. Taking complements on either side of (i) and (ii) of Theorem 4.2, we get NseuNMint(S) =
1N −NseuNMcl(1N − S) and NseuNMcl(S) = 1N −NseuNMint(1N − S).

Example 4.4. In Example 3.4, let S =
{〈

s1,s4
(0.2,0.5,0.8)

〉
,
〈

s2
(0.3,0.5,0.7)

〉
,
〈

s3
(0.5,0.5,0.5)

〉}
1. NseuNMint(S) = 1N −NseuNMcl(1N − S),

NseuNMint(S) =

{〈
s1, s4

(0.2, 0.5, 0.8)

〉
,

〈
s2

(0.3, 0.5, 0.7)

〉
,

〈
s3

(0.4, 0.5, 0.6)

〉}

1N −NseuNMcl(1N − S)

= 1N −NseuNMcl

({〈
s1, s4

(0.8, 0.5, 0.2)

〉
,

〈
s2

(0.3, 0.5, 0.3)

〉
,

〈
s3

(0.5, 0.5, 0.4)

〉})
= 1N −

{〈
s1, s4

(0.8, 0.5, 0.2)

〉
,

〈
s2

(0.7, 0.5, 0.3)

〉
,

〈
s3

(0.6, 0.5, 0.4)

〉}
=

{〈
s1, s4

(0.2, 0.5, 0.8)

〉
,

〈
s2

(0.3, 0.5, 0.7)

〉
,

〈
s3

(0.4, 0.5, 0.6)

〉}
.
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2. NseuNMcl(S) = 1N −NseuNMint(1N − S),

NseuNMcl(S) =

{〈
s1, s4

(0.8, 0.5, 0.2)

〉
,

〈
s2

(0.7, 0.5, 0.3)

〉
,

〈
s3

(0.6, 0.5, 0.4)

〉}

1N −NseuNMint(1N − S)

= 1N −NseuNMint

({〈
s1, s4

(0.8, 0.5, 0.2)

〉
,

〈
s2

(0.3, 0.5, 0.7)

〉
,

〈
s3

(0.5, 0.5, 0.5)

〉})
= 1N −

{〈
s1, s4

(0.2, 0.5, 0.8)

〉
,

〈
s2

(0.3, 0.5, 0.7)

〉
,

〈
s3

(0.4, 0.5, 0.6)

〉}
=

{〈
s1, s4

(0.8, 0.5, 0.2)

〉
,

〈
s2

(0.7, 0.5, 0.3)

〉
,

〈
s3

(0.6, 0.5, 0.4)

〉}
.

Remark 4.5. By Definition of NseuNMcl(S), it is clear that for any neutosophic set S,

NseuN cl(NseuNMcl(S)) = NseuNMcl(S) and we have the following equality:

NseuNMint(S) = 1N −NseuNMcl(1N − S)

= 1N −
⋂

{F : 1N − S ⊆ F, F = NseuN cl(NseuN int(F ))}

=
⋃

{1N − F : 1N − F ⊆ S, 1N − F = 1N −NseuN cl(NseuN int(F ))}

=
⋃

{G : G ⊆ S,G = NseuN int(NseuN cl(G))}

That is, NseuNMint(S) is the union of all NseuNMo subsets of S. Since any NseuNMo set is the
complement of a NseuNMc set, G is a NseuNMo set if and only if G = NseuNMint(G).

Theorem 4.6. If F is a Nseu subs of U , then let (U, τN (F )) be a NseuN ts. The following claims are true if
So and To are Nseu subs’s of U .

(i) NseuNMint(So) ⊆ So.

(ii) So is NseuNMo iff NseuNMint(So) = So.

(iii) NseuNMint(NseuNMint(So)) = NseuNMint(So).

(iv) So ⊆ To ⇒ NseuNMint(So) ⊆ NseuNMint(To).

(v) NseuNMint(So ∩ To) = NseuNMint(So) ∩NseuNMint(To).

(vi) NseuNMint(So ∪ To) ⊇ NseuNMint(So) ∪NseuNMint(To).

(vii) NseuNMint(0N ) = 0N & NseuNMint(1N ) = 1N .

Proof. (i) Follows from definition, NseuNMint(So).

(ii) So isNseuNMo iff 1N−So isNseuNMc, iffNseuNMcl(1N−So) = 1N−So, iff 1N−NseuNMcl(1N−
So) = So iff NseuNMint(So) = So, by Remark 4.3.

(iii) By using (ii), NseuNMint(NseuNMint(So)) = NseuNMint(So). This proves (iii).

