International Journal of Neutrosophic Science (IINS) V0l 20, No. 03, PP. 08-14, 2023

ASPG

American Scientific Publishing Group

On the Solutions of Fermat's Diophantine Equation in 2-cyclic
Refined Neutrosophic Ring of Integers

Abuobida M. A. Alfahal*", Yaser A. Alhasan?, Raja A. Abdulfatah®, Rozina Ali

123Deanship of the Preparatory Year, Prince Sattam bin Abdulaziz University, Alkharj, Saudi Arabia
4Cairo University, department of mathematics, Cairo , Egypt
Emails: a.alfahal@psau.edu.sa; y.alhasan@psau.edu.sa; r.abdulfatah@psau.edu.sa;
Rozyyy123n@gmail.com

"Corresponding author: a.alfahal@psau.edu.sa

Abstract

The Diophantine equation X™ 4+ Y™ = Z™ is called the Fermat's Diophantine equation. Its solutions are called
general Fermat's triples.The aim of this paper is to study the solutions of Fermat's Diophantine equation in the
2-cyclic refined neutrosophic ring of integers, where we determine all possible solutions of this Diophantine
equation, as well as, the special case of Pythagoras triples.

Keywords: 2- cyclic refined Neutrosophic integer; 2-cyclic refined Neutrosophic Fermat's equation;
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1. Introduction

Neutrosophy as a new branch of applied philosophy has lead to many improvements in both algebra and
number theory [1-2,5-6], where many concepts were defined by symbolic neutrosophic sets to generalize the
classical well known structures such as neutrosophic spaces, rings, and numbers [9-12,14-19].

In the history of number theory, we find the following non-linear Diophantine equation X™ + Y™ = Z™ that
plays a perfect role within the Fermat's last theorem [4].

The previous Diophantine equation was generalized to neutrosophic rings [7-8], and it had been solved
completely in that case [7].

This work will be dedicated to study the Fermat's non-linear Diophantine equation X™ + Y™ = Z™ in another
neutrosophic structure (2-cyclic refined neutrosophic integer ring), where the full solutions of the previous
equation will be presented and illustrated.

We must recall some basic definitions and concepts from [19].

(a) The 2-cyclic refined neutrosophic ring of integers is defined as follows:
Z,() = {to + t;1, + t,1,; t; € Z}.

(b) Addition on Z,(I) can be clarified as follows:

(a+bli+cl)+ (m+nl +th) =(@+m)+L(b+n)+L(c+1t).
(c) Multiplication on Z, (I) can be clarified as follows:

(a + bI; + cL)(m + nl; + tl,))= am + anl, + atl, + bml, + bnl, + btl; + cml, + cnl, + ctl,
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=am+I;(an + bm + bt + cn) + L, (at + bn + cm + ct) .

Where I I} = I(111moaz) = 12 121z = Io42moa 2) = T2 iz = Iii42 moa 2) = -

2. Main discussion

Theorem.
Let X = xo + x,I; + x,1, be a 2-cyclic refined neutrosophic integer, then:

n

(g + 21 +2)" = (xg —x1 + xz)n] 41 [(xo +x1 +2x)" + (g —x; +x)"
2 _

2 2 %o

anxOn+11[

Proof.
Forn = 1, itis true clearly.
We assume that it is true for n = k, we must prove forn = k + 1.

1
X=X X" = (xo + x5, + x,15) (xon + EIleO + o +x)" — (g — x1 + %)™

1
+ Elz[(xO + xl + xZ)n + (xO - x1 + xZ)n - 2xOn])

1
X ="+ 511 [xo(xg + 21 + x2)™ — X0 (%0 — X1 + x2)"]
1
+ EIZ [XO(XO + x1 + xZ)n + xo(xo - x1 + xz)n - 2x0n+1] + X1X0n11

1
+ Elz [ (xg + 21 +2x2)™ — 21 (g — X1 + x2)"]

+ %11 [0 (o + 20 + x5)™ — 21 (0 — X1 + 25)™ — 2,20 ] + X321,
+ %11 [x2 (g + 21 + %)™ — 22 (29 — X1 + x2)"]
+ %Iz [o2 (g + 20 + 2)™ + x5 (39 — 21 + 25)™ — 2x,%0"]
XM= o™+ %h[(xo +x1 +2) (g + 21 +x)™ — (g — X1 + 2x5) (0 — %1 + x2)"]
+ %Iz[(xo + 2+ x5) (g + X1+ 2)™ + (X0 — X1 +x2) (X9 — X1 + 2)" — 226" ]
XM= g™+ %11[(950 + 2+ x)M = (g — xq + x)™H]

1
+ zlz [(xg + 21 + 2)™ L + (g — 1 + x)"T — 2x,+1]

So that the proof is complete.
Pythagoras triples.
Actriple (X, Y, Z) is called a Pythagoras if X2 + Y2 = Z2.

