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Abstract

In this paper, we investigate some operations of algebraic structure of neutrosophic matrices related to
indeterminacy real numbers.
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1. Introduction

Mathematical neutrosophic theory is in new branch of mathematical systems. which introduced by Smarandache
in 1995 depend on conceptual of indeterminacy in philosophical interpretation of propositional logic see [17].
Smarandache developed intuitionistic fuzzy set theory which presented by Atanassov in 1983 see [4,5] into
neutrosophic set see [16]. Kandasamy and Smarandache studied finite neutrosophic complex numbers see [11],
next later, neutrosophic vector space, AH-supspace, AHS-subspace, AH-Quotient investigated by Abobala see
[1]. After that, Salama with other authors presented some result about neutrosophic square complex matrices see
[15]. In this article we study neutrosophic matrices of neutrosophic real numbers with some theorems.

2. Neutrosophic Matrices and Their Operations

Definition 2.1. [10] Let R be the set of real numbers, then N(R) = (R U I)={a+bl:a,b €R} is a
neutrosophic set where a + bl is a neutrosophic real number and I is indeterminate such that 0.1 = 0,12 = I.

Definition 2.2. [10] Let (R U 1) be any neutrosophic ring. The collection of all n X n matrices with entries
from(R U I) is called the neutrosophic matrix ring; ie. M, ., = {M = (a;;)la;; € (R U I)}. The
operations are the usual matrix addition and matrix multiplication.

Definition 2.3. Consider the neutrosophic matrix set My, = {a;; + b;;I: a;; ,b;; € R,0] = 0 & I* = I} with
m rows and n columns , then the scalar entry in the i** neutrosophic row and in jt* neutrosophic column of
neutrosophic matrix M is denoted by a;; + b;;I and is called the (i,j) — entry of M, the following figure
pictorial rectangular neutrosophic matrix M of type m x n.

Column j
M =

[a11 + b111 a12 + b121 e aU + bl]I o aln + blnl : ail + blll E am1 + bm11 al'z +
bL'ZI e d Am2 +bm21 ai]- +bl]I : am] + bm]I cee b e Ain + bLnI : Amn +bmn1 ] Row i

Figure 2.1 of rectangular neutrosophic matrix M, x,.

Definition 2.4. Let M and N be two neutrosophic matrices. Define the equality of M and M’ as following:
M = N iff ml']' = nij and m'ij = Tl’i}', foralli = 1,2, e, m andj = 1,2, e, N
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Some special types of neutrosophic matrices

Definition 2.5. Any neutrosophic matrix, in which all the neutrosophic elements are neutrosophic zeros is called
a neutrosophic zero matrix, and denoted by 0, for instance, 0 = [0+ 0/ 0+ 0/ 0+ 0/ 0+ 0/ 0+ 0/ 0+ 0/ ].

Definition 2.6. Let M be a neutrosophic matrix of size n x 1 (that is, M having a single column), then it's
called a column neutrosophic vector (or m-dimensional column neutrosophic vector) and denoted by lowercase
letter with omitted the second type subscript, thus:

m=[my +m'yImy, +m',Ims+m'sl ¢ my, +m', I ], which identifies with neutrosophic vector in
neutrosophic Euclidian R™(1).
Definition 2.7. Let N be a neutrosophic matrix of size 1 x m (that is, N having a single row), then it's called a
row neutrosophic vector (or m —dimensional row neutrosophic vector) and denoted by lower-case letter with
omitted the first type subscript, thus:

n=[n, +n;In, +n',Ing+n'3l - n, +n',1 ], which identifies with neutrosophic vector in
neutrosophic Euclidian R™(I).
Definition 2.8. If M = [a;; + b;jl],xy, - then M is called a square neutrosophic matrix of nth — order and it
has a neutrosophic determinates.

Definition 2.9. A neutrosophic square matrix is called a neutrosophic diagonal matrix, if all its non-diagonal
neutrosophic elements are neutrosophic zero, and denoted by: ND = {a;; + b;;l = 0,i # j a;; +
bi;I # 0, for some i = j

For instance, ND = [34+2/04+0/04+0/04+0/1+4/0+0/0+0/0+0/1-5I].

