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Abstract

In this research article, we introduce the notions of interval valued Q-neutrosophic subbisemirings (IVQNSS-
BSs), level sets of an IVQNSSBS and interval valued Q-neutrosophic normal subbisemirings (IVQNSNSBSs)
of bisemirings. Let

−→
Y be an interval valued Q-neutrosophic set (IVQNS set) in a bisemiring S . Prove

that
−→
Y is an IVQNSSBS of S if and only if all nonempty level set

−−−→
Ξ(t,s) is a subbisemiring (SBS) of S

for t, s ∈ D[0, 1]. Let
−→
Y be an IVQNSSBS of a bisemiring S and

−→
V be the strongest interval valued Q-

neutrosophic relation of S . Prove that
−→
Y is an IVQNSSBS of S if and only if

−→
V is an IVQNSSBS of

S × S . We illustrate homomorphic image of IVQNSSBS is an IVQNSSBS. Prove that homomorphic pre-
image of IVQNSSBS is an IVQNSSBS. Examples are given to demonstrate our findings.

Keywords: interval valued Q-neutrosophic subbisemiring; interval valued Q-neutrosophic normal subbisemir-
ing; subbisemiring; homomorphism.

1 Introduction

According to Golan, the idea of semirings, which is a generalization of rings, was first proposed by Vandiver in
1935.10 Because they are the algebraic structure of the set of natural numbers, semirings are a natural subject
to explore in algebra. Many areas of mathematics naturally contain semirings. Since the structure of a semiring
gives an algebraic framework for modelling and investigating the factors key, semirings have proven effective
for solving issues in a variety of fields of applied mathematics and information science. Semirings, for instance,
can be used to solve problems in graph theory and optimization as well as in the world of theoretical calculation
science. The semiring is one of the structures semigroups and rings. However, the concept of semirings has
been evolving since 1950. The fuzzy set (FS) theory published the significant work in 1965 known as Zadeh.21

According to this definition, FS is a function that can be characterized by a membership value. To deal with
the uncertainties, a number of uncertain theories have been presented, including FS,21 intuitionistic FS (IFS),4

Pythagorean FS (PFS),20 picture FS5 and spherical FS (SFS).3 A FS is a set with degrees of belongingness
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ranging from 0 to 1, these grades are known as the value of an element’s membership in the specific set. Later,
Atanassov proposed the concept of an IFS logic, which is categorized by the sum of its MD with NMD is value
of not more than 1.4 We periodically communicate a single issue when the combined grade value for MD and
NMD is greater than 1 when employing a decision making approach. Yager invented the novel idea of PFS
logic, which is defined by the square sum of its MD and NMD and whose value is not greater than 1, in order
to generalize IFS. However, these theories are unable to prove the neutral state (neither favour nor disfavor).
The inventor of image FS logic, Cuong and Kreinovich, used three pointers: positive MD, neutral MD, and
negative MD, with a maximum combined grade of 1. Finally, for a few applications, it offers more advantages
than IFS and PFS. A generalization of the FS and IFS is the neutrosophic set (NSS), in which the truth MD,
indeterminacy MD and falsity MD are all independently recorded.

Smarandache19 developed neutrosophy to address the problems of unclear and inconsistent information be-
cause this set contains numerous application related challenges. Recently, a brand new theory called as NSS
has been proposed. Neutosophy is the study of neutral cognition, and the major difference between IFS and
FS is represented by this neutral. Smarandache is credited with introducing NSS.19 It is a logic in which the
degrees of truth, indeterminacy, and falsity of each assertion are determined. Each component of the uni-
verse has a degree of truth, indeterminacy, and falsity, which ranges from [0, 1] in the NSS set. It has been
demonstrated that a NSS generalizes a classical set, FS, IVFS, etc. The study of NSS and the expansion of
this concept has continued, for example, Al-Tahan et al.2 defined the notion of single valued neutrosophic
sets in ordered groupoids in 2020. A year later, Jagadeeswari et al.9 initiated Certain Kinds of Bipolar
interval valued nentrosphic graphs. In 2022, Iampan et al.7, 8 introduced the concept of IVN sets to ide-
als/subalgebras of Hilbert algebras. A semiring (S,+, ·) is a nonempty set in which S are semigroups both +
and ·, and “ · ” is distributive over “ + ”. In 1993, Ahsan et al.1 introduced the concept of fuzzy semirings.
In 2001, Sen and Ghosh introduced in bisemirings. A bisemiring18 (S ,+, ◦,×) is an algebraic structure in
which (S ,+, ◦) and (S , ◦,×) are semirings in which (S ,+), (S , ◦) and (S ,×) are semigroups and (1)
ϖ ◦ (τ + δ) = (ϖ ◦ τ)+(ϖ ◦ δ) (2) (τ + δ)◦ϖ = (τ ◦ϖ)+(δ ◦ϖ) (3) ϖ× (τ ◦ δ) = (ϖ× τ)◦ (ϖ× δ), and
(4) (τ ◦ δ)×ϖ = (τ ×ϖ) ◦ (δ×ϖ) for all ϖ, τ, δ ∈ S . A nonempty subset Y of a bisemiring (S ,+, ◦,×)
is a SBS if and only if ϖ+ τ ∈ Y, ϖ ◦ τ ∈ Y and ϖ× τ ∈ Y for all ϖ, τ ∈ Y .6 Palanikumar et al. discussed
various ideals structures and its applications.11–17

The goal of this work is to look at many facets of the SBS theory to IVNSQSBS idea and offer findings.
The article is made up of the next five principles. The introduction is in Section 1, and the semiring and SBS
preparation information is in Section 2 . Its characteristics are presented in Section 3 of IVNSQSBS. In Section
4, the concept of IVNSQNSBS homomorphism is presented. Give some numerical examples for evaluating
the IVNSQSBS and IVNSQNSBS.

2 Preliminaries

We will go over the ideas of semirings and bisemirings in this section to make the presentation as full as
possible and to make the next talks more convenient.

Definition 2.1. Let U and Q denote nonempty sets. The mapping Ξ : U ×Q → [0, 1] is called a Q-fuzzy set
in U .

Definition 2.2. Let (S ,+, ·) be semiring. The Q-fuzzy set Ξ : S × Q → [0, 1] is called a Q-fuzzy sub-
semiring of S if ΞY (ϖ + τ, q) ≥ min{ΞY (ϖ, q),ΞY (τ, q)}, ΞY (ϖ · τ, q) ≥ min{ΞY (ϖ, q),ΞY (τ, q)} for
all ϖ, τ ∈ S and q ∈ Q.

Definition 2.3. An intuitionistic Q-fuzzy set defined on U and Q is of the form

Y = {⟨(ϖ, q),ΞY (ϖ, q),ΦY (ϖ, q)⟩ | ϖ ∈ U , q ∈ Q},

where ΞY : U × Q → [0, 1] and ΦY : U × Q → [0, 1] define the MD and NMD of the element ϖ ∈ U ,
respectively and every ϖ ∈ U and q ∈ Q satisfying 0 ≤ ΞY (ϖ, q) + ΦY (ϖ, q) ≤ 1.

Definition 2.4. Let Y and Z be any two intuitionistic Q-fuzzy sets of U . We define two intuitionistic Q-fuzzy
sets of U as follows:
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(1) Y ∩ Z = {⟨(ϖ, q),min{ΞY (ϖ, q),ΞZ(ϖ, q)},max{ΦY (ϖ, q),ΦZ(ϖ, q)}⟩ | ϖ ∈ U and q ∈ Q},

(2) Y ∪ Z = {⟨(ϖ, q),max{ΞY (ϖ, q),ΞZ(ϖ, q)},min{ΦY (ϖ, q),ΦZ(ϖ, q)}⟩ | ϖ ∈ U and q ∈ Q}.