(iv) So ⊆ To ⇒ 1N − To ⊆ 1N − So. Therefore, NseuNMcl(1N − To) ⊆ NseuNMcl(1N − So). (i.e.)
1N −NseuNMcl(1N −So) ⊆ 1N −NseuNMcl(1N −To). (i.e.) NseuNMint(So) ⊆ NseuNMint(To).

(v) Since So ∩ To ⊆ So and So ∩ To ⊆ To, by using (iv), NseuNMint(So ∩ To) ⊆ NseuNMint(So) and
NseuNMint(So∩To) ⊆ NseuNMint(To). This implies thatNseuNMint(So∩To) ⊆ NseuNMint(So)∩
NseuNMint(To). Now NseuNMint(So) ⊆ So and NseuNMint(To) ⊆ To, we get, NseuNMint(So) ∩
NseuNMint(To) ⊆ So ∩ To.
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⇒ NseuNMint(NseuNMint(So)∩NseuNMint(To)) ⊆ NseuNMint(So∩To), which impliesNseuNMint(NseuNMint(So))∩
NseuNMint(NseuNM int(To)) ⊆ NseuNMint(So ∩ To).

⇒ NseuNMint(So)∩NseuNMint(To) ⊆ NseuNMint(So∩To). Hence,NseuNMint(So)∩NseuNMint(To) =
NseuNMint(So ∩ To).

(vi) Since So ⊆ So ∪ To and To ⊆ So ∪ To, by using (iv), NseuNMint(So) ⊆ NseuNMint(So ∪ To) and
NseuNMint(To) ⊆ NseuNMint(So ∪ To). This implies that, NseuNMint(So) ∪ NseuNMint(To) ⊆
NseuNMint(So ∪ To).

(vii) Since 0N and 1N are NseuNMo, NseuNMint(0N ) = 0N and NseuNMint(1N ) = 1N .

Remark 4.7. The following example shows that the equality need not be hold in Theorem 4.6 (vi).

Example 4.8. In Example 3.4, the sets A =
{〈

s1,s4
0.1,0.5,0.9

〉
,
〈

s2
0.5,0.5,0.5

〉
,
〈

s3
0.4,0.5,0.6

〉}
and

B =
{〈

s1,s4
0.2,0.5,0.8

〉
,
〈

s2
0.3,0.5,0.7

〉
,
〈

s3
0.8,0.5,0.2

〉}
, then

A ∪B =
{〈

s1,s4
0.2,0.5,0.8

〉
,
〈

s2
0.5,0.5,0.5

〉
,
〈

s3
0.8,0.5,0.2

〉}
.

NseuNMint(A) =
{〈

s1,s4
0.1,0.5,0.9

〉
,
〈

s2
0.3,0.5,0.7

〉
,
〈

s3
0.4,0.5,0.6

〉}
,

NseuNMint(B) =
{〈

s1,s4
0.2,0.5,0.8

〉
,
〈

s2
0.3,0.5,0.7

〉
,
〈

s3
0.8,0.5,0.2

〉}
and

NseuNMint(A ∪B) =
{〈

s1,s4
0.2,0.5,0.8

〉
,
〈

s2
0.5,0.5,0.5

〉
,
〈

s3
0.8,0.5,0.2

〉}
.

Thus NseuNMint(A ∪B) ̸⊆ NseuNMint(A) ∪NseuNMint(B).

Theorem 4.9. Let (U, τN (F )) be a NseuN ts. Let So and To be Nseu subs’s of U , then the following
statements hold.

(i) So ⊆ NseuNMcl(So).

(ii) So is NseuNMc iff NseuNMcl(So) = So.

(iii) NseuNMcl(NseuNMcl(So)) = NseuNMcl(So).

(iv) So ⊆ To ⇒ NseuNMcl(So) ⊆ NseuNMcl(To).

(v) NseuNMcl(So ∩ To) ⊆ NseuNMcl(So) ∩NseuNMcl(To).

(vi) NseuNMcl(So ∪ To) = NseuNMcl(So) ∪NseuNMcl(To).

(vii) NseuNMcl(0N ) = 0N & NseuNMcl(1N ) = 1N .

Proof. (i) Follows from definition, NseuNMcl(So).

(ii) Let So be NseuNMc set in U . By using Definition 3.2, Sc
o is a NseuNMo set in U . By Theorem 4.6

and Proposition 4.2, NseuNMint(Sc
o) = Sc

o ⇔ (NseuNMcl(So))
c = Sc

o ⇔ NseuNMcl(So) = So. This
proved (ii).

(iii) By using (ii), NseuNMcl(NseuNMcl(So)) = NseuNMcl(So). This proves (iii).

