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Abstract

The purpose of this article is to study the integration of rational and irrational neutrosophic functions, where integration
of standard rational neutrosophic functions discussed through three cases, in addition, integration of standard irrational
neutrosophic functions were introduced through seven cases.
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1. Introduction

As In an attempt to replace the current logics, Smarandache introduced the neutrosophic logic to illustrate a
mathematical model of redundancy, uncertainty, contradiction, unknown, ambiguity, undefined, inconsistency,
vagueness, imprecision, and incompleteness. Smarandache defined neutrosophic real number [2-4], probabilities
according to neutrosophic logic [3-5-12], the neutrosophic statistics [4][6], he has also introduced the concept of
integration and differentiation in neutrosophic [1-7]. Madeleine Al- Taha presented results on single valued
neutrosophic (weak) polygroups [8]. Chakraborty utilized pentagonal neutrosophic number in networking problems,
and Shortest Path Problems [10-11]. Yaser Alhasan presented several papers in the field of nitro calculus [13-20-9].
Also, Mohamed Abdel-Basset presented a study TOPSIS technique in neutrosophic logic [14]. On the other hand, the
neutrosophic sets played a significant role in the field of public life such as health, industry and others [15-16-17].
Recently, there are growing efforts to probe the generalized structures and spaces of neutrosophic such as the modules
of refined neutrosophic [18-19].

Avrtica consists of four parts. In 1th part, provides an introduction, in which neutrosophic science review has given. In

2th part, some rules of the neutrosophic integrals and are discussed. The 3th part frames the integration of rational and
irrational neutrosophic functions. In 4th part, a conclusion to the paper is given.

2. Preliminaries

2.1. Neutrosophic integration by substitution method [9]
Definition2.1.1

Let f:D; € R = Ry U {I}, to evaluate [ f(x)dx
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Put x =gu) = dx=gwdu

By substitution, we get:

[ reax = | raogadu

then we can directly integral it.
Theorme2.1.1:
If [ f(x,)dx = @ (x,]) then,

J-f((a +bDx+c+dD))dx = <%—ﬁ1)¢((a +bDx+c+dD)+C

where C is an indeterminate real constant, a # 0,a # —b and b, c, d are real numbers, while I = indeterminacy.
Theorme2.1.2:
Let f:Df € R — Rf U {I} then:
fxI)
f.D)

where C is an indeterminate real constant (i.e. constant of the form a + bI, where a, b are real numbers, while I
indeterminacy).

dx =In|f(x, D]+ C

3. The integration of rational and irrational neutrosophic functions
3.1 Integration of standard rational neutrosophic functions

» Standard rational neutrosophic integral I:

f r+ al p _<r+ la—rk)l |x_l_k1|+C-l¢0 I % —k
-+ T\ a0+ 0) et Rl T T

Proof:

r+al r+ al

x2—(1+ kD2 (x—1—kD(x+1+kl

_r+al [ 2(L+ kI _r4al jx+l+kl-x+1+kl
T2+ kDM —1—kD(x+ 1+ kD] 20+ kD (x =1 = kD(x + 1+ kD)

r+al [(x+l+k)—(x—1l—-kD)| r+al [ 1 1 ]
20+ kD| (x=1—=kD@x+1+kD) | 2(l+kDlx—1—klI x+1+kI

f r+al d J‘ r+al [ 1 1 ]d
= _— = —
-+ kD2 T )20+ kD ==kl x+ i+ k™
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_ r+al (J‘ 1 d f 1 d>
T20+kD\) x— 1k T ) i+

r+al

=m(ln|x—l—k1|—ln|x+l+k1|)+C

_<r+ la—rk) |x—l—k1 ey
T 20+ ) v i K
Example3.1.1:
Evaluate:
f 51 p
x2—4+31°%
Solution:

to find the denominator factors
x2—4+31=x2—(\/4——3‘~1)2
Let’s find V4 — 31
Va—3I=m+nl

4 — 3] =m? + 2mnl + n?l

4 -3 =m?+ (2mn+n?)I

then:

