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Abstract

In this paper, we introduce the notion of non- Archimedean neutrosophic normed space and also
establish Hyers-Ulam-Rassias-type stability results concerning the Cauchy, Pexiderized Cauchy.
We determine some stability results concerning the Cauchy, Jensen and its Pexiderized functional
equations in the framework of non-Archimedean Neutrosophic Normed Space. This work indeed
presents a relationship between four various disciplines, the theory of neutrosophic normed space,
non — Archimedean, Hyers-Ulam-Rassias stability and functional equation.
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1. Introduction

Stability problem of a functional equation was first posed by Ulam [22] which was
answered by Hyers [4] and then generalized by Rassias [17] for addictive mappings and
linear mappings respectively. Since then several stability problems for various functional
equations have been investigated in [1,5,7,9,10,11] and various fuzzy stability results
concerning Cauchy, Jensen and quadratic functional equations were discussed.

After a while, Smarandache [20] introduced the notion of Neutrosophic Sets [NS], which is
the different kind of the notation of the classical set theory by adding an intermediate
membership function. This set is a formal setting trying to measure the truth, indeterminacy
and falsehood. Later on, the concepts of statistical convergence of double sequences have
been analyzed in IFNS by Mursaleen and Mohiuddin [13]. Quite recently, Kirisci and Simsek
[21] introduced the notion of neutrosophic metric space. In 2022, Jeyaraman et al. [5]
generalized Hyers-Ulam-Rassias stability for functional equation in Neutrosophic Normed Spaces
[NNS]. Since Neutrosophic Normed Space is a natural generalization of IFNS and statistical
convergence.

In this paper, we introduce the notion of non-Archimedean Neutrosophic Normed Space and also
establish Hyers-Ulam-Rassias-type stability results concerning the Cauchy, Pexiderized Cauchy,
Jensen, and Pexiderized Jension functional equations in this new setup. This work indeed presents a
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relationship between four various disciplines: the theory of Neutrosophic Normed spaces, the theory
of non-Archimedean spaces, the theory of Hyers-Ulam-Rassias stability, and the theory of functional
equations.

2. Preliminaries

A valuation is a map |-| from a field K into [0, o) such that 0 is the unique element having the 0
valuation, |k k,| = [k;1[k,] and the triangle inequality holds, that is, |k, + k,| < [k;] + [k, ], for
all kq, k, € K. We say that a field K is valued if K carries a valuation. The usual absolute values of
R and C are examples of valuations.

Let us consider a valuation which satisfies stronger condition than the triangle inequality. If the
triangle inequality is replaced by |k; + k,| < max{|k,|, |k,|}, for all k,, k, € K then, a map || is
called Non-Archimedean [NA ] or ultrametric valuation, and field is called a non-Archimedean
field. Clearly |1| = |—1| =1 and |n| < 1, for all n € N. A trivial example of a non-Archimedean
valuation (NAV) is the map || taking everything but 0 into 1 and |0| = 0.

Let X be a vector space over a field K with a NAV |-| A non-Archimedean Normed Space (NANS)
is a pair (X, [|*]), where ||-]|: X — [0, o) is such that

a. |lx|l=0iffx=0,
b. |lax]|| = |a|||x|| for « € K and
c. The strong triangle inequality, ||x + y|| < max{]|x]|, |[v||}, for x,y € X.

Definition 2.1:

The 6-tuple (X, u, 9, w,*0,®) is said to be a Non -Archimedean Neutrosophic Normed Space (NA —
NNS) if X is a vector space, * are the continuours t- norm, o and (© continuous t-conorm
and u,9,w are functions from on X x (0,) fulfilling the conditions below:

Foreach x,y € X and for each s,t >0, @ # 0,

(NNS-1) 0 < u(x,t) <1,0<v(x,t) <1, 0 <w(x,t) <1, for all te (0,);

(NNS-2) u(x,t) + v(x,t) + w(x, t) < 3;
(NNS-3) p(x,t) > 0;

(NNS-4) u(x,t) =1if and only if x =0;
(NNS-5) u(0x,t) =p (x, ﬁ) for each @ # 0;

(NNS-6) u(x,t) * u(y,s) < u(x + y,max {t + s});

(NNS-7) u(x,.):(0,0) - [0,1] is continuous and increasing;
(NNS-8) }Lrg ulx,t) =1and ltl_I)I(} ux,t) =0;

(NNS-9) v(x,t) < 1;

(NNS-10) v(x,t) = 0ifand only if 9 = 0;

(NNS-11) v(@x,t) = A (x, ﬁ) foreach @ # 0;

(NNS-12) v(x, t) e v(y,s) = v(x + y, max {t + s});

(NNS-13) v(x,.) : (0,00) — [0,1] is continuous and increasing;
(NNS-14) tll_)rg v(x,t) = 0and ltl_r)r(} v(x, t) =1;

