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Abstract 

The Diophantine equation 𝑋𝑛 + 𝑌𝑛 = 𝑍𝑛 is called the Fermat's Diophantine equation. Its solutions are called 

general Fermat's triples.The aim of this paper is to study the solutions of Fermat's Diophantine equation in the 

2-cyclic refined neutrosophic ring of integers, where we determine all possible solutions of this Diophantine 

equation, as well as, the special case of Pythagoras triples. 
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1. Introduction 
 

Neutrosophy as a new branch of applied philosophy has lead to many improvements in both algebra and 

number theory [1-2,5-6], where many concepts were defined by symbolic neutrosophic sets to generalize the 

classical well known structures such as neutrosophic spaces, rings, and numbers [9-12,14-19]. 

In the history of number theory, we find the following non-linear Diophantine equation 𝑋𝑛 + 𝑌𝑛 = 𝑍𝑛 that 

plays a perfect role within the Fermat's last theorem [4]. 

The previous Diophantine equation was generalized to neutrosophic rings [7-8], and it had been solved 

completely in that case [7]. 

This work will be dedicated to study the Fermat's non-linear Diophantine equation 𝑋𝑛 + 𝑌𝑛 = 𝑍𝑛  in another 

neutrosophic structure (2-cyclic refined neutrosophic integer ring), where the full solutions of the previous 

equation will be presented and illustrated. 

We must recall some basic definitions and concepts from [19]. 

 (a) The 2-cyclic refined neutrosophic ring of integers is defined as follows: 

𝑍2(𝐼) = {𝑡0 + 𝑡1𝐼1 + 𝑡2𝐼2;  𝑡𝑖 ∈ 𝑍}. 

(b) Addition on 𝑍2(𝐼) can be clarified as follows: 

(𝑎 + 𝑏𝐼1 + 𝑐𝐼2) + (𝑚 + 𝑛𝐼1 + 𝑡𝐼2) = (𝑎 + 𝑚) + 𝐼1(𝑏 + 𝑛) + 𝐼2(𝑐 + 𝑡). 

(c) Multiplication on 𝑍2(𝐼) can be clarified as follows: 

(𝑎 + 𝑏𝐼1 + 𝑐𝐼2)( 𝑚 + 𝑛𝐼1 + 𝑡𝐼2)= 𝑎𝑚 + 𝑎𝑛𝐼1 + 𝑎𝑡𝐼2 + 𝑏𝑚𝐼1 + 𝑏𝑛𝐼2 + 𝑏𝑡𝐼1 + 𝑐𝑚𝐼2 + 𝑐𝑛𝐼1 + 𝑐𝑡𝐼2 
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= 𝑎𝑚 + 𝐼1(𝑎𝑛 + 𝑏𝑚 + 𝑏𝑡 + 𝑐𝑛) + 𝐼2(𝑎𝑡 + 𝑏𝑛 + 𝑐𝑚 + 𝑐𝑡) . 

Where 𝐼1𝐼1 = 𝐼(1+1 𝑚𝑜𝑑2) = 𝐼2, 𝐼2𝐼2 = 𝐼(2+2 𝑚𝑜𝑑 2) = 𝐼2, 𝐼1𝐼2 = 𝐼(1+2 𝑚𝑜𝑑 2) = 𝐼1. 

 

2. Main discussion 

Theorem.  

Let 𝑋 = 𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 be a 2-cyclic refined neutrosophic integer, then: 

 

𝑋𝑛 = 𝑥0
𝑛 + 𝐼1 [

(𝑥0 + 𝑥1 + 𝑥2)
𝑛 − (𝑥0 − 𝑥1 + 𝑥2)

𝑛

2
] + 𝐼2 [

(𝑥0 + 𝑥1 + 𝑥2)
𝑛 + (𝑥0 − 𝑥1 + 𝑥2)

𝑛

2
− 𝑥0

𝑛] 

Proof. 

For 𝑛 = 1, it is true clearly. 

We assume that it is true for 𝑛 = 𝑘, we must prove for 𝑛 = 𝑘 + 1. 

