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Abstract 

In this paper, we introduce the notion of non- Archimedean neutrosophic normed space and also 

establish Hyers-Ulam-Rassias-type stability results concerning the Cauchy, Pexiderized  Cauchy. 

We determine some stability results concerning the Cauchy, Jensen and its Pexiderized functional 

equations in the framework of non-Archimedean Neutrosophic Normed Space. This work indeed 

presents a relationship between four various disciplines, the theory of neutrosophic normed space, 

non – Archimedean, Hyers-Ulam-Rassias stability and functional equation. 

Keywords: Non-Archimedean; Pexiderized Cauchy; Functional Equation; Pexiderized Jensen 

Functional Equation; Neutrosophic Normed Space. 

 

1. Introduction 

Stability  problem  of  a  functional  equation  was  first  posed  by  Ulam [22]  which  was  

answered  by  Hyers [4]  and  then  generalized by  Rassias [17]  for   addictive  mappings  and  

linear  mappings  respectively.  Since  then  several  stability  problems  for  various  functional  

equations have  been  investigated  in  [1,5,7,9,10,11] and  various  fuzzy  stability  results  

concerning  Cauchy,  Jensen  and  quadratic  functional  equations  were  discussed.  

After  a  while,  Smarandache [20]  introduced  the  notion  of  Neutrosophic  Sets [NS],  which  is  

the  different  kind  of  the  notation  of  the  classical  set  theory  by  adding  an    intermediate  

membership  function.  This  set  is  a  formal  setting  trying  to  measure  the  truth,  indeterminacy  

and  falsehood.  Later on,  the  concepts  of  statistical  convergence  of  double  sequences  have  

been  analyzed  in  IFNS  by  Mursaleen  and  Mohiuddin [13].  Quite  recently, Kirisci  and  Simsek 

[21]  introduced  the  notion  of  neutrosophic  metric  space. In 2022, Jeyaraman et al. [5] 

generalized Hyers-Ulam-Rassias stability for functional equation in Neutrosophic Normed Spaces 

[NNS]. Since  Neutrosophic  Normed  Space is  a  natural  generalization  of  IFNS  and  statistical  

convergence. 

In this paper, we introduce the notion of non-Archimedean Neutrosophic Normed Space and also 

establish Hyers-Ulam-Rassias-type stability results concerning the Cauchy, Pexiderized Cauchy, 

Jensen, and Pexiderized Jension functional equations in this new setup. This work indeed presents a 
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relationship between four various disciplines: the theory of Neutrosophic Normed spaces, the theory 

of non-Archimedean spaces, the theory of Hyers-Ulam-Rassias stability, and the theory of functional 

equations.  

 

2. Preliminaries 

 

A valuation is a map |∙| from a field 𝕂 into [0,∞) such that 0 is the unique element having the 0 

valuation, |𝑘1𝑘2| = ⌈𝑘1⌉⌈𝑘2⌉ and the triangle inequality holds, that is, |𝑘1 + 𝑘2| ≤ ⌈𝑘1⌉ + ⌈𝑘2⌉, for 

all 𝑘1, 𝑘2 ∈ 𝕂. We say that a field 𝕂 is valued if 𝕂 carries a valuation. The usual absolute values of 

ℝ and ℂ are examples of valuations.  

Let us consider a valuation which satisfies stronger condition than the triangle inequality. If the 

triangle inequality is replaced by |𝑘1 + 𝑘2| ≤ max{|𝑘1|, |𝑘2|}, for all 𝑘1, 𝑘2 ∈ 𝕂 then, a map |∙| is 

called Non-Archimedean  [𝒩𝒜 ] or ultrametric valuation, and field is called a non-Archimedean 

field. Clearly |1| = |−1| = 1 and |𝑛| ≤ 1, for all 𝑛 ∈ ℕ. A trivial example of a non-Archimedean 

valuation (NAV) is the map |∙| taking everything but 0 into 1 and |0| = 0.  

Let 𝑋 be a vector space over a field 𝕂 with a NAV |∙| A non-Archimedean Normed Space (NANS) 

is a pair (𝑋, ‖∙‖), where ‖∙‖: 𝑋 → [0,∞) is such that 

a. ‖𝑥‖ = 0 iff 𝑥 = 0, 

b. ‖𝛼𝑥‖ = |𝛼|‖𝑥‖ for 𝛼 ∈ 𝕂 and  

c. The strong triangle inequality, ‖𝑥 + 𝑦‖ ≤ max{‖𝑥‖, ‖𝑦‖}, for 𝑥, 𝑦 ∈ 𝑋. 

 

Definition 2.1: 

The  6-tuple  (𝑋, 𝜇, 𝜗, 𝜔,∗,⋄,⊙)  is  said  to  be  a Non -Archimedean Neutrosophic  Normed  Space (𝒩𝒜 −
𝒩𝒩𝒮)  if  X  is  a  vector  space,  *    are  the  continuours t- norm ,   ⋄  and ⊙ continuous            t-conorm  

and  𝜇, 𝜗, 𝜔  are  functions from  on  𝑋  x  (0,∞)  fulfilling  the  conditions  below:   

For each  𝑥, 𝑦 ∈ 𝑋  and  for  each  𝑠, 𝑡 > 0,  ∅ ≠ 0, 

(NNS-1)  0 ≤ 𝜇(𝑥, 𝑡) ≤ 1, 0 ≤ 𝑣(𝑥, 𝑡) ≤ 1,  0 ≤ 𝜔(𝑥, 𝑡) ≤ 1,  for  all  𝑡 ∈ (0,∞); 

(NNS-2)   𝜇(𝑥, 𝑡) + 𝑣(𝑥, 𝑡) + 𝜔(𝑥, 𝑡) ≤ 3; 

(NNS-3)  𝜇(𝑥, 𝑡) > 0; 

(NNS-4)  𝜇(𝑥, 𝑡) = 1 if  and  only  if  𝑥 = 0; 

(NNS-5)  𝜇(∅𝑥, 𝑡) = 𝜇 (𝑥,
1

|∅|
), for each ∅ ≠ 0; 

(NNS-6)  𝜇(𝑥, 𝑡) ∗ 𝜇(𝑦, 𝑠) ≤ 𝜇(𝑥 + 𝑦,max {𝑡 + 𝑠}); 

(NNS-7)  𝜇(𝑥, . ): (0,∞) → [0,1] is  continuous  and  increasing; 

(NNS-8)  lim
𝑡→∞

𝜇(𝑥, 𝑡) = 1 and  lim
𝑡→0

𝜇(𝑥, 𝑡) = 0; 

(NNS-9) 𝑣(𝑥, 𝑡) < 1; 

(NNS-10) 𝑣(𝑥, 𝑡) = 0 if and only if  𝜗 = 0; 

(NNS-11) 𝑣(∅𝑥, 𝑡) = 𝜆 (𝑥,
𝑡

|∅|
) for each ∅ ≠ 0; 

(NNS-12) 𝑣(𝑥, 𝑡) ⋄ 𝑣(𝑦, 𝑠) ≥ 𝑣(𝑥 + 𝑦,max {𝑡 + 𝑠}); 

(NNS-13) 𝑣(𝑥, . ) ∶  (0,∞) → [0,1] is continuous and increasing; 

(NNS-14) lim
𝑡→∞

𝑣(𝑥, 𝑡) = 0 and lim
𝑡→0

𝑣(𝑥, 𝑡) = 1; 

(NNS-15) 𝜔(𝑥, 𝑡) < 1; 

(NNS-16) 𝜔(𝑥, 𝑡) = 0 if and only if  𝜔 = 0; 
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(NNS-17) 𝜔(∅𝑥, 𝑡) = 𝜔 (𝑥,
𝑡

|∅|
) ,for  each ∅ ≠ 0; 

(NNS-18) 𝜔(𝑥, 𝑡) ⊙ 𝜔(𝑦, 𝑠) ≥ 𝜔(𝑥 + 𝑦,max {𝑡 + 𝑠}); 

(NNS-19) 𝜔(𝑥, . ): (0,∞) → [0,1] is continuous and increasing; 

(NNS-20) lim
𝑡→∞

𝜔(𝑥, 𝑡) = 0 and  lim
𝑡→0

𝜔(𝑥, 𝑡) = 1; 

Then (𝜇, 𝜗, 𝜔) is called  Non – Archimedean Neutrosophic  Norm (𝒩𝒜 −𝒩𝒩). 

Example 2.2 :   

Let  (𝑋, ‖. ‖) be a  𝒩𝒜 −𝒩𝒩,  𝑎 ∗ 𝑏 = 𝑎𝑏  ,  𝑎 ⋄ 𝑏 = 𝑚𝑖𝑛{𝑎 + 𝑏, 1} and 𝑎 ⊙ 𝑏 = 𝑚𝑖𝑛{𝑎 + 𝑏, 1},  
for  all  𝑎, 𝑏 ∈ [0,1].  For all 𝑥 ∈ 𝑋  and every  t > 0.  Consider 

𝜇𝑘(𝑥, 𝑡) = {

𝑡

𝑡+‖𝑥‖
   𝑖𝑓 𝑡 > 0

0  𝑖𝑓  𝑡 ≤ 0
  , 𝑣𝐾(𝑥, 𝑡) = {

‖𝑥‖

𝑡+‖𝑥‖
  𝑖𝑓  𝑡 > 0

1  𝑖𝑓  𝑡 ≤ 0
 and 𝜔𝐾(𝑥, 𝑡) = {

‖𝑥‖

𝑡
  𝑖𝑓  𝑡 > 0

1  𝑖𝑓  𝑡 ≤ 0
 . 

Then  (𝑋, 𝜇, 𝜗, 𝜔,∗,⋄,⊙) is  an  𝒩𝒜 −𝒩𝒩. 

The concepts of  convergence  and  Cauchy  sequences  in  an  𝒩𝒜 −𝒩𝒩𝒮 are  studied .  

Let  (𝑋, 𝜇, 𝜗, 𝜔,∗,⋄,⊙) be  an  𝒩𝒜 −𝒩𝒩𝒮.  Then, a  sequence 𝑥 = (𝑥𝑘)  is  said  to  be  neutrosophic  

convergent  to  𝐿 ∈ 𝑋  if  lim 𝜇(𝑥𝑘 − 𝐿, 𝑡) = 1, lim 𝑣(𝑥𝑘 − 𝐿, 𝑡) = 0   and  𝜔(𝑥𝑘 − 𝐿, 𝑡) = 0 , for  all 𝑡 > 0.  
In  this  case  we  write  𝑥𝑘 → 𝐿  as  𝑘 → ∞. 

Let  (𝑋, 𝜇, 𝜗, 𝜔,∗,⋄) be  an 𝒩𝒜 −𝒩𝒩𝒮.  Then  𝑥 = (𝑥𝑘) is  said  to  be  neutrosophic  Cauchy  

sequences  if  lim 𝜇(𝑥𝑘+𝑝 − 𝑥𝑘 , 𝑡) = 1 , lim 𝜗(𝑥𝑘+𝑝 − 𝑥𝑘 , 𝑡) = 0  and  𝜔(𝑥𝑘+𝑝 − 𝑥𝑘 , 𝑡) = 0  for  all  𝑡 > 0  

and  𝑝 = 1,2… 

Let  (𝑋, 𝜇, 𝜗, 𝜔,∗,⋄,⊙) be  an  𝒩𝒜 −𝒩𝒩𝒮.  Then  (𝑋, 𝜇, 𝜗, 𝜔,∗,⋄,⊙)  is  said  to  be  complete  if  

every  neutrosophic  Cauchy  sequences  if  (𝑋, 𝜇, 𝜗, 𝜔,∗,⋄,⊙)  neutrosophic  convergent  in   

(𝑋, 𝜇, 𝜗, 𝜔,∗,⋄,⊙).  
 