(NNS-15) w(x,t) < 1;

(NNS-16) w(x,t) = 0ifand only if w = 0;
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(NNS-17) w(x,t) = w (x, ﬁ) for each @ # 0;

(NNS-18) w(x,t) © w(y,s) = w(x + y, max {t + s});
(NNS-19) w(x,.): (0,00) — [0,1] is continuous and increasing;

(NNS-20) gim w(x,t) = 0and ltirr(} w(x,t) =1,

Then (i, 9, w) is called Non — Archimedean Neutrosophic Norm (NeA — NN).
Example 2.2 :

Let (X,|l.IDbea NA —-NN, axb=ab , aob=min{a+ b,1}anda © b = min{a + b, 1},
for all a,b € [0,1]. Forall x € X and every t>0. Consider
t , llxll . llxIl
(e, ) = {t+nxn Fe>0 o =t L >0 (o) = {T if t>0
0ift<o0 1ift<0 1ift<0
Then (X,u, 9, w,x,0,O)is an NA — NN,

The concepts of convergence and Cauchy sequences in an VA — NNS are studied .

Let (X,u,9,w,%0O)be an NA —NNS. Then, a sequence x = (x;) is said to be neutrosophic
convergent to L € X if limu(x, —L,t) = 1,limv(x, — L,t) =0 and w(x, —L,t) =0,for allt > 0.
In this case we write x;, > L as k — oo.

Let (X,u,9,w*0)be an NA —NNS. Then x = (x,)is said to be neutrosophic Cauchy
sequences if lim p(xy4p — xi, ) = 1,1im 9(xp4p — x4, t) = 0 aNd @ (xpqp — x5, £) = 0 for all £ >0
and p=1,2...

Let (X,u,9,w,x0,O)be an NA —NNS. Then (X,u,9,w,*x0,®) is said to be complete if
every neutrosophic Cauchy sequences if (X,u,9,w,*,() neutrosophic convergent in
X, 1,9, 0,%,0,0).

3. Stability of Cauchy Functional Equation
In this section, we determine stability result concerning the Cauchy functional equation
f+y)=f)+fY)INNA—-NNS.

Theorem 3.1:
Let X be a linear space over a VA field K and let (Z,u',9',w") be a NA — NN'S. Suppose that
@: X x X — Z is a function such that for some a > 0 and some positive integer k with |k| < a
W(pk™x, k1), t) = @' (p(x, y), at),
9'(pk™tx, k™ 1y),t) <9'(p(x,y),at) andp (3.1.1)
@' (k™ %, k71y), t) < w'(@(x,¥), at),
for all x,y € X and t > 0. Let (Y, 1,9, w) be a Non-Archimedean Neutrosophic Banach Space
[WA — NBS] over K and let f: X — Y be a p-approximately Cauchy in the sense that
p(fx+y) =) —f).t) = W (plx,y),t),
Ifx+y)—f)—f(¥),0) <9 (p(x,y),t) and; (3.1.2)
w(fx+y) = fx)—f), 1) < w'(px,y),0),
forall x,y € X and t > 0. Then there exists a unique additive mapping C: X — Y such that
p(f (x) — C(x), t) = M(x, at),
I(f(x) —C(x),t) < N(x,at)and; (3.1.3)
w(f(x) —C(x),t) < P(x,at),
forall x € X and t > 0, where
M(x, t) = .“’((P(x: x), t) * Ii’((P(x: Zx), t) * oLk H,(q)(x: (k - l)x), t)!
N(x,t) =9"(p(x,x),t) ¢ 9" (p(x,2x),t) & ...¢ 9 (p(x, (k — D)x),t) and ; (3.1.4)
P(x,t) = 0'(p(x,x),t) O '(p(x,2x),8) O ... O '(@(x, (k — 1)x), 0),
Proof:
By induction on j we will show that for each x € X,t > 0 andj > 2
u(fGx) = jf 00, t) = Mj(x, 1) = W' (9 (x,x),0) * .ox W (0(x,  — Dx, 1),
I(f(x) = jf (), 1) < Nj(x, 1) = 9'(9p(x, %), ) ¢ .. 9'(p(x,j — Dx,t)and ;  (3.1.5)
a)(f(]x) _jf(x)'t) < Pj(xl t) = 0)'(40(95: X),t) 0.0 w’((P(x' (] - 1).7(, t)-
Putting x = y in (3.1.2), we obtain
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I(f(2x) = 2f(x),t) < I9'(p(x,x),t)and

w(f(2x) = 2f(x),8) < '(p(x,x),1),

for all x € and t > 0. This proves (3.1.5) for j = 2. Let (3.1.5) hold for some j > 2.
Replacing y by jx in (3.1.2), we get