𝑋𝑛+1 = 𝑋. 𝑋𝑛 = (𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2) (𝑥0
𝑛 +

1

2
𝐼1[(𝑥0 + 𝑥1 + 𝑥2)

𝑛 − (𝑥0 − 𝑥1 + 𝑥2)
𝑛]

+
1

2
𝐼2[(𝑥0 + 𝑥1 + 𝑥2)

𝑛 + (𝑥0 − 𝑥1 + 𝑥2)
𝑛 − 2𝑥0

𝑛]) 

𝑋𝑛+1 = 𝑥0
𝑛+1 +

1

2
𝐼1[𝑥0(𝑥0 + 𝑥1 + 𝑥2)

𝑛 − 𝑥0(𝑥0 − 𝑥1 + 𝑥2)
𝑛]

+
1

2
𝐼2[𝑥0(𝑥0 + 𝑥1 + 𝑥2)

𝑛 + 𝑥0(𝑥0 − 𝑥1 + 𝑥2)
𝑛 − 2𝑥0

𝑛+1] + 𝑥1𝑥0
𝑛𝐼1

+
1

2
𝐼2[𝑥1(𝑥0 + 𝑥1 + 𝑥2)

𝑛 − 𝑥1(𝑥0 − 𝑥1 + 𝑥2)
𝑛]

+
1

2
𝐼1[𝑥1(𝑥0 + 𝑥1 + 𝑥2)

𝑛 − 𝑥1(𝑥0 − 𝑥1 + 𝑥2)
𝑛 − 2𝑥1𝑥0

𝑛] + 𝑥2𝑥0
𝑛𝐼2

+
1

2
𝐼1[𝑥2(𝑥0 + 𝑥1 + 𝑥2)

𝑛 − 𝑥2(𝑥0 − 𝑥1 + 𝑥2)
𝑛]

+
1

2
𝐼2[𝑥2(𝑥0 + 𝑥1 + 𝑥2)

𝑛 + 𝑥2(𝑥0 − 𝑥1 + 𝑥2)
𝑛 − 2𝑥2𝑥0

𝑛] 

𝑋𝑛+1 = 𝑥0
𝑛+1 +

1

2
𝐼1[(𝑥0 + 𝑥1 + 𝑥2)(𝑥0 + 𝑥1 + 𝑥2)

𝑛 − (𝑥0 − 𝑥1 + 𝑥2)(𝑥0 − 𝑥1 + 𝑥2)
𝑛]

+
1

2
𝐼2[(𝑥0 + 𝑥1 + 𝑥2)(𝑥0 + 𝑥1 + 𝑥2)

𝑛 + (𝑥0 − 𝑥1 + 𝑥2)(𝑥0 − 𝑥1 + 𝑥2)
𝑛 − 2𝑥0

𝑛+1] 

𝑋𝑛+1 = 𝑥0
𝑛+1 +

1

2
𝐼1[(𝑥0 + 𝑥1 + 𝑥2)

𝑛+1 − (𝑥0 − 𝑥1 + 𝑥2)
𝑛+1]

+
1

2
𝐼2[(𝑥0 + 𝑥1 + 𝑥2)

𝑛+1 + (𝑥0 − 𝑥1 + 𝑥2)
𝑛+1 − 2𝑥0

𝑛+1] 

So that the proof is complete. 

Pythagoras triples. 

A triple (𝑋, 𝑌, 𝑍) is called a Pythagoras if 𝑋2 + 𝑌2 = 𝑍2. 

 

Theorem. 

Let 𝑋 = 𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2, 𝑌 = 𝑦0 + 𝑦1𝐼1 + 𝑦2𝐼2, 𝑍 = 𝑧0 + 𝑧1𝐼1 + 𝑧2𝐼2 be three 2-cyclic refined neutrosophic 

integers, then (𝑋, 𝑌, 𝑍) is a Pythagoras triple if and only if: 

𝑃1 = (𝑥0, 𝑦0, 𝑧0), 𝑃2 = (𝑥0 + 𝑥1 + 𝑥2, 𝑦0 + 𝑦1 + 𝑦2, 𝑧0 + 𝑧1 + 𝑧2), 
𝑃3 = (𝑥0 − 𝑥1 + 𝑥2, 𝑦0 − 𝑦1 + 𝑦2, 𝑧0 − 𝑧1 + 𝑧2) 
Are three Pythagoras triples. 

Proof. 