Definition 2.10. A neutrosophic square matrix of nth — order is called a neutrosophic identity if all diagonal
elements are neutrosophic unity and non-diagonal neutrosophic elements are neutrosophic zero, denoted by:

For example,NI; = [1+0/0+0/0+0/0+0/1+0/0+0/0+0/0+0/1+0/].
Operations on neutrosophic matrices

Definition 2.11. Let M and N be two neutrosophic matrices. Define the addition and differences of M and N as
following:
1. M and N have the same size or order or capacity, and

2. M +N = (ml] + m'ijl) + (nij + n'ijl) = ((mU + Tll-j) + ((m’ij + Tl’ij)l).
Definition 2.12. Let M be neutrosophic matrix and x = x; + x,/ is a scalar neutrosophic number of R(I). Then
x.M = (x; + x,D)[my; +m';I| = [(xl.ml-j) + ((xl.m’ij) + (xp.my;) + (xz.m’l-j)) I], forall i and j.
Example 2.1. Consider the following two neutrosophic matrices M =[1+2/0 —3+412—-2112+
21305+ 1]and

M =[03+6I254+150+1 —2 —3+11+2I],then:
M+M =[1+4+210 —3+412—-2112+21305+1]+[034+6/254+150+1 —2 —3+11+2]]

=[(@+2D+@+01)(0+0I+(B+6I))((-3+4D+2+
0)(2-2D+G+D)A+0I+5+0D(2+2D+O+D)B+0I+(=2)+0)(0+0.1+
(-3+D)G+D+@+2D]

=[14213+6] —1+417—-162+311 —3+16+3I]
By similar manner, we get:
M-—M=[1+2] —3—-6] —5+4] —3—-3] —42+15 —-3—-14—
I]
Now, Ifx =2+ 3I,thenx.M =[2+ 1310 —6+1114—-412+ 314+ 1616 +91 010 + 201 ].

Theorem?2.1. Let A, B, and C be three neutrosophic matrices of the same capacity, and consider x and y are two
neutrosophic scalars, then:

i A+B=B+A4;
ii. (A+B)+C =A+ (B +C)""associative law";
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iii. A+0=A4,
iv. x(A+ B) =xA + xB;
V. (x +y)A = xA + yA4,;
vi. x(yA) = (xy)4; and
Proof.
i.  Consider the left-hand side: A + B = [(a;; + a';;I) + (by; + b'i;1)]
= (s + byy) + (@' +b'i))1)
= ((b” + al-j) + ((b,U + a'ij)l)
= [(by + b'y1) + (ai; + a'y;1)]
= B+ A:RHS.
ii.  Consider the left-hand side: (A + B) + C = [(a;; + a';j1) + (by; + b'y;1)] + (cij + ¢'i;1)
= [(aij + bU) + (a’ij + b,U)I] + (Cij + C’ijl)
= I:((au + bU) + Cij) + ((a’ij + b’ij) + C,ij) I]
= [(ai}- + (bU + Cij)) + (a’ij + (blij‘l'clij)) I]
= (ai]- + a'ijl) + I:(bl] + Cij) + ((b’ij+Clij)) I]
= (aij + a'y1) + [(bij + b'y1) + (+eyj+c'i)1]
=A+ (B+0).

iv. X(A + B) = (x1 + .X'ZI). [(ai]' + bl]) + (a'i]- + bll])l]

= [(xl. (a;; + bl-j)) + ((xl. (a'; + b’i]-)) + (xz. (a; + bl-j)) + (xz. (a'y; + b'ij))) I]
= [ ((xl. a;) +(x + bl-j)) + (((xl.a’ij) + (xl.b’ij)) + ((xz.aij) + (xz.bl-j)) + ((xz. a'i;)+
(")) 1 |

= [Gevea) + (G- ) + () + (o)) 1) + (er-byy) + ((Gearb'y) + Geaebg) +
(xz.b’l-]-)) I) ]

= (x1 + XZI). (ai]- + a'l-]-)1+ (xl + XZI). (le + bll})l =x.A+x.B.
V. x(yA) = (xy)A. By similar method.
vi. 1.A=A. Obvious|l}.