(iv) So ⊆ To, T c
o ⊆ Sc

o. By using Theorem 4.6 (iv), NseuNMint(T c
o ) ⊆ NseuNMin(Sc

o). Taking com-
plement on both sides, (NseuNMint(T c

o ))
c ⊇ (NseuNMint(Sc

o))
c. By proposition 4.2 (ii), NseuNM

cl(So) ⊆ NseuNMcl(To). This proves (iv).
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(v) Since So ∩ To ⊆ So and So ∩ To ⊆ To, by using (iv), NseuNMcl(So ∩ To) ⊆ NseuNMcl(So) and
NseuNMcl(So ∩ To) ⊆ NseuNMcl(To). This implies that NseuNMcl(So ∩ To) ⊆ NseuNMcl(So) ∩
NseuNMcl(To). This proves (v).

(vi) Since So ⊆ So ∪ To and To ⊆ So ∪ To, by using (iv), NseuNMcl(So) ⊆ NseuNMcl(So ∪ To)
and NseuNMcl(To) ⊆ NseuNMcl(So ∪ To). This implies that, NseuNMcl(So) ∪ NseuNMcl(To) ⊆
NseuNMcl(So ∪ To).

Now So ⊆ NseuNMcl(So) and To ⊆ NseuNMcl(To), we get, So∪To ⊆ NseuNMcl(So)∪NseuNMcl(To).

⇒ NseuNMcl(So ∪ To) ⊆ NseuNMcl(NseuNMcl(So) ∪ NseuNMcl(To)), which implies NseuNM
cl(So ∪ To) ⊆ NseuNMcl(NseuNMcl(So)) ∪NseuNMcl(NseuNMcl(To)).

⇒ NseuNMcl(So ∪ To) ⊆ NseuNMcl(So) ∪ NseuNMcl(To). Hence, NseuNMcl(So) ∪ NseuNM
cl(To) = NseuNMcl(So ∪ To).

(vii) Since 0N and 1N are NseuNMc, NseuNMcl(0N ) = 0N and NseuNMcl(1N ) = 1N .

Remark 4.10. The following example shows that the equality need not be hold in Theorem 4.9 (v).

Example 4.11. In Example 3.4, the sets A =
{〈

s1,s4
0.1,0.5,0.9

〉
,
〈

s2
0.5,0.5,0.5

〉
,
〈

s3
0.4,0.5,0.6

〉}
and

B =
{〈

s1,s4
0.2,0.5,0.8

〉
,
〈

s2
0.3,0.5,0.7

〉
,
〈

s3
0.8,0.5,0.2

〉}
, then

A ∩B =
{〈

s1,s4
0.1,0.5,0.9

〉
,
〈

s2
0.3,0.5,0.7

〉
,
〈

s3
0.4,0.5,0.6

〉}
.

NseuNMcl(A) =
{〈

s1,s4
0.1,0.5,0.9

〉
,
〈

s2
0.5,0.5,0.5

〉
,
〈

s3
0.4,0.5,0.6

〉}
,

NseuNMcl(B) =
{〈

s1,s4
0.8,0.5,0.2

〉
,
〈

s2
0.7,0.5,0.3

〉
,
〈

s3
0.8,0.5,0.2

〉}
and

NseuNMcl(A ∩B) =
{〈

s1,s4
0.1,0.5,0.9

〉
,
〈

s2
0.3,0.5,0.7

〉
,
〈

s3
0.4,0.5,0.6

〉}
.

Thus NseuNMcl(A ∪B) ̸⊇ NseuNMcl(A) ∩NseuNMcl(B).

The operatorsNseuN θSint(.) (resp. NseuN δPint(.)) and their respective closure operators are also satisfies
the Theorems 4.2, 4.6 and 4.9.

Proposition 4.12. Let (U, τN (F )) be a NseuN ts. Then for any Nseu subs S of U ,

1. NseuN θint(S) ⊆ NseuN θSint(S) ⊆ NseuNMint(S) ⊆ NseuN eint(S) ⊆ S.

2. NseuN θint(S) ⊆ NseuN int(S) ⊆ NseuN δPint(S) ⊆ NseuNMint(S) ⊆ NseuN eint(S) ⊆ S.

3. NseuN θcl(S) ⊇ NseuN θScl(S) ⊇ NseuNMcl(S) ⊇ NseuN ecl(S) ⊇ S.

4. NseuN θcl(S) ⊇ NseuN cl(S) ⊇ NseuN δPcl(S) ⊇ NseuNMcl(S) ⊇ NseuN ecl(S) ⊇ S.

Lemma 4.13. The following hold for a subset S in a NseuN ts (U, τN (F )).

1. NseuN δPcl(S) = S ∪NseuN cl(NseuN δint(S)) and NseuN δPint(S) = S ∩NseuN int(NseuN
δcl(S)),

2. NseuN δPcl(NseuN δPint(S)) = NseuN δPint(S) ∪NseuN cl(NseuN δint(S)) and

NseuN δPint(NseuN δPcl(S)) = NseuN δPcl(S) ∩NseuN int(NseuN δcl(S)).