We have: 

𝑋2 = 𝑥0
2 +

1

2
𝐼1[(𝑥0 + 𝑥1 + 𝑥2)

2 − (𝑥0 − 𝑥1 + 𝑥2)
2] +

1

2
𝐼2[(𝑥0 + 𝑥1 + 𝑥2)

2 + (𝑥0 − 𝑥1 + 𝑥2)
2 − 2𝑥0

2] 

𝑌2 = 𝑦0
2 +

1

2
𝐼1[(𝑦0 + 𝑦1 + 𝑦2)

2 − (𝑦0 − 𝑦1 + 𝑦2)
2] +

1

2
𝐼2[(𝑦0 + 𝑦1 + 𝑦2)

2 + (𝑦0 − 𝑦1 + 𝑦2)
2 − 2𝑦0

2] 

𝑍2 = 𝑧0
2 +

1

2
𝐼1[(𝑧0 + 𝑧1 + 𝑧2)

2 − (𝑧0 − 𝑧1 + 𝑧2)
2] +

1

2
𝐼2[(𝑧0 + 𝑧1 + 𝑧2)

2 + (𝑧0 − 𝑧1 + 𝑧2)
2 − 2𝑧0

2] 

The equation 𝑋2 + 𝑌2 = 𝑍2 is equivalent to: 

𝑥0
2 + 𝑦0

2 = 𝑧0
2, (𝑥0 + 𝑥1 + 𝑥2)

2 + (𝑦0 + 𝑦1 + 𝑦2)
2 = (𝑧0 + 𝑧1 + 𝑧2)

2, (𝑥0 − 𝑥1 + 𝑥2)
2 + (𝑦0 − 𝑦1 + 𝑦2)

2

= (𝑧0 − 𝑧1 + 𝑧2)
2 

Thus the proof is complete. 
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Example. 

𝑋 = 1 + 𝐼1 + 6𝐼2, 𝑌 = −𝐼1 + 7𝐼2, 𝑍 = 1 + 9𝐼2, (𝑋, 𝑌, 𝑍) is a Pythagoras triple, that is because: 

𝑋2 + 𝑌2 = (1 + 14𝐼1 + 49𝐼2) + (−14𝐼1 + 50𝐼2) = 1 + 99𝐼2 = 𝑍
2 

It is clear that (𝑥0, 𝑦0, 𝑧0) = (1,0,1), (𝑥0 + 𝑥1 + 𝑥2, 𝑦0 + 𝑦1 + 𝑦2, 𝑧0 + 𝑧1 + 𝑧2) = (8,6,10),  
(𝑥0 − 𝑥1 + 𝑥2, 𝑦0 − 𝑦1 + 𝑦2, 𝑧0 − 𝑧1 + 𝑧2) = (6,8,10) are three Pythagoras triples. 

 

The general case. 

A triple (𝑋, 𝑌, 𝑍) is called a general Fermat's triple if and only if it is a solution of the Fermat's Diophantine 

equation 𝑋𝑛 + 𝑌𝑛 = 𝑍𝑛 ; 𝑛 ≥ 3. 

Theorem. 

Let 𝑋 = 𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2, 𝑌 = 𝑦0 + 𝑦1𝐼1 + 𝑦2𝐼2, 𝑍 = 𝑧0 + 𝑧1𝐼1 + 𝑧2𝐼2 be three 2-cyclic refined neutrosophic 

integers, then (𝑋, 𝑌, 𝑍) is Fermat's triple  if and only if: 

𝑃1 = (𝑥0, 𝑦0, 𝑧0), 𝑃2 = (𝑥0 + 𝑥1 + 𝑥2, 𝑦0 + 𝑦1 + 𝑦2, 𝑧0 + 𝑧1 + 𝑧2), 
𝑃3 = (𝑥0 − 𝑥1 + 𝑥2, 𝑦0 − 𝑦1 + 𝑦2, 𝑧0 − 𝑧1 + 𝑧2) 
Are Fermat's triples. 

Proof. 

We have: 

𝑋𝑛 = 𝑥0
𝑛 +

1

2
𝐼1[(𝑥0 + 𝑥1 + 𝑥2)

𝑛 − (𝑥0 − 𝑥1 + 𝑥2)
𝑛] +

1

2
𝐼2[(𝑥0 + 𝑥1 + 𝑥2)

𝑛 + (𝑥0 − 𝑥1 + 𝑥2)
𝑛 − 2𝑥0

𝑛] 

𝑌2 = 𝑦0
𝑛 +

1

2
𝐼1[(𝑦0 + 𝑦1 + 𝑦2)

𝑛 − (𝑦0 − 𝑦1 + 𝑦2)
𝑛] +

1

2
𝐼2[(𝑦0 + 𝑦1 + 𝑦2)