Definition 2.5. Let Y be an intuitionistic Q-fuzzy set of U . For t, s ∈ [0, 1] the level subset of Y is the set
Y(t,s) = {ϖ ∈ U | ΞY (ϖ, q) ≥ t,ΞY (ϖ, q) ≤ s, q ∈ Q}.

Definition 2.6. An interval valued neutrosophic set (IVNS set)
−→
Y in U is of the form

−→
Y =

{〈
ϖ,

−→
ΞT
Y (ϖ),

−→
ΞI
Y (ϖ),

−→
ΞF
Y (ϖ)

〉
| ϖ ∈ U

}
,

where
−→
ΞT
Y (ϖ) = [ΞT L

Y ,ΞT U
Y ],

−→
ΞI
Y (ϖ) = [ΞI L

Y ,ΞI U
Y ],

−→
ΞF
Y (ϖ) = [ΞFL

Y ,ΞFU
Y ], and

−→
ΞT
Y ,

−→
ΞI
Y ,

−→
ΞF
Y :

U → D[0, 1] represents the truth, indeterminacy and falsity membership function, respectively. For simplicity

we define an IVNS set
−→
Y =

〈−→
ΞT
Y ,

−→
ΞI
Y ,

−→
ΞF
Y

〉
.

Definition 2.7. Let
−→
Y =

〈−→
ΞT
Y ,

−→
ΞI
Y ,

−→
ΞF
Y

〉
and

−→
Z =

〈−→
ΞT
Z ,

−→
ΞI
Z ,

−→
ΞF
Z

〉
be two IVNS sets of U . We define two

IVNS sets in U as follows:

(1)
−→
Y ∩

−→
Z =

{〈
ϖ,min{

−→
ΞT
Y (ϖ),

−→
ΞT
Z (ϖ)},min{

−→
ΞI
Y (ϖ),

−→
ΞI
Z (ϖ)},max{

−→
ΞF
Y (ϖ),

−→
ΞF
Z (ϖ)}

〉
| ϖ ∈ U

}
,

(2)
−→
Y ∪

−→
Z =

{〈
ϖ,max{

−→
ΞT
Y (ϖ),

−→
ΞT
Z (ϖ)},max{

−→
ΞI
Y (ϖ),

−→
ΞI
Z (ϖ)},min{

−→
ΞF
Y (ϖ),

−→
ΞF
Z (ϖ)}

〉
| ϖ ∈ U

}
.

Definition 2.8. For any IVNS set
−→
Y =

〈−→
ΞT
Y ,

−→
ΞI
Y ,

−→
ΞF
Y

〉
of a set U , we defined a (ζ1, ζ2)-cut of as the crisp

subset
{
ϖ ∈ U |

−→
ΞT
Y (ϖ) ⪰

−→
ζ1 ,

−→
ΞI
Y (ϖ) ⪰

−→
ζ1 ,

−→
ΞF
Y (ϖ) ⪯

−→
ζ2

}
of U .

Definition 2.9. Let
−→
Y and

−→
Z be the IVNS sets of U . The cartesian product of

−→
Y and

−→
Z is defined as

−−−−→
Y × Z =

{〈
(ϖ, τ),

−−−→
ΞT
Y×Z(ϖ, τ),

−−−→
ΞI
Y×Z(ϖ, τ),

−−−→
ΞF
Y×Z(ϖ, τ)

〉
| ϖ, τ ∈ U

}
, where

−−−→
ΞT
Y×Z(ϖ, τ) = min

{−→
ΞT
Y (ϖ),

−→
ΞT
Z (τ)

}
,

−−−→
ΞI
Y×Z(ϖ, τ) =

−→
ΞI
Y (ϖ) +

−→
ΞI
Z (τ)

2
,

−−−→
ΞF
Y×Z(ϖ, τ) = max

{−→
ΞF
Y (ϖ),

−→
ΞF
Z (τ)

}
.

Definition 2.10. A fuzzy set Y of a bisemiring (S ,⋇1,⋇2,⋇3) is said to be a fuzzy subbisemiring of
S if ΞY (ϖ ⋇1 τ) ⪰ min{ΞY (ϖ),ΞY (τ)}, ΞY (ϖ ⋇2 τ) ⪰ min{ΞY (ϖ),ΞY (τ)}, and ΞY (ϖ ⋇3 τ) ⪰
min{ΞY (ϖ),ΞY (τ)} for all ϖ, τ ∈ S .

Definition 2.11. A fuzzy set Y of a bisemiring (S ,⋇1,⋇2,⋇3) is said to be a fuzzy normal subbisemiring
of S if ΞY (ϖ ⋇1 τ) = ΞY (τ ⋇1 ϖ), ΞY (ϖ ⋇2 τ) = ΞY (τ ⋇2 ϖ), and ΞY (ϖ ⋇3 τ) = ΞY (τ ⋇3 ϖ) for all
ϖ, τ ∈ S .

Definition 2.12. Let (S ,+, ·,×) and (T ,⊟, ◦,⊗) be the bisemirings. The function ϕ : S → T is said to
be a homomorphism if ϕ(ϖ + τ) = ϕ(ϖ) ⊟ ϕ(τ), ϕ(ϖ · τ) = ϕ(ϖ) ◦ ϕ(τ), and ϕ(ϖ × τ) = ϕ(ϖ) ⊗ ϕ(τ)
for all ϖ, τ ∈ S .

3 Interval valued Q-neutrosophic SBSs (IVQNSSBSs)

In what follows, let S denote a bisemiring.
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Definition 3.1. An interval valued Q-neutrosophic set (IVQNS set)
−→
Y in U is of the form

−→
Y =

{〈
(ϖ, q),

−→
ΞT
Y (ϖ, q),

−→
ΞI
Y (ϖ, q),

−→
ΞF
Y (ϖ, q)

〉
| ϖ ∈ U , q ∈ Q

}
,

where
−→
ΞT
Y (ϖ, q) = [ΞT L

Y ,ΞT U
Y ],

−→
ΞI
Y (ϖ, q) = [ΞI L

Y ,ΞI U
Y ],

−→
ΞF
Y (ϖ, q) = [ΞFL

Y ,ΞFU
Y ], and

−→
ΞT
Y ,

−→
ΞI
Y ,

−→
ΞF
Y : U × Q → D[0, 1] represents the truth, indeterminacy and falsity membership function, respectively.

For simplicity we define an IVQNS set
−→
Y =

〈−→
ΞT
Y ,

−→
ΞI
Y ,

−→
ΞF
Y

〉
.

Definition 3.2. The IVQNS set
−→
Y of S is said to be an IVQNSSBS of S if


max{

−→
ΞT
Y (ϖ ⋇1 τ, q)} ⪰ min{

−→
ΞT
Y (ϖ, q),

−→
ΞT
Y (τ, q)}

max{
−→
ΞT
Y (ϖ ⋇2 τ, q)} ⪰ min{

−→
ΞT
Y (ϖ, q),

−→
ΞT
Y (τ, q)}

max{
−→
ΞT
Y (ϖ ⋇3 τ, q)} ⪰ min{

−→
ΞT
Y (ϖ, q),

−→
ΞT
Y (τ, q)}





max{
−→
ΞI
Y (ϖ ⋇1 τ, q)} ⪰

−→
ΞI
Y (ϖ, q) +

−→
ΞI
Y (τ, q)

2
or

max{
−→
ΞI
Y (ϖ ⋇2 τ, q)} ⪰

−→
ΞI
Y (ϖ, q) +

−→
ΞI
Y (τ, q)

2
or

max{
−→
ΞI
Y (ϖ ⋇3 τ, q)} ⪰

−→
ΞI
Y (ϖ, q) +

−→
ΞI
Y (τ, q)

2



min{

−→
ΞF
Y (ϖ ⋇1 τ, q)} ⪯ max{

−→
ΞF
Y (ϖ, q),

−→
ΞF
Y (τ, q)}

min{
−→
ΞF
Y (ϖ ⋇2 τ, q)} ⪯ max{

−→
ΞF
Y (ϖ, q),

−→
ΞF
Y (τ, q)}

min{
−→
ΞF
Y (ϖ ⋇3 τ, q)} ⪯ max{

−→
ΞF
Y (ϖ, q),

−→
ΞF
Y (τ, q)}


for all ϖ, τ ∈ S and q ∈ Q.

