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Abstract
This paper introduces the concepts fuzzy pre-Hilbert spaces and fuzzy co-pre-Hilbert spaces and proves some
theorems in this subject. Also, it illustrates many examples to clarify the validity of the new concepts.
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1. Introduction
The notion of fuzzy pre-Hilbert spaces can be considered as the generalization of that notion of pre-Hilbert
spaces. The definition of these
spaces has been introduced in [3, 4]. The study mentions the definition of fuzzy pre-Hilbert space and then it
introduces a definition for fuzzy co-pre Hilbert space and discusses some properties on this subject.
2. Preliminaries
Definition(2.1):[1] A binary operations*: [0,1] x [0,1] — [0,1] is a t- norm if * is satisfies the following
conditions:
0] * s commutative and associative;
(ii) ax1=aforalla € [0,1];
(iii) axb<cxdwhenevera<canda<danda,b,cd € [0,1].
Definition(2.2):[2,5] A binary operatione: [0,1] x [0,1] — [0,1] is a t-conorm if o is satisfies the
following conditions:
0] o |s commutative and associative;
(i) ao0=aforalla € [0,1];
(iii) aocb <codwhenevera<canda <danda,b,c,d € [0,1].
Definition (2.3): [4] Let X be a real vector space, = be a continuous t-norm on I = [0,1]. A function F: :
X X X X R - [0,1] is called a fuzzy pre-Hilbert function if satisfies the following axioms for every and
x,y,Z€ Xands,t,r €ER
(1) F(x,x,0) =0and F(x,x,t) > 0forall t > 0;
(2) F(x,x,t) # H(t) forsomet € R & x # 0;
() F(x,y,t) =F(,x,1);
(4) For any real number a
F(x,y, 2) ,a>0
F(a,x,y,t) =<{H(t) ,a=0
1 —F(x,y,i) ,a<0
(®) Fx,x,t) xF(y,y,s) <F(x+y,x+yt+5s),
(6) supsir=¢(F(x,2,5) * F(y,2,71)) = F(x + y,2,1);
(7) F(x,v,.):R - [0,1] is continuous on R /{0};
(8) giror(l) F(x,y,t) =1.
(X, F,*) is a fuzzy pre-Hilbert space.
1 ,t>0
Note: H(t) = {0 <0
Lemma (2.4): [3] If (X, F,*) is a fuzzy pre-Hilbert space then F(X, F, t) is non-decreasing with respect to t,
foreach x,y € X.
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Proof: Lett < sforall s,t € R, F(x,y,t) = F(x,y,t) *1 =F(x,y,t) * F(0,0,s — t) < F(x,y,s).
Lemma (2.5): If (X, F,*) is a fuzzy pre-Hilbert space then:
(1) F(ax,ay,t) = F(x,y, a—tz)for all a € R/{0}.
@) Fx—yx—y,t) =F(y —x,y — x,t)
Proof: (1) and (2) are directly from axiom (4).
Theorem (2.6): [3] (Schwartz inequality) If (X, F,*) is a fuzzy pre-Hilbert space then: F(x,y,ts) =
F(x,x,t*) «F(y,y,5%)
3. Main results
Definition (3.1): Let X be a real vector space, ° be a continuous t-conorm on I = [0,1]. A function F: :
X XX X R — [0,1] is called a fuzzy co-pre-Hilbert function if satisfies the following axioms for every
x,y,z€ Xands,t,r € R:
(1) F(x,x,0) =1and F(x,x,t) < 1forallt > 0;
(2) F(x,x,t) # H(t) forsomet € R & x # 0.
Q) Flx,y,t) =F(,xt);
(4) For any real number a
F(x,y, 2) ,a>0
F(a,x,y,t) ={ H () ,a=0
1—T(x,y,_ia) ,a<0
(5B) Flx,x,t)°F(y,y,8) <F(x+y,x+yt+s)
(6) supsyr=c(F(x,2,8)°F(y,2,71)) =F(x+y,21);
(7) F(x,y,.):R — [0,1] is continuous on R /{0};
(8) gim F(x,y,t) =0.
(X, F,°) is a fuzzy pre-Hilbert space.

<
Note: () = {3 i;% —1-H®

Lemma (3.2): If (X, F,°) is a fuzzy co-pre-Hilbert space then F(x, y, t) is non-increasing with respect to t,
foreach x,y € X.
Proof: Lett <sforall s,t € R, F(x,y,t) = F(x,y,t)°0 = F(x,y,t)°F(0,0,s — t) = F(x,y,s).
Lemma (3.3):
(1) F(ax,ay,t) = F(x,y, a—tz)for all a € R/{0}.
(2) T(x—y'x—y't)=T(y—x,y—x,t)
Proof: (1) and (2) are directly from axiom (4).
Theorem (3.4): Let (X, F,*) is a fuzzy pre-Hilbert space. Define F = 1 — F then (X, F, °) is a fuzzy co-pre-
Hilbert space.
Proof: Forall x,y,z € X and t,s,r € R
1) Flx,x,0)=1— F(x,x,00=1-0=1
And F(x,x,t) =1— F(x,x,t) <1—0=1forall t >0;
(2) SupposeF (x,x,t) #= H (t) for some
tERESF,x,t) #H{t) 1 -Fl,x,t)#1-H({t)e F(xxt)+H({t) © x+0,
) Flx,y,t) =1—-FW,x,t) =1—-F(y,x,t) = F(x,y,t).
(4) For any real number a