{ u(F G+ Dx) — f(x) = f(x), 0) = p(p(x, jx), 1), }

{ .u-(f(zx) - Zf(X),t) = M’(‘P(x: X),t), }
(3.1.6)

I G+ Dx) = f(x) = f(x), 1) <9'(@(x, jx),t) and
w(f( +Dx) = f(x) = f(jx), 1) < o' (@(x,jx), 1),

foreach x € X and t > 0. Thus
u(f(G+Dx) = G+ DfED, 0) = u(f(G+ Dx) = f(x) = £(x) + f(x) — jf (), t)
> u(f(G+ Dx) = f(x) = fGx), t) * u(f Gx) = jf (), t)
= 1 (p(x, jx), t) * Mj(x, t) = Mj+1(x, t),
I (G +Dx) =G+ Df),0) =9 (G + Dx) = fG) = FGx) + fGx) = jf (%), 1)
<I(f(G + Dx) = £C) = f(), ) ¢ I (x) = jf (), 1) r (3.1.8)
< 9'(p(x,jx),t) ¢ N;j(x,t) = Nj;1(x,t) and
o(f(G+Dx) = G+ Df@), ) = o(f(G+ Dx) = f(x) = £(x) + f(x) = jf (%), 1)
< w(f(U+Dx) = f) = (), t) © w(f(x) = jf (x), )
< w'(@(x,jx), t) O Pi(x, t) = Py1(x, 1), J
for each x € X and t > 0. Hence (3.1.5) holds for all j > 2. In particular

{ u(f (kx) = kf (x),t) =2 M(x, 1), }

(3.1.7)

A

I(f (kx) — kf(x),t) < N(x,t) and
w(f(kx) —kf(x),t) < P(x,t).
Replacing x by k~""'x in (3.1.9) and using (3.1.1), we get

p(f emx) — kf (k=™ Vx),t) = M(x, a™*'0),
(3.1.10)

(3.1.9)

I(f(k™™x) — kf (k~™Vx),t) < N(x,a™"'t) and
w(f(k™x) — kf(k M+Dx),t) < P(x,a™ 1),
forallx €e X,t > 0andn = 0,1,2, ... . Therefore

u(lef (k) = kA f (k™0 0x) ) = M( o t)

9(kmf (k™x) = k™1 f (k=4 Dx), £) < N( t) (3111)

n+1t
w(k™f (k™x) — k™ f (k= Yx),t) < P< )
forallx e X,t >0andn =0,1,2,.... Since
(Xm+1t a,m+1t dm+1t
{r}ll_r)rgoM<x, PR ) = 1,71[11130N<x, K™ ) =0 andél_rEOP(x, e ) = 0.} (3.1.12)

So, (3.1.11) shows that (k™f(k™™x)) is a Cauchy sequence iNNA —NBS (Y,u,9,w).
Therefore, we can define a mapping C: X - Y by Cx = (u, 9, w) — lim k™f(k~™x). Hence
n—-oo

{ lim p(k™f (k7)) = CCx), 0) = 1, }

lim 9(k"f(k™"x) — C(x),t) = 0 and (3.1.13)
n—-oo
lim w(k™f(k™™x) — C(x),t) = 0.
n—-oo
Foreachn > 1,x € Xandt > 0,
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n—1 \
u(f () = k" f(k™0),8) = (Z Kif (ki) — kI (l@+Dy), t)

i=0

> H,u(kif(k‘ix) — k1 (k= Vx), t) = M(x, at),
i=0
I(f(x) — k" f(k™™x),t) =0 (Z kif(k=ix) — kUL f (k=0 Dy), t>
) . =0 (3.1.14)
< L[ﬁ(kif(k‘ix) — k*1f(k=@*Vx),t) = N(x, at) and
i=0
n-1

w(f(x) = k"), 0) = w (Z kf (ki) = kL f (k= x), t)
i=0
n-1

<[ Jolkirteio -k p k@ x),6) = Pex,an),
i=0

where [Tj-;a; = a; xap * .. x ay, [j=1 05 = a; ¢ a, ¢ ...¢ a, and

Hi-1aj=a; ©a, © ...O ay. It follows from (3.1.13) and (3.1.14) that

{ p(f(x) = C(x), 0) = u(f (x) — k™ f(k™"x), t) * u(k™f(k™"x) — C(x),t) = M(x, at), }
(3.1.15)