Theorem 4.14. Let (U, τN (F )) be a NseuN ts and S ⊆ A. Then S is a NseuNMo iff S = NseuN θS
int(S) ∪NseuN δPint(S).
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Proof. Let S be a NseuNMo set. Then S ⊆ NseuN cl(NseuN θint(S)) ∪NseuN int(NseuN δcl(S)) and
hence by Theorem 4.2 and Lemma 4.13, NseuN θSint(S) ∪ NseuN δPint(S) = (A ∩ NseuN cl(NseuN
θint(S))) ∪ (A ∩ NseuN int(NseuN δcl(S))) = S ∩ (NseuN cl(NseuN θint(S)) ∪ NseuN int(NseuN
δcl(S))) = S. The Converse follows from Theorem 4.2 & Lemma 4.13.

Theorem 4.15. Let (U, τN (F )) be a NseuN ts and S ⊆ A. Then S is a NseuNMc iff S = NseuN θS
cl(S) ∩NseuN δPcl(S).

Proof. From Theorem 4.14, it follows.

Theorem 4.16. Let S be a subset of (U, τN (F )). Then:

1. NseuNMcl(S) = NseuN θScl(S) ∩NseuN δPcl(S),

2. NseuNMint(S) = NseuN θSint(S) ∪NseuN δPint(S).

Proof. (i) It is easy to see thatNseuNMcl(S) ⊆ NseuN θScl(S)∩NseuN δPcl(S). Also,NseuN θScl(S)∩
NseuN δPcl(S) = (S ∪NseuN int(NseuN θcl(S)) ∩ (S ∪NseuN cl(NseuN δint(S)) = S ∪ (NseuN int
(NseuN θcl(S))∩NseuN cl(NseuN δint(S))). SinceNseuNMcl(S) isNseuNMc, thenNseuNMcl(S) ⊇
NseuN int(NseuN θcl(NseuNMcl(S)))∩NseuN cl(NseuN δint(NseuNMcl(S))) ⊇ NseuN int(NseuN
θcl(S))∩NseuN cl(NseuN δint(S)). Thus S∪(NseuN int(NseuN θcl(S))∩NseuN cl(NseuN δint(S))) ⊆
S ∪ NseuNMcl(S) = NseuNMcl(S) and hence, NseuN θScl(S) ∩ NseuN δPcl(S) ⊆ NseuNMcl(S).
So, NseuNMcl(S) = NseuN θScl(S) ∩NseuN δPcl(S).

(ii) It follows from (i).

Lemma 4.17. Let S be a subset of a NseuN ts (U, τN (F )). Then

(1) NseuNPint(NseuN δPcl(S)) = NseuN δPcl(S) ∩NseuN int(NseuN cl(S)) and

NseuNPcl(NseuN δPint(S)) = NseuN δPint(S) ∪NseuN cl(NseuN int(S)).

(2) NseuN θScl(NseuN θint(S)) = NseuNScl(NseuN θint(S)) = NseuN int(NseuN cl(NseuN θ
int(S))).

(3) NseuN θScl(NseuN θint(S)) = NseuNScl(NseuN θint(S)) = NseuN int(NseuN cl(NseuN θ
int(S))).

Proposition 4.18. Let S be a Nseu subs of a NseuN ts (U, τN (F )). Then:

1. NseuNMcl(S) = S ∪NseuN θPint(NseuN δPcl(S)),

2. NseuNMint(S) = S ∩NseuN θPcl(NseuN δPint(S)).

Proof. (i) By Lemma 4.17, S∪NseuN θPint(NseuN δPcl(S)) = S∪(NseuN δPcl(S)∩NseuN int(NseuN
θcl(S))) = (S∪NseuN δPcl(S))∩(S∪NseuN int(NseuN θcl(S))) = NseuN δPcl(S)∩NseuN θScl(S) =
NseuNMcl(S).

(ii) It follows from (i).

Theorem 4.19. Let S be subset in a NseuN ts (U, τN (F )). Then S is an NseuNMo set iff S ⊆ NseuN θ
Pcl(NseuN δPint(S)).

Proof. Let S be an NseuNMo set. Then by Theorem 4.6, S = NseuNMint(S) and by Proposition 4.18,
S = S ∩NseuN θPcl(NseuN δPint(S)) and hence, S ⊆ NseuN θPcl(NseuN δPint(S)).

