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Abstract 

The objective of this paper is to present for the first time the concept of fuzzy weak complex vector spaces 

depending on the ring of fuzzy weak complex numbers. Also, we examine some elementary algebraic properties 

of fuzzy weak complex vector spaces in terms of theorems. 

On the other hand, we illustrate many related examples to explain the novelty of these spaces. 
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Introduction 

Fuzzy logic was presented by Zadeh [1] to deal with a degree of truth (T) and a degree of falsity (F), where a 

fuzzy set can be represented by values through the interval [0,1]. 

In [2], the concept of weak fuzzy complex numbers was defined for the first time as a new generalization of real 

numbers. This generalization is built in a similar way of split-complex numbers [3], neutrosophic numbers [4] 

and dual numbers [5]. 

In the literature, we find the concept of neutrosophic vector spaces which are defined by using neutrosophic 

numbers. These spaces form a module over the ring of neutrosophic real numbers. 

Also, many algebraic substructures that describe the properties of neutrosophic vector spaces were studied 

widely such as AH-subspaces, AHS-subspaces, and AH-linear functions [6-9]. 

In this paper, we use the previous approach to define weak fuzzy complex vector spaces over the weak fuzzy 

complex ring of numbers, and we examine many elementary properties of these new spaces by proving some 

related theorems and illustrating some corresponding examples. 

Main Discussion: 

Definition: 

Let 𝐶𝑤 = {𝑎 + 𝑏𝜀; 𝑎, 𝑏 ∈ 𝑅} be the ring of  weak fuzzy complex numbers with 𝑡 = 𝜀2 ∈ ]0,1[. 
Let 𝑉 be a vector space over the real field 𝑅, we define the fuzzy weak complex vector space 𝑉𝑤 as follows: 

𝑉𝑤 = {𝑥 + 𝑦𝜀 ; 𝑥, 𝑦 ∈ 𝑉}. 

We define addition on 𝑉𝑤 as follows: 

(𝑥 + 𝑦𝜀) + (𝑧 + 𝑡𝜀) = (𝑥 + 𝑧) + (𝑦 + 𝑡)𝜀 

We define the multiplication as follows: 
(𝑎 + 𝑏𝜀). (𝑥 + 𝑦𝜀) = 𝑎𝑥 + 𝑏𝑦𝑡 + 𝜀(𝑎𝑦 + 𝑏𝑥) ; 𝑥, 𝑦 ∈ 𝑉 , 𝑎, 𝑏 ∈ 𝑅. 

Theorem. 

(𝑉𝑤 , +, . ) Is a module over the ring 𝐶𝑤. 
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Proof. 

Let 𝑋 = 𝑥1 + 𝑥2𝜀 , 𝑌 = 𝑦1 + 𝑦2𝜀 be two weak complex vectors and let 𝐴 = 𝑎1 + 𝑎2𝜀 , 𝐵 = 𝑏1 + 𝑏2𝜀 be two 

weak complex numbers, we have: 

1. (𝐴 + 𝐵)𝑋 = 𝐴. 𝑋 + 𝐵. 𝑋 

2. 𝐴(𝑋 + 𝑌) = 𝐴. 𝑋 + 𝐴. 𝑌 

3. (𝐴. 𝐵). 𝑋 = 𝐴. (𝐵. 𝑋) 

4. 1. 𝑋 = 𝑋 

5. (𝑉𝑤 , +) is abelian group. 

Remark. 

(𝑉𝑤 , +, . ) is a module not a vector space.  

Definition. 

Let 𝑊𝑤 be a non empty subset of 𝑉𝑤,we call 𝑊𝑤 a subspace of 𝑉𝑤 if and only if: 

𝑋 − 𝑌 ∈ 𝑊𝑤 ;  ∀𝑋, 𝑌 ∈ 𝑊𝑤 

𝐴. 𝑋 ∈ 𝑊𝑤 ;  ∀𝐴 ∈ 𝐶𝑤  , ∀𝑋 ∈ 𝑊𝑤 

Definition. 

Let 𝑆 = {𝑉1 , … , 𝑉𝑛} be a subset of 𝑉𝑤, then it is called a basis of 𝑉𝑤 over 𝐶𝑤 if and only if: 

1. , ∀ 𝑇 ∈ 𝑉𝑤 , then 𝑇 = ∑ 𝐴𝑖𝑉𝑖
𝑛
𝑖=1  ;  𝑉𝑖 ∈ 𝑆 , 𝐴𝑖 ∈ 𝐶𝑤  . 