I (x) —Cx),t) <I(f(x) —k™f(k™™x),t) $I9(k™f(k™™x) — C(x),t) < N(x,at),
o(f(x) —C(x),t) < w(f(x) —k"f(k™"x),t) © w(k™f(k™"x) — C(x),t) < P(x,at),
for each x € X,t > 0 and for sufficiently large n; that is, (3.1.3) holds. Also (3.1.1), (3.1.2) and
(3.1.13), we have
pCx+y)—Cx)—Cc),t)
2pu(Cx+y) —k"f(kT"(x +¥),6) * u(k"f(k7"x) = C(x), 8) * u(k"f(k™"y) — C(y), )
# (k" f (k™™ (x + ) = k™ f(k™"x) = k™ f (k™"y), t)
=y ((p(k‘”x k™"y) L) = (co(x ) ﬁ)
= Y k) = Tk
I(C(x+y)—Cx) —CH),t)
SICx+y) -k fkT(x+y),0) Ik f(k7"x) — C(x), ) ¢ IKk"f(k™"y) — C(¥), )
! G O(knf (k™™ (x + ) = k™ f (k™"x) = k™f (k") t) (3.1.16)
< 19’(<p(k‘"x k™"y) L) < ﬁ’(co(x ) @t
= Y ) = P ke
w(Cx+y)—Cx)—-COH),t)
Sw@x+y) -k kT (x +y),0) O wk™f(k™"x) = C(x),t) © w(k"f(k™"y) = C(y), )
O w(k™f(k™(x +y)) = k™f(k™"x) — k™ f (k™"y), t)
, e t , amt

<w ((p(k x, k y),lkln) <w ((p(x,y),W>, )

forall x,y € X,t > 0 and for large n. Since

) and

at at
lim y'((p(x'y)'W) =1, lim ﬁ’((p(x'y)'w) = 0 and

n-oo n-o 2t (3117)

lim w’ ((p(x,y), |k|") =0
n—-oo
which shows that C is additive. Now if C': X — Y is another additive mapping such that
{M(C'(X) —f(),0) 2 M(x,t), 9(C'(x)—f(x),t) <N(x, t)} (3.1.18)
and w(C'(x) — f(x),t) < P(x,t) o
forallx e Xandt > 0. The, forall x € X,t > 0 and n € N, we have
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u(C(x) = C'(x) =2 u(C(x) — k™ f(k™™x),t) = u(k™f (k™"x) — C'(x),t)
2 (€00 = FO™0), )+ (00 = €', 5)
> M (k—nx, ﬁ) «M (x, "‘lk—lnt)

9(C(x) — C'(x) <I9(C(x) — k" f(k™™x),t) ¢ 9(k"f(k"x) — C'(x),t)
<9 (clk™x) - f(k‘"x),#) o0 (flem0) - C’(k‘"x),#) | (3.119)

<N (k‘"x, %) &N (x, a|k|nt) and
w(C(x)—C'(x) < w(Cx) —k™"f(kTx),t) © wk™f(k™™x) — C'(x),t)
< w (C(k‘”x) - f(k—nx),L) 0w (f(k‘”x) - C'(k—"x),L)

[k|™ |k|™
< (i ) 0 p (x5,

Therefore

an+1 an+1 an+1
{i%M(X,W> = 1,112’1;)10N (X,W) =0and 7111—1;1201) <X,W> = 0} (3120)
Hence C(x) = C'(x) forall x € X.
Corollary 3.2:
Let X be a Linear Space (LS) over N'A field K and let(Y, ||-]]) be a NA — N'S. Suppose that
a function ¢: X x X - R* satisfies

k™t k7y) < alo(x,y), (3.2.1)
for all x,y € X, where a > 0 and k is an integer with |k| < a. If a map f:X — Y satisfies
IfGx+y) = fFC) = fFNIl < o(x, ), (3.2.2)
for all x,y € X, then there exists a unique additive mapping C: X — Y satisfies
If (x) = COIl < émax{qi(x, x) * @(x,2x) * .. x @(x, (k — Dx)}. (3.2.3)

Proof:
Consider the NA — NN

L i
u@y,t) = {t+||y|| ife> 0},19(3,’ £) = {H”y” if t > 0} nd
0ift<0

o 1ift<0 (3.2.4)
LE41 ift>0}

w(y,t) = { t
1ift<0
onY. Let Z = Rand let the function p',9’, w": R X R — [0,1] be defined by

_t E
Lot = {lel if t > 0}’19,(2’ 0 = {lel if t > 0} nd
0ift<o0 1ift<0

1z| .
w'(z,t) = {T if £ > 0}.
1ift<0
Then (', 9" w') is a NA—-NN onR. The result follows from the fact that

(3.2.1),(3.2.2) and (3.2.3) are equivalent to (3.1.1), (3.1.2) and (3.1.3) respectively.