Theorem.

LetX =xg +x.0; + x,0,Y =yo + 1L +y,1,,Z = zy + z,I; + 7,1, be three 2-cyclic refined neutrosophic
integers, then (X, Y, Z) is a Pythagoras triple if and only if:

Py = (X0, Y0,20), P, = (X0 + X1 + X3, Y0 + Y1 + Y2, 20 + 21 + 23),

Py =(xog— X1 +X3,Y0 = Y1+ ¥2,20 — 21 + 2;)

Avre three Pythagoras triples.

Proof.

We have:

XZ_ 2 11 2 _ _ 2 11 2 _ 2_2 2
= Xo +2 1[(x0 + x1 + x3) (%o x1+x2)]+22[(x0+x1+x2) + (xo —x1 + %) Xo°]

1 1
Y2 =y,* + 511[()’0 +y1+ )7 = o=y +¥2)% + 212[()’0 +y1+¥2)7+ 0o — y1 +¥2)? — 2y0°]

2 2, 1 2 2 1 2 2 2
Z° =z +511[(Zo + 21 +23)% — (20 — 71 + 2,)°] +§Iz[(zo + 21+ 2)% + (20 — 71 + 2)° — 224°]
The equation X% + Y2 = Z?2 is equivalent to:
x02 + 3’02 = Zoz' (x0 + x1 + xz)z + oty t 3’2)2 =(z0+z + Z2)2: (xo —x, + xz)z +Oo—y1 t 3’2)2
=(z0— 2z + Zz)z
Thus the proof is complete.
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Example.

X=1+L+6L,Y=—-1,+71,,Z=1+9I,, (X,Y,Z) is a Pythagoras triple, that is because:
X2+ Y2 = (1+ 14l +491L,) + (—14I, + 501,) = 1 + 991, = 7>

Itis clear that (xg, ¥, 20) = (1,0,1), (xg + X1 + x5, V0 + Y1 + V2,20 + 2, + 2,) = (8,6,10),
(xo — %1 + %3, Y0 — Y1 + Y2, 20 — 2, + 2,) = (6,8,10) are three Pythagoras triples.

The general case.

Atriple (X,Y, Z) is called a general Fermat's triple if and only if it is a solution of the Fermat's Diophantine
equation X" +Y"* =Z7Z";n > 3.

Theorem.

LetX =xq + ., + 2,5, Y =y + . I, +y,1,,Z = zy + 2,1, + 7,1, be three 2-cyclic refined neutrosophic
integers, then (X, Y, Z) is Fermat's triple if and only if:

Py = (x0,¥0,20), Py = (xo + X1 + X3, Y0 + Y1 + ¥2,20 + 21 + 23),

Py = (xo— X1 + %3, Y0 = V1 + Y2, 20 — 21 + 23)

Are Fermat's triples.

Proof.

We have:

1 1

X" =x" + 511[(950 +x1+x)" — (%0 — x1 +x2)"] + Elz[(xo +x1 +x2)" + (X0 — x1 + x2)™ — 2%0"]
1 1

Y2 =y," + 511[(3’0 +y1+y)" = o -y +y)" ] + 512 (Vo + 1 +¥2)" + o —y1 +¥2)" — 2,"]

1 1
7=z + 511[(20 +214+2)" — (20 — 21+ 2)"] + Elz [(zo + 21 +22)" + (29 — 21 + 22)" — 22,"]

The equation X™ + Y™ = Z" is equivalent to:
X"+ Yo" = 2"
(X0 +x1 +2x2)" + o + ¥4 +¥2)" = (20 + 21 + 2,)"
(o =21 +x)" + (Vo —¥1 +¥2)" = (20 — 71 + 2)"
Thus proof is complete.
Now, we well find the solutions of Fermat's Diophantine equation X™ + Y™ = Z™ in the ring of 2-cyclic
refined neutrosophic ring of integers.
It is known that the solutions of X™ + Y™ = Z" for all n > 3 are:
E; =(x,0,x),E, = (0,x,x);x €EZ
To find the solutions of 2-cyclic refined neutrosophic equation X™ + Y™ = Z™; n > 3, we must find the
formula of transforming classical Fermat's triples to the corresponding 2-cyclic refined neutrosophic Fermat's
triples.
Theorem.
Let Ty, = (ag, by, o), T, = (aq, by, ¢1), T3 = (ay, by, c,) are three Fermat's triples in Z, then exists a
corresponding 2-cyclic refined neutrosophic Fermat's triple if and only if the following system of
Diophantine equations is solvable:
(%0, X1, x2) = (ag, by, ¢o)

x0+x1+x2 =0aq,Xg — X1 +x2 = a,

Yot yi+y2=by,Yo—y1+y:=b; °

Zo+2z1+v 2, =¢C1,Zg— 21+ 2, =Cy
The proof holds directly from the previous theorem.
Remark.
If the system (1) is solvable in Z, then:

Xo = Ao, X1 = by, X3 = g

- (D

X _al—azx 4 ta a
1= 2 T — Ho
2 2
y _bl_bzx _b1+b2 b
1= y A2 — — Yo
2 2
L —Cy ¢ty
Z1 = 2 y Xo = 2 —Co

sothata;, —a, € 2Z,b; — b, € 2Z,¢; — ¢, € 2Z,1.e. (aq,a3), (by, b), (¢y, c;) are odd or even to gother.
Discussion the solutions.

Case(1).

IfE;, = (x,0,x),E, = (y,0,¥),E5 = (2,0,2); x isodd , y, z are even, then:
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( Xo=Xx,Y =0,z =x

y—2Zz y+z
= = —_ —Z +z
AT TR T T, x=>X=x+y2 11+(y2 —x)Iz
y1=0y,=0 Y=0,2=X
y—z y+z !
ZIZT'ZZZ 2 — X
Case(2).

IfE; = (x,0,x),E, = (0,y,y),E; = (2,0,2); x isodd , y, z are even, then:
Xo =%, =0,zg =x

—Z Z X = ZI z I
X, =—, X, ==—X =X §1+(§ x)z
2 2 y y
y Yy = Y==L+=I
V1 E'J’zzz 2 2
y—z V+z
y—2z y+z kZ=x+ 11+< —x>12
Zl_T,ZZ— > - X 2 2
Case(3).

IfE; = (x,0,x),E, = (¥,0,),E; = (0,2,2); x isodd , y, z are even, then:
Xog =%, =0,z =x

—es? Y_
N A X—x+211+(2 x) Iy
2 2 z z
{ -z z = Y=—ZL+=1I
N=ES0V2 =5 2t 27
y—Zz y-l-Z
y—z y+z (Z=x+—11+<——x>12
Z; = > ,Zy = > - X 2 2
Case(4).
IfE; = (x,0,x),E, = (0,y,¥),E; = (0,2,2); x isodd , y, z are even, then:
Yo =%Yo =02 = X = x-
X1y—_éX2_ ;4—2 Y—y_ZI +y+zl
|\ =5 =" = T2 vt o2 7
y—Z y+Z
y—z y+z Z=x+—11+< —x)l2
L= =T, 2 2
Case(5).

IfE; = (x,0,x),E, = (y,0,¥),E5 = (2,0,2); x,y,z are even, we get a similar formula of case(1).

Case(6).

IfE; = (x,0,x),E, =(0,y,y),Es = (2,0,2); x,vy,z are even, we get a similar formula of case(2).

Case(7).

If E; = (x,0,x),E, = (¥,0,¥),E; = (0,2,2); x,y,z are even, we get a similar formula of case(3).

Case(8).

IfE; = (x,0,x),E, = (0,y,¥),E; = (0,2,2); x,y,z are even, we get a similar formula of case(4).

Case(9).
IfE; = (0,x,x),E, = (y,0,¥),E5 = (2,0,2); x isodd , y, z are even, then:
X =0,y =%,z =x

y—z y+z
—Z +z =
oY Z Y X =( . )11+< . )12
3 —ZOy _ x2 = Y =x—xI,
1= %= -z +z
Y-z y+z Z=x+(y )11+(y —x>12
zl—T,zz— > - X 2 2
Case(10).

If E; = (0,x,x),E, = (0,v,9),E; = (2,0,2); x isodd , y, z are even, then:
X =0,y =%,2g = x

z z X—ZI ZI
x1=_,x2=_ _51+52
2 2 y y
Yy .y = v=x+2L+(5-2)L
J’1—E'J’2—§_X 2 2 +
—Z zZ
y—z y+z Z=x+(y )11+(y —x>12
LZ1=T,Z2= > —-x 2 2
Case(11).

IfE; = (0,x,x),E, = (y,0,y),E5 = (0,2,2); x isodd , y, z are even, then:
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X0 =0,y =%,z = x
( y z { X=211+XIZ
X1=—,x2=— 2 2
;A Y ZI+(Z )1
- = =x—-= ——Xx
Nn=Y=5ox 217 \2 .\ 2
y—z y+z
—Z +z = -
LI LR o+ () h+ (=)
Case(12).