 

3. Stability  of  Cauchy  Functional  Equation 

In this section, we determine stability result concerning the Cauchy functional equation  

       𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦) in 𝒩𝒜 −𝒩𝒩𝒮. 

 

Theorem 3.1:  

Let 𝑋 be a linear space over a 𝒩𝒜 field 𝕂 and let (𝑍, 𝜇′, 𝜗′, 𝜔′) be a 𝒩𝒜 −𝒩𝒩𝒮. Suppose that 

𝜑: 𝑋 × 𝑋 → 𝑍 is a function such that for some 𝛼 > 0 and some positive integer 𝑘 with |𝑘| < 𝛼 

{

𝜇′(𝜑(𝑘−1𝑥, 𝑘−1𝑦), 𝑡) ≥ 𝜇′(𝜑(𝑥, 𝑦), 𝛼𝑡),

𝜗′(𝜑(𝑘−1𝑥, 𝑘−1𝑦), 𝑡) ≤ 𝜗′(𝜑(𝑥, 𝑦), 𝛼𝑡) and

𝜔′(𝜑(𝑘−1𝑥, 𝑘−1𝑦), 𝑡) ≤ 𝜔′(𝜑(𝑥, 𝑦), 𝛼𝑡),

}    (3.1.1) 

for all 𝑥, 𝑦 ∈ 𝑋 and 𝑡 > 0. Let (𝑌, 𝜇, 𝜗, 𝜔) be a Non-Archimedean Neutrosophic Banach Space 

[𝒩𝒜 −𝒩ℬ𝒮] over 𝕂 and let 𝑓:𝑋 → 𝑌 be a 𝜑-approximately Cauchy in the sense that  

{

𝜇(𝑓(𝑥 + 𝑦) − 𝑓(𝑥) − 𝑓(𝑦), 𝑡) ≥ 𝜇′(𝜑(𝑥, 𝑦), 𝑡),

𝜗(𝑓(𝑥 + 𝑦) − 𝑓(𝑥) − 𝑓(𝑦), 𝑡) ≤ 𝜗′(𝜑(𝑥, 𝑦), 𝑡)

𝜔(𝑓(𝑥 + 𝑦) − 𝑓(𝑥) − 𝑓(𝑦), 𝑡) ≤ 𝜔′(𝜑(𝑥, 𝑦), 𝑡),

 and}   (3.1.2) 

for all 𝑥, 𝑦 ∈ 𝑋 and 𝑡 > 0. Then there exists a unique additive mapping 𝐶:𝑋 → 𝑌 such that 

{

𝜇(𝑓(𝑥) − 𝐶(𝑥), 𝑡) ≥ 𝑀(𝑥, 𝛼𝑡),

𝜗(𝑓(𝑥) − 𝐶(𝑥), 𝑡) ≤ 𝑁(𝑥, 𝛼𝑡) and

𝜔(𝑓(𝑥) − 𝐶(𝑥), 𝑡) ≤ 𝑃(𝑥, 𝛼𝑡),

}    (3.1.3) 

for all 𝑥 ∈ 𝑋 and 𝑡 > 0, where 

{

𝑀(𝑥, 𝑡) = 𝜇′(𝜑(𝑥, 𝑥), 𝑡) ∗ 𝜇′(𝜑(𝑥, 2𝑥), 𝑡) ∗ … ∗ 𝜇′(𝜑(𝑥, (𝑘 − 1)𝑥), 𝑡),

𝑁(𝑥, 𝑡) = 𝜗′(𝜑(𝑥, 𝑥), 𝑡) ⟡ 𝜗′(𝜑(𝑥, 2𝑥), 𝑡) ⟡ …⟡ 𝜗′(𝜑(𝑥, (𝑘 − 1)𝑥), 𝑡) and

𝑃(𝑥, 𝑡) = 𝜔′(𝜑(𝑥, 𝑥), 𝑡) ⊙ 𝜔′(𝜑(𝑥, 2𝑥), 𝑡) ⊙ …⊙𝜔′(𝜑(𝑥, (𝑘 − 1)𝑥), 𝑡),

} (3.1.4) 

Proof: 

By induction on 𝑗 we will show that for each 𝑥 ∈ 𝑋, 𝑡 > 0 and j ≥ 2 

{

𝜇(𝑓(𝑗𝑥) − 𝑗𝑓(𝑥), 𝑡) ≥ 𝑀𝑗(𝑥, 𝑡) = 𝜇
′(𝜑(𝑥, 𝑥), 𝑡) ∗ … ∗ 𝜇′(𝜑(𝑥, (𝑗 − 1)𝑥, 𝑡),

𝜗(𝑓(𝑗𝑥) − 𝑗𝑓(𝑥), 𝑡) ≤ 𝑁𝑗(𝑥, 𝑡) = 𝜗
′(𝜑(𝑥, 𝑥), 𝑡) ⟡ …⟡ 𝜗′(𝜑(𝑥, (𝑗 − 1)𝑥, 𝑡)and

𝜔(𝑓(𝑗𝑥) − 𝑗𝑓(𝑥), 𝑡) ≤ 𝑃𝑗(𝑥, 𝑡) = 𝜔
′(𝜑(𝑥, 𝑥), 𝑡) ⊙ …⊙𝜔′(𝜑(𝑥, (𝑗 − 1)𝑥, 𝑡).

}    (3.1.5) 

Putting 𝑥 = 𝑦 in (3.1.2), we obtain 
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{

𝜇(𝑓(2𝑥) − 2𝑓(𝑥), 𝑡) ≥ 𝜇′(𝜑(𝑥, 𝑥), 𝑡),

𝜗(𝑓(2𝑥) − 2𝑓(𝑥), 𝑡) ≤ 𝜗′(𝜑(𝑥, 𝑥), 𝑡)and

𝜔(𝑓(2𝑥) − 2𝑓(𝑥), 𝑡) ≤ 𝜔′(𝜑(𝑥, 𝑥), 𝑡),

}       (3.1.6) 

for all 𝑥 ∈ and 𝑡 > 0. This proves (3.1.5) for 𝑗 = 2. Let (3.1.5) hold for some 𝑗 > 2.  

Replacing 𝑦 by 𝑗𝑥 in (3.1.2), we get 

{

𝜇(𝑓(𝑗 + 1)𝑥) − 𝑓(𝑥) − 𝑓(𝑗𝑥), 𝑡) ≥ 𝜇′(𝜑(𝑥, 𝑗𝑥), 𝑡),

𝜗(𝑓(𝑗 + 1)𝑥) − 𝑓(𝑥) − 𝑓(𝑗𝑥), 𝑡) ≤ 𝜗′(𝜑(𝑥, 𝑗𝑥), 𝑡) and

𝜔(𝑓(𝑗 + 1)𝑥) − 𝑓(𝑥) − 𝑓(𝑗𝑥), 𝑡) ≤ 𝜔′(𝜑(𝑥, 𝑗𝑥), 𝑡),

}                  (3.1.7)  

for each 𝑥 ∈ 𝑋 and 𝑡 > 0. Thus 

      

{
 
 
 
 
 

 
 
 
 
 
𝜇(𝑓((𝑗 + 1)𝑥) − (𝑗 + 1)𝑓(𝑥), 𝑡) = 𝜇(𝑓((𝑗 + 1)𝑥) − 𝑓(𝑥) − 𝑓(𝑗𝑥) + 𝑓(𝑗𝑥) − 𝑗𝑓(𝑥), 𝑡)

≥ 𝜇(𝑓((𝑗 + 1)𝑥) − 𝑓(𝑥) − 𝑓(𝑗𝑥), 𝑡) ∗ 𝜇(𝑓(𝑗𝑥) − 𝑗𝑓(𝑥), 𝑡)

≥ 𝜇′(𝜑(𝑥, 𝑗𝑥), 𝑡) ∗ 𝑀𝑗(𝑥, 𝑡) = 𝑀𝑗+1(𝑥, 𝑡),

𝜗(𝑓((𝑗 + 1)𝑥) − (𝑗 + 1)𝑓(𝑥), 𝑡) = 𝜗(𝑓((𝑗 + 1)𝑥) − 𝑓(𝑥) − 𝑓(𝑗𝑥) + 𝑓(𝑗𝑥) − 𝑗𝑓(𝑥), 𝑡)

≤ 𝜗(𝑓((𝑗 + 1)𝑥) − 𝑓(𝑥) − 𝑓(𝑗𝑥), 𝑡) ⟡ 𝜗(𝑓(𝑗𝑥) − 𝑗𝑓(𝑥), 𝑡)

≤ 𝜗′(𝜑(𝑥, 𝑗𝑥), 𝑡) ⟡ 𝑁𝑗(𝑥, 𝑡) = 𝑁𝑗+1(𝑥, 𝑡) and

𝜔(𝑓((𝑗 + 1)𝑥) − (𝑗 + 1)𝑓(𝑥), 𝑡) = 𝜔(𝑓((𝑗 + 1)𝑥) − 𝑓(𝑥) − 𝑓(𝑗𝑥) + 𝑓(𝑗𝑥) − 𝑗𝑓(𝑥), 𝑡)

≤ 𝜔(𝑓((𝑗 + 1)𝑥) − 𝑓(𝑥) − 𝑓(𝑗𝑥), 𝑡) ⊙ 𝜔(𝑓(𝑗𝑥) − 𝑗𝑓(𝑥), 𝑡)

≤ 𝜔′(𝜑(𝑥, 𝑗𝑥), 𝑡) ⊙ 𝑃𝑗(𝑥, 𝑡) = 𝑃𝑗+1(𝑥, 𝑡), }
 
 
 
 
 

 
 
 
 
 

 (3.1.8) 

for each 𝑥 ∈ 𝑋 and 𝑡 > 0. Hence (3.1.5) holds for all 𝑗 ≥ 2. In particular 

{

𝜇(𝑓(𝑘𝑥) − 𝑘𝑓(𝑥), 𝑡) ≥ 𝑀(𝑥, 𝑡),

𝜗(𝑓(𝑘𝑥) − 𝑘𝑓(𝑥), 𝑡) ≤ 𝑁(𝑥, 𝑡) and

𝜔(𝑓(𝑘𝑥) − 𝑘𝑓(𝑥), 𝑡) ≤ 𝑃(𝑥, 𝑡).