2. ∑ 𝐴𝑖𝑉𝑖
𝑛
𝑖=1 = 0, then 𝐴𝑖 = 0 for all 1 ≤ 𝑖 ≤ 𝑛. 

Example.  

Let 𝑉 = 𝑅2 be the Euclidean space over 𝑅. 

 𝑉𝑤 = {(𝑥1 + 𝑦1𝜖, 𝑥2 + 𝑦2𝜀) ;  𝑥𝑖 , 𝑦𝑖 ∈ 𝑅} = {(𝑥1, 𝑥2) + (𝑦1, 𝑦2)𝜀 ;  𝑥𝑖 , 𝑦𝑖 ∈ 𝑅} 

Is the corresponding weak fuzzy complex vector space. 

Consider the following subset: 

𝑊𝑤 = {(𝑥, 0) + (𝑧, 𝑦)𝜀 ;  𝑥, 𝑦, 𝑧 ∈ 𝑅}, 

It is clear that (𝑊𝑤 , +) is a subgroup of (𝑉𝑤 , +). 

Let 𝐴 = 𝑎1 + 𝑎2𝜀 ;  𝑎𝑖 ∈ 𝑅, then 

𝐴[(𝑥, 0) + (𝑧, 𝑦)𝜀] = (𝑎1 + 𝑎2𝜀 )[(𝑥, 0) + (𝑧, 𝑦)𝜀] = 𝑎1(𝑥, 0) + (𝑎1𝑧, 𝑎1𝑦)𝜀 + 𝑎2(𝑥, 0)𝜀 + (𝑎2𝑧, 𝑎2𝑦)𝑡 =
(𝑎1𝑥 + 𝑎2𝑧𝑡, 𝑎2𝑦𝑡) + 𝜀[(𝑎1𝑧 + 𝑎2𝑥, 𝑎1𝑦)] ∉ 𝑊𝑤. 

Thus 𝑊𝑤 is not a subspace. 

Definition. 

Let 𝑉𝑤 be a weak fuzzy complex vector space over 𝐶𝑤. 

Let 𝑊𝑤 = 𝑉1 + 𝑉2𝜀 ;  𝑉1, 𝑉2are two subspaces of 𝑉, then we call 𝑊𝑤 an AH-subspace. 

Example. 

Let 𝑉 = 𝑅2 be the Euclidean space over 𝑅 with three dimensions. 

Let 𝑉𝑤 be the corresponding weak fuzzy complex vector space over 𝐶𝑤. 

Let 𝑉1 = {(𝑥1, 0,0); 𝑥1 ∈ 𝑅} , 𝑉2 = {(0, 𝑥2, 0);  𝑥2 ∈ 𝑅}. 

Theorem: 

Let 𝑊𝑤 = 𝑉1 + 𝑉2𝜀 be an AH-subspace of 𝑉𝑤, then 𝑊𝑤 is a subspaces if and only if 𝑉1 = 𝑉2 . 

Proof: 

Suppose that 𝑊𝑤 is a subspace of 𝑉𝑤. 

This is equivalent to the following statement: 

For any 𝐴 = 𝑎1 + 𝑎2𝜀 in 𝐶𝑤, then for any 𝑋 = 𝑥1 + 𝑥2𝜀 ∈ 𝑊𝑤, we have 𝐴. 𝑋 ∈ 𝑊𝑤, so that (𝑎1 + 𝑎2𝜀)(𝑥1 +
𝑥2𝜀) ∈ 𝑊𝑤, thus (𝑎1𝑥1 + 𝑎2𝑥2𝑡) + 𝜀(𝑎1𝑥2 + 𝑎2𝑥1) ∈ 𝑊𝑤, this means that: 

𝑎1𝑥1 + 𝑎2𝑥2𝑡 ∈ 𝑉1 , 𝑎1𝑥2 + 𝑎2𝑥1 ∈ 𝑉2. 

On the other hand, from the definition of 𝑊𝑤, we have 𝑥1 ∈ 𝑉1 , 𝑥2 ∈ 𝑉2 

Hence, 𝑎2𝑥2𝑡 ∈ 𝑉1 and 𝑎2𝑥1 ∈ 𝑉2. 

Which implies that 𝑉1 ⊆ 𝑉2 and 𝑉2 ⊆ 𝑉1, then 𝑉1 = 𝑉2. 