Conversely, let S ⊆ NseuN θPcl(NseuN δPint(S)). Then by Proposition 4.18, S ⊆ S∩NseuN θ Pcl(NseuN δPint(S)) =
NseuNMint(S). So, S ⊆ NseuNMint(S). Then S = NseuNMint(S) and hence, S isNseuNMo.
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Theorem 4.20. Let S be subset in a NseuN ts (U, τN (F )). Then S ⊆ NseuN θPcl(NseuN δPint(S)) iff
NseuN θPcl(S) = NseuN θPcl(NseuN δPint(S)).

Proof. Let S ⊆ NseuN θPcl(NseuN δPint(S)). ThenNseuN θPcl(S) ⊆ NseuN θPcl(NseuN δPint(S))
and hence, NseuN θPcl(S) = NseuN θPcl(NseuN δPint(S)).

Conversely, let NseuN θPcl(S) = NseuN θPcl(NseuN δPint(S)) . Then NseuN θPcl(S) ⊆ NseuN
θPcl(NseuN δPint(S)) and hence, S ⊆ NseuN θPcl(NseuN δPint(S)).

Theorem 4.21. Let S be subset in a NseuN ts (U, τN (F )). Then S is an NseuNMc set iff NseuN θPint(
NseuN δPcl(S)) ⊆ S.

Proof. Let S be an NseuNMc set. Then by Theorem 4.6, S = NseuNMcl(S) and by Proposition 4.18,
S = S ∪NseuN θPint(NseuN δPcl(S)) and hence, S ⊇ NseuN θPint(NseuN δPcl(S)).

Conversely, let S ⊇ NseuN θPint(NseuN δPcl(S)). Then by Proposition 4.18, S ⊇ S ∪ NseuN θPint(
NseuN δPcl(S)) = NseuNMcl(S). so, S ⊇ NseuNMcl(S). Then S = NseuNMcl(S) and hence, S is
NseuNMc.

Theorem 4.22. Let S be subset in a NseuN ts (U, τN (F )). Then NseuN θPint(NseuN δPcl(S)) ⊆ S iff
NseuN θPint(S) = NseuN θPint(NseuN δPcl(S))

Proof. (1) ⇒ (2). Let S be an NseuNMc set. Then by Theorem 4.6, S = NseuNMcl(S) and by Proposi-
tion 4.18, S = S ∪NseuN θPint(NseuN δPcl(S)) and hence, S ⊇ NseuN θPint(NseuN δPcl(S)).

(2) ⇒ (1). Let S ⊇ NseuN θPint(NseuN δPcl(S)). Then by Proposition 4.18, S ⊇ S ∪ NseuN θPint
(NseuN δPcl(S)) = NseuNMcl(S). So, S ⊇ NseuNMcl(S). Then S = NseuNMcl(S) and hence, S
is NseuNMc.

(2) ⇒ (3). Let S ⊇ NseuN θPint(NseuN δPcl(S)). Then NseuN θPint(S) ⊇ NseuN θPint(NseuN
δPcl(S)) and hence, NseuN θPint(S) = NseuN θPint(NseuN δPcl(S)).

(3) ⇒ (2). LetNseuN θPint(S) = NseuN θPint(NseuN δPcl(S)). ThenNseuN θPint(S) ⊇ NseuN θPint(NseuN δPcl(S))
and hence, S ⊇ NseuN θPint(NseuN δPcl(S)).

Proposition 4.23. Let (U, τN (F )) be a NseuN ts. Then the closure of a NseuNMo of A is NseuN δPo.

Proof. Let S ∈ NseuNMO(A). Then NseuN cl(S) ⊆ NseuN cl(NseuN cl(NseuN θint(S))∪NseuN int
(NseuN δcl(S))) ⊆ NseuN cl(NseuN θint(S)) ∪ NseuN cl(NseuN int(NseuN δcl(S))) = NseuN cl(
NseuN int(NseuN δcl(S))).

Therefore, NseuN cl(S) is NseuN δPo.

Proposition 4.24. Let S be a NseuNMo subset of a NseuN ts (U, τN (F )) and NseuN θint(S) = φ. Then
S is NseuN δPo.

Proof. Obvious.
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5 Product related neutrosophic nano topological spaces

Definition 5.1. Let (U1, τN (F1)) & (U2, τN (F2)) be aNseuN ts’s with respect to F1 and F2, where F1 and F2

are aNseu subs’s ofU1 andU2. Let S = {⟨s, µS(s), σS(s), νS(s)⟩ : s ∈ U1} and T = {⟨t, µT (t), σT (t), νT (t)⟩ :
t ∈ U2} be Nseu subs’s of U1 and U2 respectively. Then S × T is a Nseu subs of U1 × U2 is defined by

(P1) (S × T )(s, t) = ⟨(s, t),min(µS(s), µT (t)),min(σS(s), σT (t)),max(νS(s), νT (t))⟩.