Example 3.3. Let S = {t1, t2, t3, t4} be a bisemiring with the following Cayley tables:

⋇1 t1 t2 t3 t4
t1 t1 t1 t1 t1
t2 t1 t2 t1 t2
t3 t1 t1 t3 t3
t4 t1 t2 t3 t4

⋇2 t1 t2 t3 t4
t1 t1 t2 t3 t4
t2 t2 t2 t4 t4
t3 t3 t4 t3 t4
t4 t4 t4 t4 t4

⋇3 t1 t2 t3 t4
t1 t1 t1 t1 t1
t2 t1 t2 t3 t4
t3 t4 t4 t4 t4
t4 t4 t4 t4 t4

t = t1 t = t2 t = t3 t = t4−→
ΞT
Y (t) [0.9, 0.95] [0.85, 0.9] [0.65, 0.75] [0.75, 0.8]

−→
ΞI
Y (t) [0.7, 0.75] [0.6, 0.65] [0.4, 0.5] [0.55, 0.6]

−→
ΞF
Y (t) [0.45, 0.55] [0.7, 0.8] [0.85, 0.9] [0.8, 0.85]

Then
−→
Y is an IVQNSSBS of S for all q ∈ Q.

Theorem 3.4. The intersection of a family of IVQNSSBSs of S is an IVQNSSBS of S .

Proof. Let {
−→
Vi | i ∈ I} be a family of IVQNSSBSs of S and

−→
Y =

⋂
i∈I

−→
Vi . Let ϖ and τ in S . Then

max{
−→
ΞT
Y (ϖ ⋇1 τ, q)} = inf

i∈I
{
−→
ΞT
Vi
(ϖ ⋇1 τ, q)}

⪰ inf
i∈I

{min{
−→
ΞT
Vi
(ϖ, q),

−→
ΞT
Vi
(τ, q)}}

= min{inf
i∈I

{
−→
ΞT
Vi
(ϖ, q)}, inf

i∈I
{
−→
ΞT
Vi
(τ, q)}}

= min{
−→
ΞT
Y (ϖ, q),

−→
ΞT
Y (τ, q)}.
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Similarly,

max{
−→
ΞT
Y (ϖ ⋇2 τ, q)} ⪰ min{

−→
ΞT
Y (ϖ, q),

−→
ΞT
Y (τ, q)}

and
max{

−→
ΞT
Y (ϖ ⋇3 τ, q)} ⪰ min{

−→
ΞT
Y (ϖ, q),

−→
ΞT
Y (τ, q)}.

Now,

max{
−→
ΞI
Y (ϖ ⋇1 τ, q)} = inf

i∈I
{
−→
ΞI
Vi
(ϖ ⋇1 τ, q)}

⪰ inf
i∈I


−→
ΞI
Vi
(ϖ, q) +

−→
ΞI
Vi
(τ, q)

2


=

inf
i∈I

{
−→
ΞI
Vi
(ϖ, q)}+ inf

i∈I
{
−→
ΞI
Vi
(τ, q)}

2

=

−→
ΞI
Y (ϖ, q) +

−→
ΞI
Y (τ, q)

2
.

Similarly,

max{
−→
ΞI
Y (ϖ ⋇2 τ, q)} ⪰

−→
ΞI
Y (ϖ, q) +

−→
ΞI
Y (τ, q)

2

and

max{
−→
ΞI
Y (ϖ ⋇3 τ, q)} ⪰

−→
ΞI
Y (ϖ, q) +

−→
ΞI
Y (τ, q)

2
.

Now,

min{
−→
ΞF
Y (ϖ ⋇1 τ, q)} = sup

i∈I
{
−→
ΞF
Vi
(ϖ ⋇1 τ, q)}

⪯ sup
i∈I

{max{
−→
ΞF
Vi
(ϖ, q),

−→
ΞF
Vi
(τ, q)}}

= max{sup
i∈I

{
−→
ΞF
Vi
(ϖ, q)}, sup

i∈I
{
−→
ΞF
Vi
(τ, q)}}

= max{
−→
ΞF
Y (ϖ, q),

−→
ΞF
Y (τ, q)}.

Similarly,

min{
−→
ΞF
Y (ϖ ⋇2 τ, q)} ⪯ max{

−→
ΞF
Y (ϖ, q),

−→
ΞF
Y (τ, q)}

and
min{

−→
ΞF
Y (ϖ ⋇3 τ, q)} ⪯ max{

−→
ΞF
Y (ϖ, q),

−→
ΞF
Y (τ, q)}.

Hence,
−→
Y is an IVQNSSBS of S .

Theorem 3.5. If
−→
Y and

−→
Z are any two IVQNSSBSs of bisemirings S1 and S2, respectively, then

−−−−→
Y × Z is

an IVQNSSBS of S1 × S2.

Proof. Let
−→
Y and

−→
Z be two IVQNSSBSs of S1 and S2, respectively. Let ϖ1, ϖ2 ∈ S1 and τ1, τ2 ∈ S2.

Then (ϖ1, τ1) and (ϖ2, τ2) are in S1 × S2 and for all q ∈ Q. Then

max{
−−−→
ΞT
Y×Z((ϖ1, τ1)⋇1 (ϖ2, τ2), q)} = max{

−−−→
ΞT
Y×Z((ϖ1 ⋇1 ϖ2, τ1 ⋇1 τ2), q)}

⪰ min{
−→
ΞT
Y (ϖ1 ⋇1 ϖ2, q),

−→
ΞT
Z (τ1 ⋇1 τ2, q)}

⪰ min{min{
−→
ΞT
Y (ϖ1, q),

−→
ΞT
Y (ϖ2, q)},min{

−→
ΞT
Z (τ1, q),

−→
ΞT
Z (τ2, q)}}

= min{min{
−→
ΞT
Y (ϖ1, q),

−→
ΞT
Z (τ1, q)},min{

−→
ΞT
Y (ϖ2, q),

−→
ΞT
Z (τ2, q)}}

= min{
−−−→
ΞT
Y×Z((ϖ1, τ1), q),

−−−→
ΞT
Y×Z((ϖ2, τ2), q)}.
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Also,

max{
−−−→
ΞT
Y×Z [(ϖ1, τ1)⋇2 (ϖ2, τ2), q]} ⪰ min{

−−−→
ΞT
Y×Z((ϖ1, τ1), q),

−−−→
ΞT
Y×Z((ϖ2, τ2), q)}

and
max{

−−−→
ΞT
Y×Z [(ϖ1, τ1)⋇3 (ϖ2, τ2), q]} ⪰ min{

−−−→
ΞT
Y×Z((ϖ1, τ1), q),

−−−→
ΞT
Y×Z((ϖ2, τ2), q)}.

Now,

max{
−−−→
ΞI
Y×Z((ϖ1, τ1)⋇1 (ϖ2, τ2), q)} = max{

−−−→
ΞI
Y×Z(ϖ1 ⋇1 ϖ2, τ1 ⋇1 τ2)}

=

−→
ΞI
Y (ϖ1 ⋇1 ϖ2, q) +

−→
ΞI
Z (τ1 ⋇1 τ2, q)

2

⪰ 1

2

(−→
ΞI
Y (ϖ1, q) +

−→
ΞI
Y (ϖ2, q)

2
+

−→
ΞI
Z (τ1, q) +

−→
ΞI
Z (τ2, q)

2

)

=
1

2

(−→
ΞI
Y (ϖ1, q) +

−→
ΞI
Z (τ1, q)

2
+

−→
ΞI
Y (ϖ2, q) +

−→
ΞI
Z (τ2, q)

2

)

=
1

2
(
−−−→
ΞI
Y×Z((ϖ1, τ1), q) +

−−−→
ΞI
Y×Z((ϖ2, τ2), q)).

