Prospects for Applied Mathematics and data Analysis ( PAMDA) V0l 01, No. 01, PP. 52-56, 2023

ASPG

American Scientific Publishing Group

Study on the Expectation of Geometric Distribution

Mohammad Jdeed
PH.D Systems analysis (information processing and control)
Email: dr.m.jdeed@gmail.com

Abstract:

When we want to know the truth of the emergence of a scientific principle, we find in many cases that it is no more
than a process of interpretation, description and analysis of existing natural phenomena of various kinds, this is
done by identifying the components on which these phenomena depend and the qualities and characteristics that
each organism enjoys, which enables us to form a clear strategic vision that helps us in developing pre-solutions
to what we expect from the problems resulting from any emergency or exceptional circumstance Most studies in
the fields of science need two types of study:

1- Study the real data obtained through observation and description, and then record and tabulate the case
information we are studying.

2- the study of phenomena to predict what the phenomenon will become in the near and even distant future,
The statistical analysis puts us in the merits of the current and future situation of the system under study, and
statistical analysis is the applied aspect of probability science, through the probability distributions that are used
in different fields of science, the probability of the values of the variable can be calculated by applying a
mathematical equation called the probability density function and by using distinctive values for these distributions
such as expectation, variance and standard deviation From analyzing the data to reach the desired results, after
reviewing a number of references, it drew my attention that the expectation of the geometric distribution is
calculated using a relationship that varies from one return to another, knowing that these references start from the
basic definition of the expectation or from the moment-generating function, and logically the results must be the
same, so | prepared this research, through which | explained the reason for the difference, which in turn may have
an impact on the results of studies for the systems which works according to this distribution (the importance of
this effect depends on the meaning of the expectation for the studied system)
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1. Introduction:

When studying many systems, we find that the course of the study depends on the data collected about the system,
where appropriate rules are used for this data, if the data is random and follows a certain probability distribution,
then we do not use the distinctive values of this distribution in order to analyze the data, and therefore the
relationships used to calculate these values must be accurate relationships and obtained through the application of
the basic definition recognized for each of the distinctive values, when we study the Geometric distribution found

that some references are used to calculate the expectation of a relationship E(X) = g ,[1,2,3], and others use a
relationship. E(X) =% ,[4—14].
In this research, we presented two studies to calculate the expectation of the geometric distribution, which is a

special case of the negative binomial distribution, and we explained the reason for the difference and its impact on
the results of studies of systems that operate according to the geometric distribution.

Discussion:
We get the expectation using one of two relationships:

1- Starting from the probability density function as follows:
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2- Starting from the moment-generating function as follows:

E0=[w0)]_ @
Since the geometric distribution is a special case of the negative binary distribution, so in order for the study to be
accurate and understandable, we first begin by presenting the negative binomial distribution:

1- Negative binomial distribution (Pascal distribution):[3]
The negative binary distribution (Pascal distribution) is a discrete distribution defined as follows:

Let us have an experience, let it be A an event related to that experience then:
PA=p=>PA)=1-p=q&p+q=1 & 0<p<1

Independently we repeat this experiment until we get an appearance of the event a number of times of once we
denote B for the experiment in which it is arranged and in which the event will appear a number of times its A
magnitude, k this means that in the experiment that we arrange and which we will denote the event will G appear
k + x anumber of times its magnitude A k , we denote the experiment that will be followed directly by the symbol
x + k — 1 B inwhich the A k — 1 event will inevitably appear then D it isA

P(G) =P(DNnB)=PB)P(B) (3)
The probability of D a condition B is the probability of the occurrence of A4 any event
P(B) =P(A)=p

And the probability B we get from the relationship:
+k—-1
P =(* . )

k-1,x
q

p

We substitute in the relationship (3):
k—1\ k-
P(G)=(x+x )pk 1qxp

x+k—1

X )p"q" ;x=0123-——,k=123 (4

P(6) = fx () = (

1-1- Moment-generating function of negative binomial distribution (Pascal distribution):

B =B =y =y (T g

Px(t) = Z;e“‘ (x thes 1) p*(ge")* =

X
no=py (@ =g =
(0 = (1)

1-2- Expectation of the negative binomial distribution (Pascal distribution) based on the moment-generating

function:
, NG k-1 t
B =[(w®)] = [((1 +) ) LO - [" (=) ((1 ziqqeet)2>]t=0

E(X) = k(ﬂq)k_l((l quq)2> =I;Lf=%q
kq
E(X) =?
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2. Geometric Distribution:

It is a special case of negative binary distribution when we repeat the experiment until the event appears for the
first time, and then stop the experiment This means that, if a random variable expresses failures, then we say that
X it is a geometric random variable If X we substitute in the relationship, the k = 1 probability density function of
the random variable that follows the geometric distribution becomes as follows: (4)