}                 (3.1.9) 

Replacing 𝑥 by 𝑘−𝑛−1𝑥 in (3.1.9) and using (3.1.1), we get 

{

𝜇(𝑓(𝑘−𝑛𝑥) − 𝑘𝑓(𝑘−(𝑛+1)𝑥), 𝑡) ≥ 𝑀(𝑥, 𝛼𝑛+1𝑡),

𝜗(𝑓(𝑘−𝑛𝑥) − 𝑘𝑓(𝑘−(𝑛+1)𝑥), 𝑡) ≤ 𝑁(𝑥, 𝛼𝑛+1𝑡) and

𝜔(𝑓(𝑘−𝑛𝑥) − 𝑘𝑓(𝑘−(𝑛+1)𝑥), 𝑡) ≤ 𝑃(𝑥, 𝛼𝑛+1𝑡),

}           (3.1.10) 

for all 𝑥 ∈ 𝑋, 𝑡 > 0 and 𝑛 = 0,1,2, …  . Therefore 

{
 
 
 

 
 
 𝜇(𝑘𝑛𝑓(𝑘−𝑛𝑥) − 𝑘𝑛+1𝑓(𝑘−(𝑛+1)𝑥), 𝑡) ≥ 𝑀 (𝑥,

𝛼𝑛+1𝑡

|𝑘|𝑛
) ,

𝜗(𝑘𝑛𝑓(𝑘−𝑛𝑥) − 𝑘𝑛+1𝑓(𝑘−(𝑛+1)𝑥), 𝑡) ≤ 𝑁 (𝑥,
𝛼𝑛+1𝑡

|𝑘|𝑛
)

𝜔(𝑘𝑛𝑓(𝑘−𝑛𝑥) − 𝑘𝑛+1𝑓(𝑘−(𝑛+1)𝑥), 𝑡) ≤ 𝑃 (𝑥,
𝛼𝑛+1𝑡

|𝑘|𝑛
) ,

and

}
 
 
 

 
 
 

  (3.1.11) 

for all 𝑥 ∈ 𝑋, 𝑡 > 0 and 𝑛 = 0,1,2, … . Since 

{ lim
𝑚→∞

𝑀(𝑥,
𝛼𝑚+1𝑡

|𝑘|𝑚
) = 1, lim

𝑚→∞
𝑁(𝑥,

𝛼𝑚+1𝑡

|𝑘|𝑚
) = 0 and lim

𝑚→∞
𝑃 (𝑥,

𝛼𝑚+1𝑡

|𝑘|𝑚
) = 0. }        (3.1.12) 

So, (3.1.11) shows that (𝑘𝑛𝑓(𝑘−𝑛𝑥)) is a Cauchy sequence in 𝒩𝒜 −𝒩ℬ𝒮 (𝑌, 𝜇, 𝜗, 𝜔). 
Therefore, we can define a mapping 𝐶: 𝑋 → 𝑌 by 𝐶𝑥 = (𝜇, 𝜗, 𝜔) − lim

𝑛→∞
𝑘𝑛𝑓(𝑘−𝑛𝑥). Hence 

{
 

 
lim
𝑛→∞

𝜇(𝑘𝑛𝑓(𝑘−𝑛𝑥) − 𝐶(𝑥), 𝑡) = 1,

lim
𝑛→∞

𝜗(𝑘𝑛𝑓(𝑘−𝑛𝑥) − 𝐶(𝑥), 𝑡) = 0 and 

lim
𝑛→∞

𝜔(𝑘𝑛𝑓(𝑘−𝑛𝑥) − 𝐶(𝑥), 𝑡) = 0. }
 

 
                     (3.1.13) 

For each 𝑛 ≥ 1, 𝑥 ∈ 𝑋 and t > 0, 

https://doi.org/10.54216/IJNS.200403


International Journal of Neutrosophic Science (IJNS)                                           Vol. 20, No. 04, PP. 46-57, 2023 

 
 

        Doi: https://doi.org/10.54216/IJNS.200403  
        Received: December 25, 2022   Accepted: March 23, 2023 

 

50 

{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 𝜇(𝑓(𝑥) − 𝑘𝑛𝑓(𝑘−𝑛𝑥), 𝑡) = 𝜇 (∑𝑘𝑖𝑓(𝑘−𝑖𝑥) − 𝑘𝑖+1𝑓(𝑘−(𝑖+1)𝑥), 𝑡

𝑛−1

𝑖=0

)

≥∏𝜇(𝑘𝑖𝑓(𝑘−𝑖𝑥) − 𝑘𝑖+1𝑓(𝑘−(𝑖+1)𝑥), 𝑡)

𝑛−1

𝑖=0

= 𝑀(𝑥, 𝛼𝑡),

𝜗(𝑓(𝑥) − 𝑘𝑛𝑓(𝑘−𝑛𝑥), 𝑡) = 𝜗 (∑𝑘𝑖𝑓(𝑘−𝑖𝑥) − 𝑘𝑖+1𝑓(𝑘−(𝑖+1)𝑥), 𝑡

𝑛−1

𝑖=0

)

≤∐𝜗(𝑘𝑖𝑓(𝑘−𝑖𝑥) − 𝑘𝑖+1𝑓(𝑘−(𝑖+1)𝑥), 𝑡)

𝑛−1

𝑖=0

= 𝑁(𝑥, 𝛼𝑡) and

𝜔(𝑓(𝑥) − 𝑘𝑛𝑓(𝑘−𝑛𝑥), 𝑡) = 𝜔 (∑𝑘𝑖𝑓(𝑘−𝑖𝑥) − 𝑘𝑖+1𝑓(𝑘−(𝑖+1)𝑥), 𝑡

𝑛−1

𝑖=0

)

≤∐𝜔(𝑘𝑖𝑓(𝑘−𝑖𝑥) − 𝑘𝑖+1𝑓(𝑘−(𝑖+1)𝑥), 𝑡)

𝑛−1

𝑖=0

= 𝑃(𝑥, 𝛼𝑡),
}
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

(3.1.14) 

where ∏ 𝑎𝑗
𝑛
𝑗=1 = 𝑎1 ∗ 𝑎2 ∗ …∗ 𝑎𝑛, ∐ 𝑎𝑗

𝑛
𝑗=1 = 𝑎1 ⟡ 𝑎2 ⟡ …⟡ 𝑎𝑛 and 

∐ 𝑎𝑗
𝑛
𝑗=1 = 𝑎1⊙𝑎2⊙…⊙ 𝑎𝑛. It follows from (3.1.13) and (3.1.14) that 

{

𝜇(𝑓(𝑥) − 𝐶(𝑥), 𝑡) ≥ 𝜇(𝑓(𝑥) − 𝑘𝑛𝑓(𝑘−𝑛𝑥), 𝑡) ∗ 𝜇(𝑘𝑛𝑓(𝑘−𝑛𝑥) − 𝐶(𝑥), 𝑡) ≥ 𝑀(𝑥, 𝛼𝑡),

𝜗(𝑓(𝑥) − 𝐶(𝑥), 𝑡) ≤ 𝜗(𝑓(𝑥) − 𝑘𝑛𝑓(𝑘−𝑛𝑥), 𝑡) ⟡ 𝜗(𝑘𝑛𝑓(𝑘−𝑛𝑥) − 𝐶(𝑥), 𝑡) ≤ 𝑁(𝑥, 𝛼𝑡),

𝜔(𝑓(𝑥) − 𝐶(𝑥), 𝑡) ≤ 𝜔(𝑓(𝑥) − 𝑘𝑛𝑓(𝑘−𝑛𝑥), 𝑡) ⊙ 𝜔(𝑘𝑛𝑓(𝑘−𝑛𝑥) − 𝐶(𝑥), 𝑡) ≤ 𝑃(𝑥, 𝛼𝑡),

}     (3.1.15)  

for each 𝑥 ∈ 𝑋, 𝑡 > 0 and for sufficiently large 𝑛; that is, (3.1.3) holds. Also (3.1.1), (3.1.2) and 

(3.1.13), we have 

         

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

𝜇(𝐶(𝑥 + 𝑦) − 𝐶(𝑥) − 𝐶(𝑦), 𝑡)

≥ 𝜇(𝐶(𝑥 + 𝑦) − 𝑘𝑛𝑓(𝑘−𝑛(𝑥 + 𝑦), 𝑡) ∗ 𝜇(𝑘𝑛𝑓(𝑘−𝑛𝑥) − 𝐶(𝑥), 𝑡) ∗ 𝜇(𝑘𝑛𝑓(𝑘−𝑛𝑦) − 𝐶(𝑦), 𝑡)

∗ 𝜇(𝑘𝑛𝑓(𝑘−𝑛(𝑥 + 𝑦)) − 𝑘𝑛𝑓(𝑘−𝑛𝑥) − 𝑘𝑛𝑓(𝑘−𝑛𝑦), 𝑡)

≥ 𝜇′ (𝜑(𝑘−𝑛𝑥, 𝑘−𝑛𝑦),
𝑡

|𝑘|𝑛
) ≥ 𝜇′ (𝜑(𝑥, 𝑦),

𝛼𝑛𝑡

|𝑘|𝑛
) ,

𝜗(𝐶(𝑥 + 𝑦) − 𝐶(𝑥) − 𝐶(𝑦), 𝑡)

≤ 𝜗(𝐶(𝑥 + 𝑦) − 𝑘𝑛𝑓(𝑘−𝑛(𝑥 + 𝑦), 𝑡) ⟡ 𝜗(𝑘𝑛𝑓(𝑘−𝑛𝑥) − 𝐶(𝑥), 𝑡) ⟡ 𝜗(𝑘𝑛𝑓(𝑘−𝑛𝑦) − 𝐶(𝑦), 𝑡)

⟡ 𝜗(𝑘𝑛𝑓(𝑘−𝑛(𝑥 + 𝑦)) − 𝑘𝑛𝑓(𝑘−𝑛𝑥) − 𝑘𝑛𝑓(𝑘−𝑛𝑦), 𝑡)

≤ 𝜗′ (𝜑(𝑘−𝑛𝑥, 𝑘−𝑛𝑦),
𝑡

|𝑘|𝑛
) ≤ 𝜗′ (𝜑(𝑥, 𝑦),

𝛼𝑛𝑡

|𝑘|𝑛
)  and

𝜔(𝐶(𝑥 + 𝑦) − 𝐶(𝑥) − 𝐶(𝑦), 𝑡)

≤ 𝜔(𝐶(𝑥 + 𝑦) − 𝑘𝑛𝑓(𝑘−𝑛(𝑥 + 𝑦), 𝑡) ⊙ 𝜔(𝑘𝑛𝑓(𝑘−𝑛𝑥) − 𝐶(𝑥), 𝑡) ⊙ 𝜔(𝑘𝑛𝑓(𝑘−𝑛𝑦) − 𝐶(𝑦), 𝑡)

⊙ 𝜔(𝑘𝑛𝑓(𝑘−𝑛(𝑥 + 𝑦)) − 𝑘𝑛𝑓(𝑘−𝑛𝑥) − 𝑘𝑛𝑓(𝑘−𝑛𝑦), 𝑡)

≤ 𝜔′ (𝜑(𝑘−𝑛𝑥, 𝑘−𝑛𝑦),
𝑡

|𝑘|𝑛
) ≤ 𝜔′ (𝜑(𝑥, 𝑦),

𝛼𝑛𝑡

|𝑘|𝑛
) ,

}
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

(3.1.16) 

for all 𝑥, 𝑦 ∈ 𝑋, 𝑡 > 0 and for large 𝑛. Since 

{
 

 lim
𝑛→∞

𝜇
′(𝜑(𝑥,𝑦),

𝛼𝑛𝑡
|𝑘|𝑛

)
= 1, lim

𝑛→∞
𝜗
′(𝜑(𝑥,𝑦),

𝛼𝑛𝑡
|𝑘|𝑛

)
= 0 and

lim
𝑛→∞

𝜔′ (𝜑(𝑥, 𝑦),
𝛼𝑛𝑡

|𝑘|𝑛
) = 0

}
 

 