Also,

max{
−−−→
ΞI
Y×Z((ϖ1, τ1)⋇2 (ϖ2, τ2), q)} ⪰ 1

2
(
−−−→
ΞI
Y×Z((ϖ1, τ1), q) +

−−−→
ΞI
Y×Z((ϖ2, τ2), q))

and
max{

−−−→
ΞI
Y×Z((ϖ1, τ1)⋇3 (ϖ2, τ2), q)} ⪰ 1

2
(
−−−→
ΞI
Y×Z((ϖ1, τ1), q) +

−−−→
ΞI
Y×Z((ϖ2, τ2), q)).

Now,

min{
−−−→
ΞF
Y×Z((ϖ1, τ1)⋇1 (ϖ2, τ2), q)} = min{

−−−→
ΞF
Y×Z((ϖ1 ⋇1 ϖ2, τ1 ⋇1 τ2), q)}

⪯ max{
−→
ΞF
Y (ϖ1 ⋇1 ϖ2, q),

−→
ΞF
Z (τ1 ⋇1 τ2, q)}

⪯ max{max{
−→
ΞF
Y (ϖ1, q),

−→
ΞF
Y (ϖ2, q)},max{

−→
ΞF
Z (τ1, q),

−→
ΞF
Z (τ2, q)}}

= max{max{
−→
ΞF
Y (ϖ1, q),

−→
ΞF
Z (τ1, q)},max{

−→
ΞF
Y (ϖ2, q),

−→
ΞF
Z (τ2, q)}}

= max{
−−−→
ΞF
Y×Z((ϖ1, τ1), q),

−−−→
ΞF
Y×Z((ϖ2, τ2), q)}.

Also,

min{
−−−→
ΞF
Y×Z [(ϖ1, τ1)⋇2 (ϖ2, τ2), q]} ⪯ max{

−−−→
ΞF
Y×Z((ϖ1, τ1), q),

−−−→
ΞF
Y×Z((ϖ2, τ2), q)}

and
min{

−−−→
ΞF
Y×Z [(ϖ1, τ1)⋇3 (ϖ2, τ2), q]} ⪯ max{

−−−→
ΞF
Y×Z((ϖ1, τ1), q),

−−−→
ΞF
Y×Z((ϖ2, τ2), q)}.

Hence,
−−−−→
Y × Z is an IVQNSSBS of S .

Corollary 3.6. If
−→
Y1,

−→
Y2, ...,

−→
Yn are IVQNSSBSs of bisemirings S1,S2, ...,Sn, respectively, then−−−−−−−−−−−−−→

Y1 × Y2 × ...× Yn is an IVQNSSBS of S1 × S2 × ...× Sn.

Definition 3.7. Let
−→
Y be an IVQNS set in S , the strongest IVNS relation on S , that is an IVQNS re-

lation on
−→
Y is

−→
V given by max{

−→
ΞT
V ((ϖ, τ), q)} = min{

−→
ΞT
Y (ϖ, q),

−→
ΞT
Y (τ, q)}, max{

−→
ΞI
V ((ϖ, τ), q)} =

−→
ΞI

Y (ϖ,q)+
−→
ΞI

Y (τ,q)
2 , min{

−→
ΞF
V ((ϖ, τ), q)} = max{

−→
ΞF
Y (ϖ, q),

−→
ΞF
Y (τ, q)} for all ϖ, τ ∈ S and q ∈ Q.

Theorem 3.8. Let
−→
Y be an IVQNSSBS of S and

−→
V be the strongest IVNS relation of S . Then

−→
Y is an

IVQNSSBS of S if and only if
−→
V is an IVQNSSBS of S × S .
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Proof. Suppose that
−→
Y is an IVQNSSBS of S and

−→
V is the strongest IVNS relation of S . Let for any

ϖ = (ϖ1, ϖ2) and τ = (τ1, τ2) are in S × S . Then

max{
−→
ΞT
V (ϖ ⋇1 τ, q)} = max{

−→
ΞT
V ((ϖ1, ϖ2)⋇1 (τ1, τ2), q)}

= max{
−→
ΞT
V ((ϖ1 ⋇1 τ1, ϖ2 ⋇1 τ2), q)}

= min{
−→
ΞT
Y (ϖ1 ⋇1 τ1, q),

−→
ΞT
Y (ϖ2 ⋇1 τ2, q)}

⪰ min{min{
−→
ΞT
Y (ϖ1, q),

−→
ΞT
Y (τ1, q)},min{

−→
ΞT
Y (ϖ2, q),

−→
ΞT
Y (τ2, q)}}

= min{min{
−→
ΞT
Y (ϖ1, q),

−→
ΞT
Y (ϖ2, q)},min{

−→
ΞT
Y (τ1, q),

−→
ΞT
Y (τ2, q)}}

= min{
−→
ΞT
V ((ϖ1, ϖ2), q),

−→
ΞT
V ((τ1, τ2), q)}

= min{
−→
ΞT
V (ϖ, q),

−→
ΞT
V (τ, q)}.

Also,

max{
−→
ΞT
V (ϖ ⋇2 τ, q)} ⪰ min{

−→
ΞT
V (ϖ, q),

−→
ΞT
V (τ, q)}

and
max{

−→
ΞT
V (ϖ ⋇3 τ, q)} ⪰ min{

−→
ΞT
V (ϖ, q),

−→
ΞT
V (τ, q)}.

Now,

max{
−→
ΞI
V (ϖ ⋇1 τ, q)} = max{

−→
ΞI
V ((ϖ1, ϖ2)⋇1 (τ1, τ2), q)}

= max{
−→
ΞI
V ((ϖ1 ⋇1 τ1, ϖ2 ⋇1 τ2), q)}

=

−→
ΞI
Y ((ϖ1 ⋇1 τ1, q)) +

−→
ΞI
Y ((ϖ2 ⋇1 τ2, q))

2

⪰ 1

2

(−→
ΞI
Y (ϖ1, q) +

−→
ΞI
Y (τ1, q)

2
+

−→
ΞI
Y (ϖ2, q) +

−→
ΞI
Y (τ2, q)

2

)

=
1

2

(−→
ΞI
Y (ϖ1, q) +

−→
ΞI
Y (ϖ2, q)

2
+

−→
ΞI
Y (τ1, q) +

−→
ΞI
Y (τ2, q)

2

)

=

−→
ΞI
V ((ϖ1, ϖ2), q) +

−→
ΞI
V ((τ1, τ2), q)

2

=

−→
ΞI
V (ϖ, q) +

−→
ΞI
V (τ, q)

2
.

Also,

max{
−→
ΞI
V (ϖ ⋇2 τ, q)} ⪰

−→
ΞI
V (ϖ, q) +

−→
ΞI
V (τ, q)

2

and

max{
−→
ΞI
V (ϖ ⋇3 τ, q)} ⪰

−→
ΞI
V (ϖ, q) +

−→
ΞI
V (τ, q)

2
.

Similarly, min{
−→
ΞF
V (ϖ ⋇1 τ, q)} ⪯ max{

−→
ΞF
V (ϖ, q),

−→
ΞF
V (τ, q)},min{

−→
ΞF
V (ϖ ⋇2 τ, q)}} ⪯ max{

−→
ΞF
V (ϖ, q),

−→
ΞF
V (τ, q)}, and min{

−→
ΞF
V (ϖ⋇3 τ, q)} ⪯ max{

−→
ΞF
V (ϖ, q),

−→
ΞF
V (τ, q)}. Hence,

−→
V is an IVQNSSBS of S ×S .