& =()pe" sx=012---

X
P =) = fr(0) = (})pa* =pa* ;x=012,——-

2-1- The torque-generating function of the geometric distribution from the negative binary distribution:

p )" p
— ) k=1 )=——
1_qet _)wX() 1_qet

Pa0) = (
2-2- Expectation of the geometric distribution based on the negative binary distribution:
kq k=1 q
E(X)=? —>E(X)=5 )

We calculate the expectation of the geometric distribution from the relationships (1) and (2):
3-1- Calculation of the expectation of the geometric distribution through relation (1):

Let be a X discrete random variable with a probability density function f(x) = P(X = x) in space R,

PX=x)=01-p)*p forx=012———
B =) x1-p)% ()

We multiply both sides of the relation () by (1 —p)

A-PED =) x(1=p)™p

Put

k=x+1=>x=k-1

(1=pEX) = ) (= DA -p)p
k=1

A-PE0 =) kA-pp-)  (A-p)P
EO-pED =) KA-pip=p. (A-p)p ()

of the two relationships () ,(**)

[oe]

E() -pEC) =E() =) (1-p)'p
— * _ k
PEX) =) (1=p)p

(oo}

D, a-pp=-p) =
(1-p)

PEX)=(1-p)= EX) =
E(X) =1
P

3-4- Calculation of the expectation of the geometric distribution through relation (2):

ECO=[w®)] @

t=0

54
Doi: https://doi.org/10.54216/PAMDA.010104
Received: August 20, 2022 Accepted: December 19, 2022



https://doi.org/10.54216/PAMDA.010104

Prospects for Applied Mathematics and data Analysis ( PAMDA) V0l 01, No. 01, PP. 52-56, 2023

E(X) = [(1 pqet)l]t 0 B [(11936@ ] =0 N [pzze ]t=0 ) %

From the above, we find that the expectation is given by E(X) = 1—1 :

Negative Binomial Distributions: [6]

The probability density function as stated in the reference [6] takes the following form:

Fo = (ET7)pka"* sx=lk+ Lk+2,k+3,-— -
where x — 1 represents the number of successes, and we have k — 1 successes

4-1- Moment-generating function of negative binomial distribution (Pascal distribution):

M, (t) = E(e™) = Zm etx (i : D LERL

x=k
ok N (X = 1N k) ok
M) = e ) (§1)e Mg
If get <1lor t< —log (1— p)and the result of the sum is given by (1 — ge®)™* any that

M, (6) = (pe) (1 —qe) ™ =

M(t)—< pe’ )k't<—l 1-—
X - (1 ) ) Og( p)

4-2- Expectation of negative binomial distribution (Pascal distribution) based on the moment-generating
function:

E(X) = [My(t)]t=0

o _ pe al kp*
E(X) =M x(t) - <(1 qet)> i [(1 _ qet)k+1]t=0

We substitute £ = 0 we get the expectation
, k
EX) =M, (0) =2

3- Geometric distribution: It is a special case of negative binary distribution when k = 1,Its probability
density function becomes as follows:

fx) = (’1() pq* ' =pq*t ;x=123-—--—
5-1- The torque-generating function of the geometric distribution based on the negative binary distribution:
t k t
Mx(t)=< - ) S M) = P it < ~log (1-p)
(1 —qe") 1-(1-p)et

5-2- Expectation of geometric distribution based on negative binary distribution:
k k=1 1
EX)=— —EX)== (6)
p p

We note that there is a difference between (6) the two relationships and (7) through which we calculate the
Expectation of the geometric distribution and the following example shows the difference

Example: In an experiment if the random variable x follows the geometric distribution and the probability of the
observed event appearing p = gthen the probability of not appearing is q = é

The probability density function is according to the first study
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2 /1\*
fX(x) = pqx = § <§) ;x=012,———

And the expectation is

Eu)—q—gxl— =05
p 273 2 7

We have the probability density function according to the second study:

-1
— x-1 E 1 ) = _— =
fx)=pq 3 3 ix = 1,2,3,

And the expectation is

1 3
EX)=-=2>=15

=

Conclusion and Results:

The difference in the formula of the expectation between one reference and another reference is due to the fact that
some references calculate the expectation from x = 0 , which means that the event has appeared from the first
repetition of the experiment and according to the definition of geometric distribution the experiment is stopped
and others take x = 1 this means that the event A did not appear the first time of the experiment and must be

repeated

We find that it is better to deal with the geometric distribution as a special case of the negative binary distribution
because it gives the real value of the expectation, and all users of the geometric distribution must clarify this
difference by calculating the expectation.
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