(3.2.5)

Example 3.3:
Let X be a LSover N A field K and let (Y, ||-||) be a NA — N'S. Suppose that a function
f:X - Y satisfies [|f(x +y) — f(x) = fFODI < llxIIP + [lyllP, (33.1)

for all x,y € X and p € [0,1]. Suppose that there exists an integer k such that |k < 1|. Since p <
1, by applying Corollary (3.2) for ¢(x,y) = [|x||” + |[v||P, we observe that (3.2.1) holds for a =
|[k|?. Inequality (3.2.3) assures the existence of a unique additive mapping C: X — Y such that

£ GO = CCOll < G P, forall v € x. (332)

4. Stability of Pexiderized Cauchy Functional Equation

The functional equation f(x +y) = g(x) + h(y) is said to be Pexiderized Cauchy,
where f, g and h are mapping between LSs. In the case f = g = h, it is called Cauchy functional
equation.
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Theorem 4.1:
Let X be a LS over a N A field K and let (Y, u, 9, w) be a NeA — N'BS. Suppose that
f,g and h are mappings from X to Y with £(0) = g(0) = h(0) = 0. Suppose that ¢ is a function
fromX xXtoa NA —-NNS (Z,u', 9, w") such that
u(f(x+y) —g() —h(),t) = 1 (p(x,y),0),
I(f(x+y) —g(x) —h(y),t) <9 (p(x,y), t)and (4.1.1)
w(flx+y)—g) —h(»),t) <w'(p,y),t),
forallx,y e Xandt > 0. If
{u’(q)(k‘lx, k=), 0) 2 W' (p(x, y), at), 9'(p(k™ x, k™1y), 1) < 9'(o(x,y), at)} 4.1.2)
and w'(@(k~1x, k71y),t) < w'(p(x,y), at), o
for some positive real number o > 0 and some positive integer k with |k| < «, then there exists a
unique additive mapping C: X — Y such that

{u(f(x) —C(x),t) = M(x,at),9(f(x) — C(x),t) < N(x, at)} (4.1.3)
and w(f(x) — C(x),t) < P(x,at), o
u(g(x) — C(x),t) = M(x,min{1,a} t),9(g(x) — C(x),t) < N(x, min{1, a} t)} 4.1.4)
and w(g(x) — C(x),t) < P(x,min{1, a}t), o
u(h(x) — C(x),t) = M(x,min{1, a} t),9(h(x) — C(x),t) < N(x, min{1, a} t)} 415
and w(h(x) — C(x),t) < P(x,min{1,a}t), (4.1.5)

forall x € X and t > 0, where
M(x,t) = [ (p(x,x), £) * ..x p' (@p(x, (k — 1)x), t) * ' (9 (0, %), ) * ...

* 1 (9(0, (k — Dx), 1) * ' (9(x,0), ) * oo x ' (9 ((k — Dx,0),£)],
N(x,t) = [9'(@(x,x),t) & .49 (@(x, (k — D)x),t) &9 (@(0,x),t) & ...
$9'(9(0, (k — 1)x),) 9" (p(x,0),8) ¢ ...¢ 9'(¢((k — Dx,0),t)] and

P(x,t) = [0 (¢(x,x),t) © ... O @' (p(x, (k — 1x),t) © o' (¢(0,x),1) O ...
O ' (@0, (k — Dx),t) © 0 (¢(x,0),t) © .. © w'(p((k — 1)x,0),t)].

(4.1.6)

Proof:
Puty = 0in (4.1.1). Then, forallx e Xandt > 0
p(f(x) —g(x),t) = p'(p(x,0),t),
I(f(x) —gx),t) <I9'(p(x,0),t)and ;.
o(f(x) —gx),t) < 0'(p(x,0),0).
For x = 0, (4.1.1) becomes
{ u(f ) —h(@),t) = 1 (9(0,¥),0), }

(4.1.7)

I(f(y) —h(),t) <9'(¢(0,y),t)and
forally € X and t > 0. Combining (4.1.1), (4.1.7) and (4.1.8), we obtain

(4.1.8)

If(x+y) = fx) = f), 1) <9 (@(x,),8) ¢ 9 (9(x,0),t) ¢ 9'(¢(0,y),t) and

{ p(fx+y) =) = fO), ) = ' (@lx,¥),t) * ' (9(x,0),t) * u' (9(0,y),t), }
,(4.1.9)