{ m= =2
m?>+2mn+3=0

Find n:
> Whenm=2 = n?’+4n+3=0
m+3)(n+1)=0 =n=-3,n=-1
(2,-3),(2,-1)
> Whenm=-2 = n?—4n+3=0

n-3)(n—-1)=0 =n=3,n=1
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(=2,3),(=2,1)
Thus, the denominator factors can be written in two cases:
Casel:
x2—4+31=x%—(2-3I)?
f 51 di = I5 ; |x—2+31
x2—4+31" T 4—61 "t xv2-31
_< 51)1 |x—2+31 +c
2N M 23
Case2:
x2— 4431 =x*—2-1)?
J 51 d = I5 |x—2+1
x2—a+31 T a2 xr2-1
—(51>l |x—2+1 s
ALY A Py ey
Hence:
1 5 x—2+3I
5L . _ (Z_El>ln|x+2—31 e
x2—4+3] (5+51)l |x—2+1 L
272 ) My 21
» Standard rational neutrosophic integral II:
r+ al d _(r+la—rk) |x_l_k1+C-l¢Ol¢ i
G+kz—2 =\ g+ ) v vl T T
Proof:

r+al r+al

(A+kD2—x2 (I+kI—x)(I+kI+x)

_ r+tal 2(L+ kI _ r+al 2L+ kD)
_2(l+k1)[(l+k1—x)(l+k1+x) 20+ kD LA+ kI —x)(A + kI +x)
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r+al [({+kl—x)+{+kl+x) _ r+al [ 1 N 1 ]
20+ kD| A+kl—x)A+kI+x) | 2(0+kDU+kl+x 1+kI—x

p+ql _J‘ r+ al [ 1 N 1 ]d
Q+kD2 -2 T ) 20+ kD I+ ki +x T+ kl—x

_ r+ al <J‘ 1 d +J‘ 1 d)
20+ kD) Tkl +x T ) Tk =2

_ r+ al <f 1 d f -1 d)
20+ kD) Tkl 4+ T ) Tk =2

r+ al

=m(ln|l+k1+x| —ln|l+k1—x|)+C

_(r+la—rk) |x—l—k1+C
S\ 20+ ) M r L kI
Example3.1.2:
Evaluate:

J 2+ 3] d

16 — 151 —x2
Solution:

to find the denominator factors

16 — 151 —x? =16 — 151 — x?

Let’s find V16 — 15/
V16 — 15 = m +nl
16 — 151 = m? + 2mnl + n?I
16 — 151 = m? + 2mn + n?)I
then:
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{ m? =16
2mn +n? = —15

{ m=+4
n>+2mn+15=0

Find n:

» Whenm=4 = n’+8n+15=0

n+3)(n+5) =>n=-3,n=-5
(4,-3),(4,-5)
> Whenm=-4 = n?-8n+15=0
m-3)(n—5) =>n=3,n=5
(—4,3),(—4,5)

Thus, the denominator factors can be written in two cases:

Casel:
16 — 151 — x% = (4 — 31)% — 2
f 2 +3I 2431 4—31+x|
16-15] -2 "8_6l "|a—31—x
—(1+91)l 4—31+x|+C
VLIRS Rl ey g
Case2:
16 — 151 — x% = (4 — 51)% — x2
f 2 43I _2+43 4—51+x|
16-151— 22" 8—101 "la—51—=x
_(1 11) 4—51+x|+C
G 2 )Ma s =«
Hence:
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5]
fx2—4+31 B (1 111)1 |4—
Ll ey

(1+91>l 4 —
—+-I|ln
dx = 4 4 4 —

4 4

» Standard rational neutrosophic integral III:

Proof:

J‘ r+al d _<r+la—rk
2+ 0+ T T 20+ k)

Let'sput: x = (I + kDtand = dx = (I + kl)sec?8 do

Then:

where

hence:

J

3I+x|

— |+
3] —x

31+ x
|+c

)wm‘1 (E—Ll>x +C;l=0,l+—k
LI+ k) e

x2+ (L+ kD? = (L + kD?*tan?®0 + (1 + kI)?

f r+al _
x2+ (L + kD2 ) (L+ kD)?sec?6

=+ kD?(tan?6 + 1)

= (I + kI)?sec?6

r+ al
dx

(r + sIsec?6 dé

r+ al r+al
=J de = jd@

r+al
T+ kI

r+al dx =
2+ (I + kD2~

0+

(

L+ kI L+kl

C =

r+la—rk)t 1 (
207 200+ k) "
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Example3.1.3:
Evaluate:
J’ 44+ ] d
2+9+71
Solution:
X+ 9471 =x2+(VI+71)
Let’s find V9 + 71
VO+ 7l =m+nl
9 + 71 = m? + 2mnl + n?I
9+ 71 =m? + 2mn + n?)I
then:
{ n?=9
2mn+n? =7
{ m=43
n?+2mn—-7=0
Find n:

> Whenm=3 = n’+6n-7=0
m+7)(n—-1)=0 =n=-7,n=1
3B,-7),GB1
> Whenn=-3 = n?-6n-7=0
m-7)(n+1)=0 =n=7,n=-1
(-3,7),(=3,-1)
(m,n) = (3,-7),(3,1),(-3,7),(=3,-1)
VO+71=3—7lor3+Ior—3+7lor—3—1
Thus, the denominator factors can be written in two cases:
Casel:

x2— 4431 =x%+ (3—7I)?
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f 4+1 d‘f arl
2+o+71 T e+ @3-