(P2) (S × T )(s, t) = ⟨(s, t),min(µS(s), µT (t)),max(σS(s), σT (t)),max(νS(s), νT (t))⟩.

(P1
c) ((S × T )(s, t))c = ⟨(s, t),max(µS(s), µT (t)),max(σS(s), σT (t)),min(νS(s), νT (t))⟩.

(P2
c) ((S × T )(s, t))c = ⟨(s, t),max(µS(s), µT (t)),min(σS(s), σT (t)),min(νS(s), νT (t))⟩.

Lemma 5.2. Let (U1, τN (F1)) & (U2, τN (F2)) be a NseuN ts’s with respect to F1 and F2, where F1 and F2

are a Nseu subs’s of U1 and U2. If S and T be Nseu subs’s of U1 and U2, then

1. (S × 1N ) ∩ (1N × T ) = S × T ,

2. (S × 1N ) ∪ (1N × T ) = (Sc × T c)c,

3. (S × T )c = (Sc × 1N ) ∪ (1N × T c).

Proof. Let S = {⟨s, µS(s), σS(s), νS(s)⟩ : s ∈ U1} and T = {⟨t, µT (t), σT (t), νT (t)⟩ : t ∈ U2}.

(i) Since S × 1N = ⟨s,min(µS(s), 1N ),min(σS(s), 1N ),max(νS(s), 0N )⟩ = ⟨s, µS(s), σS(s), νS(s)⟩ = S
and similarly 1N × T = ⟨t,min(1N , µT (t)),min(1N , σT (t)),max(0N , νT (t))⟩ = ⟨t, µT (t), σT (t), νT (t)⟩ =
T , we have (S×1N )∩(1N×T ) = S(s)∩T (t) = ⟨(s, t), µS(s)∧µT (t), σS(s)∧σT (t), νS(s)∨νT (t)⟩ = S×T .

(ii) Similarly to (i).

(iii) Obvious by putting S, T instead of Sc, T c in (ii).

Definition 5.3. let (U1, τN (F1)) & (U2, τN (F2)) be a NseuN ts’s. The NseuN product topological space
[NseuNPts for short] of (U1, τN (F1)) and (U2, τN (F2)) is the cartesian product U1 × U2 of neutrosophic
sets U1 and U2 together with the NseuN topology τN (ξ) of U1 × U2 which is generated by the family {
P−1
1 (Si), P

−1
2 (Tj) : Si ∈ τN (F1), Tj ∈ τN (F2) and P1, P2 are projections of U1 × U2 onto U1 & U2

respectively } (i.e. the family {P−1
1 (Si), P

−1
2 (Tj) : Si ∈ τN (F1), Tj ∈ τN (F2)} is a subbase for NseuN

topology τN (ξ) of U1 × U2).

Remark 5.4. In the Definition 5.3, since P−1
1 (Si) = Si×1N and P−1

2 (Tj) = 1N×Tj and Si×1N∩1N×Tj =
Si×Tj , the family χ = {Si×Tj : Si ∈ τN (F1), Tj ∈ τN (F2)} forms a base forNseuNPts τN (ξ) ofU1×U2.

Lemma 5.5. Let (U, τN (F )) be a NseuN ts. If S1, S2, T1 and T2 be Nseu subs’s of U , then S1 ⊆ T1,
S2 ⊆ T2 ⇒ S1 × S2 ⊆ T1 × T2.

Proof. Let S1 = ⟨x, µS1
(x), σS1

(x), νS1
(x)⟩, S2 = ⟨x, µS2

(x), σS2
(x), νS2

(x)⟩, T1 = ⟨x, µT1
(x), σT1

(x),
νT1

(x)⟩ and T2 = ⟨x, µT2
(x), σT2

(x), νT2
(x)⟩ be Nseu s’s. Since S1 ⊆ T1 ⇒ µS1

≤ µT1
, σS1

≤ σT1
, νS1

≤
νT1

and also S2 ⊆ T2 ⇒ µS2
≤ µT2

, σS2
≤ σT2

, νS2
≤ νT2

, we have min(µS1
, µS2

) ≤ min(µT1
, µT2

),
min(σS1 , σS2) ≤ min(σT1 , σT2) and max(νS1 , νS2) ≥ max(νT1 , νT2). Hence the result.