So that 𝑊𝑤 = 𝑉1 + 𝑉1𝜀. 

Example. 

For 𝑊𝑤 = 𝑅2 the Euclidean weak fuzzy complex vector space. 

Let 𝑊𝑤 = {(𝑥1, 0) + (𝑥2, 0)𝜀 = (𝑥1 + 𝑥2𝜀, 0);  𝑥1, 𝑥2 ∈ 𝑅} 

Then 𝑊𝑤 is a subspace of 𝑉𝑤. 

Now, we will check the structure of the basis of 𝑉𝑤. 

Let 𝑉𝑤 = 𝑉 + 𝑉𝜀 = {𝑥 + 𝑦𝜀;  𝑥, 𝑦 ∈ 𝑉} be a weak fuzzy complex vector space. 

Let 𝑆 = {𝑉1 , … , 𝑉𝑛} be the basis of 𝑉 over 𝑅. 
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Let 𝐴 = 𝑎1 + 𝑎2𝜀 , 𝐵 = 𝑏1 + 𝑏2𝜀 be two weak fuzzy complex numbers with 𝐴. 𝑋 + 𝐵𝑌 = 0, where  𝑋 = 𝑥1 +
𝑥2𝜀 , Y = 𝑦1 + 𝑦2𝜀. This means that: 

(𝑎1𝑥1 + 𝑎2𝑥2𝑡) + 𝜀(𝑎1𝑥2 + 𝑎2𝑥1) + (𝑏1𝑦1 + 𝑏2𝑦2𝑡) + 𝜀(𝑏1𝑦2 + 𝑏2𝑦1) = 0 

⟹ {
𝑎1𝑥1 + 𝑏1𝑦1 + 𝑡(𝑎2𝑥2 + +𝑏2𝑦2) = 0 … (1) 

𝑎1𝑥2 + 𝑎2𝑥1 + 𝑏1𝑦2 + 𝑏2𝑦1 = 0 … (2)
 

Since 𝑆 is a basis of 𝑉, we get: 

𝑥1 = ∑ 𝑡𝑖𝑉𝑖

𝑛

𝑖=1

  , 𝑥2 = ∑ 𝑡́𝑖𝑉𝑖

𝑛

𝑖=1

 

𝑦1 = ∑ 𝑠𝑖𝑉𝑖

𝑛

𝑖=1

  , 𝑦2 = ∑ 𝑠́𝑖𝑉𝑖

𝑛

𝑖=1

 

; 𝑡𝑖 , 𝑡́𝑖, 𝑠𝑖 , 𝑠́𝑖 ∈ 𝑅. 

By using equation (1) and (2), we get: 

∑(𝑎1𝑡𝑖 + 𝑡𝑎2𝑡́𝑖 + 𝑏1𝑠𝑖 + 𝑡𝑏2𝑠́𝑖)𝑉𝑖 = 0

𝑛

𝑖=1

 

And 

∑(𝑎1𝑡́𝑖 + 𝑎2𝑡𝑖 + 𝑏1𝑠́𝑖 + 𝑏2𝑠𝑖)𝑉𝑖 = 0

𝑛

𝑖=1

 

Since 𝑆 is linearly independent, hence: 

{
𝑎1𝑡𝑖 + 𝑡𝑎2𝑡́𝑖 + 𝑏1𝑠𝑖 + 𝑡𝑏2𝑠́𝑖 = 0 

𝑎1𝑡́𝑖 + 𝑎2𝑡𝑖 + 𝑏1𝑠́𝑖 + 𝑏2𝑠𝑖 = 0
 

For all 1 ≤ 𝑖 ≤ 𝑛. 

Since 𝑥1, 𝑥2, 𝑦1, 𝑦2 are arbitrary elements in 𝑉, then we can chose 𝑠𝑖 , 𝑠́𝑖 , 𝑡𝑖, 𝑡́𝑖 to get 𝑎1 = 𝑎2 = 𝑏1 = 𝑏2 = 0. 

But, we can not ensure that for all 𝑋, 𝑌 ∈ 𝑉𝑤 if we get the same results. 

Remark. 

The finding of a general basis of 𝑉𝑤 is still an open problem in general. 

Definition. 

Let 𝑉𝑤 , 𝑊𝑤 be two weak fuzzy complex vector spaces over 𝐶𝑤. 