Case2:
x2—4+3l=x*+ B +1)?
f 441 d‘f 4+l
2o+ T e+ 3+
4 4] X
_ -1
(3+1>t‘m (3+1)+C
—(4 I)t -1 (1 11) +C
“ETY)er \GT)
Hence:

(-2 et (- 20) ) o
3 12 ) \3 12 )

AL
fx2+9+71x_ 4 1 1 1
<———I)tan'1 (———I)x +C

3 12 3 12

3.2 Integration of standard irrational neutrosophic functions

» Standard irrational neutrosophic integral I:

r+al 1 k
f—dx=(r+ozl)sin'1 (———I)x +C;l#0,l+ -k
A+ kID? — x? Il I(l+k)
Proof:
Let’sput: x = (L + kI)sin0 = dx = (I + kl)cos6 d6

Then:
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AL+ kD? —x2 = (L+ kI)? — (I + kI)?sin?0
=+ kD?(1 — sin%6)

= (I + kI)?cos?6

r+al r+al
= f—dx = f ((L+ kI)cosB dO
VA +kD? —x? V(L + kD?cos?6

=f(r+a1)d9=(r+a1)fd9

x
=(r+al)f+C={+asin™? (—) +C

L+ kI
where
x
0 =sin™ (77)
hence:
r+al . 1 k
fmdx =(r+al)sin™! ((7— m[)x) +C
Example3.2.1:
Evaluate:
2-21
| =
Solution:
1431 —x2 = (VI+3I) —x2
Let’s find V1 + 31
Vi+3l=m+nl
1+ 31 =m? + 2mnl + n?I
1+ 31 =m?+ 2mn +n?)I
then:

{ m?=1
2mn+n? =3
{ m=+1
n?+2mn—-3=0
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Find n:
> Whenm=1 = n?+2n-3=0
m+3)(n—-1)=0 =n=-3,n=1
(1,-3),(1,1)
> Whenm=-1 = n?-2n-3=0
m-3)(n+1)=0 =n=3,n=-1
(-1,3),(—-1,-1)
(m,n) = (1,-3),(1,1),(-1,3),(-1,-1)
Vi+3I=1-3lor1+lor—1+3lor—1-1

Thus, the denominator factors can be written in two cases:

Casel:
1+ 3 —x%=(1-3I)2—x?
f 221 B 2—2I 4
1+3 -7 ) a-3nz— "
3
=(2-2Dsin™! ((1 —51)x> +C
Case2:
1+31—x%2=1+1D?%—x?

f 221 = 221 p
1+3 -2 ) a+nz—2™
=2 -2Dsin"*((2-2Dx) +C

Hence:

a

f 2-21 = (2—21)5in'1<(1—;l)x>+

x =
1+ 31 — x2
(2-2Dsin"}((2-2Dx) +C
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» Standard irrational neutrosophic integral II:

f ey = (5;+ la_rk) -t (1 ‘ Dx)+Cil#0,1%—k
i —dr ke 2 aav) \\T T )t T
Proof:

Let’s put: x = (I + kI)sec0 = dx = (I + kl)secO tan6 do

Then:
xy/x2 = (L+ kI)? = (L + kI)sec /(1 + kI)2sec?6 — (I + kI)?
=+ kI)secH\/(l + kI)?(sec?6 — 1)
= (I + kI)?secH tanb
f rre f rral 4 ki)sect tang do
—1 =
xy/xZ = (L + kI)Z X (I + kI)?sec6 tanb sect tan
_fr+a1d9 _r+aljd9
Skl L+ kI
_r+0(1(9 _r+al _1( x )+C
Y T T+ k2 ¥k
where
X
— -1
f = sec (l ¥ kI)
hence:
f r+al d _(r+la—rk) 1 (1 k 1) e
Y TR VTIETT( e AR TR

Example3.2.2:

Evaluate:

5—3I
[i—
XJx2 =1 +1)2
Solution:

fﬁdx = (;— ZI)seC‘1 ((1 —%I)x) +C

Doi: https://doi.org/10.54216 /1]NS.200305 56
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» Standard irrational neutrosophic integral III:

r+al
J-—dx =(r+al) ln|x+w/x2 —(l+k1)2| +C
Va2 = (L + kI)?

Proof:
Let’s put: x = (I + kI)sec0 = dx = (I + kl)secO tan6 do

Then:

Jx2 — (L+ kD2 = /(L + kI)2sec?6 — (L + kI)?