Lemma 5.6. Let (U1, τN (F1)) & (U2, τN (F2)) be a NseuN ts’s with respect to F1 and F2, where F1 and
F2 are a Nseu subs’s of U1 and U2 such that U1 is neutrosophic product relative to U2. Let S & T be
NseuNMcs’s of U1 and U2 respectively. Then S × T is the NseuNMcs in the NseuNPts of U1 × U2.
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Proof. Let S = ⟨x, µS(x), σS(x), νS(x)⟩, T = ⟨y, µT (y), σT (y), νT (y)⟩. From Lemma 5.2, ((S×T )(x, y))c =
(Sc × 1N ) ∪ (1N × T c)(x, y). Since Sc × 1N and 1N × T c are NseuNMos’s in U1 and U2 respectively.
Hence Sc × 1N ∪ 1N × T c is NseuNMos of U1 × U2. Hence (S × T )c is a NseuNMos of U1 × U2 and
consequently S × T is the NseuN cs of U1 × U2.

Theorem 5.7. If S & T are neutrosophic sets of NseuN ts’s (U, τN (F1)) and (V, τN (F2)) respectively, then

(i) NseuNMcl(S)×NseuNMcl(T ) ⊇ NseuNMcl(S × T ),

(ii) NseuNMint(S)×NseuNMint(T ) ⊆ NseuNMint(S × T ).

Proof. (i) Since S ⊆ NseuNMcl(S) and T ⊆ NseuNMcl(T ), hence S × T ⊆ NseuNMcl(S) ×
NseuNMcl(T ). This implies that NseuNMcl(S × T ) ⊆ NseuNMcl(NseuNMcl(S)×NseuNMcl(T ))
and from Lemma 5.6, NseuNMcl(S × T ) ⊆ NseuNMcl(S)×NseuNMcl(T ).

(ii) Follows from (i) and the fact that NseuNMint(Sc) = (NseuNMcl(S))c.

Definition 5.8. Let (U, τN (F1)) and (V, τN (F2)) be NseuN ts’s and S ∈ τN (F1), T ∈ τN (F2). We say
that (U, τN (F1)) is NseuN product related to (V, τN (F2)) if for any neutrosophic sets P of U and Q of V ,
whenever Sc ̸⊇ P and T c ̸⊇ Q ⇒ Sc × 1N ∪ 1N × T c ⊇ P × Q, there exist S1 ∈ τN (F1), T1 ∈ τN (F2)
such that Sc

1 ⊇ P or P (T1) ⊇ Q and P (S1)× 1N ∪ 1N × P (T1) = P (S)× 1N ∪ 1N × P (T ).

Lemma 5.9. For NS’s Si’s and Tj’s of NseuN ts’s U and V respectively, we have

(i) ∩{Si, Tj} = min(∩Si,∩Tj); ∪ {Si, Tj} = max(∪Si,∪Tj).

(ii) ∩{Si, 1N} = (∩Si)× 1N ; ∪ {Si, 1N} = (∪Si)× 1N .

(iii) ∩{1N × Tj} = 1N × (∩Tj); ∪ {1N × Tj} = 1N × (∪Tj).

Proof. Obvious.

Theorem 5.10. Let (U, τN (F1)) and (V, τN (F2)) be NseuN ts’s such that U is neutrosophic product related
to V . Then for neutrosophic sets S of U & T of V , we have

(i) NseuNMcl(S × T ) = NseuNMcl(S)×NseuNMcl(T ),

(ii) NseuNMint(S × T ) = NseuNMint(S)×NseuNMint(T ).

Proof. (i) Since NseuNMcl(S × T ) ⊆ NseuNMcl(S)×NseuNMcl(T ) (By Theorem 5.7), it is sufficient
to show that NseuNMcl(S × T ) ⊇ NseuNMcl(S)×NseuNMcl(T ). Let Si ∈ τN (F1) and Tj ∈ τN (F2).
Then NseuNMcl(S × T ) = ⟨(s, t),∩({Si × Tj})c : ({Si × Tj})c ⊇ S × T,∪{Si × Tj} : {Si × Tj} ⊆
S × T ⟩ = ⟨(s, t),∩((Si)

c × 1N ∪ 1N × (Tj)
c) : (Si)

c × 1N ∪ 1N × (Tj)
c ⊇ S × T,∪(Si × 1N ∩ 1N × Tj) :

Si × 1N ∩ 1N ×Tj ⊆ S×T ⟩ = ⟨(s, t),∩((Si)
c × 1N ∪ 1N × (Tj)

c) : (Si)
c ⊇ S or (Tj)c ⊇ T,∪(Si × 1N ∩

1N × Tj) : Si ⊆ S and Tj ⊆ T ⟩ = ⟨(s, t),min(∩{(Si)
c × 1N ∪ 1N × (Tj)

c : (Si)
c ⊇ S},∩{(Si)

c × 1N ∪
1N × (Tj)

c : (Tj)
c ⊇ T}),max(∪{Si × 1N ∩ 1N × Tj : Si ⊆ S},∪{Si × 1N ∩ 1N × Tj : Tj ⊆ T})⟩. Since