       (3.1.17) 

which shows that 𝐶 is additive. Now if 𝐶′: 𝑋 → 𝑌 is another additive mapping such that 

{
𝜇(𝐶′(𝑥) − 𝑓(𝑥), 𝑡) ≥ 𝑀(𝑥, 𝑡),    𝜗(𝐶′(𝑥) − 𝑓(𝑥), 𝑡) ≤ 𝑁(𝑥, 𝑡)

and 𝜔(𝐶′(𝑥) − 𝑓(𝑥), 𝑡) ≤ 𝑃(𝑥, 𝑡)
}      (3.1.18) 

 for all 𝑥 ∈ 𝑋 and 𝑡 > 0. The, for all 𝑥 ∈ 𝑋, 𝑡 > 0 and 𝑛 ∈ ℕ, we have 
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{
 
 
 
 
 
 

 
 
 
 
 
 
𝜇(𝐶(𝑥) − 𝐶′(𝑥) ≥ 𝜇(𝐶(𝑥) − 𝑘𝑛𝑓(𝑘−𝑛𝑥), 𝑡) ∗ 𝜇(𝑘𝑛𝑓(𝑘−𝑛𝑥) − 𝐶′(𝑥), 𝑡)

≥ 𝜇 (𝐶(𝑘−𝑛𝑥) − 𝑓(𝑘−𝑛𝑥),
𝑡

|𝑘|𝑛
) ∗ 𝜇 (𝑓(𝑘−𝑛𝑥) − 𝐶′(𝑘−𝑛𝑥),

𝑡

|𝑘|𝑛
)

≥ 𝑀 (𝑘−𝑛𝑥,
𝛼𝑡

|𝑘|𝑛
) ∗ 𝑀 (𝑥,

𝛼𝑛+1𝑡

|𝑘|𝑛
) ,

𝜗(𝐶(𝑥) − 𝐶′(𝑥) ≤ 𝜗(𝐶(𝑥) − 𝑘𝑛𝑓(𝑘−𝑛𝑥), 𝑡) ⟡ 𝜗(𝑘𝑛𝑓(𝑘−𝑛𝑥) − 𝐶′(𝑥), 𝑡)

≤ 𝜗 (𝐶(𝑘−𝑛𝑥) − 𝑓(𝑘−𝑛𝑥),
𝑡

|𝑘|𝑛
) ⟡ 𝜗 (𝑓(𝑘−𝑛𝑥) − 𝐶′(𝑘−𝑛𝑥),

𝑡

|𝑘|𝑛
)

≤ 𝑁 (𝑘−𝑛𝑥,
𝛼𝑡

|𝑘|𝑛
) ⟡ 𝑁 (𝑥,

𝛼𝑛+1𝑡

|𝑘|𝑛
)  and

𝜔(𝐶(𝑥) − 𝐶′(𝑥) ≤ 𝜔(𝐶(𝑥) − 𝑘𝑛𝑓(𝑘−𝑛𝑥), 𝑡) ⊙ 𝜔(𝑘𝑛𝑓(𝑘−𝑛𝑥) − 𝐶′(𝑥), 𝑡)

≤ 𝜔 (𝐶(𝑘−𝑛𝑥) − 𝑓(𝑘−𝑛𝑥),
𝑡

|𝑘|𝑛
)⊙ 𝜔 (𝑓(𝑘−𝑛𝑥) − 𝐶′(𝑘−𝑛𝑥),

𝑡

|𝑘|𝑛
)

≤ 𝑃 (𝑘−𝑛𝑥,
𝛼𝑡

|𝑘|𝑛
)⊙ 𝑃 (𝑥,

𝛼𝑛+1𝑡

|𝑘|𝑛
) . }

 
 
 
 
 
 

 
 
 
 
 
 

 (3.1.19)  

Therefore 

 { lim
𝑛→∞

𝑀(𝑥,
𝛼𝑛+1𝑡

|𝑘|𝑛
) = 1, lim

𝑛→∞
𝑁(𝑥,

𝛼𝑛+1𝑡

|𝑘|𝑛
) = 0 𝑎𝑛𝑑  lim

𝑛→∞
𝑃 (𝑥,

𝛼𝑛+1𝑡

|𝑘|𝑛
) = 0}     (3.1.20) 

Hence 𝐶(𝑥) = 𝐶′(𝑥) for all 𝑥 ∈ 𝑋. 

Corollary 3.2: 

Let 𝑋 be a Linear Space (ℒ𝒮) over 𝒩𝒜 field 𝕂 and let(𝑌, ‖∙‖) be a 𝒩𝒜 −𝒩𝒮. Suppose that 

a function 𝜑: 𝑋 × 𝑋 → ℝ+ satisfies  

𝜑(𝑘−1𝑥, 𝑘−1𝑦) ≤ 𝛼−1𝜑(𝑥, 𝑦),                    (3.2.1) 
for all 𝑥, 𝑦 ∈ 𝑋, where 𝛼 > 0 and 𝑘 is an integer with |𝑘| < 𝛼. If a map 𝑓: 𝑋 → 𝑌 satisfies   

‖𝑓(𝑥 + 𝑦) − 𝑓(𝑥) − 𝑓(𝑦)‖ ≤ 𝜑(𝑥, 𝑦),                                        (3.2.2) 
for all 𝑥, 𝑦 ∈ 𝑋, then there exists a unique additive mapping 𝐶: 𝑋 → 𝑌 satisfies 

‖𝑓(𝑥) − 𝐶(𝑥)‖ ≤
1

𝛼
max{𝜑(𝑥, 𝑥) ∗ 𝜑(𝑥, 2𝑥) ∗ … ∗ 𝜑(𝑥, (𝑘 − 1)𝑥)}.     (3.2.3) 

Proof:  

Consider the 𝒩𝒜 −𝒩𝒩 

{
 
 

 
 𝜇(𝑦, 𝑡) = {

𝑡

𝑡+‖𝑦‖
  if  𝑡 > 0

0  if  𝑡 ≤ 0
} , 𝜗(𝑦, 𝑡) = {

‖𝑦‖

𝑡+‖𝑦‖
  if  𝑡 > 0

1  if  𝑡 ≤ 0
}  and

 𝜔(𝑦, 𝑡) = {
‖𝑦‖

𝑡
  if  𝑡 > 0

1  if  𝑡 ≤ 0
} ,

}
 
 

 
 

                                    (3.2.4) 

on 𝑌. Let 𝑍 = ℝ and let the function 𝜇′, 𝜗′, 𝜔′: ℝ × ℝ → [0,1] be defined by 

{
 
 

 
 𝜇′(𝑧, 𝑡) = {

𝑡

𝑡+|𝑧|
  if  𝑡 > 0

0  if  𝑡 ≤ 0
} , 𝜗′(𝑧, 𝑡) = {

|𝑧|

𝑡+|𝑧|
  if  𝑡 > 0

1  if  𝑡 ≤ 0
}  and

 𝜔′(𝑧, 𝑡) = {
|𝑧|

𝑡
  if  𝑡 > 0

1  if  𝑡 ≤ 0
} .

}
 
 

 
 

                                 (3.2.5)  

Then (𝜇′, 𝜗′, 𝜔′) is a 𝒩𝒜 −𝒩𝒩 on ℝ. The result follows from the fact that 

(3.2.1), (3.2.2) and (3.2.3) are equivalent to (3.1.1), (3.1.2) and (3.1.3) respectively. 

Example 3.3: 

Let 𝑋 be a ℒ𝒮over 𝒩𝒜 field 𝕂 and let (𝑌, ‖∙‖) be a 𝒩𝒜 −𝒩𝒮. Suppose that a function 

𝑓: 𝑋 → 𝑌 satisfies  ‖𝑓(𝑥 + 𝑦) − 𝑓(𝑥) − 𝑓(𝑦)‖ ≤ ‖𝑥‖𝑝 + ‖𝑦‖𝑝,            (3.3.1) 
for all 𝑥, 𝑦 ∈ 𝑋 and 𝑝 ∈ [0,1]. Suppose that there exists an integer 𝑘 such that |𝑘 < 1|. Since 𝑝 <
1, by applying Corollary (3.2) for 𝜑(𝑥, 𝑦) = ‖𝑥‖𝑝 + ‖𝑦‖𝑝, we observe that (3.2.1) holds for 𝛼 =
|𝑘|𝑝. Inequality (3.2.3) assures the existence of a unique additive mapping 𝐶: 𝑋 → 𝑌 such that  

‖𝑓(𝑥) − 𝐶(𝑥)‖ ≤
1+(𝑘−1)𝑝

|𝑘|𝑝
‖𝑥‖𝑝,   for all 𝑥 ∈ 𝑋.           (3.3.2) 

 

4. Stability  of  Pexiderized  Cauchy  Functional  Equation 

The functional equation 𝑓(𝑥 + 𝑦) = 𝑔(𝑥) + ℎ(𝑦) is said to be Pexiderized Cauchy, 

where 𝑓, 𝑔 and ℎ are mapping between ℒ𝒮s. In the case 𝑓 = 𝑔 = ℎ, it is called Cauchy functional 

equation. 
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Theorem 4.1: 

Let 𝑋 be a ℒ𝒮 over a 𝒩𝒜 field 𝕂 and let (𝑌, 𝜇, 𝜗, 𝜔) be a 𝒩𝒜 −𝒩ℬ𝒮. Suppose that 

𝑓, 𝑔 and ℎ are mappings from 𝑋 to 𝑌 with 𝑓(0) = 𝑔(0) = ℎ(0) = 0. Suppose that 𝜑 is a function 

from 𝑋 × 𝑋 to a  𝒩𝒜 −𝒩𝒩𝒮 (𝑍, 𝜇′, 𝜗′, 𝜔′) such that 

{

𝜇(𝑓(𝑥 + 𝑦) − 𝑔(𝑥) − ℎ(𝑦), 𝑡) ≥ 𝜇′(𝜑(𝑥, 𝑦), 𝑡),

𝜗(𝑓(𝑥 + 𝑦) − 𝑔(𝑥) − ℎ(𝑦), 𝑡) ≤ 𝜗′(𝜑(𝑥, 𝑦), 𝑡)and 

𝜔(𝑓(𝑥 + 𝑦) − 𝑔(𝑥) − ℎ(𝑦), 𝑡) ≤ 𝜔′(𝜑(𝑥, 𝑦), 𝑡),

}                                (4.1.1) 

for all 𝑥, 𝑦 ∈ 𝑋 and 𝑡 > 0. If 

{
𝜇′(𝜑(𝑘−1𝑥, 𝑘−1𝑦), 𝑡) ≥ 𝜇′(𝜑(𝑥, 𝑦), 𝛼𝑡), 𝜗′(𝜑(𝑘−1𝑥, 𝑘−1𝑦), 𝑡) ≤ 𝜗′(𝜑(𝑥, 𝑦), 𝛼𝑡)

and 𝜔′(𝜑(𝑘−1𝑥, 𝑘−1𝑦), 𝑡) ≤ 𝜔′(𝜑(𝑥, 𝑦), 𝛼𝑡),
} (4.1.2)  

for some positive real number 𝛼 > 0 and some positive integer 𝑘 with |𝑘| < 𝛼, then there exists a 

unique additive mapping 𝐶: 𝑋 → 𝑌 such that 

{
𝜇(𝑓(𝑥) − 𝐶(𝑥), 𝑡) ≥ 𝑀(𝑥, 𝛼𝑡), 𝜗(𝑓(𝑥) − 𝐶(𝑥), 𝑡) ≤ 𝑁(𝑥, 𝛼𝑡)

and 𝜔(𝑓(𝑥) − 𝐶(𝑥), 𝑡) ≤ 𝑃(𝑥, 𝛼𝑡),
}                    (4.1.3)  