Definition 2.13. Let M = [my, + m'y ]y and N = [ny; +n'y;l],«, be two neutrosophic matrices such
that the neutrosophic number of neutrosophic columns of M is equal to the neutrosophic number of
neutrosophic rows of N, where, then the product of neutrosophic matrices MN = C = [c;; + ¢’;;1], where,

(cij +'iI) = {((mil.nlj) + ((mu- n'y;) + (m'i.ny) + (m’il.n’lj)l» + ((miz.nzj) + ((miz.n’zj) +
(m'iz-nzj) + (m'iz.n’zj)l)) + ((mi3.n3,-) + ((mi3-n’3j) + (m’l-3.n3,-) + (m'i3-”'3j)1)) 5

+ ((mir.nrj) + ((mir.m’rj) + (m'y.ny) + (m’ir.m’rj)1)> }

= Yk=1 ((mik +m'y D). (by; + b,kjl))-
Example 2.2. Consider the following two neutrosophic matrices A = [1 +2[3+12—10],,, and
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B=[-3+102—15+414+2] —4+1],.3 Consider C=AB=[1+2[3+12—-10][-3+102—
154414 +2] —4+1], where

C = [CU + C’UI] = [Cll + C’lll C12 + C’IZI C13 + C’13I Cy1 + C’le Cyo + C’zzI Cr3 + 6’231]

To compute v C gl = (((a11-b11) + ((a11- b'11) + (a'y1.byq) + (alll'blll)l)) + ((a12-b21) +

((a12- b'y1) +(a'12.by1) + (a’12-b’21)1)) )

= (((1.—3)+((1. D+@2-3)+@DI) + (3.5 +(B.49+15+
(1.4)1)))

=((-3+(1-6+2)D) + (15 +(12+5+4)1) ) =((-3-3D +
(15 +210)) = (12 + 18I).

Caz +C'p3l = <((ai1-b1j) + ((au- bllj) + (a’il-blj) + (a’u-b'lj)l))

+ ((aiz.sz) + ((aiz.b’zj) + (d'i2.byj) + (a’iz.b’zj)l)) )

= (((a21-b13) + ((a21. b'y3) + (a'31.by3) + (a’21.b'13)1)) + ((azz-b23) + ((azz-brzs) +
(@'32-b23) + (@22 blzs)l)) )

= (((2.2) +(2.-1) + (-1.2) + (—1.—1)1)) + ((0.—4) +((0.1) + (0.—4) + (0. 1)1)))

=(@4+E2=-24DD + (0 +0+0+0)D)=(4-3D + (0 +0I)) =(4—3D). By the
same manner, we can compute neutrosophic elements ¢;, + ¢'151, ¢13 + ¢'131, ¢31 + ¢'511 and ¢,, + ¢'5,1 to get
the neutrosophic matrix

=[12+18112+12] —10+1 —6+4104—3I].
In general, the neutrosophic multiplication is not commutative.
Example 2.3. Consider the two neutrosophic matrices A = [1 +2/2+3/04+ 1] and
=[2—-2103+ 315+ 2[],then AB # BA.

Theorem?2.2. Let A, B, and C be three neutrosophic matrices which are defined under multiplication, with x is a
neutrosophic scalars, then:

i (AB)C = A(BC) " associative law";
ii. A(B + C) = AB + AC " left distributive law";
iii. (B+ C)A =BA+ CA 'rightdistributive law" and
iv. x(AB) = (xA)B = A(xB).
V. 0A4.= 0, B.0 = 0. Where 0 is a neutrosophic zero matrix.
Proof. Suppose that A, B, and C are three neutrosophic matrices which are defined under multiplication, with x
is a neutrosophic scalars. Then the picture of them like: A = [au +a ”I]mxr’ = [bjx + b'jil]rxn and

C= [Ckl + C’kll]nxs .Let M = (AB)

[y +m'ul] = [ai; + @' iI][Bj + b'jid| =, where,
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- {((ail. biy) + (@ b'yy) + (s byy) + (a’il.b’lj)l)) + ((a,.z.sz) + (@i b)) + (@' b)) +
(@i b2 1)) + (@i bs) + ((@b's)) + (@isbsy) + (@5 b5)1)) ¢+ (@) + (- by) +
(@i b)) + (i b’rj)1)> }