Let 𝑓: 𝑉𝑤 → 𝑊𝑤 be a mapping, than 𝑓 is called a linear transformation if and only if: 

𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦) 

𝑓(𝐴𝑥) = 𝐴𝑓(𝑥) ;  ∀𝑥, 𝑦 ∈ 𝑉𝑤  , 𝐴 ∈ 𝐶𝑤 

Definition. 

Let 𝑉, 𝑊 be two vector spaces over 𝑅, and 𝑉𝑤 , 𝑊𝑤 be the corresponding weak fuzzy complex vector spaces. 

Let 𝑓1, 𝑓2: 𝑉𝑤 → 𝑊𝑤 be two linear transformations, then we define 𝑓 = (𝑓1, 𝑓2): 𝑉𝑤 → 𝑊𝑤 such that  
𝑓(𝑥 + 𝑦𝜀) = 𝑓1(𝑥) + 𝑓2(𝑦)𝜀, 

Is called AH-linear transformation. 

Now, we will try to check if an AH-linear transformation can be an ordinary linear transformation. 

For this goal, we assume that 𝑓 = (𝑓1, 𝑓2) is a linear transformation. 

Then ∀𝑥1, 𝑦1 ∈ 𝑉, then 𝑥1 + 0𝜀 , 𝑦1 + 0 𝜀 ∈ 𝑉𝑤  

𝑓(𝑥1 + 0𝜀 + 𝑦1 + 0 𝜀) = 𝑓1(𝑥1, 𝑦1) = 𝑓1(𝑥1) + 𝑓2(𝑦1) 

Also, 𝑥1 + 0𝜀 , 𝑦1 + 0 𝜀 ∈ 𝑉𝑤 , we have: 

𝑓(𝑥1 + 0𝜀 + 𝑦1 + 0 𝜀) = 𝑓2(𝑥1 + 𝑦1)𝜀 = [𝑓2(𝑥1) + 𝑓2(𝑦1)]𝜀. 

Thus 𝑓2(𝑥1 + 𝑦1) = 𝑓2(𝑥1) + 𝑓2(𝑦1). 

On other hand, for every 𝑎 ∈ 𝑅, we have: 𝐴1 = 𝑎 + 0𝜀 ∈ 𝐶𝑤  
𝑓[𝐴1(0 + 𝑥1𝜀)] = 𝑎𝑓1(𝑥1) and 𝑓[𝐴1(0 + 𝑥1𝜀)] = 𝑓2(𝑎𝑥1)𝜀, hence 𝑓2(𝑎𝑥1) = 𝑎𝑓2(𝑥1) 

The previous discussion ensures that every AH-transformation 𝑓 = (𝑓1, 𝑓2) is an ordinary linear transformation 

implies that 𝑓1, 𝑓2 are linear transformation between 𝑉 and 𝑊. 

For the converse, we assume that 𝑓 = (𝑓1, 𝑓2) is an AH-linear transformation, we will check if 𝑓 is an ordinary 

linear transformation. 

Let 𝑋 = 𝑥1 + 𝑥2𝜀, 𝑌 = 𝑦1 + 𝑦2𝜀, then: 

𝑓(𝑋 + 𝑌) = 𝑓1(𝑥1 + 𝑦1) + 𝑓2(𝑥2 + 𝑦2𝜀) = [𝑓1(𝑥1) + 𝑓2(𝑥2)𝜀] + [𝑓1(𝑦1) + 𝑓2(𝑦)𝜀] = 𝑓(𝑋) + 𝑓(𝑌) 

Take 𝐴 = 𝑎1 + 𝑎2𝜀 ∈ 𝐶𝑤, then: 

𝑓(𝐴𝑋) = 𝑓1[𝑎1𝑥1 + 𝑎2𝑥2]𝜀 + 𝑓2[𝑎1𝑥2 + 𝑎2𝑥1]𝜀 = 𝑎1𝑓1(𝑥1) + 𝑎2𝑡𝑓2(𝑥2) + [𝑎1𝑓2(𝑥2) + 𝑎2𝑓2(𝑥1)]𝜀 

 𝐴𝑓(𝑋) = 𝑎1𝑓1(𝑥1) + 𝑎2𝑓2(𝑥2)𝑡 + 𝜀[𝑎1𝑓2(𝑥2) + 𝑎2𝑓1(𝑥1)] 
𝑓(𝐴𝑋) = 𝐴𝑓(𝑋) if and only if 𝑓1(𝑥2) = 𝑓2(𝑥2) ;  ∀𝑥2 ∈ 𝑉. This means that 𝑓1 = 𝑓2. 
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