=+ kD?2(sec?6 — 1)

= (I + kD)tan6

= f rral _TH 4 kiysect tand do
e ) Ut khrans seco ran
= f(r + al)sec6df = (r + aI)fsechH

= (r + al)in|sec6d + tanb| + C; = (r + al)In |sec9 + \/sec?0 — 1| + C;

2

(l+xk1) -G

X
= Nl
(r+ahln l+k1+

+C

x 1
= (r+a1)ln|l+k1 l+k1w/x2 — (L + kI)?

(x + 22 =+ kD7) | + €,

1
- Nl |
(r+ahln e

= +al) [ln |(x + X —(+ k1)2)| — In|l + kI| + cl]

hence:

r+al
f—dx =(+al) ln|x+w/x2 —(l+k1)2| +C
Jx2 =+ kI)?

where

x
secd = v 1 and C = —In|l + kI| + C;
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Example3.2.3:
Evaluate:
91
———
Jx% — (6 + 8I)2

Solution:

f—dx = 9] ln|x +/x2—(6+ 81)2| +C

x2 — (6 — 81)?

=9Iln|x+ x2—36—1601|+c

» Standard irrational neutrosophic integral IV:

r+al
f—dx =(r+al) ln|x+w/x2 +(l+k1)2| +C
VX2 4+ (L + kD)?

Proof:
Let'sput: x = (I + kDtand = dx = (I + kl)sec?8 do

Then:

Jx2 + (L+ kD? = /(L + kD2tan?6 + (r + sI)?

=/ + kD)?2(tan?6 + 1)

= (I + kl)sect

J r+al j r+al (L + kD)sec?0 do
Tr Ak ) Wrkiyseco oo

= J(r + al)sec6df = (r + al)JsechG

= (r + al)In|sec6d + tan8| + C;, = (r + al)In |w/ tan?6 + 1+ tan9| +C;

= (r +al)ln |—— + x)2+1+c
= (r+ahin =7 (l+k1 1
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X 1
= Nl |— —Jx2 + (I + kI)?
(r+a)nl+k1+l+k1 x2+(l+ kD

+C

1
= _ 2 2
(r+a1)ln|l+k1(x+ X2+ L+ KDZ)| +

= (r +aD) [in|(x + a2+ A+ KDZ)| = nlt + k| + G,

hence:
r+al
f—dx =(r+al) ln|x+,/x2 + (1 +k1)2| +C
Jx2+ (L+ kD2
where
0=— and C = —In|l +kI| +C
sect = I+ ki an = n 1
Example3.2.4:
Evaluate:
6 + 31
[P —-
JxZ + (4 = 21)2
Solution:
6+ 31
f—dx = (6+30) ln|x+,/x2 +(4- 21)2| +C
x% + (4 — 2I)?

=(6+31)ln|x+\/x2+16—121|+C

» Standard irrational neutrosophic integral V:

2 _ 42 =f 2 _ 42 M'—l 1_ k . -
(I+kD?—x%dx > L+ kI? —x% + > sin i l(l+k)1 x|+C;l#0,l+—k

Proof:
Let’sput: x = (L + kI)sin@ = dx = (I + kl)cos6 d6
Then:
(L+ kD)? —x% = (L + kD)? — (L + kI)?sin?6
= (1 + kD?(1 — sin?8)
= (I + kI)?cos?6

Doi: https://doi.org/10.54216 /1]NS.200305
Received: October 23, 2022 Accepted: March 04, 2023

59


https://doi.org/10.54216/IJNS.200305

International Journal of Neutrosophic Science (IINS) 170l 20, No. 03, PP. 45-64, 2023

= f I+ kD> —x?dx = f\/(l + kI)?cos?6 (L + kl)cosO dO

U+ ?

= J-(l + kI)?cos?6 df = f(cosZG +1)do

(I + kD?
2

(l + kl)2

f(cosZH +1)do = (2 sin26 + 9)

_(L+kD?

> (sinB cos6 + 6)

_+kn? [ x ,KL+MY—x2+gW4<C k ox>

2 1+ kI I+ kI I I(l+k)
where
X
— oin—1
0 =sin” (77
hence:
x (L+ kD)? 1 k
12 — x2 - 12 — x2 in—1 (__ _1)
f,/(l+k) x?% dx > (l+k x4+ > sin Y x|+C
Example3.2.5:
f 41602 —xZdx == \/(4 1 6)2 2+(4+61)2 in~! (1 o 1) +C
( )2 —x x—z ( )2 —x > sin 2 1410 x
w/(4+61)2—x2+(8+4-21)sm 1 <——31) +C
4 20
» Standard irrational neutrosophic integral VI:
x ( +k
f x? = (U kD)2dx = 5% = U+ kD)? — lnh+Jx2 +kD?|+cC
Proof:

Let’sput: x = (I + kI)sec6 = dx = (L + kl)secO tanf do

Doi: https://doi.org/10.54216 /1]NS.200305
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Then:

Jx2 — (L+ kD2 = /(L + kD)?sec?6 — (I + kI)?