𝑛 + (𝑦0 − 𝑦1 + 𝑦2)
𝑛 − 2𝑦0

𝑛] 

𝑍2 = 𝑧0
𝑛 +

1

2
𝐼1[(𝑧0 + 𝑧1 + 𝑧2)

𝑛 − (𝑧0 − 𝑧1 + 𝑧2)
𝑛] +

1

2
𝐼2[(𝑧0 + 𝑧1 + 𝑧2)

𝑛 + (𝑧0 − 𝑧1 + 𝑧2)
𝑛 − 2𝑧0

𝑛] 

The equation 𝑋𝑛 + 𝑌𝑛 = 𝑍𝑛 is equivalent to: 

{

𝑥0
𝑛 + 𝑦0

𝑛 = 𝑧0
𝑛

(𝑥0 + 𝑥1 + 𝑥2)
𝑛 + (𝑦0 + 𝑦1 + 𝑦2)

𝑛 = (𝑧0 + 𝑧1 + 𝑧2)
𝑛

(𝑥0 − 𝑥1 + 𝑥2)
𝑛 + (𝑦0 − 𝑦1 + 𝑦2)

𝑛 = (𝑧0 − 𝑧1 + 𝑧2)
𝑛

 

Thus proof is complete. 

Now, we well find the solutions of Fermat's Diophantine equation 𝑋𝑛 + 𝑌𝑛 = 𝑍𝑛 in the ring of 2-cyclic 

refined neutrosophic ring of integers. 

It is known that the solutions of 𝑋𝑛 + 𝑌𝑛 = 𝑍𝑛 for all 𝑛 ≥ 3 are: 

𝐸1 = (𝑥, 0, 𝑥), 𝐸2 = (0, 𝑥, 𝑥) ; 𝑥 ∈ 𝑍 

To find the solutions of 2-cyclic refined neutrosophic equation 𝑋𝑛 + 𝑌𝑛 = 𝑍𝑛;  𝑛 ≥ 3, we must find the 

formula of transforming classical Fermat's triples to the corresponding 2-cyclic refined neutrosophic Fermat's 

triples. 

Theorem. 

Let 𝑇1 = (𝑎0, 𝑏0, 𝑐0), 𝑇2 = (𝑎1, 𝑏1, 𝑐1), 𝑇3 = (𝑎2, 𝑏2, 𝑐2) are three Fermat's triples in 𝑍, then exists a 

corresponding 2-cyclic refined neutrosophic Fermat's triple if and only if the following system of 

Diophantine equations is solvable: 

{

(𝑥0, 𝑥1, 𝑥2) = (𝑎0, 𝑏0, 𝑐0)
𝑥0 + 𝑥1 + 𝑥2 = 𝑎1, 𝑥0 − 𝑥1 + 𝑥2 = 𝑎2
𝑦0 + 𝑦1 + 𝑦2 = 𝑏1 , 𝑦0 − 𝑦1 + 𝑦2 = 𝑏2
𝑧0 + 𝑧1 + 𝑧2 = 𝑐1 , 𝑧0 − 𝑧1 + 𝑧2 = 𝑐2

  … (𝐼) 

The proof holds directly from the previous theorem. 

Remark. 

If the system (𝐼) is solvable in 𝑍, then: 

{
  
 

  
 

𝑥0 = 𝑎0, 𝑥1 = 𝑏0, 𝑥2 = 𝑐0

𝑥1 =
𝑎1 − 𝑎2
2

, 𝑥2 =
𝑎1 + 𝑎2
2

− 𝑎0

𝑦1 =
𝑏1 − 𝑏2
2

, 𝑥2 =
𝑏1 + 𝑏2
2

− 𝑏0

𝑧1 =
𝑐1 − 𝑐2
2

, 𝑥2 =
𝑐1 + 𝑐2
2

− 𝑐0

  

so that 𝑎1 − 𝑎2 ∈ 2Z, 𝑏1 − 𝑏2 ∈ 2Z, 𝑐1 − 𝑐2 ∈ 2Z, i.e. (𝑎1, 𝑎2), (𝑏1, 𝑏2), (𝑐1, 𝑐2) are odd or even to gother. 

Discussion the solutions. 

Case(1). 