⟨(s, t),∩{(Si)
c×1N∪1N×(Tj)

c : (Si)
c ⊇ S},∩{(Si)

c×1N∪1N×(Tj)
c : (Tj)

c ⊇ T}⟩ ⊇ ⟨(s, t),∩{(Si)
c×

1N : (Si)
c ⊇ S},∩{1N × (Tj)

c : (Tj)
c ⊇ T}⟩ = ⟨(s, t),∩{(Si)

c : (Si)
c ⊇ S} × 1N , 1N × ∩{(Tj)c :

(Tj)
c ⊇ T}⟩ = ⟨(s, t), NseuNMcl(S)×1N , 1N ×NseuNMcl(T )⟩ and ⟨(s, t),∪{Si×1N ∩1N ×Tj : Si ⊆

S},∪{Si×1N∩1N×Tj : Tj ⊆ T}⟩ ⊆ ⟨(s, t),∪{Si×1N : Si ⊆ S},∪{1N×Tj : Tj ⊆ T}⟩ = ⟨(s, t),∪{Si :
Si ⊆ S} × 1N , 1N × ∪{Tj : Tj ⊆ T}⟩ = ⟨(s, t), NseuNMint(S)× 1N , 1N ×NseuNMint(T )⟩, we have
NseuNMcl(S×T ) ⊇ ⟨(s, t),min(NseuNMcl(S)×1N , 1N ×NseuNMcl(T )),max(NseuNMint(S)×
1N , 1N × NseuNMint(T ))⟩ = ⟨(s, t),min(NseuNMcl(S), NseuNMcl(T )),max(NseuNMint(S), Ns

euNMint(T ))⟩ = NseuNMcl(S)×NseuNMcl(T ).

(ii) follows from (i).

Theorem 5.11. Let (U, τN (F )) be a NseuN ts. Then for a Nseu subs S and T of U we have,

https://doi.org/10.54216/IJNS.190110
Received: March 02, 2022 Accepted: September 15, 2022

144



International Journal of Neutrosophic Science (IJNS) Vol. 19, No. 01, PP. 132-147, 2022

(i) NseuNMcl(S) ⊇ S ∪NseuNMcl(NseuNMint(S)),

(ii) NseuNMint(S) ⊆ S ∩NseuNMint(NseuNMcl(S)),

(iii) NseuN int(NseuNMcl(S)) ⊆ NseuN int(NseuN cl(S)),

(iv) NseuN int(NseuNMcl(S)) ⊇ NseuN int(NseuNMcl(NseuNMint(S))).

Proof. By Theorem 4.9 (i),
S ⊆ NseuNMcl(S). (1)

Again using Theorem 4.6 (i), NseuNMint(S) ⊆ S. Then

NseuNMcl(NseuNMint(S)) ⊆ NseuNMcl(S). (2)

By (1) & (2) we have, S ∪NseuNMcl(NseuNMint(S)) ⊆ NseuNMcl(S). This proves (i).

By Theorem 4.6 (i),
NseuNMint(S) ⊆ S. (3)

Again using Theorem 4.9 (i), S ⊆ NseuNMcl(S). Then

NseuNMint(S) ⊆ NseuNMint(NseuNMcl(S)). (4)

From (3)& (4), we have NseuNMint(S) ⊆ S ∩NseuNMint(NseuNMcl(S)). This proves(ii).

By Proposition 4.12,NseuNMcl(S) ⊆ NseuN cl(S). We getNseuN int(NseuNMcl(S)) ⊆ NseuN int(NseuN cl(S)).
Hence (iii).

By (i), NseuNMcl(S) ⊇ S ∪ NseuNMcl(NseuNMint(S)). We have NseuN int(NseuNMcl(S) ⊇
NseuN int(S∪NseuNMcl(NseuNMint(S))). SinceNseuN int(S∪T ) ⊇ NseuN int(S)∪NseuN int(T ),
NseuN int(NseuNMcl(S) ⊇ NseuN int(S)) ∪ NseuN int(NseuNMcl(NseuNMint(S))) ⊇ NseuN
int(NseuNMcl(NseuNMint(S))). Hence (iv).

The operators NseuN θSint(.) (resp. NseuN δPint(.)) and their respective closure is satisfy Lemma 5.6 and
Theorems 5.7, 5.10 and 5.11.

6 Conclusions

In this work, sets named NseuN θo, NseuN θSo, NseuN δPo and NseuNMo sets were presented, and some
of their properties were addressed. Modeling spatial regions with ambiguous boundaries and under ambiguity
is necessary in GIS. As a result, this neutrosophic nano topological space can be expanded to a neutrosophic
spatial region.
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