{
𝜇(𝑔(𝑥) − 𝐶(𝑥), 𝑡) ≥ 𝑀(𝑥,min{1, 𝛼} 𝑡), 𝜗(𝑔(𝑥) − 𝐶(𝑥), 𝑡) ≤ 𝑁(𝑥,min{1, 𝛼} 𝑡)

and 𝜔(𝑔(𝑥) − 𝐶(𝑥), 𝑡) ≤ 𝑃(𝑥,min{1, 𝛼} 𝑡),
}  (4.1.4) 

{
𝜇(ℎ(𝑥) − 𝐶(𝑥), 𝑡) ≥ 𝑀(𝑥,min{1, 𝛼} 𝑡), 𝜗(ℎ(𝑥) − 𝐶(𝑥), 𝑡) ≤ 𝑁(𝑥,min{1, 𝛼} 𝑡)

and 𝜔(ℎ(𝑥) − 𝐶(𝑥), 𝑡) ≤ 𝑃(𝑥,min{1, 𝛼} 𝑡),
}  (4.1.5) 

for all 𝑥 ∈ 𝑋 and 𝑡 > 0, where 

{
  
 

  
 

𝑀(𝑥, 𝑡) = [𝜇′(𝜑(𝑥, 𝑥), 𝑡) ∗ … ∗ 𝜇′(𝜑(𝑥, (𝑘 − 1)𝑥), 𝑡) ∗ 𝜇′(𝜑(0, 𝑥), 𝑡) ∗ …

∗ 𝜇′(𝜑(0, (𝑘 − 1)𝑥), 𝑡) ∗ 𝜇′(𝜑(𝑥, 0), 𝑡) ∗ … ∗ 𝜇′(𝜑((𝑘 − 1)𝑥, 0), 𝑡)],

𝑁(𝑥, 𝑡) = [𝜗′(𝜑(𝑥, 𝑥), 𝑡) ⟡ …⟡ 𝜗′(𝜑(𝑥, (𝑘 − 1)𝑥), 𝑡) ⟡ 𝜗′(𝜑(0, 𝑥), 𝑡) ⟡ …

⟡ 𝜗′(𝜑(0, (𝑘 − 1)𝑥), 𝑡) ⟡ 𝜗′(𝜑(𝑥, 0), 𝑡) ⟡ …⟡ 𝜗′(𝜑((𝑘 − 1)𝑥, 0), 𝑡)] and

𝑃(𝑥, 𝑡) = [𝜔′(𝜑(𝑥, 𝑥), 𝑡) ⊙ …⊙𝜔′(𝜑(𝑥, (𝑘 − 1)𝑥), 𝑡) ⊙ 𝜔′(𝜑(0, 𝑥), 𝑡) ⊙ …

⊙𝜔′(𝜑(0, (𝑘 − 1)𝑥), 𝑡) ⊙ 𝜔′(𝜑(𝑥, 0), 𝑡) ⊙ …⊙𝜔′(𝜑((𝑘 − 1)𝑥, 0), 𝑡)]. }
  
 

  
 

 (4.1.6)  

 

 

Proof: 

Put 𝑦 = 0 in (4.1.1). Then, for all 𝑥 ∈ 𝑋 and 𝑡 > 0 

{

𝜇(𝑓(𝑥) − 𝑔(𝑥), 𝑡) ≥ 𝜇′(𝜑(𝑥, 0), 𝑡),

𝜗(𝑓(𝑥) − 𝑔(𝑥), 𝑡) ≤ 𝜗′(𝜑(𝑥, 0), 𝑡)and 

𝜔(𝑓(𝑥) − 𝑔(𝑥), 𝑡) ≤ 𝜔′(𝜑(𝑥, 0), 𝑡).

} .                  (4.1.7) 

For 𝑥 = 0, (4.1.1) becomes 

{

𝜇(𝑓(𝑦) − ℎ(𝑦), 𝑡) ≥ 𝜇′(𝜑(0, 𝑦), 𝑡),

𝜗(𝑓(𝑦) − ℎ(𝑦), 𝑡) ≤ 𝜗′(𝜑(0, 𝑦), 𝑡)and 

𝜔(𝑓(𝑦) − ℎ(𝑦), 𝑡) ≤ 𝜔′(𝜑(0, 𝑦), 𝑡),

},                 (4.1.8) 

for all 𝑦 ∈ 𝑋 and 𝑡 > 0. Combining (4.1.1), (4.1.7) and (4.1.8), we obtain 

{

𝜇(𝑓(𝑥 + 𝑦) − 𝑓(𝑥) − 𝑓(𝑦), 𝑡) ≥ 𝜇′(𝜑(𝑥, 𝑦), 𝑡) ∗ 𝜇′(𝜑(𝑥, 0), 𝑡) ∗ 𝜇′(𝜑(0, 𝑦), 𝑡),

𝜗(𝑓(𝑥 + 𝑦) − 𝑓(𝑥) − 𝑓(𝑦), 𝑡) ≤ 𝜗′(𝜑(𝑥, 𝑦), 𝑡) ⟡ 𝜗′(𝜑(𝑥, 0), 𝑡) ⟡ 𝜗′(𝜑(0, 𝑦), 𝑡) and

𝜔(𝑓(𝑥 + 𝑦) − 𝑓(𝑥) − 𝑓(𝑦), 𝑡) ≤ 𝜔′(𝜑(𝑥, 𝑦), 𝑡) ⊙ 𝜔′(𝜑(𝑥, 0), 𝑡) ⊙ 𝜔′(𝜑(0, 𝑦), 𝑡)
} , (4.1.9)  

for each 𝑥, 𝑦 ∈ 𝑋 and 𝑡 > 0. Replacing 𝜇′(𝜑(𝑥, 𝑦), 𝑡), 𝜗′(𝜑(𝑥, 𝑦), 𝑡) and 𝜔′(𝜑(𝑥, 𝑦), 𝑡) by  

𝜇′(𝜑(𝑥, 𝑦), 𝑡) ∗ 𝜇′(𝜑(𝑥, 0), 𝑡) ∗ 𝜇′(𝜑(0, 𝑦), 𝑡), 𝜗′(𝜑(𝑥, 𝑦), 𝑡) ⟡ 𝜗′(𝜑(𝑥, 0), 𝑡) ⟡ 𝜗′(𝜑(0, 𝑦), 𝑡) and  

𝜔′(𝜑(𝑥, 𝑦), 𝑡) ⊙ 𝜔′(𝜑(𝑥, 0), 𝑡) ⊙ 𝜔′(𝜑(0, 𝑦), 𝑡) respectively, in Theorem (3.1), we can find that 

there exists an unique additive mapping 𝐶: 𝑋 → 𝑌 that satisfies (4.1.3). From (4.1.3) and (4.1.7), 
we see that 

{

𝜇(𝑔(𝑥) − 𝑇(𝑥), 𝑡) ≥ 𝜇(𝑔(𝑥) − 𝑓(𝑥), 𝑡) ∗ 𝜇(𝑓(𝑥) − 𝑇(𝑥), 𝑡) ≥ 𝑀(𝑥, 𝑡),

𝜗(𝑔(𝑥) − 𝑇(𝑥), 𝑡) ≤ 𝜗(𝑔(𝑥) − 𝑓(𝑥), 𝑡) ⟡ 𝜗(𝑓(𝑥) − 𝑇(𝑥), 𝑡) ≤ 𝑁(𝑥, 𝑡) and

𝜔(𝑔(𝑥) − 𝑇(𝑥), 𝑡) ≤ 𝜔(𝑔(𝑥) − 𝑓(𝑥), 𝑡) ⊙ 𝜔(𝑓(𝑥) − 𝑇(𝑥), 𝑡) ≤ 𝑃(𝑥, 𝑡),

}    (4.1.10) 

for all 𝑥, 𝑦 ∈ 𝑋 and 𝑡 > 0, which proves (4.1.4). Similarly, we can prove (4.1.5). 
Corollary 4.2: 

  Let 𝑋 be a ℒ𝒮 over a 𝒩𝒜 field 𝕂 and let (𝑍, 𝜇′, 𝜗′, 𝜔′) be a 𝒩𝒜 −𝒩𝒩𝒮. Let (𝑌, 𝜇, 𝜗, 𝜔) be a 

𝒩𝒜 −𝒩ℬ𝒮. Suppose that 𝑓, 𝑔 and ℎ are functions from 𝑋 to 𝑌 such that  

𝑓(0) = 𝑔(0) = ℎ(0) = 0 and there is an integer 𝑘 with |𝑘| < 1 and satisfies 

{

𝜇(𝑓(𝑥 + 𝑦) − 𝑔(𝑥) − ℎ(𝑦), 𝑡) ≥ 𝜇′(‖𝑥‖𝑟‖𝑦‖𝑠𝑧0, 𝑡),

𝜗(𝑓(𝑥 + 𝑦) − 𝑔(𝑥) − ℎ(𝑦), 𝑡) ≤ 𝜗′(‖𝑥‖𝑟‖𝑦‖𝑠𝑧0, 𝑡)and

𝜔(𝑓(𝑥 + 𝑦) − 𝑔(𝑥) − ℎ(𝑦), 𝑡) ≤ 𝜔′(‖𝑥‖𝑟‖𝑦‖𝑠𝑧0, 𝑡),

}       (4.2.1) 
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for all 𝑥, 𝑦 ∈ 𝑋, 𝑡 > 0 and for some fixed 𝑧0 ∈ 𝑍 and 𝑟, 𝑠 ≥ 0 with 𝑟 + 𝑠 < 1. Then there exists a 

unique additive mapping 𝑇: 𝑋 → 𝑌 such that 

{
 
 
 
 

 
 
 
 

𝜇(𝑓(𝑥) − 𝑇(𝑥), 𝑡) ≥ 𝜇′(𝑘 − 1)𝑠‖𝑥‖𝑟+𝑠𝑧0, |𝑘|
𝑟+𝑠𝑡),

𝜗(𝑓(𝑥) − 𝑇(𝑥), 𝑡) ≤ 𝜗′(𝑘 − 1)𝑠‖𝑥‖𝑟+𝑠𝑧0, |𝑘|
𝑟+𝑠𝑡),

𝜔(𝑓(𝑥) − 𝑇(𝑥), 𝑡) ≤ 𝜔′(𝑘 − 1)𝑠‖𝑥‖𝑟+𝑠𝑧0, |𝑘|
𝑟+𝑠𝑡),

𝜇(𝑔(𝑥) − 𝑇(𝑥), 𝑡) ≥ 𝜇′(𝑘 − 1)𝑠‖𝑥‖𝑟+𝑠𝑧0, |𝑘|
𝑟+𝑠𝑡),

𝜗(𝑔(𝑥) − 𝑇(𝑥), 𝑡) ≤ 𝜗′(𝑘 − 1)𝑠‖𝑥‖𝑟+𝑠𝑧0, |𝑘|
𝑟+𝑠𝑡),

𝜔(𝑔(𝑥) − 𝑇(𝑥), 𝑡) ≤ 𝜔′(𝑘 − 1)𝑠‖𝑥‖𝑟+𝑠𝑧0, |𝑘|
𝑟+𝑠𝑡),

𝜇(ℎ(𝑥) − 𝑇(𝑥), 𝑡) ≥ 𝜇′(𝑘 − 1)𝑠‖𝑥‖𝑟+𝑠𝑧0, |𝑘|
𝑟+𝑠𝑡),

𝜗(ℎ(𝑥) − 𝑇(𝑥), 𝑡) ≤ 𝜗′(𝑘 − 1)𝑠‖𝑥‖𝑟+𝑠𝑧0, |𝑘|
𝑟+𝑠𝑡) and

𝜔(ℎ(𝑥) − 𝑇(𝑥), 𝑡) ≤ 𝜔′(𝑘 − 1)𝑠‖𝑥‖𝑟+𝑠𝑧0, |𝑘|
𝑟+𝑠𝑡), }

 
 
 
 

 
 
 
 

             (4.2.2) 

for all 𝑥 ∈ 𝑋 and 𝑡 > 0. 