= \/(l + kI)?(sec?6 — 1)

= (I + kD)tan6®

= f x> = +kD?dx = f(l + kI)tan6(l + kI)secO tan6 db
=+ kI)ZJseCHtanZHdG =+ kl)? j secl(sec?6 — 1)do
= +kI? J(sec39 — secB)do
1 1
= +kI)? [Esecé’ tanf + Elnlsec@ + tan| — In|sech + tanHI] +C;
1 1
= (I + kI)? [zsece sec?0 —1— Eln |sec9 ++/sec?0 — 1” +C;

1 1
=+ kl)? [Esece sec?0 —1— Elnlsece + tanHI] +C; (%)

But:

X

secl =

Vsec?f —1= [x% = (L + kI)?

r+sI

By substitution in (*), we get:

x 1
2 2 — 2 2 2 2
f x? — (L + kD?dx = (I + kI) [2 a kI)Z‘/ -+ kD ln ; kI ; kI‘/x L+ kD)

|+

¢ +k1)

+C

X
=5 x? = ((+ kD) -

x +yxT= (I +kD)?)

el
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x [+ kI)?
= SAxF = (kD)2 —%ln|(x+ xZ = L+ KDZ)| = tnlt + k1| + ¢

hence:
x (L+ kD)?
f x2 — (1 + kI)?dx = 5./x2 ~ U+ kD2~ In |+ X2 =@+ kD?| +C
where
C=——In|l+kl+C,
Example3.2.6:
x 5—71)?
fw/xz Y 707 PR pepy g 7y P ALV |(x + V22 =G =702)|+ ¢
2 2
x 25 21
—— 2 _ _ 2 e — 2 _ _ 2
=22 =(-7D (2 : 1)ln|(x+ 2= (G 712)| +¢
» Standard irrational neutrosophic integral VII:
f,/x2 T+ kD2dx ==\x>+ ({+ kD)2 + ——— U+ kD™ |x + 2+ + k1)2| +C
Proof:

Let'sput: x = (I + kDtand = dx = (I + kl)sec?8 do

Then:

VX2 + (L4 kD2 = /(L + kD2tan?6 + (1 + kI)?

=/ + kD?(tan26 + 1)

= (I + kI)secO

= f‘/x2 + (I + kD?dx = f(l + kI)secO(l + kl)sec?6 do

=+ kD2 f sec30 do

= (L +kI)? [ secO tanf + —lnlsece + tanb|| + C,
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1 1
=+ kD)2 [EtanB tan?6 + 1 + Eln |tan9 ++/tan?6 + 1” +C

1 1
= (l + kI)? [Etane tan?6 + 1 + Eln |tan9 + 4/ tan?0 + 1” +C (%
But:

X
tanfd = ——

2 —
Jtan?0 + ’ l+kI

By substitution in (*), we get:

1 X 1 X 1
2 2y — 2|2~ 2 R o 2 2
fw/x + (L + kD2dx = (I + kI) [2(l+k1)2 x2 + (L + k) +2ln|l+k1+l+k1‘/x + (L+ kD)

\/xZ + (I + kI)?

+ kI)?

X mrarie+ ln| ! (x + X2+ A+ k1Y)
2 2 [+ Kl

x + kI)?

=SV kD7 + %ln |(x + a2+ T+ KDZ)| = tnlt + k1| + €
hence:

x (L + kI)?
J X%+ (U kD)2dx = 53+ U+ kD? + n |x + a2+ ([+ k2| + C
where
C=—In|l +kI|+

Example3.2.7:

3+1)?
f,/x2+(3+1)2dx=; A G+ : ) In|(x+ 22+ G+D2)|+c¢

9 7
x2+(3+1)2+(§+—1)ln|(x+ x2+9+71)|+C=

) 2

5. Conclusions

This artical expands on the studies we previously published on neutrosophic integrals. Whereas included three cases
of integration of standard rational neutrosophic functions, and seven cases of integrals integration of standard irrational
neutrosophic functions. These cases make it easy to derive direct rules for calculating integrals, without resorting to
following the rules for neutrosophic integrals that studied in a paper previously published in NSS, herein lies the
importance of this paper.
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