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Abstract

The objective of this paper is to present for the first time the concept of fuzzy weak complex vector spaces
depending on the ring of fuzzy weak complex numbers. Also, we examine some elementary algebraic properties
of fuzzy weak complex vector spaces in terms of theorems.

On the other hand, we illustrate many related examples to explain the novelty of these spaces.
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Introduction

Fuzzy logic was presented by Zadeh [1] to deal with a degree of truth (T) and a degree of falsity (F), where a
fuzzy set can be represented by values through the interval [0,1].

In [2], the concept of weak fuzzy complex numbers was defined for the first time as a new generalization of real
numbers. This generalization is built in a similar way of split-complex numbers [3], neutrosophic numbers [4]
and dual numbers [5].

In the literature, we find the concept of neutrosophic vector spaces which are defined by using neutrosophic
numbers. These spaces form a module over the ring of neutrosophic real numbers.

Also, many algebraic substructures that describe the properties of neutrosophic vector spaces were studied
widely such as AH-subspaces, AHS-subspaces, and AH-linear functions [6-9].

In this paper, we use the previous approach to define weak fuzzy complex vector spaces over the weak fuzzy
complex ring of numbers, and we examine many elementary properties of these new spaces by proving some
related theorems and illustrating some corresponding examples.

Main Discussion:

Definition:

Let C,, = {a + be; a, b € R} be the ring of weak fuzzy complex numbers with t = €2 € ]0,1[.

Let V be a vector space over the real field R, we define the fuzzy weak complex vector space V,, as follows:
Vi, ={x+ye;x,y eV}

We define addition on ¥, as follows:

x+ye)+@z+te)=x+2)+(y+1t)e

We define the multiplication as follows:

(a+be).(x+ye)=ax+ byt +e(ay + bx);x,y €V ,ab €R.

Theorem.

(Vy, +,.) Is amodule over the ring C,,.
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Proof.
Let X =x; +x,¢,Y =y, + y,¢& be two weak complex vectors and let A = a, + a,&¢,B = b; + b,e be two
weak complex numbers, we have:

1. (A+B)X=AX+B.X

2. AX+Y)=AX+AY

3. (A.B).X =A.(B.X)

4, 1.X=X

5. (,,+) is abelian group.
Remark.

(%, +,.) is amodule not a vector space.

Definition.

Let W, be a hon empty subset of V,,,we call W,, a subspace of ¥, if and only if:
X—-YeEW,;VX,YEW,
A.X €W, ; VAEC, VX €W,
Definition.
LetS = {V,,...,V,} be asubset of I/, then it is called a basis of V,, over C,, if and only if:
1. ,VT€EV, thenT =Y" AV, ; V,€S,A, €C, .
2. Y, AV;=0,then4; =0foralll <i<n.
Example.
Let V = R? be the Euclidean space over R.
Vi = {0y + y16,x5 + y26) 5 x, 7 € R} = {(x1,x%2) + (y1,¥2)€5 x, ¥ € R}
Is the corresponding weak fuzzy complex vector space.
Consider the following subset:
W, ={(x,0) + (z,y)e; x,y,z € R},
It is clear that (W, +) is a subgroup of (¥, +).
LetA = a; + a,¢e; a; € R, then
A[(x,0) + (z,y)e] = (a; + az¢)[(x,0) + (z,¥)e] = a1 (x, 0) + (a12, a;¥)€ + a5 (x, 0)e + (azz, azy)t =
(a1x + ayzt,a,yt) + €[(ayz + ayx, a,y)] & W,,.
Thus W, is not a subspace.
Definition.
Let V,, be a weak fuzzy complex vector space over C,,.
Let W, =V, + V,¢; V;, V,are two subspaces of V, then we call W, an AH-subspace.
Example.
Let V = R? be the Euclidean space over R with three dimensions.
Let V,, be the corresponding weak fuzzy complex vector space over C,,.
LetV; = {(x1,0,0); x; € R}, V, ={(0,x,,0); x, €R}.
Theorem:
Let W, =V, + V,e be an AH-subspace of 1, then W, is a subspaces if and only if V; =V, .
Proof:
Suppose that W, is a subspace of V.
This is equivalent to the following statement:
For any A = a, + a,¢ in C,,, then for any X = x, + x,¢ € W, we have A. X € W,,, so that (a, + a,&)(x; +
x,€) € W, thus (ayx; + a,x,t) + €(a,x, + a,x;) € W, this means that:
a;x; +ax,t €EVy,a.x, +ax; €V,
On the other hand, from the definition of W, we have x; € V; ,x, € 1,
Hence, a,x,t € V; and a,x; € V,.
Which implies that vV, € V, and V, € V;, then V; =V,
Sothat W, =V, + V,e.
Example.
For W,, = R? the Euclidean weak fuzzy complex vector space.
Let W, = {(xy,0) + (x3,0)e = (x; + x,¢,0); x1,x, € R}
Then W, is a subspace of 1j,,.
Now, we will check the structure of the basis of V.
LetV, =V + Ve ={x + ye; x,y € V} be a weak fuzzy complex vector space.
LetS = {V;,...,V,} be the basis of VV over R.
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Let A =a, + a,e,B = b; + b,e be two weak fuzzy complex numbers with A.X + BY = 0, where X = x; +
x,€, Y =1y, + y,&. This means that:
(a1x1 + axx,t) + e(ayx; + azxy) + (byyr + boyot) + €(biy, + byy;) =0
- {alx1 + by, + t(ayx, + +byy,) =0...(1)
a;x, + ayx; + by, + by, =0... (2)
Since S is a basis of V, we get:

n n

X = Z LV, Xy = Z t,V;
i=1 i=1
n n
Y= ZSiVi ) Yo = ZéiVi
i=1 i=1

X ti' i'l', Si» ‘éi ER.
By using equation (1) and (2), we get:
n

Z(alti + tazi'i + b]_SL‘ + tbzél)Vl =0
i=1

And

n
Z(alt"i + azti + bléi + bZSi)Vi =0
i=1
Since S is linearly independent, hence:
{alti + tayt; + bys; +th,$; =0
alfi + azti + bléi + bZSi =0
Forall1<i<n.
Since x4, x5, 1, y, are arbitrary elements in V, then we can chose s;, §;, t;, £; togeta; = a, = b, = b, = 0.
But, we can not ensure that for all X,Y € 1, if we get the same results.
Remark.
The finding of a general basis of ¥}, is still an open problem in general.
Definition.
Let V,,, W, be two weak fuzzy complex vector spaces over C,,.
Let f:V,, —» W, be a mapping, than f is called a linear transformation if and only if:
fx+y)=f)+fQ)
flAx) = Af(x); vx,y €V, ,A€C,

Definition.
Let V, W be two vector spaces over R, and V,,, W, be the corresponding weak fuzzy complex vector spaces.
Let fi,f2:V, » W, be two linear transformations, then we define f = (fi,f2):V, » W, such that
flx+ye) = fi(x) + ,(0)e,
Is called AH-linear transformation.
Now, we will try to check if an AH-linear transformation can be an ordinary linear transformation.
For this goal, we assume that f = (f3, f) is a linear transformation.
ThenvVvx,,y, €V, thenx, + 0e,y; + 0 €V,

fOq +0e+y, +0¢&) = filxy,31) = filxy) + f2(1)
Also, x; + 0g,y, + 0 € € Vj,,, we have:
fOq +0e+y,+0¢) = fo(x1 +ye = [f2(x1) + L(y1)]e.
Thus f5(xy + y1) = f2(x1) + f2(01)-
On other hand, for every a € R, we have: A, = a + 0¢ € C,,
flA1(0 + x18)] = afy(x1) and f[A;(0 + x,€)] = f,(ax,)e, hence f,(ax,) = af;(x;)
The previous discussion ensures that every AH-transformation f = (fy, ) is an ordinary linear transformation
implies that f;, f, are linear transformation between V and W'.
For the converse, we assume that f = (fy, f>) is an AH-linear transformation, we will check if f is an ordinary
linear transformation.
Let X = x; +x5¢6,Y = y; + y,¢, then:
fX+Y) = fi0q +y1) + 20 + ¥28) = [fi(x) + 20)e] + [1(v) + 0]l = FX) + £ ()
Take A = a; + a,¢ € C,,, then:
fAX) = filayx; + azxzle + frlarx, + azxyJe = aif1(xq) + aztfo(xz) + [a1fo(x2) + azfa(xy)]e
Af(X) = a1 f1(x1) + ax fo(x)t + €lay fr(x2) + axf1(x1)]
f(AX) = Af (X) ifand only if f;(x;) = f>(x;); Vx, € V. Thismeans that f; = f5.

Doi : https://doi.org/10.54216/GJMSA.030105 31
Received: October 20, 2022 Accepted: January 17, 2023


https://doi.org/10.54216/GJMSA.030105

Galoitica Journal Of Mathematical Structures And Applications (GIMSA) 0l 03, No. 01, PP. 29-32, 2023

References

[1]
[2]

[3]
[4]
[5]
[6]
[7]
[8]
[9]

. 1. L.A.Zadeh, Fuzzy sets, Inform. Control 8(1965) 383-353.

Hatip, A., "An Introduction To Weak Fuzzy Complex Numbers ", Galoitica Journal Of Mathematical
Structures and Applications, Vol.3, 2023.

Deckelman, S.; Robson, B. Split-Complex Numbers and Dirac Bra-kets. Communications In
Information and Systems 2014, 14, 135-159.

Smarandache, F., "Neutrosophic Set a Generalization of the Intuitionistic Fuzzy Sets", Inter. J. Pure
Appl. Math., pp. 287-297. 2005.

Akar, M.; Yuce, S.; Sahin, S. On The Dual Hyperbolic Numbers and The Complex Hyperbolic
Numbers. Jcscm 2018, 8, DOI: 10.20967/jcscm.2018.01.001.

M. Ibrahim. A. Agboola, B.Badmus and S. Akinleye. On refined Neutrosophic Vector Spaces .
International Journal of Neutrosophic Science, Vol. 7, 2020, pp. 97-109.

Celik, M., and Hatip, A., " On The Refined AH-Isometry And Its Applications In Refined Neutrosophic
Surfaces", Galoitica Journal Of Mathematical Structures And Applications, 2022.

Abobala, M.,. "A Study of AH-Substructures in n-Refined Neutrosophic Vector Spaces”, International
Journal of Neutrosophic Science", Vol. 9, pp.74-85. 2020.

Abobala, M., "AH-Subspaces in Neutrosophic Vector Spaces”, International Journal of Neutrosophic
Science, Vol. 6, pp. 80-86. 2020.

Dot : https://doi.org/10.54216/GJMSA.030105 32

Received: October 20, 2022 Accepted: January 17, 2023


https://doi.org/10.54216/GJMSA.030105