Proof: 

Let the function 𝜑: 𝑋 × 𝑋 → 𝑍 be defined by 𝜑(𝑥, 𝑦) = ‖𝑥‖𝑟‖𝑦‖𝑠𝑧0 for all 𝑥, 𝑦 ∈ 𝑋 and 

𝑧0 is a fixed unit vector in 𝑍. Then (4.1.1) holds. Since 

{

𝜇′(𝜑(𝑘−1𝑥, 𝑘−1𝑦), 𝑡) = 𝜇′((‖𝑘−1𝑥‖𝑟‖𝑘−1𝑦‖𝑠)𝑧0, 𝑡) = 𝜇′((‖𝑥‖𝑟‖𝑦‖𝑠)𝑧0, |𝑘|
𝑟+𝑠𝑡),

𝜗′(𝜑(𝑘−1𝑥, 𝑘−1𝑦), 𝑡) = 𝜗′((‖𝑘−1𝑥‖𝑟‖𝑘−1𝑦‖𝑠)𝑧0, 𝑡) = 𝜗′((‖𝑥‖𝑟‖𝑦‖𝑠)𝑧0, |𝑘|
𝑟+𝑠𝑡)and

𝜔′(𝜑(𝑘−1𝑥, 𝑘−1𝑦), 𝑡) = 𝜔′((‖𝑘−1𝑥‖𝑟‖𝑘−1𝑦‖𝑠)𝑧0, 𝑡) = 𝜔′((‖𝑥‖𝑟‖𝑦‖𝑠)𝑧0, |𝑘|
𝑟+𝑠𝑡),

}   (4.2.3) 

for each 𝑥, 𝑦 ∈ 𝑋 and 𝑡 > 0. If 𝛼 = |𝑘|𝑟+𝑠 and 𝑟 + 𝑠 < 1, then 𝛼 > |𝑘| holds. It follows from 

Theorem (4.1.1) that there exists an unique additive mapping 𝐶: 𝑋 → 𝑌 such that (4.1.3) −
(4.1.5) hold. 

5. Stability  of  Jensen  Functional  Equation 

The stability problem for the Jensen functional equation was first proved by Kominek [8] and 

since then several generalizations and applications of this notion have been investigated by various 

authors, namely, Jung [7], Mohiuddine [12], Parnami and Vasudeva [16] and many others. The 

Jensen functional equation is 2𝑓((𝑥 + 𝑦) 2⁄ ) = 𝑓(𝑥) + 𝑓(𝑦), where 𝑓 is a mapping between LSs. 

It is easy to see that a mapping 𝑓: 𝑋 → 𝑌 between ℒ𝒮 with 𝑓(0) = 0 satisfies the Jensen equation 

if and only if it is additive [16]. 

Theorem 5.1: 

Let 𝑋 be a ℒ𝒮 over a 𝒩𝒜 field 𝕂 and let (𝑍, 𝜇′, 𝜗′, 𝜔′) be a 𝒩𝒜 −𝒩𝒩𝒮. Suppose that 

𝜑: 𝑋 × 𝑋 → 𝑍 is a function such that for some 𝛼 > 0 and some positive integer 𝑘 with |𝑘| < 𝛼 

satisfies (3.1.1). Suppose that (𝑌, 𝜇, 𝜗, 𝜔) be a 𝒩𝒜 −𝒩ℬ𝒮. If a map 𝑓: 𝑋 → 𝑌 satisfies 

{
 
 

 
 𝜇 (2𝑓 (

𝑥 + 𝑦

2
) − 𝑓(𝑥) − 𝑓(𝑦), 𝑡) ≥ 𝜇′(𝜑(𝑥, 𝑦), 𝑡),

𝜗 (2𝑓 (
𝑥 + 𝑦

2
) − 𝑓(𝑥) − 𝑓(𝑦), 𝑡) ≤ 𝜗′(𝜑(𝑥, 𝑦), 𝑡) and

𝜔 (2𝑓 (
𝑥 + 𝑦

2
) − 𝑓(𝑥) − 𝑓(𝑦), 𝑡) ≤ 𝜔′(𝜑(𝑥, 𝑦), 𝑡), }

 
 

 
 

                          (5.1.1) 

for all 𝑥, 𝑦 ∈ 𝑋 and 𝑡 > 0, then there exists an unique additive mapping 𝐶:𝑋 → 𝑌 such that 

{
𝜇(𝑓(𝑥) − 𝑓(0) − 𝐶(𝑥), 𝑡) ≥ 𝑀(𝑥, 𝛼𝑡), 𝜗(𝑓(𝑥) − 𝑓(0) − 𝐶(𝑥), 𝑡) ≤ 𝑁(𝑥, 𝛼𝑡)

and 𝜔(𝑓(𝑥) − 𝑓(0) − 𝐶(𝑥), 𝑡) ≤ 𝑃(𝑥, 𝛼𝑡)
}                  (5.1.2)  

for all 𝑥 ∈ 𝑋 and 𝑡 > 0, where 
𝑀(𝑥, 𝑡) = 𝜇′(𝜑(𝑥, 𝑥), 𝑡) ∗ 𝜇′(𝜑(𝑥, 2𝑥), 𝑡) ∗ … ∗ 𝜇′(𝜑(𝑥, (𝑘 − 1)𝑥), 𝑡)

       ∗ 𝜇′(𝜑(2𝑥, 0), 𝑡) ∗ 𝜇′(𝜑(3𝑥, 0), 𝑡) ∗ … ∗ 𝜇′(𝜑(𝑘𝑥, 0), 𝑡),
}       (5.1.3)  

𝑁(𝑥, 𝑡) = 𝜗′(𝜑(𝑥, 𝑥), 𝑡) ⟡ 𝜗′(𝜑(𝑥, 2𝑥), 𝑡) ⟡ …⟡ 𝜗′(𝜑(𝑥, (𝑘 − 1)𝑥), 𝑡)

             ⟡ 𝜗′(𝜑(2𝑥, 0), 𝑡) ⟡ 𝜗′(𝜑(3𝑥, 0), 𝑡) ⟡ …⟡ 𝜗′(𝜑(𝑘𝑥, 0), 𝑡) and
}        (5.1.4)  

𝑃(𝑥, 𝑡) = 𝜔′(𝜑(𝑥, 𝑥), 𝑡) ⊙ 𝜔′(𝜑(𝑥, 2𝑥), 𝑡) ⊙ …⊙𝜔′(𝜑(𝑥, (𝑘 − 1)𝑥), 𝑡)

       ⊙ 𝜔′(𝜑(2𝑥, 0), 𝑡) ⊙ 𝜔′(𝜑(3𝑥, 0), 𝑡) ⊙ …⊙𝜔′(𝜑(𝑘𝑥, 0), 𝑡).
}      (5.1.5)  

Proof: 

Suppose that 𝑔(𝑥) = 𝑓(𝑥) − 𝑓(0) for all 𝑥 ∈ 𝑋. Then 
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{
 
 

 
 𝜇 (2𝑔 (

𝑥 + 𝑦

2
) − 𝑔(𝑥) − 𝑔(𝑦), 𝑡) ≥ 𝜇′(𝜑(𝑥, 𝑦), 𝑡),

𝜗 (2𝑔 (
𝑥 + 𝑦

2
) − 𝑔(𝑥) − 𝑔(𝑦), 𝑡) ≤ 𝜗′(𝜑(𝑥, 𝑦), 𝑡) and

𝜔 (2𝑔 (
𝑥 + 𝑦

2
) − 𝑔(𝑥) − 𝑔(𝑦), 𝑡) ≤ 𝜔′(𝜑(𝑥, 𝑦), 𝑡), }

 
 

 
 

                     (5.1.6) 

for all 𝑥, 𝑦 ∈ 𝑋 and 𝑡 > 0. Replacing 𝑥 by 𝑥 + 𝑦 and 𝑦 by 0 in (5.1.6), then, for all 𝑥, 𝑦 ∈ 𝑋 and 

𝑡 > 0, we have 

{
 
 

 
 𝜇 (2𝑔 (

𝑥 + 𝑦

2
) − 𝑔(𝑥 + 𝑦), 𝑡) ≥ 𝜇′(𝜑(𝑥 + 𝑦, 0), 𝑡),

𝜗 (2𝑔 (
𝑥 + 𝑦

2
) − 𝑔(𝑥 + 𝑦), 𝑡) ≤ 𝜗′(𝜑(𝑥 + 𝑦, 0), 𝑡)and

𝜔 (2𝑔 (
𝑥 + 𝑦

2
) − 𝑔(𝑥 + 𝑦), 𝑡) ≤ 𝜔′(𝜑(𝑥 + 𝑦, 0), 𝑡). }

 
 

 
 

                    (5.1.7) 

From (5.1.6) and (5.1.7), we conclude that that 

{

𝜇(𝑔(𝑥 + 𝑦) − 𝑔(𝑥) − 𝑔(𝑦), 𝑡) ≥ 𝜇′(𝜑(𝑥, 𝑦), 𝑡) ∗ 𝜇′(𝜑(𝑥 + 𝑦, 0), 𝑡)

𝜗(𝑔(𝑥 + 𝑦) − 𝑔(𝑥) − 𝑔(𝑦), 𝑡) ≤ 𝜗′(𝜑(𝑥, 𝑦), 𝑡) ⟡ 𝜗′(𝜑(𝑥 + 𝑦, 0), 𝑡) and

𝜔(𝑔(𝑥 + 𝑦) − 𝑔(𝑥) − 𝑔(𝑦), 𝑡) ≤ 𝜔′(𝜑(𝑥, 𝑦), 𝑡) ⊙ 𝜔′(𝜑(𝑥 + 𝑦, 0), 𝑡),

}                 (5.1.8)  

for all 𝑥, 𝑦 ∈ 𝑋 and 𝑡 > 0. Proceeding the same lines as in the proof of Theorem(3.1), one can 

show that there exists an unique additive mapping 𝐶: 𝑋 → 𝑌 such that 

{

𝜇(𝑓(𝑥) − 𝑓(0) − 𝐶(𝑥), 𝑡) = 𝜇(𝑔(𝑥) − 𝑇(𝑥), 𝛼𝑡) ≥ 𝑀(𝑥, 𝑡),

𝜗(𝑓(𝑥) − 𝑓(0) − 𝐶(𝑥), 𝑡) = 𝜗(𝑔(𝑥) − 𝑇(𝑥), 𝛼𝑡) ≤ 𝑁(𝑥, 𝑡) and

𝜔(𝑓(𝑥) − 𝑓(0) − 𝐶(𝑥), 𝑡) = 𝜔(𝑔(𝑥) − 𝑇(𝑥), 𝛼𝑡) ≤ 𝑃(𝑥, 𝑡),

}                 (5.1.9) 

for all 𝑥 ∈ 𝑋 and 𝑡 > 0. 