= Z?:l ((aik + a'ikl). (bk] + b’kjl)) (1)
Now multiplying (1): M = (AB) by C, then the il — entry is given by:
(my +m' g D) (ciq + ¢'1al)
<(m11 c1j) + ((mn c'j) + (M- cqj) + (M. 1)1

-{ )
< mi,. CZJ) + (m12 czj) + (m i2- czj)+ (m i2- 62])1 )
<(m13 csj) + (mi3-5'31’) + (m'iz.c55) + (m'i5.'5;)1 )
+ ((mlr o) + ((mlr )+ (M er) + (M )1 )
=2ro (my +m'y D). (i + 'l
=i e (Gt D). (b + 1)) - (i + i), @).
From other hand, Let N = (BC)

[njl + n'ﬂl] = [bjk + b,]k[] [Ckl + C’kl[]

= { ((bil.clj) + ((bu- )+ (D)) + (b’il.c’lj)l)) + ((biz.czj) + ((biz. 'yj) +
(ia-ca) + o €o)1)) + ((biseca) + ((bise¢'s)) + (Binecs)) + B s ))) 4 (i) +
((bir-¢'vg) + (i) + (B c'r,.)l)) }

=30y (B + D) (e + €'ial) 3).
Now multiplying (3): Aby N = (BC), then the il — entry is given by:
(aij + a’l-jl)(nﬂ + n’jll) =
= { <(ai1.n1j) + ((an- n'y;) + (a'n.nyj) + (a’il.n’lj)l))
+ ((aiz.nzj) + (- n'2) + (@' mag) + (a’iz.n’zj)l))
+ <(ai3.n3]-) + ((ai3.n’3]-) + (d'i3.n35) + (a’i3.n’3j)1))
+ (@) + (@) + (@meg) + (@)1
=Y (ay+a'yD)(m+n'ul)
=3 X (ay+a'yl) (B + bjed)- (cu + 'uD). @).
From (3) and (4). We deduced that the associative law is hold, since the summation are equal [Jlij.

Definition 2.14. Let M = [m;, + m';; I],,x be neutrosophic matrix , the transpose of neutrosophic matrix M
is obtained by writing the columns of M ,in order as rows and written by Mt = [my, + m'; ], xm and

N = [ng; + 'yl ]rxn-
Theorem2.3. Let A and, B be two neutrosophic matrices and x is a neutrosophic scalars, then:
i. (A+B)=A"+BY
41
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ii. (AB)t = B*. AY;

iii. (xB)* = x. Atand

iv. Aant=4

Proof. (1). Suppose that A and, B be two neutrosophic matrices and x is a neutrosophic scalars.

(A + B)t = ([a11 + a’lll a12 + a’lzl - a” + a’”[ oo aln + a’lnl i : : : ail + a’ill

Pyt @il A+l i Gy @l ag tal G ag +algl
C At ainl b gy @l ]

+ [bll + b’lll b12 + b’lZI e b” + b,L]I e bln + bllnl :
: biy + b'yyI i by + byl by +b'ip1 .. i by + b ol o by + by
. ! . ! . r t
f Dyj + bl v f o by + bl by + bl )

= ([(all + a’lll) + (bll + b’lll) ™ (a” + a’UI) + (blj + b’”I) ™ (aln + a’lnl) + (bln + bllnl) H
(al-l + a'ill) + (bil + b’ill)
(am1 + a'mll) + (bm1 + b’mll) (ai]- + a'ijl) + (bl] + b,UI)
: (am] + a’mjl) + (bm] + b’mjl) (ain + a,inl) + (bln + b’inl)
. ’ ’ t
: (amn + amnl) + (bmn +b mnI) ])
= ([(all + bll) + (a’ll + b’ll)[ e (au‘l'bu) + (a’l] + b’l])l e (a1n+b1n) + (a’ln + b’ln)l HE
: (ail + bil) + (a'il + b,il)l
: (am1 + bm1 ) + (a'ml + b’ml)l (aij + bU) + (a'i]- + b’l])l
: (aml + bm]) + (a’mj + b’m])l (ain + bin) + (a',-n + b’in)l
’ ’ t
: (amn + bmn) + (a mn T b mn)I ])