o(f(x+y)—fx)—f),8) < w'(p(x,y),1) © 0'(¢(x,0),t) O «'(¢(0,y),t)
for each x,y € X and t > 0. Replacing u'(@p(x,y),t),9 (p(x,y),t) and w'(p(x,y),t) by
1 (@(x,y),6) * u'(p(x,0),t) * 1’ (¢(0,¥),8), 9'(p(x,y),t) ¢ I9'(¢(x,0),t) & I9'(¢(0,y),t) and
w'(px,y),t) © w'(p(x,0),t) © o' (p(0,y),t) respectively, in Theorem (3.1), we can find that
there exists an unique additive mapping C: X — Y that satisfies (4.1.3). From (4.1.3) and (4.1.7),
we see that
p(g(x) = T(x),6) =2 u(g(x) — f(x), t) * u(f(x) — T(x),t) = M(x, 1),
I(g(x) —T(x),t) <I(gx) —f(x),t) ¢ I9(f(x) —T(x),t) <N(x,t)and; (4.1.10)
w(@x) —Tx),t) < w(gx) — f(x),t) © w(f(x) = T(x),t) < P(x,1),
forall x,y € X and t > 0, which proves (4.1.4). Similarly, we can prove (4.1.5).
Corollary 4.2:
Let X be a LS over a VA field K and let (Z, ', 9", w") bea NA — NNS. Let (Y, u, 9, w) be a
NA — NBS. Suppose that f, g and h are functions from X to Y such that
f(0) = g(0) = h(0) = 0 and there is an integer k with |k| < 1 and satisfies
u(fx+y) —g0) —h@),0) = W lxlI"llyll*zo, ),
I(f(x+y) —gx) —h(),t) <I'(IxlI"llyll°zo, t)and (4.2.1)
o(f(x+y) —g) —h(), ) < o' (lxl"llyll*zo, £),
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for all x,y € X,t > 0 and for some fixed z, € Z and r,s = 0 with r + s < 1. Then there exists a

unique additive mapping T: X — Y such that

u(f () = T(), ) = w'(k — D°lIxI™*52,, [k[™*5E),

I(f(x) = T(x), t) < I'(k — 1)*|lx|I"* 2z, [k|"**0),

o(f(x) =T, t) < o'(k — D*|lx|I"z, [k|"*0),

u(g() =T, 1) = @' (k — D llxll™*zq, k| 7*5t),

< 9(g(x) = T(x),t) <O'(k—DS||x||" 5z, |k|"*5E), (4.2.2)
w(g(x) = T(x), ) < &' (k — 1)%||x|"*z, |k|*¢),
p(h(x) = T(x),t) = @'k — D lIxl" 5z, k"),

I(h(x) = T(x),t) <I9'(k — 1)%||x||"* 2y, |k|"*t) and
w(h(x) = T(x),t) < ' (k — 1)3||x[|™*52,, |k|"*5¢), )

forallx e Xand t > 0.

Proof:

Let the function ¢: X X X — Z be defined by ¢ (x,y) = ||x||"lly|l°z, for all x,y € X and

Z, is a fixed unit vector in Z. Then (4.1.1) holds. Since

W (U x, k7 y), ) = w' (k271 Y l19) 20, t) = ' (XN 1y 11%) 20, kI7*1),

9 (k™ x, k™1y), £) = ' (k™ xlI" 1k~ ylI%)zo, t) = 9" ((lx "Iy 11%)zo, kI t)and ¢ (4.2.3)

o' (@™ x, k1y), 0) = o' (UK %Ik Y1) 2o, t) = ' (Xl IY 1) 2o, 1KI7*50),
for each x,y € X and t > 0. If a = |k|"™*S and r + s < 1, then a > |k| holds. It follows from
Theorem (4.1.1) that there exists an unique additive mapping C:X — Y such that (4.1.3) —
(4.1.5) hold.

5. Stability of Jensen Functional Equation

The stability problem for the Jensen functional equation was first proved by Kominek [8] and
since then several generalizations and applications of this notion have been investigated by various
authors, namely, Jung [7], Mohiuddine [12], Parnami and Vasudeva [16] and many others. The
Jensen functional equation is 2f ((x + y)/2) = f(x) + f(v), where f is a mapping between LSs.
It is easy to see that a mapping f: X — Y between LS with f(0) = 0 satisfies the Jensen equation
if and only if it is additive [16].

Theorem 5.1:

Let X be a LS over a N'A field K and let (Z, 4, 9’, w") be a NA — NN'S. Suppose that
@:X x X — Z is a function such that for some « > 0 and some positive integer k with |k| < a
satisfies (3.1.1). Suppose that (Y, u,9,w) bea NeA — NBS. Ifamap f: X — Y satisfies

w(2f (52) - 1@ - F00.6) 2 oo,
9 (2f (S52) - £ = FOt) < 9o, ), ) and (5.1.1)
o(2f (F52) = 1@ - F.1) < @' Ge. )

forall x,y € X and t > 0, then there exists an unique additive mapping C: X — Y such that

{#(f(X) —f(0) = C(x), t) = M(x,at), 9(f(x) — f(0) — C(x),t) < N(x, at)} (5.1.2)
and w(f(x) — f(0) — C(x),t) < P(x, at) -
forall x € X and t > 0, where
M(x' t) = #,((P(x: x)' t) * ,u’((P(x’ ZX), t) Lk M’(go(x, (k - l)x), t)} (5 1 3)
* 1 (9(2x,0),8) = w' (9(3x,0),t) * ... x p' (¢ (kx, 0), 1), o
N(x,t) =9 (@, x),t) 9 (p(x,2x),t) ¢ ...¢ 9 (p(x, (k — 1)x),t)} (5.1.4)
$ 9" (p(2x,0),t) & 9'(9(3x,0),t) ¢ ...¢ 9" (p(kx,0),t) and o
P(x,t) = 0'(¢p(x,%),t) © 0'(¢(x,2%),t) © ... O ' (@(x, (k — 1)x),t)} (5.1.5)
oot O w'(e2x,0),t) © ' (@Bx,0),t) © ... O o' (p(kx,0),t). o
roort:
Suppose that g(x) = f(x) — f(0) forall x € X. Then
Doi: https://doi.org/10.54216 /1]NS.200403 53