Conversely, assume that
−→
V is an IVQNSSBS of S × S . Let for any ϖ = (ϖ1, ϖ2) and τ = (τ1, τ2) are in
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S × S . Then

min{
−→
ΞT
Y ((ϖ1 ⋇1 τ1), q),

−→
ΞT
Y ((ϖ2 ⋇1 τ2), q)}

= max{
−→
ΞT
V ((ϖ1 ⋇1 τ1), (ϖ2 ⋇1 τ2), q)}

= max{
−→
ΞT
V ((ϖ1, ϖ2)⋇1 (τ1, τ2), q)}

= max{
−→
ΞT
V (ϖ ⋇1 τ, q)}

⪰ min{
−→
ΞT
V (ϖ, q),

−→
ΞT
V (τ, q)}

= min{
−→
ΞT
V ((ϖ1, ϖ2), q)},

−→
ΞT
V ((τ1, τ2), q)}

= min{min{
−→
ΞT
Y (ϖ1, q),

−→
ΞT
Y (ϖ2, q)},min{

−→
ΞT
Y (τ1, q),

−→
ΞT
Y (τ2, q)}}.

If
−→
ΞT
Y (ϖ1 ⋇1 τ1, q) ⪯

−→
ΞT
Y (ϖ2 ⋇1 τ2, q), then

−→
ΞT
Y (ϖ1, q) ⪯

−→
ΞT
Y (ϖ2, q) and

−→
ΞT
Y (τ1, q) ⪯

−→
ΞT
Y (τ2, q).

We get max{
−→
ΞT
Y (ϖ1 ⋇1 τ1, q) ⪰ min{

−→
ΞT
Y (ϖ1, q),

−→
ΞT
Y (τ1, q)} for all ϖ1, τ1 ∈ S , and min{

−→
ΞT
Y (ϖ1 ⋇2

τ1, q),
−→
ΞT
Y (ϖ2 ⋇2 τ2, q)} ⪰ min{min{

−→
ΞT
Y (ϖ1, q),

−→
ΞT
Y (ϖ2, q)},min{

−→
ΞT
Y (τ1, q),

−→
ΞT
Y (τ2, q)}}.

If
−→
ΞT
Y (ϖ1 ⋇2 τ1, q) ⪯

−→
ΞT
Y (ϖ2 ⋇2 τ2, q), then

−→
ΞT
Y (ϖ1 ⋇2 τ1, q) ⪰ min{

−→
ΞT
Y (ϖ1, q),

−→
ΞT
Y (τ1, q)}. We get

min{
−→
ΞT
Y (ϖ1⋇3τ1, q),

−→
ΞT
Y (ϖ2⋇3τ2, q)} ⪰ min{min{

−→
ΞT
Y (ϖ1, q),

−→
ΞT
Y (ϖ2, q)},min{

−→
ΞT
Y (τ1, q),

−→
ΞT
Y (τ2, q)}}.

If
−→
ΞT
Y (ϖ1 ⋇3 τ1, q) ⪯

−→
ΞT
Y (ϖ2 ⋇3 τ2, q), then

−→
ΞT
Y (ϖ1 ⋇3 τ1, q) ⪰ min{

−→
ΞT
Y (ϖ1, q),

−→
ΞT
Y (τ1, q)}. Now,

1

2

(−→
ΞI
Y (ϖ1 ⋇1 τ1, q) +

−→
ΞI
Y (ϖ2 ⋇1 τ2, q)

)
= max{

−→
ΞI
V ((ϖ1 ⋇1 τ1, ϖ2 ⋇1 τ2), q)}

= max{
−→
ΞI
V [((ϖ1, ϖ2), q)⋇1 ((τ1, τ2), q)]}

= max{
−→
ΞI
V (ϖ ⋇1 τ, q)}

⪰
−→
ΞI
V (ϖ, q) +

−→
ΞI
V (τ, q)

2

=

−→
ΞI
V ((ϖ1, ϖ2), q) +

−→
ΞI
V ((τ1, τ2), q)

2

=
1

2

(−→
ΞI
Y (ϖ1, q) +

−→
ΞI
Y (ϖ2, q)

2
+

−→
ΞI
Y (τ1, q) +

−→
ΞI
Y (τ2, q)

2

)
.

If
−→
ΞI
Y (ϖ1 ⋇1 τ1, q) ⪯

−→
ΞI
Y (ϖ2 ⋇1 τ2, q), then

−→
ΞI
Y (ϖ1, q) ⪯

−→
ΞI
Y (ϖ2, q) and

−→
ΞI
Y (τ1, q) ⪯

−→
ΞI
Y (τ2, q). We

get max{
−→
ΞI
Y (ϖ1 ⋇1 τ1, q)} ⪰

−→
ΞI

Y (ϖ1,q)+
−→
ΞI

Y (τ1,q)
2 . Similarly, max{

−→
ΞI
Y (ϖ1 ⋇2 τ1, q)} ⪰

−→
ΞI

Y (ϖ1,q)+
−→
ΞI

Y (τ1,q)
2

and max{
−→
ΞI
Y (ϖ1 ⋇3 τ1, q)} ⪰

−→
ΞI

Y (ϖ1,q)+
−→
ΞI

Y (τ1,q)
2 . Similarly max{

−→
ΞF
Y (ϖ1 ⋇1 τ1, q),

−→
ΞF
Y (ϖ2 ⋇1 τ2, q)} ⪯

max{max{
−→
ΞF
Y (ϖ1, q),

−→
ΞF
Y (ϖ2, q)},max{

−→
ΞF
Y (τ1, q),

−→
ΞF
Y (τ2, q)}}.

If
−→
ΞF
Y (ϖ1 ⋇1 τ1, q) ⪰

−→
ΞF
Y (ϖ2 ⋇1 τ2, q), then

−→
ΞF
Y (ϖ1, q) ⪰

−→
ΞF
Y (ϖ2, q) and

−→
ΞF
Y (τ1, q) ⪰

−→
ΞF
Y (τ2, q). We get

min{
−→
ΞF
Y (ϖ1⋇1 τ1, q)} ⪯ max{

−→
ΞF
Y (ϖ1, q),

−→
ΞF
Y (τ1, q)}. Also, max{

−→
ΞF
Y (ϖ1⋇2 τ1, q),

−→
ΞF
Y (ϖ2⋇2 τ2, q)} ⪯

max{max{
−→
ΞF
Y (ϖ1, q),

−→
ΞF
Y (ϖ2, q)},max{

−→
ΞF
Y (τ1, q),

−→
ΞF
Y (τ2, q)}}.

If
−→
ΞF
Y (ϖ1 ⋇2 τ1, q) ⪰

−→
ΞF
Y (ϖ2 ⋇2 τ2, q), then min{

−→
ΞF
Y (ϖ1 ⋇2 τ1, q)} ⪯ max{

−→
ΞF
Y (ϖ1, q),

−→
ΞF
Y (τ1, q)}.

We get max{
−→
ΞF
Y (ϖ1 ⋇3 τ1, q),

−→
ΞF
Y (ϖ2 ⋇3 τ2, q)} ⪯ max{max{

−→
ΞF
Y (ϖ1, q),

−→
ΞF
Y (ϖ2, q)},max{

−→
ΞF
Y (τ1, q),−→

ΞF
Y (τ2, q)}}.

If
−→
ΞF
Y (ϖ1 ⋇3 τ1, q) ⪰

−→
ΞF
Y (ϖ2 ⋇3 τ2, q), then min{

−→
ΞF
Y (ϖ1 ⋇3 τ1, q)} ⪯ max{

−→
ΞF
Y (ϖ1, q),

−→
ΞF
Y (τ1, q)}.

Hence,
−→
Y is an IVQNSSBS of S .
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Theorem 3.9. Let
−→
Y be an IVQNS set in S . Then

−→
Y is an IVQNSSBS of S if and only if all nonempty level

set
−−−→
Ξ(t,s) is a SBS of S for t, s ∈ D[0, 1].