If 𝐸1 = (𝑥, 0, 𝑥), 𝐸2 = (𝑦, 0, 𝑦), 𝐸3 = (𝑧, 0, 𝑧); 𝑥 is odd , 𝑦, 𝑧 are even, then: 

https://doi.org/10.54216/IJNS.200301
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{
 
 

 
 

𝑥0 = 𝑥, 𝑦0 = 0, 𝑧0 = 𝑥

𝑥1 =
𝑦 − 𝑧

2
, 𝑥2 =

𝑦 + 𝑧

2
− 𝑥

𝑦1 = 0, 𝑦2 = 0

𝑧1 =
𝑦 − 𝑧

2
, 𝑧2 =

𝑦 + 𝑧

2
− 𝑥

 ⟹ {
𝑋 = 𝑥 +

𝑦 − 𝑧

2
𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2

𝑌 = 0 , 𝑍 = 𝑋
 

Case(2). 

If 𝐸1 = (𝑥, 0, 𝑥), 𝐸2 = (0, 𝑦, 𝑦), 𝐸3 = (𝑧, 0, 𝑧); 𝑥 is odd , 𝑦, 𝑧 are even, then: 

{
  
 

  
 

𝑥0 = 𝑥, 𝑦0 = 0, 𝑧0 = 𝑥

𝑥1 =
−𝑧

2
, 𝑥2 =

𝑧

2
− 𝑥

𝑦1 =
𝑦

2
, 𝑦2 =

𝑦

2

𝑧1 =
𝑦 − 𝑧

2
, 𝑧2 =

𝑦 + 𝑧

2
− 𝑥

 ⟹

{
 
 

 
 𝑋 = 𝑥 −

𝑧

2
𝐼1 + (

𝑧

2
− 𝑥) 𝐼2

𝑌 =
𝑦

2
𝐼1 +

𝑦

2
𝐼2  

𝑍 = 𝑥 +
𝑦 − 𝑧

2
𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2

 

Case(3). 

If 𝐸1 = (𝑥, 0, 𝑥), 𝐸2 = (𝑦, 0, 𝑦), 𝐸3 = (0, 𝑧, 𝑧); 𝑥 is odd , 𝑦, 𝑧 are even, then: 

{
  
 

  
 

𝑥0 = 𝑥, 𝑦0 = 0, 𝑧0 = 𝑥

𝑥1 =
𝑦

2
, 𝑥2 =

𝑦

2
− 𝑥

𝑦1 =
−𝑧

2
, 𝑦2 =

𝑧

2

𝑧1 =
𝑦 − 𝑧

2
, 𝑧2 =

𝑦 + 𝑧

2
− 𝑥

 ⟹

{
 
 

 
 𝑋 = 𝑥 +

𝑦

2
𝐼1 + (

𝑦

2
− 𝑥) 𝐼2

𝑌 = −
𝑧

2
𝐼1 +

𝑧

2
𝐼2  

𝑍 = 𝑥 +
𝑦 − 𝑧

2
𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2

 

Case(4). 

If 𝐸1 = (𝑥, 0, 𝑥), 𝐸2 = (0, 𝑦, 𝑦), 𝐸3 = (0, 𝑧, 𝑧); 𝑥 is odd , 𝑦, 𝑧 are even, then: 

{
 
 

 
 

𝑥0 = 𝑥, 𝑦0 = 0, 𝑧0 = 𝑥
𝑥1 = 0, 𝑥2 = −𝑥

𝑦1 =
𝑦 − 𝑧

2
, 𝑦2 =

𝑦 + 𝑧

2

𝑧1 =
𝑦 − 𝑧

2
, 𝑧2 =

𝑦 + 𝑧

2
− 𝑥

 ⟹

{
 
 

 
 

𝑋 = 𝑥 − 𝑥𝐼2

𝑌 =
𝑦 − 𝑧

2
𝐼1 +

𝑦 + 𝑧

2
𝐼2  

𝑍 = 𝑥 +
𝑦 − 𝑧

2
𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2

 

Case(5). 

If 𝐸1 = (𝑥, 0, 𝑥), 𝐸2 = (𝑦, 0, 𝑦), 𝐸3 = (𝑧, 0, 𝑧);  𝑥, 𝑦, 𝑧 are even, we get a similar formula of case(1). 

Case(6). 

If 𝐸1 = (𝑥, 0, 𝑥), 𝐸2 = (0, 𝑦, 𝑦), 𝐸3 = (𝑧, 0, 𝑧);  𝑥, 𝑦, 𝑧 are even, we get a similar formula of case(2). 

Case(7). 