IfE; =(0,x,x),E, = (0,y,y),E; = (0,2,2); x isodd , y, z are even, then:
X0 =0,y =x,2zyg = x
( =0,x,=0 X=0
X1 » X2 Yy —Z y+z
y—z y+z Y=x+(—)11+<——x)12
y1= 2 J’z: 2 — X = 2 2
y—Z _’y+Z
_ _ytz kZ=x+( )11 ( —x>12
kZl—_,Zz— _x 2 2
2 2
Case(13).
IfE; = (0,x,x),E, = (y,0,y),E5 = (2,0,2); x,y,z are even, we get a similar formula of case(9).
Case(14).

IfE; = (0,x,x),E, = (0,y,¥),E5 = (2,0,2); x,y,z are even, we get a similar formula of case(10).

Case(15).
IfE; = (0,x,x),E, = (y,0,¥),E5 = (0,2,2); x,y,z are even, we get a similar formula of case(11).
Case(16).
IfE, = (0,x,x),E, =(0,y,y),E5 = (0,2,2); x,y,zare even, we get a similar formula of case(12).
Case(17).
IfE; = (x,0,x),E, = (y,0,y),E5 = (2,0,2); x,vy,z are odd, then:
Xo =X,Y =0,zg = x
-z +z
Y-z  y+z X=x+(y )11+(y —x)lz
X1 = T;xz = - X 2 2
—0 -0 = Y=0
yl - J’z - y —Z y +z
y—2z y+z Z=x+( )11+< —x)I2
Zy="——,2, = - X 2 2
2 2
Case(18).
If E;, = (x,0,x),E, = (0,y,y),E5 = (0,2 2); x,y, z are odd, then:
o =%Y0 = 0,20 =x X=x—xI,
x1=0,x, = —x
y—z y+z
-z +z Y = I ( )1
3’1=y—2 ,)’2=y —x = ( 2 )1+ 2+ ?
—Z VA
y—z  y+z Z=x+(y )11+(y —x>12
Z; = > ,Zy = > - X 2 2
Case(19).

IfE; = (0,x,x),E, = (y,0,¥),E5 = (2,0,2); x,y, z are odd, then:
X =0,y =%,z =x

y—z y+Z>
—Z +z =
Bl S X ( . )11+< )b
y —20y _ x2 = Y=x—-xI,
1=0Y2 == ~z +z
y—z y+z Z=x+(y )11+(y —x>12
21=T,22= > - X 2 2

Case(20).
IfE; = (0,x,x),E, = (0,y,5),E3 = (0,2,2); x,y,z are odd, then:
X =0,y =%,z = x

X1 = 0, Xy = 0
y—z y+z Y = ( )
NMN=——"F"Y2= -x =
2 2 y - y+
y—2z y+z Z=x+( ) < —x)[2
Z; = 2 ,Zy = - X
Case(21).
If E;, = (x,0,x),E; = (,0,y),E;s = (2,0,2); x is odd y, z are even, we get case(17).
Case(22).

IfE; = (x,0,x),E, = (0,y,y),E; = (0,2,2); x is odd y, z are even, we get case(18).
Case(23).
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IfE; = (0,x,x),E, = (y,0,y),E; = (2,0,2); x is odd y, z are even, we get case(19).
Case(24).

If E, = (0,x,x),E, = (0,y,y),E; = (0,2,2); x is odd y, z are even, we get case(20).
Result.

The solutions of Fermat's Diophantine equation X™ + Y™ = Z™; n > 3 in Z5(I) are:

{(x+(y;Z)11+<y;rz—x>12,o,x+(y;z)11+(y;rz—x>12),(x—§11+(§—x)12,%11

y y—z y+z y y z z
+512,x+(T)[1 +(T_x)12),(x+§[1 +(§_x)[2,_511 +E[2,x

A e 1 M G A PR AR A 12
((3’;2)11 + (Y;Z)Iz,x—xlz,x+ (3%)11
(gh +§Iz.x+ (%)11 +(%—X)12,x+ (y—z)ll
S O e
0’x+(y;Z)11 +<yT+Z—x>Iz.x+(y
(

-z +z
x + 4 )11+(y2 —x)IZ,O,x+ 4

[

3,
"
)

(NN}

| N
N

I

N

+
N
<
N 4N
N
|
=
N————
I
N———
—

Under the conditions of theorem which discussion when y, z are odd or even.

3. Conclusion

In this work, we have presented a full solution of Fermat's Diophantine equation in the ring of 2-cyclic
integers, where we have shown that it has exactly 9 different forms of solutions with respect to the ring of 2-
cyclic refined neutrosophic integers. As an important topic in number theory, we aim to solve Fermat's
Diophantine equation in many other algebraic rings, especially fuzzy rings, and generalized neutrosophic
rings.
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