6. Stability  of  Pexiderized  Jensen  Functional  Equation 

The functional equation 2𝑓((𝑥 + 𝑦) 2⁄ ) = 𝑔(𝑥) + ℎ(𝑦) is said to be  Pexiderized Jensen, 

where 𝑓, 𝑔 and ℎ are mappings between ℒ𝒮s. In this case 𝑓 = 𝑔 = ℎ, it is called Jensen Functional 

Equation. 

Theorem 6.1: 

Let 𝑋 be a ℒ𝒮 over a 𝒩𝒜 field 𝕂 and let (𝑌, 𝜇, 𝜗, 𝜔) be a 𝒩𝒜 −𝒩ℬ𝒮. Suppose that 

𝑓, 𝑔 and ℎ are mappings from 𝑋 to 𝑌 with 𝑓(0) = 𝑔(0) = ℎ(0) = 0. Let (𝑍, 𝜇′, 𝜗′, 𝜔′) be 𝒩𝒜 −
𝒩𝒩𝒮. Suppose that 𝜑: 𝑋 × 𝑋 → 𝑍 is a function such that for some 𝛼 > 0, and some positive 

integer 𝑘 with |𝑘| < 𝛼  satisfies (3.1.1) and inequality 

{
 
 

 
 𝜇 (2𝑓 (

𝑥 + 𝑦

2
) − 𝑔(𝑥) − ℎ(𝑦), 𝑡) ≥ 𝜇′(𝜑(𝑥, 𝑦), 𝑡),

𝜗 (2𝑓 (
𝑥 + 𝑦

2
) − 𝑔(𝑥) − ℎ(𝑦), 𝑡) ≤ 𝜗′(𝜑(𝑥, 𝑦), 𝑡) and

𝜔 (2𝑓 (
𝑥 + 𝑦

2
) − 𝑔(𝑥) − ℎ(𝑦), 𝑡) ≤ 𝜔′(𝜑(𝑥, 𝑦), 𝑡), }

 
 

 
 

                       (6.1.1) 

for all 𝑥, 𝑦 ∈ 𝑋 and 𝑡 > 0. Then there exists an unique additive mapping 𝐶: 𝑋 → 𝑌 such that 

{
𝜇(𝑓(𝑥) − 𝐶(𝑥), 𝑡) ≥ 𝑀(𝑥, 𝛼𝑡), 𝜗(𝑓(𝑥) − 𝐶(𝑥), 𝑡) ≤ 𝑁(𝑥, 𝛼𝑡)

and 𝜔(𝑓(𝑥) − 𝐶(𝑥), 𝑡) ≤ 𝑃(𝑥, 𝛼𝑡),
}                                  (6.1.2) 

{
 
 

 
 𝜇(𝑔(𝑥) − 𝐶(𝑥), 𝑡) ≥ 𝑀 (

𝑥

2
,
𝛼𝑡

2
) ∗ 𝜇′(𝜑(𝑥, 0), 𝑡),

𝜗(𝑔(𝑥) − 𝐶(𝑥), 𝑡) ≤ 𝑁 (
𝑥

2
,
𝛼𝑡

2
) ⟡ 𝜗′(𝜑(𝑥, 0), 𝑡) and

𝜔(𝑔(𝑥) − 𝐶(𝑥), 𝑡) ≤ 𝑃 (
𝑥

2
,
𝛼𝑡

2
)⊙ 𝜔′(𝜑(𝑥, 0), 𝑡), }

 
 

 
 

                        (6.1.3) 

{
 
 

 
 𝜇(ℎ(𝑥) − 𝐶(𝑥), 𝑡) ≥ 𝑀 (

𝑥

2
,
𝛼𝑡

2
) ∗ 𝜇′(𝜑(0, 𝑥), 𝑡),

𝜗(ℎ(𝑥) − 𝐶(𝑥), 𝑡) ≤ 𝑁 (
𝑥

2
,
𝛼𝑡

2
) ⟡ 𝜗′(𝜑(0, 𝑥), 𝑡) and

𝜔(ℎ(𝑥) − 𝐶(𝑥), 𝑡) ≤ 𝑃 (
𝑥

2
,
𝛼𝑡

2
)⊙ 𝜔′(𝜑(0, 𝑥), 𝑡) }

 
 

 
 

                     (6.1.4) 

for all 𝑥 ∈ 𝑋 and 𝑡 > 0, where 
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{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

𝑀(𝑥, 𝑡) = ∏{𝜇′(𝜑(𝑥,𝑚𝑥), |2|𝑡) ∗

𝑘−1

𝑚=1

𝜇′(𝜑(𝑚𝑥,𝑚𝑥), |2|𝑡)}

              ∗∏{𝜇′(𝜑(𝑚𝑥, 0), |2|𝑡) ∗

𝑘

𝑚=0

𝜇′(𝜑(0,𝑚𝑥), |2|𝑡)},

𝑁(𝑥, 𝑡) =  ∐{𝜗′(𝜑(𝑥,𝑚𝑥), |2|𝑡) ⟡ 𝜗′(𝜑(𝑚𝑥,𝑚𝑥), |2|𝑡)}

𝑘−1

𝑚=1

                     ⟡∐{𝜗′(𝜑(𝑚𝑥, 0), |2|𝑡) ⟡ 𝜗′(𝜑(0,𝑚𝑥), |2|𝑡)}

𝑘

𝑚=0

 and

𝑃(𝑥, 𝑡) =    ∐{𝜔′(𝜑(𝑥,𝑚𝑥), |2|𝑡) ⊙ 𝜔′(𝜑(𝑚𝑥,𝑚𝑥), |2|𝑡)}

𝑘−1

𝑚=1

             ⊙∐{𝜔′(𝜑(𝑚𝑥, 0), |2|𝑡) ⊙ 𝜔′(𝜑(0,𝑚𝑥), |2|𝑡)}

𝑘

𝑚=0

.

 }
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

(6.1.5) 

Proof: 

Put 𝑦 = 𝑥 in (6.1.1). Then for all 𝑥 ∈ 𝑋 and 𝑡 > 0 

{

𝜇(2𝑓(𝑥) − 𝑔(𝑥) − ℎ(𝑥), 𝑡) ≥ 𝜇′(𝜑(𝑥, 𝑥), 𝑡),

𝜗(2𝑓(𝑥) − 𝑔(𝑥) − ℎ(𝑥), 𝑡) ≤ 𝜗′(𝜑(𝑥, 𝑥), 𝑡)and

𝜔(2𝑓(𝑥) − 𝑔(𝑥) − ℎ(𝑥), 𝑡) ≤ 𝜔′(𝜑(𝑥, 𝑥), 𝑡).

}                     (6.1.6) 

Replacing 𝑥 by 𝑦 in (6.1.1), we get 

{

𝜇(2𝑓(𝑦) − 𝑔(𝑦) − ℎ(𝑦), 𝑡) ≥ 𝜇′(𝜑(𝑦, 𝑦), 𝑡),

𝜗(2𝑓(𝑦) − 𝑔(𝑦) − ℎ(𝑦), 𝑡) ≤ 𝜗′(𝜑(𝑦, 𝑦), 𝑡)and

𝜔(2𝑓(𝑦) − 𝑔(𝑦) − ℎ(𝑦), 𝑡) ≤ 𝜔′(𝜑(𝑦, 𝑦), 𝑡),

}           (6.1.7) 

for all 𝑦 ∈ 𝑋 and 𝑡 > 0. Again replacing 𝑥 by 𝑦 as well as 𝑦 by 𝑥 in (6.1.1), we get 

{
 
 

 
 𝜇 (2𝑓 (

𝑥 + 𝑦

2
) − 𝑔(𝑦) − ℎ(𝑥), 𝑡) ≥ 𝜇′(𝜑(𝑦, 𝑥), 𝑡),

𝜗 (2𝑓 (
𝑥 + 𝑦

2
) − 𝑔(𝑦) − ℎ(𝑥), 𝑡) ≤ 𝜗′(𝜑(𝑦, 𝑥), 𝑡) and

𝜔 (2𝑓 (
𝑥 + 𝑦

2
) − 𝑔(𝑦) − ℎ(𝑥), 𝑡) ≤ 𝜔′(𝜑(𝑦, 𝑥), 𝑡), }

 
 

 
 

           (6.1.8) 

for all 𝑥, 𝑦 ∈ 𝑋 and 𝑡 > 0. It follows from (6.1.1) and (6.1.6), (6.1.7), (6.1.8) that 

{
 
 
 
 

 
 
 
 𝜇 (4𝑓 (

𝑥 + 𝑦

2
) − 2𝑓(𝑥) − 2𝑓(𝑦), 𝑡)

≥ 𝜇′(𝜑(𝑥, 𝑥), 𝑡) ∗ 𝜇′(𝜑(𝑥, 𝑦), 𝑡) ∗ 𝜇′(𝜑(𝑦, 𝑦), 𝑡) ∗ 𝜇′(𝜑(𝑦, 𝑥), 𝑡),

𝜗 (4𝑓 (
𝑥 + 𝑦

2
) − 2𝑓(𝑥) − 2𝑓(𝑦), 𝑡)

≤ 𝜗′(𝜑(𝑥, 𝑥), 𝑡) ⟡ 𝜗′(𝜑(𝑥, 𝑦), 𝑡) ⟡ 𝜗′(𝜑(𝑦, 𝑦), 𝑡) ⟡ 𝜗′(𝜑(𝑦, 𝑥), 𝑡) and

𝜔 (4𝑓 (
𝑥 + 𝑦

2
) − 2𝑓(𝑥) − 2𝑓(𝑦), 𝑡)

≤ 𝜔′(𝜑(𝑥, 𝑥), 𝑡) ⊙ 𝜔′(𝜑(𝑥, 𝑦), 𝑡) ⊙ 𝜔′(𝜑(𝑦, 𝑦), 𝑡) ⊙ 𝜔′(𝜑(𝑦, 𝑥), 𝑡).}
 
 
 
 

 
 
 
 

  (6.1.9) 

Thus, for all 𝑥, 𝑦 ∈ 𝑋 and 𝑡 > 0, 

             

{
 
 
 

 
 
 𝜇 (2𝑓 (

𝑥+𝑦

2
) − 𝑓(𝑥) − 𝑓(𝑦), 𝑡)

≥ 𝜇′(𝜑(𝑥, 𝑥), |2|𝑡) ∗ 𝜇′(𝜑(𝑥, 𝑦), |2|𝑡) ∗ 𝜇′(𝜑(𝑦, 𝑦), |2|𝑡) ∗ 𝜇′(𝜑(𝑦, 𝑥), |2|𝑡),

𝜗 (2𝑓 (
𝑥+𝑦

2
) − 𝑓(𝑥) − 𝑓(𝑦), 𝑡)