t t
F(x,y,a) ,a>0 T(x,y,a) ,a>0
Flax,y,t)=1—-F(ax,y,t) =1—4 H(t) ,a=0 =< H(t) ,a=0
t t
1—F(x,y,_—a) ,a<0 I—T(x,y,_—a) ,a<0

5B) Flx,x,t)°F(y,y,s) =1 —=FC,x,t)°A-Fy,y,s)=1—-(F(xx,t)*F(y,y,s) <1—-F(x+
yxt+yt+s)=F(x+yx+yt+s),

(6) Sups+r=t(‘7:(x' Z, S)o T(y, Z, T)) = Sups+r=t((1 - T(x' Z, S))o(l - T(y' Z, T))) =1-
SUPsr=t(F(x,2,8)* F(y,2,71)) =1—-F(x+y,z,s+r)=F(x+y,z,s+71)

(7) F(x,y,.):R - [0,1] is continuous on R /{0};

(8) giror(l)T(x,y, t) = girg(l —F(x,y,t))=1-1=0.

Therefore (X, F,°) is a fuzzy co-pre-Hilbert space.

Theorem (3.5): (Schwartz inequality) Let (X, F,®) is a fuzzy co-pre-Hilbert space then:

F(xy,ts) < F(xxt2)°F(y,y,s%).

Proof: F(x,y,ts) = 1—F(x,y,ts) <1 —F(x,x,t?) «F(y,y,s2) =1— (1 — F(x,x,t?)) * (1 —

F,y,5%) = F(x,x,t)°F(,y,5).
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The orthogonality:

Definition (3.6): [3] Let (X, F,*) be a fuzzy pre-Hilbert space. A subset A of X is called fuzzy orthogonal if
x Ly, foreachx,y € A(i.e. At ={xeX:x LyVyE€A}

Definition (3.7): [3] Let (X, F,*) be a fuzzy pre-Hilbert space. x, y € X is said to be fuzzy orthogonal if
F(x,y,t)=H(t)Vt € Randitisdenoted by x L y.
Theorem (3.8): Let (X, F,*) be a fuzzy pre-Hilbert space. And A c X

(1) The relation of orthogonality is symmetric (i.e.if x L y theny L x)

(2) Ifx Lythenax LyVa€R.

(3) LetA c Bthen Bt c A*.

(4) AcaAtt

(5) LetAcB*o BcAt

6) fx Lxox=0VteR

(7) X*={0}VteR.

8 AnAt={0}VtER.

(9) The zero vector is orthogonal to every vector.

Proof:

(1) If x L ythen by definition (3.7)

F(x,y,t) =H({)VteR,butF(x,y,t) =F(y,x,t)then F(x,y,t) =H(t)VtER=>y L x.

(2) fx LythenF(x,y,t) =H(t)VtER,x,y €X.

F(6,9,5) a>0  (HE
F(ax,y,t) =<H(t) ,a=0 =<H(t) = H(t) saxly
1-Fxy =) ,a<0 1-H()

() LetxeB*=>x1lyvVyeB,SinceAcB>x1yVy€eA xc At > Bt c AL

(4) Letx € Athen F(x,y,t) =H{t)Vy €At > x € AL > A c AL*

(5) LetA c B+ = B+ c A(by 3) =>from(4) B c BY' c At = B c 4*

(6) Letx € X and x L x then from definition(3.7) F(x,x,t) = H(t)Vte R=>x =0Vt €R (by
axiomz2).

Letx =0= F(x,x,t) = F(0,0,t) = H(t) Vt € R (by axiom 4) then x L x V t € R (by definition 3.7)

(7) Letx € Xt = F(x,y,t) =H(t)VtE€Rand Vy € X.

Since x € X then F(x,x,t) = H(t) >x =0forallt e R = X+ c {0} forall t € R

Since 0 € Xt = {0} € X+ = X+ = {0} forall t € R.

8) LetxeAnAt=>xeAdandx €At > F(x,x,t) =H(t)VtER=>x LxVxEA>x=0>x€
{0} =>AnA*tc{0}forallt € R.

0eAand0 L0=>0€At=20€eAnAtthen{0} S AnAt = An At ={0}forallt € R.

(9) For every vector x € X, we have F(0,x,t) = H(t)Vt ER

Therefore 0 L xV x € X.

Theorem (3.9): (parallelogram law) Let (X, F,*)is a fuzzy pre-Hilbert space then, F(x + y, x + v, 4t?) *

F(x—y,x—y,4s?) < F(x,x, (t + 5)?).