Proof. Assume that
−→
Y is an IVQNSSBS of S . Let t, s ∈ D[0, 1] and υ1, υ2 ∈

−−−→
Ξ(t,s). Then

−→
ΞT
Y (υ1, q) ⪰

−→
t ,

−→
ΞT
Y (υ2, q) ⪰ −→

t and
−→
ΞI
Y (υ1, q) ⪰ −→

t ,
−→
ΞI
Y (υ2, q) ⪰ −→

t and
−→
ΞF
Y (υ1, q) ⪯ −→s ,

−→
ΞF
Y (υ2, q) ⪯ −→s . Now,

max{
−→
ΞT
Y (υ1⋇1υ2, q)} ⪰ min{

−→
ΞT
Y (υ1, q),

−→
ΞT
Y (υ2, q)} ⪰ −→

t and max{
−→
ΞI
Y (υ1⋇1υ2, q)} ⪰

−→
ΞI

Y (υ1,q)+
−→
ΞI

Y (υ2,q)
2

⪰
−→
t +

−→
t

2 =
−→
t and min{

−→
ΞF
Y (υ1 ⋇1 υ2, q)} ⪯ max{

−→
ΞF
Y (υ1, q),

−→
ΞF
Y (υ2, q)} ⪯ −→s . This implies that

υ1 ⋇1 υ2 ∈
−−−→
Ξ(t,s). Similarly, υ1 ⋇2 υ2 ∈

−−−→
Ξ(t,s) and υ1 ⋇3 υ2 ∈

−−−→
Ξ(t,s). Therefore

−−−→
Ξ(t,s) is a SBS of S

for each t, s ∈ D[0, 1].

Conversely, assume that
−−−→
Ξ(t,s) is a SBS of S for each t, s ∈ D[0, 1]. Suppose if there exist υ1, υ2 ∈ S such

that max{
−→
ΞT
Y (υ1 ⋇1 υ2, q)} ≺ min{

−→
ΞT
Y (υ1, q),

−→
ΞT
Y (υ2, q)}, max{

−→
ΞI
Y (υ1 ⋇1 υ2, q)} ≺

−→
ΞI

Y (υ1,q)+
−→
ΞI

Y (υ2,q)
2

and min{
−→
ΞF
Y (υ1 ⋇1 υ2, q)} ≻ max{

−→
ΞF
Y (υ1, q),

−→
ΞF
Y (υ2, q)}. Select t, s ∈ D[0, 1] such that max{

−→
ΞT
Y (υ1 ⋇1

υ2, q)} ≺ −→
t ⪯ min{

−→
ΞT
Y (υ1, q),

−→
ΞT
Y (υ2, q)} and max{

−→
ΞI
Y (υ1 ⋇1 υ2, q)} ≺ −→

t ⪯
−→
ΞI

Y (υ1,q)+
−→
ΞI

Y (υ2,q)
2 and

min{
−→
ΞF
Y (υ1 ⋇1 υ2, q)} ≻ −→s ⪰ max{

−→
ΞF
Y (υ1, q),

−→
ΞF
Y (υ2, q)}. Then υ1, υ2 ∈

−−−→
Ξ(t,s) but υ1 ⋇1 υ2 /∈

−−−→
Ξ(t,s).

This contradicts to that
−−−→
Ξ(t,s) is a SBS of S . Hence, max{

−→
ΞT
Y (υ1⋇1 υ2, q)} ⪰ min{

−→
ΞT
Y (υ1, q),

−→
ΞT
Y (υ2, q)},

max{
−→
ΞI
Y (υ1 ⋇1 υ2, q)} ⪰

−→
ΞI

Y (υ1,q)+
−→
ΞI

Y (υ2,q)
2 and min{

−→
ΞF
Y (υ1 ⋇1 υ2, q)} ⪯ max{

−→
ΞF
Y (υ1, q),

−→
ΞF
Y (υ2, q)}.

Similarly to prove other parts. Hence,
−→
Y is an IVQNSSBS of S .

Definition 3.10. Let (S1,⊟1,⊟2,⊟3) and (S2,⊖1,⊖2,⊖3) be any two bisemirings. Let Υ : S1 → S2

be any function and
−→
Y be any IVQNSSBS in S1,

−→
V be any IVQNSSBS in Υ(S1) = S2. If

−→
ΞY =〈−→

ΞT
Y ,

−→
ΞI
Y ,

−→
ΞF
Y

〉
is an IVQNS set in S1, then

−→
ΞV is an IVQNS set in S2, defined by for all x ∈ S1 and

y ∈ S2,
−→
ΞT
V (τ, q) =

{
sup{

−→
ΞT
Y (ϖ, q)} if (ϖ, q) ∈ Υ−1(τ, q)

0 otherwise

−→
ΞI
V (τ, q) =

{
sup{

−→
ΞI
Y (ϖ, q)} if (ϖ, q) ∈ Υ−1(τ, q)

0 otherwise

−→
ΞF
V (τ, q) =

{
inf{

−→
ΞF
Y (ϖ, q)} if (ϖ, q) ∈ Υ−1(τ, q)

1 otherwise,

which is called the image of ΞY under Υ. Similarly, if
−→
ΞV =

〈−→
ΞT
V ,

−→
ΞI
V ,

−→
ΞF
V

〉
is an IVQNS set in S2, then

IVQNS set
−→
ΞY = Υ ◦

−→
ΞV in S1 (i.e., the IVQNS set defined by

−→
ΞY (ϖ, q) =

−→
ΞV (Υ(ϖ, q))) is called the

pre-image of
−→
ΞV under Υ.

Theorem 3.11. Let (S1,⊟1,⊟2,⊟3) and (S2,⊖1,⊖2,⊖3) be any two bisemirings. The homomorphic image
of IVQNSSBS of S1 is an IVQNSSBS of S2.

Proof. Let Υ : S1 → S2 be any homomorphism. Then Υ(ϖ⊟1 τ, q) = Υ(ϖ, q)⊖1Υ(τ, q),Υ(ϖ⊟2 τ, q) =

Υ(ϖ, q)⊖2 Υ(τ, q) and Υ(ϖ⊟3 τ, q) = Υ(ϖ, q)⊖3 Υ(τ, q) for all ϖ, τ ∈ S1. Let
−→
V = Υ(

−→
Y ), where

−→
Y is

any IVQNSSBS of S1. Let Υ(ϖ, q),Υ(τ, q) ∈ S2. Let (ϖ, q) ∈ Υ−1(Υ(ϖ, q)) and (τ, q) ∈ Υ−1(Υ(τ, q))
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be such that
−→
ΞT
Y (ϖ, q) = sup

(δ,q)∈Υ−1(Υ(ϖ,q))

{
−→
ΞT
Y (δ, q)} and

−→
ΞT
Y (τ, q) = sup

(δ,q)∈Υ−1(Υ(τ,q))

{
−→
ΞT
Y (δ, q)}. Now,

max{
−→
ΞT
V (Υ(ϖ, q)⊖1 Υ(τ, q))} = sup

(δ′ ,q)∈Υ−1(Υ(ϖ,q)⊖1Υ(τ,q))

{
−→
ΞT
Y (δ

′
, q)}

= sup
(δ′ ,q)∈Υ−1(Υ(ϖ⊟1τ,q))

{
−→
ΞT
Y (δ

′
, q)}

= max{
−→
ΞT
Y (ϖ ⊟1 τ, q)}

⪰ min{
−→
ΞT
Y (ϖ, q),

−→
ΞT
Y (τ, q)}

= min{
−→
ΞT
V Υ(ϖ, q),

−→
ΞT
V Υ(τ, q)}.