If 𝐸1 = (𝑥, 0, 𝑥), 𝐸2 = (𝑦, 0, 𝑦), 𝐸3 = (0, 𝑧, 𝑧);  𝑥, 𝑦, 𝑧 are even, we get a similar formula of case(3). 

 

Case(8). 

If 𝐸1 = (𝑥, 0, 𝑥), 𝐸2 = (0, 𝑦, 𝑦), 𝐸3 = (0, 𝑧, 𝑧);  𝑥, 𝑦, 𝑧 are even, we get a similar formula of case(4). 

Case(9). 

If 𝐸1 = (0, 𝑥, 𝑥), 𝐸2 = (𝑦, 0, 𝑦), 𝐸3 = (𝑧, 0, 𝑧); 𝑥 is odd , 𝑦, 𝑧 are even, then: 

{
 
 

 
 

𝑥0 = 0, 𝑦0 = 𝑥, 𝑧0 = 𝑥

𝑥1 =
𝑦 − 𝑧

2
, 𝑥2 =

𝑦 + 𝑧

2
𝑦1 = 0, 𝑦2 = −𝑥

𝑧1 =
𝑦 − 𝑧

2
, 𝑧2 =

𝑦 + 𝑧

2
− 𝑥

 ⟹

{
 
 

 
 𝑋 = (

𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
) 𝐼2

𝑌 = 𝑥 − 𝑥𝐼2  

𝑍 = 𝑥 + (
𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2

 

Case(10). 

If 𝐸1 = (0, 𝑥, 𝑥), 𝐸2 = (0, 𝑦, 𝑦), 𝐸3 = (𝑧, 0, 𝑧); 𝑥 is odd , 𝑦, 𝑧 are even, then: 

{
  
 

  
 

𝑥0 = 0, 𝑦0 = 𝑥, 𝑧0 = 𝑥

𝑥1 =
𝑧

2
, 𝑥2 =

𝑧

2

𝑦1 =
𝑦

2
, 𝑦2 =

𝑦

2
− 𝑥

𝑧1 =
𝑦 − 𝑧

2
, 𝑧2 =

𝑦 + 𝑧

2
− 𝑥

 ⟹

{
 
 

 
 𝑋 =

𝑧

2
𝐼1 +

𝑧

2
𝐼2

𝑌 = 𝑥 +
𝑦

2
𝐼1 + (

𝑦

2
− 𝑥) 𝐼2  

𝑍 = 𝑥 + (
𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2

 

Case(11). 

If 𝐸1 = (0, 𝑥, 𝑥), 𝐸2 = (𝑦, 0, 𝑦), 𝐸3 = (0, 𝑧, 𝑧); 𝑥 is odd , 𝑦, 𝑧 are even, then: 
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{
  
 

  
 

𝑥0 = 0, 𝑦0 = 𝑥, 𝑧0 = 𝑥

𝑥1 =
𝑦

2
, 𝑥2 =

𝑧

2

𝑦1 =
−𝑧

2
, 𝑦2 =

𝑧

2
− 𝑥

𝑧1 =
𝑦 − 𝑧

2
, 𝑧2 =

𝑦 + 𝑧

2
− 𝑥

 ⟹

{
 
 

 
 𝑋 =

𝑦

2
𝐼1 +

𝑦

2
𝐼2

𝑌 = 𝑥 −
𝑧

2
𝐼1 + (

𝑧

2
− 𝑥) 𝐼2  

𝑍 = 𝑥 + (
𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2

 

Case(12). 

If 𝐸1 = (0, 𝑥, 𝑥), 𝐸2 = (0, 𝑦, 𝑦), 𝐸3 = (0, 𝑧, 𝑧); 𝑥 is odd , 𝑦, 𝑧 are even, then: 

{
 
 

 
 

𝑥0 = 0, 𝑦0 = 𝑥, 𝑧0 = 𝑥
𝑥1 = 0, 𝑥2 = 0

𝑦1 =
𝑦 − 𝑧

2
, 𝑦2 =

𝑦 + 𝑧

2
− 𝑥

𝑧1 =
𝑦 − 𝑧

2
, 𝑧2 =

𝑦 + 𝑧

2
− 𝑥

 ⟹

{
 
 

 
 

𝑋 = 0

𝑌 = 𝑥 + (
𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2  

𝑍 = 𝑥 + (
𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2

 

Case(13). 