Received: December 25, 2022 Accepted: March 23, 2023


https://doi.org/10.54216/IJNS.200403

International Journal of Neutrosophic Science (IINS) Vol 20, No. 04, PP. 46-57, 2023

f

(g@+ﬂ 96— 90)t) = W), 0), )

At

9(29 ( ) g(x) —g(y),t) <9'(p(x,y),t) and (5.1.6)
w(g( Y) - 90 - g0).t) < W (0D,
forall x,y € X and Replacmg x by x +y and y by 0 in (5.1.6), then, for all x,y € X and

t > 0, we have
(1(20(55%) -9 +06) 2ot +5.00,0, )
V) (29 <¥) —glx+y), t) <9'(p(x +y,0),t)and (5.1.7)

k W (Zg (x ; y) —glx+ y),t) < w'(px+y,0),t). J
From (5.1.6) and (5.1.7), we conclude that that
{ plgx+y) —gx) —g),t) = W (e, y),t) *p' (px +y,0),t) }

9@ +y) —g(x) —g(),t) <I'(e(x,y),t) ¢ 9" (¢(x +,0),t) and
w(@x+y)—gx)—g»),t) < w'(px,y),) © @'(p(x +,0),1),

for all x,y € X and t > 0. Proceeding the same lines as in the proof of Theorem(3.1), one can

show that there exists an wunique additive mapping C:X —->Y such that

{ u(f(x) = f(0) = C(x), t) = u(g(x) = T(x), at) = M(x,1), }

(5.1.8)

I(f(x) — f(0) = C(x),t) =9(g(x) — T(x),at) < N(x,t) and
w(f(x) = f(0) = C(x),t) = w(g(x) = T(x),at) < P(x,t),

forallx e Xand t > 0.

(5.1.9)

6. Stability of Pexiderized Jensen Functional Equation

The functional equation 2f ((x + y)/2) = g(x) + h(y) is said to be Pexiderized Jensen,
where f, g and h are mappings between LSs. In this case f = g = h, it is called Jensen Functional
Equation.

Theorem 6.1:

Let X be a LS over a NA field K and let (Y, u,9,w) be a NA — N'BS. Suppose that
f, g and h are mappings from X to Y with f(0) = g(0) = h(0) = 0. Let (Z,u',9',w") be NA —
NNS. Suppose that ¢: X X X — Z is a function such that for some a > 0, and some positive
integer k with |k| < a satisfies (3.1.1) and inequality

w(2f ((52) - 900 - hot) = W (o), 0,
9 (Zf (%) —gx) —h(y), t) <9 (p(x,y),t) and (6.1.1)
o (27 (552) - 90~ hOt) < (oo,

forall x,y € X and t > 0. Then there exists an unique additive mapping C: X — Y such that
{u(f(x) —C(),t) = M(x,at),9(f(x) — C(x),t) < N(x, at)} 6.1.2)
and w(f(x) — C(x),t) < P(x,at), o

x at
B9 = €000 = M (5,5) * K (9(x,0),0),

9(g(x) — CC), ) < N(Z 7) 69" (p(x,0),t) and (6.1.3)

(@ -0 <P (3.5) O W p(x 0,0,
umm—anQZMg%%uwmmﬂ

9(h(x) — C(x),t) < N (E 7) 69" ((0,x), t) and (6.1.4)

w(h(x) - C(0),b) < P(

forall x € X and t > 0, where

> 7) O o'(9(0,x),t)
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k-1
M0 = [ [t (o m, 1210 « ' (p(max, ma), 12160}

k
o] Jow oomx 00, 1216) 1 (00, m0), 2109},
Ay
NG o) = | [ (e mn), 1210 ¢ 9 (pnx,ma), 1210}
4 m=1 (6.1.5)
o | [0 pimx, 0),1216) ¢ 9"(0(0,mx), 1216)} and
vy
Pt = | [t o m, 1210 © o' (oo mo, 1210)
i
0 | [ om0, 121 © v (p(0,mx), 1210}
(6.1.6)

m=0
Proof:
Puty = xin (6.1.1). Thenforallx e Xand t > 0
{ 12f(x) —g(x) —h(x),t) = p'(e(x,x), 1), }
I(2f(x) = g(x) — h(x),t) < I'(p(x,x), t)and
w(2f(x) = g(x) — h(x),t) < @' (@(x,x),0).