= [(au +byy) +(a'yy + b1 )] (@ +big) + (@' + D) e Qg + by ) + (@ + D )] i
t(a+bij) + (a'y + byl .
t (agntbin) + (@' + b'1)I . (agj + b)) + (a'ij + b'3)I ...
f(Qin 4 bin) + (@i + D) . (@mj + b)) + (@'mj + b))
P (@ + bynn) + (@ + D)1 ]

By similar method, we get

A' 4+ B = [(a11 + b11) + (@11 + b1 oo (@ + b)) + (@31 + D3] e @y + bya ) + (@ g + D')] 1
(au+b”) + (a'i]- + b’”)l .t (a1n+b1n) + (a'ln + blln)l (al-j + bU) + (a'ij + blu)l v (am + bin) +
(@in + b5 e (@mj+ b)) + (@ mj + D' ) ¢ (@ + b)) + (@ + D)1 ]

Example 2.4. Consider the two neutrosophic matrices A=[2+15—-11+4[1+2]] and B=[3—-16—
413 4+ 312 — 41 ], then

At=[2+11+4I5—-11+2I]andBt* =[3—13+ 316 — 4l 2— 4I], we see that:
A+ B =[24+114+4I5—-11+21]+[3—-13+316—412—41]1=[54+7111—5I3—2I], while
A+B=[2+15—11+411+21]+[3-16—-413+312—4I1]=[511—-5[4+713—2I]and

(A+B)=[511-514+713-21]=[54+ 7111 —5I3 —2I]. Therefore (A + B)t = A* + Bt. On the
other hand,

AB=[24+15-11+411+2][3—16—-413+312—41]=[21+5122—2416+ 2218 —4I],s0
(AB): = [21+5122—2416+2218— 411t = [21 + 51 6 + 221 22 — 241 8 — 41 ], and

BIA'=[3—-13+316—412—41][2+11+4I15—11+21]=[214+516+22122—2418—4I],
hence (AB)t = BtA".
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Definition 2.15. Let M = [m;; + m’”I]nxn be a square neutrosophic matrix, then neutrosophic diagonal of M
consists of the neutrosophic elements with the same subscribe: my; + m'y11,my, + m' 51, ..., My, + m' 1.

Definition 2.16. Let M = [ml-j + m’l-jl] . be a square neutrosophic matrix, then neutrosophic trace of M is

nx

denoted by NTr(M) and given by NTr(M) = (my; + m'1I) + (my, + m',,0), ...+ (my, + m' D).
NTr(M) = Xi-;  (my+m'yl)

Example 2.5. Consider the following two neutrosophic matrix M =[1+4+2/0 —3+4/2—-2112+
21305+ 1], then

neutrosophic diagonal of M,1 + 21,1,5 + 1, and NTr(M) = 7 + 3I.

Theorem2.4. Let A = [a;; +a';;I] and B = [b;; + b';;I], be two neutrosophic m -square matrices and
consider x is a neutrosophic scalars, then:

i. NTr(A+B) = NTr(A) + NTr(B);
ii. NTr(AB) = NTr(BA);
iii. NTr(xA) = x.NTr(A) and
iv.  NTr(A%) = NTr(4).
Proof. Suppose that A = [a;; + a';;I] and B = [b;; + b";;I], are two neutrosophic m -square matrices and
consider x is a neutrosophic scalars, then:

i, NTr(A+B) = NTr ((ay; + a'yI) + (byy + b'1))
= NTr ((aij +b;)+(a's + b’l-j)I))
=30, ((ag+by)+ @y +b')D) .
Take R.H.S: NTr(4) + NTr(B) = NTr([a;; + a';;I]) + NTr([b;; + b';;1])
= NTr([a;; + a'i;I]) + NTr([b;; + b';;1])
=yt (ag+ayD+YL, (by+b'yD
=3k, ((ay+by) + (a'y +b')D) ).
From (1) and (2). NTr(A + B) = NTr(A) + NTr(B).
i, NTr(AB) = NTr ((ay; + @' 1) (b + b5l ) )

= NTr (27:1 ((aij + a’ijl). (bjk + bljkl)))

- Z Z ((aij +a'y1). (b + blﬁ])) '

i=1 j=1

=

r

=, Z ((bji +b'jil)(a; "‘a'ifl)') '

= NTr( T, ((bﬁ +b' 1) (ay + a’ikl))>.
= NTr(BA).

(3) and (4). By the similar argument[Jli}.
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