If 𝐸1 = (0, 𝑥, 𝑥), 𝐸2 = (𝑦, 0, 𝑦), 𝐸3 = (𝑧, 0, 𝑧);  𝑥, 𝑦, 𝑧 are even, we get a similar formula of case(9). 

Case(14). 

If 𝐸1 = (0, 𝑥, 𝑥), 𝐸2 = (0, 𝑦, 𝑦), 𝐸3 = (𝑧, 0, 𝑧);  𝑥, 𝑦, 𝑧 are even, we get a similar formula of case(10). 

Case(15). 

If 𝐸1 = (0, 𝑥, 𝑥), 𝐸2 = (𝑦, 0, 𝑦), 𝐸3 = (0, 𝑧, 𝑧);  𝑥, 𝑦, 𝑧 are even, we get a similar formula of case(11). 

Case(16). 

If 𝐸1 = (0, 𝑥, 𝑥), 𝐸2 = (0, 𝑦, 𝑦), 𝐸3 = (0, 𝑧, 𝑧);  𝑥, 𝑦, 𝑧 are even, we get a similar formula of case(12). 

Case(17). 

If 𝐸1 = (𝑥, 0, 𝑥), 𝐸2 = (𝑦, 0, 𝑦), 𝐸3 = (𝑧, 0, 𝑧);  𝑥, 𝑦, 𝑧 are odd, then: 

{
 
 

 
 

𝑥0 = 𝑥, 𝑦0 = 0, 𝑧0 = 𝑥

𝑥1 =
𝑦 − 𝑧

2
, 𝑥2 =

𝑦 + 𝑧

2
− 𝑥

𝑦1 = 0, 𝑦2 = 0

𝑧1 =
𝑦 − 𝑧

2
, 𝑧2 =

𝑦 + 𝑧

2
− 𝑥

 ⟹

{
 
 

 
 𝑋 = 𝑥 + (

𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2

𝑌 = 0  

𝑍 = 𝑥 + (
𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2

 

Case(18). 

If 𝐸1 = (𝑥, 0, 𝑥), 𝐸2 = (0, 𝑦, 𝑦), 𝐸3 = (0, 𝑧, 𝑧); 𝑥, 𝑦, 𝑧 are odd, then: 

{
 
 

 
 

𝑥0 = 𝑥, 𝑦0 = 0, 𝑧0 = 𝑥
𝑥1 = 0, 𝑥2 = −𝑥

𝑦1 =
𝑦 − 𝑧

2
, 𝑦2 =

𝑦 + 𝑧

2
− 𝑥

𝑧1 =
𝑦 − 𝑧

2
, 𝑧2 =

𝑦 + 𝑧

2
− 𝑥

 ⟹

{
 
 

 
 

𝑋 = 𝑥 − 𝑥𝐼2

𝑌 = (
𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
) 𝐼2  

𝑍 = 𝑥 + (
𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2

 

Case(19). 

If 𝐸1 = (0, 𝑥, 𝑥), 𝐸2 = (𝑦, 0, 𝑦), 𝐸3 = (𝑧, 0, 𝑧); 𝑥, 𝑦, 𝑧 are odd, then: 

{
 
 

 
 

𝑥0 = 0, 𝑦0 = 𝑥, 𝑧0 = 𝑥

𝑥1 =
𝑦 − 𝑧

2
, 𝑥2 =

𝑦 + 𝑧

2
𝑦1 = 0, 𝑦2 = −𝑥

𝑧1 =
𝑦 − 𝑧

2
, 𝑧2 =

𝑦 + 𝑧

2
− 𝑥

 ⟹

{
 
 

 
 𝑋 = (

𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
) 𝐼2

𝑌 = 𝑥 − 𝑥𝐼2  

𝑍 = 𝑥 + (
𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2

 

Case(20). 

If 𝐸1 = (0, 𝑥, 𝑥), 𝐸2 = (0, 𝑦, 𝑦), 𝐸3 = (0, 𝑧, 𝑧); 𝑥, 𝑦, 𝑧 are odd, then: 

{
 
 

 
 

𝑥0 = 0, 𝑦0 = 𝑥, 𝑧0 = 𝑥
𝑥1 = 0, 𝑥2 = 0

𝑦1 =
𝑦 − 𝑧

2
, 𝑦2 =

𝑦 + 𝑧

2
− 𝑥

𝑧1 =
𝑦 − 𝑧

2
, 𝑧2 =

𝑦 + 𝑧

2
− 𝑥

 ⟹

{
 
 

 
 

𝑋 = 0

𝑌 = 𝑥 + (
𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
) 𝐼2  

𝑍 = 𝑥 + (
𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2

 

Case(21). 