Proof: F(x +y,x + y,4t?) * F(x — y,x — y,4s?) < F(2x, 2x, 4t? + 4s%) = F(2x,2x,4t? + 4s%) x 1 =

F(x,x,t2 4+ s2) * F(0,0,2ts) < F(x,%, (t +5)?)

Theorem :( 3.10) Let A be a non-empty subset of a fuzzy pre-Hilbert space X. Then Atis closed fuzzy

subspace of X.

Proof: Since F(0,x,t) = H(t)Vx € A= 0 € At then At # ¢ .Letx,y € Atand a, 8,7 € R F(x,2,7) =

H(r)VzeAandF(y,z,r) =H(r)VzeA

Foreveryz e Awehave: Ifa > 0,8 >0

t N t S
Flax + By, z,1) = supprs=r (F(x,2, ) * (F(y, Z’E) =H() H(E) =H({)*H(s) =H(r)Vr €R
fa<0,<0
t N
Flax + By, z,1) = supess=r (1 = (FCr, 2, ) * (1 = (F (. 2, _—/),))) =H()

fa=0,=0
F(ax+ By,z,r) =F(0,z,r) =H(@r)Vr €R
fa<0,=00ra=0,<00ra>0,=00ra=0,>0
Flax+ By,z,r) =H(r) = ax + Py € At = At is a fuzzy subspace.
Let x € AL3{x,} in At such that x,, - x
Lety € A= F(x,,y,t)=H({t)Vn€eE Ztandt € R(x,, € AtVn € Z%)
Since x, = x = F(x,,y,t) = F(x,y,t) = H(t) forall y € A.
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= x € AL = AL = AL = At is closed fuzzy subset of X.

Definition (3.11): Let (X, F, °) be a fuzzy co-pre-Hilbert space. A subset A of X is called fuzzy orthogonal
ifx Ly, foreachx,y €A

Definition (3.12): Let (X, F, ©) be a fuzzy co-pre-Hilbert space. x, y € X is said to be fuzzy orthogonal if
F(x,y,t) =H(t)Vt € Rand itisdenoted by x L y.

Theorem (3.13): Let (X, F, °) be a fuzzy co-pre-Hilbert space. And A c X

(1) The relation of orthogonally is symmetric (i.e. if x L ytheny 1 x)

(2) fx Lythenax LyVa€eR.

(3) LetA c BthenB+* c At

(4) Ac At

(5) LetAcBte BcAt

6) fx Lxox=0VteR

(7) X*={0}vVteRr

8 AnAt={0}VteER

(9) The zero vector is orthogonal to every vector.

Proof:

(1) Ifx L y then by definition (3.13)

Fl,y,t) =H @)Vt € RbutF(x,y,t) =F(y,x,t)

thenF(y,x,t) =H({t)VtER=>y L x.

2) Ifx LythenF(x,y,t) =H )Vt ER,x,y € X.

T(x,y.g) ,a>0 H(t)
Flax,y,t) =3 H() a=0 =JH® , = H(t)
kl—f}—“(x,y,_ia) ,a<0 1_}[(__(1)

(3) LetxeB*=>x1yvVy€eB,SinceAcB=>x1lyVy€eAx € At = B+ c At

(@) Letx €A F(x,y,t) =H{A)VyEA > x e A = Ac At

(5) LetA c Bt = BY" c A*(by3) = from(4) Bc B+ c At = B c At

(6) Letx € X and x L x then from definition (3.13) F(x,x,t) = H(t)VtE R =>x =0Vt €R (by
axiom2).

Letx =0 = F(x,x,t) = F(0,0,t) =H(t)Vt € R (by axiom4) thenx L xVt € R (by definition 3.13)

(7) Letx € Xt = F(x,y,t) =H(t)VtERandVy € X.

Since x € X then F(x,x,t) = H(t) = x =0 forall t e R = X+ € {0}.Since 0 € Xt = {0} S X' =

Xt ={0} forall t €R.

B) LetxeEANA* = x€dandx €A =F(x,x,t) =H({t)VtER = x LxVxEA=x=0=
x€{0}=ANA* {0} forall tER0EAand0 L0 =0€ A =0€ANnAt.

Then {0} S AN At = AN A* = {0}forall t €R.

(9) Forevery vector x € X we have F(0,x,t) = H(t)Vt €R. Therefore0 LxVx € X

Theorem (3.14): (parallelogram law) Let (X, F,) be a fuzzy co-pre-Hilbert space then: F(x + y, x +

y,4t?) o F(x —y,x — y,4s5%) = F(x,x, (t + 5)?).

Proof: F(x +y,x +y,4t?) o F(x — y, X — y, 4s%) > F(2x, 2%, 4t% + 4s?) = F(2x, 2%, 4t*> + 4s%) 0 0 =

F(x,%,t% + 5%) 0 F(0,0,2ts) = F(x, %, (t +5)?)
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