Thus max{
−→
ΞT
V (Υ(ϖ, q)⊖1 Υ(τ, q))} ⪰ min{

−→
ΞT
V Υ(ϖ, q),

−→
ΞT
V Υ(τ, q)}. Similarly,

max{
−→
ΞT
V (Υ(ϖ, q)⊖2 Υ(τ, q))} ⪰ min{

−→
ΞT
V Υ(ϖ, q),

−→
ΞT
V Υ(τ, q)}

and
max{

−→
ΞT
V (Υ(ϖ, q)⊖3 Υ(τ, q))} ⪰ min{

−→
ΞT
V Υ(ϖ, q),

−→
ΞT
V Υ(τ, q)}.

Let (ϖ, q) ∈ Υ−1(Υ(ϖ, q)) and (τ, q) ∈ Υ−1(Υ(τ, q)) be such that
−→
ΞI
Y (ϖ, q) = sup

(δ,q)∈Υ−1(Υ(ϖ,q))

{
−→
ΞI
Y (δ, q)}

and
−→
ΞI
Y (τ, q) = sup

(δ,q)∈Υ−1(Υ(τ,q))

{
−→
ΞI
Y (δ, q)}. Now,

max{
−→
ΞI
V (Υ(ϖ, q)⊖1 Υ(τ, q))} = sup

(δ′ ,q)∈Υ−1(Υ(ϖ,q)⊖1Υ(τ,q))

{
−→
ΞI
Y (δ

′
, q)}

= sup
(δ′ ,q)∈Υ−1(Υ(ϖ⊟1τ,q))

{
−→
ΞI
Y (δ

′
, q)}

= max{
−→
ΞI
Y (ϖ ⊟1 τ, q)}

⪰
−→
ΞI
Y (ϖ, q) +

−→
ΞI
Y (τ, q)

2

=

−→
ΞI
V Υ(ϖ, q) +

−→
ΞI
V Υ(τ, q)

2
.

Thus max{
−→
ΞI
V (Υ(ϖ, q)⊖1 Υ(τ, q))} ⪰

−→
ΞI

V Υ(ϖ,q)+
−→
ΞI

V Υ(τ,q)
2 . Similarly,

max{
−→
ΞI
V (Υ(ϖ, q)⊖2 Υ(τ, q))} ⪰

−→
ΞI
V Υ(ϖ, q) +

−→
ΞI
V Υ(τ, q)

2

and

max{
−→
ΞI
V (Υ(ϖ, q)⊖3 Υ(τ, q))} ⪰

−→
ΞI
V Υ(ϖ, q) +

−→
ΞI
V Υ(τ, q)

2
.

Let Υ(ϖ, q),Υ(τ, q) ∈ S2. Let (ϖ, q) ∈ Υ−1(Υ(ϖ, q)) and (τ, q) ∈ Υ−1(Υ(τ, q)) be such that
−→
ΞF
Y (ϖ, q) =

inf
(δ,q)∈Υ−1(Υ(ϖ,q))

{
−→
ΞF
Y (δ, q)} and

−→
ΞF
Y (τ, q) = inf

z∈Υ−1(Υ(τ,q))
{
−→
ΞF
Y (δ, q)}. Now,

min{
−→
ΞF
V (Υ(ϖ, q)⊖1 Υ(τ, q))} = inf

(δ′ ,q)∈Υ−1(Υ(ϖ,q)⊖1Υ(τ,q))
{
−→
ΞF
Y (δ

′
, q)}

= inf
(δ′ ,q)∈Υ−1(Υ(ϖ⊟1τ,q))

{
−→
ΞF
Y (δ

′
, q)}

= min{
−→
ΞF
Y (ϖ ⊟1 τ, q)}

⪯ max{
−→
ΞF
Y (ϖ, q),

−→
ΞF
Y (τ, q)}

= max{
−→
ΞF
V Υ(ϖ, q),

−→
ΞF
V Υ(τ, q)}.
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Thus min{
−→
ΞF
V (Υ(ϖ, q)⊖1 Υ(τ, q))} ⪯ max{

−→
ΞF
V Υ(ϖ, q),

−→
ΞF
V Υ(τ, q)}. Similarly,

min{
−→
ΞF
V (Υ(ϖ, q)⊖2 Υ(τ, q))} ⪯ max{

−→
ΞF
V Υ(ϖ, q),

−→
ΞF
V Υ(τ, q)}

and
min{

−→
ΞF
V (Υ(ϖ, q)⊖3 Υ(τ, q))} ⪯ max{

−→
ΞF
V Υ(ϖ, q),

−→
ΞF
V Υ(τ, q)}.

Hence,
−→
V is an IVQNSSBS of S2.

Theorem 3.12. Let (S1,⊟1,⊟2,⊟3) and (S2,⊖1,⊖2,⊖3) be any two bisemirings. The homomorphic pre-
image of IVQNSSBS of S2 is an IVQNSSBS of S1.

Proof. Let Υ : S1 → S2 be any homomorphism. Then Υ(ϖ ⊟1 τ, q) = Υ(ϖ, q) ⊖1 Υ(τ, q),Υ(ϖ ⊟2

τ, q) = Υ(ϖ, q) ⊖2 Υ(τ, q), and Υ(ϖ ⊟3 τ, q) = Υ(ϖ, q) ⊖3 Υ(τ, q) for all ϖ, τ ∈ S1. Let
−→
V = Υ(

−→
Y ),

where
−→
V is any IVQNSSBS of S2. Let ϖ, τ ∈ S1. Now, max{

−→
ΞT
Y (ϖ ⊟1 τ, q)} = max{

−→
ΞT
V (Υ(ϖ ⊟1

τ, q))} = max{
−→
ΞT
V (Υ(ϖ, q) ⊖1 Υ(τ, q))} ⪰ min{

−→
ΞT
V Υ(ϖ, q),

−→
ΞT
V Υ(τ, q)} = min{

−→
ΞT
Y (ϖ, q),

−→
ΞT
Y (τ, q)}.

Thus max{
−→
ΞT
Y (ϖ⊟1 τ, q)} ⪰ min{

−→
ΞT
Y (ϖ, q),

−→
ΞT
Y (τ, q)}. Now, max{

−→
ΞI
Y (ϖ⊟1 τ, q)} = max{

−→
ΞI
V (Υ(ϖ⊟1

τ, q))} = max{
−→
ΞI
V (Υ(ϖ, q)⊖1Υ(τ, q))} ⪰

−→
ΞI

V Υ(ϖ,q)+
−→
ΞI

V Υ(τ,q)
2 =

−→
ΞI

Y (ϖ,q)+
−→
ΞI

Y (τ,q)
2 . Thus max{

−→
ΞI
Y (ϖ⊟1

τ, q)} ⪰
−→
ΞI

Y (ϖ,q)+
−→
ΞI

Y (τ,q)
2 . Now, min{

−→
ΞF
Y (ϖ⊟1 τ, q)} = min{

−→
ΞF
V (Υ(ϖ⊟1 τ, q))} = min{

−→
ΞF
V (Υ(ϖ, q)⊖1

Υ(τ, q))} ⪯ max{
−→
ΞF
V Υ(ϖ, q),

−→
ΞF
V Υ(τ, q)} = max{

−→
ΞF
Y (ϖ, q),

−→
ΞF
Y (τ, q)}. Therefore,

−→
ΞF
Y (ϖ ⊟1 τ, q) ⪯

max{
−→
ΞF
Y (ϖ, q),

−→
ΞF
Y (τ, q)}. Hence,

−→
Y is an IVQNSSBS of S1.

Theorem 3.13. Let (S1,⊟1,⊟2,⊟3) and (S2,⊖1,⊖2,⊖3) be any two bisemirings. If Υ : S1 → S2 is a
homomorphism, then Υ(

−−−→
Y(t,s)) is a level SBS of IVQNSSBS

−→
V of S2.