If 𝐸1 = (𝑥, 0, 𝑥), 𝐸2 = (𝑦, 0, 𝑦), 𝐸3 = (𝑧, 0, 𝑧); 𝑥 is odd 𝑦, 𝑧 are even, we get case(17). 

Case(22). 

If 𝐸1 = (𝑥, 0, 𝑥), 𝐸2 = (0, 𝑦, 𝑦), 𝐸3 = (0, 𝑧, 𝑧); 𝑥 is odd 𝑦, 𝑧 are even, we get case(18). 

Case(23). 
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If 𝐸1 = (0, 𝑥, 𝑥), 𝐸2 = (𝑦, 0, 𝑦), 𝐸3 = (𝑧, 0, 𝑧); 𝑥 is odd 𝑦, 𝑧 are even, we get case(19). 

Case(24). 

If 𝐸1 = (0, 𝑥, 𝑥), 𝐸2 = (0, 𝑦, 𝑦), 𝐸3 = (0, 𝑧, 𝑧); 𝑥 is odd 𝑦, 𝑧 are even, we get case(20). 

Result. 

The solutions of Fermat's Diophantine equation 𝑋𝑛 + 𝑌𝑛 = 𝑍𝑛;  𝑛 ≥ 3 in 𝑍3(𝐼) are: 

{(𝑥 + (
𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2, 0, 𝑥 + (

𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2) , (𝑥 −

𝑧

2
𝐼1 + (

𝑧

2
− 𝑥) 𝐼2,

𝑦

2
𝐼1

+
𝑦

2
𝐼2, 𝑥 + (

𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2) , (𝑥 +

𝑦

2
𝐼1 + (

𝑦

2
− 𝑥) 𝐼2, −

𝑧

2
𝐼1 +

𝑧

2
𝐼2, 𝑥

+ (
𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2) , (𝑥 − 𝑥𝐼2, (

𝑦 − 𝑧

2
) 𝐼1 +

𝑦 + 𝑧

2
𝐼2, 𝑥 + (

𝑦 − 𝑧

2
) 𝐼1

+ (
𝑦 + 𝑧

2
− 𝑥) 𝐼2) , ((

𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
) 𝐼2, 𝑥 − 𝑥𝐼2, 𝑥 + (

𝑦 − 𝑧

2
) 𝐼1

+ (
𝑦 + 𝑧

2
− 𝑥) 𝐼2) , (

𝑧

2
𝐼1 +

𝑧

2
𝐼2, 𝑥 + (

𝑦

2
) 𝐼1 + (

𝑦

2
− 𝑥) 𝐼2, 𝑥 + (

𝑦 − 𝑧

2
) 𝐼1

+ (
𝑦 + 𝑧

2
− 𝑥) 𝐼2) , (

𝑦

2
𝐼1 +

𝑦

2
𝐼2, 𝑥 − (

𝑦

2
) 𝐼1 + (

𝑧

2
− 𝑥) 𝐼2, 𝑥 + (

𝑦 − 𝑧

2
) 𝐼1

+ (
𝑦 + 𝑧

2
− 𝑥) 𝐼2) , (0, 𝑥 + (

𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2, 𝑥 + (

𝑦 − 𝑧

2
) 𝐼1

+ (
𝑦 + 𝑧

2
− 𝑥) 𝐼2) , (𝑥 + (

𝑦 − 𝑧

2
) 𝐼1 + (

𝑦 + 𝑧

2
− 𝑥) 𝐼2, 0, 𝑥 + (

𝑦 − 𝑧

2
) 𝐼1

+ (
𝑦 + 𝑧

2
− 𝑥) 𝐼2)} 

Under the conditions of theorem which discussion when 𝑦, 𝑧 are odd or even. 

 

 

3. Conclusion 

In this work, we have presented a full solution of Fermat's Diophantine equation in the ring of 2-cyclic 

integers, where we have shown that it has exactly 9 different forms of solutions with respect to the ring of 2-

cyclic refined neutrosophic integers. As an important topic in number theory, we aim to solve Fermat's 

Diophantine equation in many other algebraic rings, especially fuzzy rings, and generalized neutrosophic 

rings. 
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