≤ 𝜗′(𝜑(𝑥, 𝑥), |2|𝑡) ⟡ 𝜗′(𝜑(𝑥, 𝑦), |2|𝑡) ⟡ 𝜗′(𝜑(𝑦, 𝑦), |2|𝑡) ⟡ 𝜗′(𝜑(𝑦, 𝑥), |2|𝑡) and

𝜔 (2𝑓 (
𝑥+𝑦

2
) − 𝑓(𝑥) − 𝑓(𝑦), 𝑡)

≤ 𝜔′(𝜑(𝑥, 𝑥), |2|𝑡) ⊙ 𝜔′(𝜑(𝑥, 𝑦), |2|𝑡) ⊙ 𝜔′(𝜑(𝑦, 𝑦), |2|𝑡) ⊙ 𝜔′(𝜑(𝑦, 𝑥), |2|𝑡).}
 
 
 

 
 
 

        (6.1.10)  

Proceeding the same argument used in Theorem (5.1) shows that there exists an unique additive 

mapping 𝐶: 𝑋 → 𝑌 such that (6.1.2) holds. Therefore 
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{

𝜇 (2𝑓 (
𝑥

2
) − 𝐶(𝑥), 𝑡) ≥ 𝑀 (

𝑥

2
,
𝛼𝑡

2
) , 𝜗 (2𝑓 (

𝑥

2
) − 𝐶(𝑥), 𝑡) ≤ 𝑁 (

𝑥

2
,
𝛼𝑡

2
)

and 𝜔 (2𝑓 (
𝑥

2
) − 𝐶(𝑥), 𝑡) ≤ 𝑃 (

𝑥

2
,
𝛼𝑡

2
) ,

 

}     (6.1.11)  

for all 𝑥 ∈ 𝑋 and 𝑡 > 0. Put 𝑦 = 0 in (6.1.1), we get 

{

𝜇 (2𝑓 (
𝑥

2
) − 𝑔(𝑥), 𝑡) ≥ 𝜇′(𝜑(𝑥, 0), 𝑡), 𝜗 (2𝑓 (

𝑥

2
) − 𝑔(𝑥), 𝑡) ≤ 𝜗′(𝜑(𝑥, 0), 𝑡)

and 𝜔 (2𝑓 (
𝑥

2
) − 𝑔(𝑥), 𝑡) ≤ 𝜔′(𝜑(𝑥, 0), 𝑡),

 

} (6.1.12) 

for all 𝑥 ∈ 𝑋 and 𝑡 > 0. It follows from (6.1.11) and (6.1.12) that (6.1.3) holds.  

Similarly we can show that (6.1.4) holds. 

Corollary 6.2: 

Let 𝑋 be a 𝒩𝒜 −𝒩𝒮. Suppose that 𝑓, 𝑔, ℎ ∶ 𝑋 → 𝑌 such that 𝑓(0) = 𝑔(0) = ℎ(0) = 0 and 

there is an integer 𝑘 with |𝑘| < 1 and satisfies 

‖2𝑓 (
𝑥 + 𝑦

2
) − 𝑔(𝑥) − ℎ(𝑦)‖ ≤ 𝜀,                                                     (6.2.1) 

for all 𝑥, 𝑦 ∈ 𝑋. Then there exists an unique additive mapping 𝐶:𝑋 → 𝑌 such that  

{‖𝑓(𝑥) − 𝐶(𝑥)‖ ≤ 𝜀, ‖𝑓(𝑥) − 𝐶(𝑥)‖ ≤ 𝜀 and ‖𝑓(𝑥) − 𝐶(𝑥)‖ ≤ 𝜀},            (6.2.2) 
for all 𝑥 ∈ 𝑋. 

Proof: 

Let the function 𝜇, 𝜗, 𝜔 ∶ 𝑌 × ℝ → [0,1] be defined by 

{𝜇(𝑥, 𝑡) = {
𝑡

𝑡+‖𝑥‖
  if  𝑡 > 0

0  if  𝑡 ≤ 0
} , 𝜗(𝑥, 𝑡) = {

‖𝑥‖

𝑡+‖𝑥‖
  if  𝑡 > 0

1  if  𝑡 ≤ 0
} 𝑎𝑛𝑑  𝜔(𝑥, 𝑡) = {

‖𝑥‖

𝑡
  if  𝑡 > 0

1  if  𝑡 ≤ 0
} , } (6.2.3) 

on Y. It is easy to see that (𝑌, 𝜇, 𝜗, 𝜔) is a 𝒩𝒜 −𝒩ℬ𝒮. Consider the 𝒩𝒜 −𝒩𝒩. 

{𝜇′(𝑧, 𝑡) = {
𝑡

𝑡+|𝑧|
  if  𝑡 > 0

0  if  𝑡 ≤ 0
} , 𝜗′(𝑧, 𝑡) = {

|𝑧|

𝑡+|𝑧|
  if  𝑡 > 0

1  if  𝑡 ≤ 0
}  and 𝜔′(𝑧, 𝑡) = {

|𝑧|

𝑡
  if  𝑡 > 0

1  if  𝑡 ≤ 0
} . } (6.2.4)  

Then (𝜇′, 𝜗′, 𝜔′) is a 𝒩𝒜 −𝒩𝒩 on ℝ. It is easy to see that (4.1.1) holds for 𝜑(𝑥, 𝑦) = 𝜀 and 

𝛼 = 1 satisfies (3.1.1). Therefore the condition of Theorem (6.1) is fulfilled. Hence there exists 

an unique additive mapping 𝐶: 𝑋 → 𝑌 such that (6.2.2) holds. 

 

5. Conclusion 

This paper discussed the Hyers - Ulam - Rassias Stability of Various Functional Equations in Non-

Archimedean Neutrosophic Normed Spaces.  This work indeed presents a relationship between four 

various disciplines, the theory of neutrosophic normed space, non – Archimedean, Hyers-Ulam-

Rassias stability and functional equation. 

 

References 

 

[1] A. Alotaibi and S. A. Mohiuddine, On the stability of a cubic functional equation in random 2-

normed spaces, Advances in Difference Equations, vol. 2012, article 39, 2012. 

[2] K. Atanassov  Intuitionistic fuzzy sets, Fuzzy Sets Syst  20:87-96 (1986). 

[3] Z. Gajda, On stability of additive mappings, International Journal of Mathematics and 

Mathematical Sciences, vol. 14, no. 3, pp. 431–434, 1991. 

[4] D. H. Hyers, G. Isac, and T. M. Rassias, Stability of Functional Equations in Several Variables, 

vol. 34 of Progress in Nonlinear Differential Equations and Their Applications, Birkh¨auser, 

Boston, Mass, USA, 1998. 

[5] M. Jeyaraman, A N. Mangayarkkarasi, V Jeyanthi, R.Pandiselvi. Hyers-Ulam-Rassias stability 

for functional equation in Neutrosophic Normed Spaces, International Journal of Neutrosophic 

Science, Vol.18, No.1,127-143, 2022. 

[6] M. Jeyaraman,  A. Ramachandran and V. B. Shakila,  Approximate fixed point Theorems for 

weak contractions on Neutrosophic Normed space, Journal of computational Mathematics, 6(1), 

134-158,  2022. 

[7] S.-M. Jung, Hyers-Ulam-Rassias stability of Jensen’s equation and its application, Proceedings 

of the American Mathematical Society, vol. 126, no. 11, pp. 3137–3143, 1998. 

[8] Z. Kominek, On a local stability of the Jensen functional equation, Demonstratio Mathematica, 

vol. 22, no. 2, pp. 499–507, 1989. 

[9] S. A. Mohiuddine and A. Alotaibi, Fuzzy stability of a cubic functional equation via fixed point 

technique, Advances in Difference Equations, vol. 2012, article 48, 2012. 

https://doi.org/10.54216/IJNS.200403


International Journal of Neutrosophic Science (IJNS)                                           Vol. 20, No. 04, PP. 46-57, 2023 

 
 

        Doi: https://doi.org/10.54216/IJNS.200403  
        Received: December 25, 2022   Accepted: March 23, 2023 

 

57 

[10]  S. A. Mohiuddine and H. ˇSevli, Stability of Pexiderized quadratic functional equation in 

intuitionistic fuzzy normed space, Journal of Computational and Applied Mathematics, vol. 235, 

no. 8, pp. 2137– 2146, 2011. 

[11]  S. A. Mohiuddine, Stability of Jensen functional equation in intuitionistic fuzzy normed space, 

Chaos, Solitons & Fractals, vol. 42, no. 5, 2989–2996, 2009. 

[12] S. A. Mohiuddine and M. Aiyub, Lacunary statistical convergence in   random 2-normed spaces, 

Applied Mathematics & Information Sciences, vol. 6, no. 3, pp. 581–585, 2012. 

[13] M. Mursaleen and S. A. Mohiuddine, On lacunary statistical convergence with respect to the 

intuitionistic fuzzy normed space, Journal of Computational and Applied Mathematics, vol. 233, 

no. 2, pp. 142–149, 2009. 

[14] M. Mursaleen, V. Karakaya, and S. A. Mohiuddine, Schauder basis, separability, and 

approximation property in intuitionistic fuzzy normed space, Abstract and Applied Analysis, vol. 

2010, Article ID 131868, 14 pages, 2010. 

[15] M. Mursaleen, On statistical convergence in random 2-normed spaces, Acta Universitatis 

Szegediensis, vol. 76, no. 1-2, pp. 101–109, 2010. 

[16] J. C. Parnami and H. L. Vasudeva, On Jensen’s functional equation, Aequationes Mathematicae, 

vol. 43, no. 2-3, pp. 211–218, 1992. 

[17] T. M. Rassias, On the stability of functional equations and a problem of Ulam, Acta Applicandae 

Mathematicae, vol. 62, no. 1, pp. 23–130, 2000. 

[18] R. Saadati and J. H. Park, On the intuitionistic fuzzy topological spaces, Chaos, Solitons and 

Fractals, vol. 27, no. 2, pp. 331–344, 2006. 

[19] F.Smarandache,  Neutrosophic set, A generalisation of the intuitionistic fuzzy sets, Int. J. Pure 

Appl. Math., 24, 287-297, 2005. 

[20] F.Smarandache,  Neutrosophy, Neutrosophic Probability, Set, and Logic, ProQuest Information 

& Learning, Ann Arbor, Michigan, USA, 1998. 

[21] N. Simsek, M. Kirisci, Fixed point theorems in Neutrosophic Metric Spaces, Sigma J. Eng. Nat. 

Sci., 10(2), 221-230, 2019. 

[22] S. M. Ulam, A Collection of Mathematical Problems, vol. 8 of Interscience Tracts in Pure and 

Applied Mathematics, Interscience Publishers, New York, NY, USA, 1960. 

[23] Z. Wang and T.M. Rassias, Intuitionistic fuzzy stability of functional equations associated with 

inner product spaces, Abstract and Applied Analysis, vol. 2011, Article ID 456182, 19 pages, 

2011. 

[24] L.A. Zadeh , Fuzzy sets,  Inf Control, 8, 338-353, (1965). 

 

https://doi.org/10.54216/IJNS.200403