Proof. Let Υ : S1 → S2 be any homomorphism. Then Υ(ϖ⊟1 y, q) = Υ(ϖ, q)⊖1Υ(τ, q),Υ(ϖ⊟2 τ, q) =

Υ(ϖ, q)⊖2 Υ(τ, q), and Υ(ϖ ⊟3 τ, q) = Υ(ϖ, q)⊖3 Υ(τ, q) for all ϖ, τ ∈ S1. Let
−→
V = Υ(

−→
Y ), where

−→
Y

is an IVQNSSBS of S1. By Theorem 3.11,
−→
V is an IVQNSSBS of S2. Let

−−−→
Y(t,s) be any level SBS of

−→
Y .

Suppose that ϖ, τ ∈
−−−→
Y(t,s). Then Υ(ϖ ⊟1 τ, q),Υ(ϖ ⊟2 τ, q),Υ(ϖ ⊟3 τ, q) ∈

−−−→
Y(t,s). Now,

−→
ΞT
V (Υ(ϖ, q)) =

−→
ΞT
Y (ϖ, q) ⪰ −→

t ,
−→
ΞT
V (Υ(τ, q)) =

−→
ΞT
Y (τ, q) ⪰ −→

t . Thus
−→
ΞT
V (Υ(ϖ, q) ⊖1 Υ(τ, q)) ⪰

−→
ΞT
Y (ϖ ⊟1 τ, q) ⪰

−→
t .

Now,
−→
ΞI
V (Υ(ϖ, q)) =

−→
ΞI
Y (ϖ, q) ⪰ −→

t ,
−→
ΞI
V (Υ(τ, q)) =

−→
ΞI
Y (τ, q) ⪰ −→

t . Thus
−→
ΞI
V (Υ(ϖ, q) ⊖1 Υ(τ, q)) ⪰

−→
ΞI
Y (ϖ ⊟1 τ, q) ⪰ −→

t . Now,
−→
ΞF
V (Υ(ϖ, q)) =

−→
ΞF
Y (ϖ, q) ⪯ −→s and

−→
ΞF
V (Υ(τ, q)) =

−→
ΞF
Y (τ, q) ⪯ −→s . Thus

−→
ΞF
V (Υ(ϖ, q)⊖1 Υ(τ, q)) ⪯

−→
ΞF
Y (ϖ ⊟1 τ, q) ⪯ −→s for all Υ(ϖ, q),Υ(τ, q) ∈ S2. Hence, Υ(

−−−→
Y(t,s)) is a level

SBS of IVQNSSBS
−→
V of S2.

Theorem 3.14. Let (S1,⊟1,⊟2,⊟3) and (S2,⊖1,⊖2,⊖3) be any two bisemirings. If Υ : S1 → S2 is any
homomorphism, then

−−−→
Y(t,s) is a level SBS of IVQNSSBS

−→
Y of S1.

Proof. Let Υ : S1 → S2 be any homomorphism. Then Υ(ϖ⊟1 τ, q) = Υ(ϖ, q)⊖1Υ(τ, q),Υ(ϖ⊟2 τ, q) =

Υ(ϖ, q) ⊖2 Υ(τ, q), and Υ(ϖ ⊟3 τ, q) = Υ(ϖ, q) ⊖3 Υ(τ, q) for all ϖ, τ ∈ S1. Let
−→
V = Υ(

−→
Y ), where

−→
V is an IVQNSSBS of S2. By Theorem 3.12,

−→
Y is an IVQNSSBS of S1. Let Υ(

−−−→
Y(t,s)) be a level SBS of

−→
V . Suppose that Υ(ϖ, q),Υ(τ, q) ∈ Υ(

−−−→
Y(t,s)). Then Υ(ϖ⊟1 τ, q),Υ(ϖ⊟2 τ, q),Υ(ϖ⊟3 τ, q) ∈ Υ(

−−−→
Y(t,s)).

Now,
−→
ΞT
Y (ϖ, q) =

−→
ΞT
V (Υ(ϖ, q)) ⪰ −→

t ,
−→
ΞT
Y (τ, q) =

−→
ΞT
V (Υ(τ, q)) ⪰ −→

t . Thus max{
−→
ΞT
Y (ϖ ⊟1 τ, q)} ⪰

min{
−→
ΞT
Y (ϖ, q),

−→
ΞT
Y (τ, q)} ⪰ −→

t . Now,
−→
ΞI
Y (ϖ, q) =

−→
ΞI
V (Υ(ϖ, q)) ⪰ −→

t ,
−→
ΞI
Y (τ, q) =

−→
ΞI
V (Υ(τ, q)) ⪰

−→
t . Thus max{

−→
ΞI
Y (ϖ ⊟1 τ, q)} ⪰

−→
ΞI

Y (ϖ,q)+
−→
ΞI

Y (τ,q)
2 ⪰ −→

t . Now,
−→
ΞF
Y (ϖ, q) =

−→
ΞF
V (Υ(ϖ, q)) ⪯ −→s and

−→
ΞF
Y (τ, q) =

−→
ΞF
V (Υ(τ, q)) ⪯ −→s . Thus min{

−→
ΞF
Y (ϖ ⊟1 τ, q)} = max{

−→
ΞF
Y (ϖ, q),

−→
ΞF
Y (τ, q)} ⪯ −→s for all

ϖ, τ ∈ S1. Hence,
−−−→
Y(t,s) is a level SBS of IVQNSSBS

−→
Y of S1.
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4 Interval valued Q-neutrosophic SBSs (IVQNSNSBSs)

Definition 4.1. An IVQNS set
−→
Y of S is said to be an IVQNSNSBS of S if


−→
ΞT
Y (ϖ ⋇1 τ, q) =

−→
ΞT
Y (τ ⋇1 ϖ, q)

−→
ΞT
Y (ϖ ⋇2 τ, q) =

−→
ΞT
Y (τ ⋇2 ϖ, q)

−→
ΞT
Y (ϖ ⋇3 τ, q) =

−→
ΞT
Y (τ ⋇3 ϖ, q)





−→
ΞI
Y (ϖ ⋇1 τ, q) =

−→
ΞI
Y (τ ⋇1 ϖ, q)

or
−→
ΞI
Y (ϖ ⋇2 τ, q) =

−→
ΞI
Y (τ ⋇2 ϖ, q)

or
−→
ΞI
Y (ϖ ⋇3 τ, q) =

−→
ΞI
Y (τ ⋇3 ϖ, q)



−→
ΞF
Y (ϖ ⋇1 τ, q) =

−→
ΞF
Y (τ ⋇1 ϖ, q)

−→
ΞF
Y (ϖ ⋇2 τ, q) =

−→
ΞF
Y (τ ⋇2 ϖ, q)

−→
ΞF
Y (ϖ ⋇3 τ, q) =

−→
ΞF
Y (τ ⋇3 ϖ, q)


for all ϖ, τ ∈ S .

Corollary 4.2. (1) The intersection of a family of IVQNSNSBSs of S is an IVQNSNSBS of S .

(2) If
−→
Y1,

−→
Y2, ...,

−→
Yn are IVQNSNSBSs of bisemirings S1,S2, ...,Sn, respectively, then

−−−−−−−−−−−−−→
Y1 × Y2 × ...× Yn

is an IVQNSNSBS of S1 × S2 × ...× Sn.

(3) Let
−→
Y be any IVQNSNSBS of S and

−→
V be the strongest IVNS relation of S . Then

−→
Y is an IVQNSNSBS

of S if and only if
−→
V is an IVQNSNSBS of S × S .

(4) The homomorphic image of any IVQNSNSBS of S1 is an IVQNSNSBS of S2.

(5) The homomorphic pre-image of any IVQNSNSBS of S2 is an IVQNSNSBS of S1.

5 Conclusion

We created the IVQNSSBS level set concepts. We presented a method for using IVQNSNSBS over bisemiring.
The main goal of this study is to present a homomorphism to IVQNSSBS of bisemirings. Therefore, we
consider the uses of cubic Q-neutrosophic SBS in the future.
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