pf@) —g@) —h(),t) 2 1 (el,y),t),

Replacing x by y in (6.1.1), we get
{19(2f ) —9g@) —h®),t) <9'(eW,y), t)and} (6.1.7)
w2fy)—gl) —h®),t) <w'(p@,y), 1),

forall y € X and t > 0. Again replacing x by y as well as y by x in (6.1.1), we get
(6.1.8)

K <2f (?) —9() —h(x), t) 2 ueW,x),0),
9 (21 (F52) - 90) ~ b0, t) < (93,2, 1) and

xX+y ,
o(2f ((32) - 900 - het) < 0/ G2, 0),
forall x,y € X and t > 0. It follows from (6.1.1) and (6.1.6), (6.1.7), (6.1.8) that
x+y
w(af (S52) - 2r 0 - 2£ 0,
= (o, x),t) * 1 (e, ), t) * 1 (v, ¥), £) x u' (9 (y, x), 1),

(6.1.9)

8 (4 (52) - 2 - 2/ ), )
<9 (e, x),0) ¢ 9" (0(x,¥), ) ¢ 9" (@, ¥),t) ¢ 9'(p(y,x),t) and
x+y
o(4 (552) -2, - 2r0.1)
<0 (@x,x),t) O w'(pk,y),t) ©w'(@y,y),t) © o' (¢, x),1).

)= FG) = fO).t)

x+y

Thus, forall x,y € Xand t > 0,
w(zr (5

,
9(2f () - r@® - ron.t)
)= F) = FO).t)

w(Zf(“—y

mapping C: X — Y such that (6.1.2) holds. Therefore

doi.org/10.54216/1JNS.200403
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Dot: https:

> u' (o, %), 121) * 1’ (@(x, ), 12]t) * ' (v, ), 121t) * u' (@ (y, x),12]t),
<I9'(p(x,x),12[t) ¢ 9" (@(x,¥),12]t) ¢ 9" (@, ¥),12|t) ¢ ' (p(y,x),|2|t) and

2
< w'(p(x,x), 12]t) © w'(p(x, ), 121t) O '(¢(y,¥),12]6) O o' (¢(y, %), [2]0).
Proceeding the same argument used in Theorem (5.1) shows that there exists an unique additive

(6.1.10)

-~
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u(2f B)-c )2 m(5%),9(2f () - ct) s v (5%
and o (21 () - cG,e) < P (5,9), (6.1.11)

2° 2

forallx e Xandt > 0. Puty = 0 in (6.1.1), we get

k(2 (5) - 900.6) = W (o, 0,0,9 (2f (5) - 9. t) < 9 (0 (x,0), )

and w (Zf (32—6) —g(x), t) < '(9(x,0),0), (6.1.12)

forall x € X and t > 0. It follows from (6.1.11) and (6.1.12) that (6.1.3) holds.
Similarly we can show that (6.1.4) holds.
Corollary 6.2:

Let X be a NA — NV'S. Suppose that f,g,h : X - Y such that f(0) = g(0) = h(0) = 0 and

there is an integer k with |k| < 1 and satisfies

||2f (x ery) — g0 - h(y)” <e, (6.2.1)

for all x,y € X. Then there exists an unique additive mapping C: X — Y such that

{fG) =C@Il < &llf(x) = CEIl < eand [|[f(x) = COIl < €}, (6.2.2)

forall x € X.
Proof:

Let the function u,9,w : Y X R — [0,1] be defined by

t . llxll . llxll .
{u(x, £ = {m if ¢ > 0},19(x, £) = {t+||x|| ife> 0} and w(x,t) = {T if ¢ > 0}} (6.2.3)

0ift<0 1ift<0 1ift<0

onY. Itis easy to see that (Y, u, 9, w) isa NA — N'BS. Consider the N'eA — NV,
_t 2 Izl
{,u’(z, t) = {t+|z| ite> 0},19’(2, t) = {t+lz| it > 0} and w'(z,t) = { c fe> 0}} (6.2.4)

0ift<0 1ift<0 1ift<0

Then (1,9, w") isa NA — NN on R. It is easy to see that (4.1.1) holds for ¢(x,y) = € and
a = 1 satisfies (3.1.1). Therefore the condition of Theorem (6.1) is fulfilled. Hence there exists
an unique additive mapping C: X — Y such that (6.2.2) holds.

5.

Conclusion

This paper discussed the Hyers - Ulam - Rassias Stability of Various Functional Equations in Non-
Archimedean Neutrosophic Normed Spaces. This work indeed presents a relationship between four
various disciplines, the theory of neutrosophic normed space, non — Archimedean, Hyers-Ulam-
Rassias stability and functional equation.
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