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Abstract

The main goal of this paper is to review the concepts of symbolic 2-plithogenic number theoretical concepts and
algebraic equations, where many foundational concepts such as congruencies and linear equations and
Diophantine linear equations.
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1. Introduction
The concept of symbolic n-plithogenic sets was defined by Smarandache. This concept has made a good
generalization of classical algebraic structures. Also, these structures have similar structures of neutrosophic and
n-refined neutrosophic algebraic structures [10-40].
For n=2, we get symbolic 2-plithogenic algebraic structures, where we find symbolic 2-plithogenic equations,
rings, spaces, and modules [1-10].
In this paper, we give the interested reader a good review about symbolic 2-plithogenic number theory and
algebraic equations in many different types.
Symbolic 2-plithogenic algebraic equations
Definition.
Let 2—SP, ={a+ bP, + cP,; a,b,c € Z} be the symbolic 2-plithogenic ring of integers, the Diophantine
equation with two variables is defined as follows:
AX+BY =C;A=ay+aP, +a,P,,B =by+ byP; + b,P,,C =cy + c1P; + Py,
X =x9+x.P; +x,P,Y =y9 +y1P1 +y,P5,a;,b;,¢;,%;,y; € 2 — SP,.
The following theorem describes an algorithm to solve the symbolic 2-plithogenic linear Diophantine equation
with two variables.
Theorem.
Let AX + BY = C be the symbolic 2-plithogenic linear Diophantine equation with two variables, it is solvable if
and only if the following linear Diophantine equations are solvable.
agXo + boYo = €o
(ag +a)(xo+x1) + (bg + b)Y +y1) =co + ¢4
(ag +ay +az)(xg +x1 +x2) + (bg + by + b)) (Vo +y1 +¥2) = ¢o + ¢ + ¢,
The description of the algorithm.
To solve AX + BY = C in 2 — SP, , we must follow these steps.
Stepl.
We compute gcd(ag, by), gcd(ay + a4, by + by), gcd(ay + a; + a,, by + by + by).
If gcd(ag, by)/cy, gecd(ag+ aq, by + by)/co + ¢1, ged(ag + ay + ay, by + by + by)/cy + ¢ + c,, then it is
solvable.
Step2.
We solve the equivalent system and get the values of x;,y;; 0 < i < 2.
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Example.
Consider the following symbolic 2-plithogenic linear Diophantine equation:
2+ P, +P)X+ (3+2P, —P,)Y =8+ 5P, +7P,.
gcd(ag, by) = ged(2,3) = 1/8.
ged(ag + aq, by + by) = ged(3,5) =1/¢cy + ¢, = 13.
ged(ag + a, + ay, by + by + by) = ged(4,4) = 4/cy + ¢, + ¢, = 20.
So that, the equation is solvable.
The equivalent system of linear Diophantine equations is:
2x9 + 3y, =8...(1)
3(xg+x1)+50+y,) =13...(2)
4(xg +x; +x,) +4(yg +y1 +y,) = 20..(3)
The equation (1) has a solution (x, = 1,y, = 2).
The equation (2) has a solution (x, + x; = 1,y, + y; = 2), there for (x; = 0,y; = 0).
The equation (3) has a solution (xy + x; + x, = 2,y, + y; + ¥, = 3), there for (x, = 1,y, = 1).
ThisimpliesasolutionX =1+ P,, Y =2 + P,.
2-symbolic plithogenic Quadratic equation.
Let 2 — SP be a symbolic 2-plithogenic field, the formula
AX?> +BY?+C=0;A=ay+ a,P, + a,P,,B = by + b, P, + b,P,,
C=cy+ciPy+ 3Py, X =x¢+x.Py +%,P,,Y =y9+y, P, +¥,P,,a;,b;,¢i, %,y € 2 — SP.
Is called the symbolic 2-plithogenic quadratic equation.
Theorem.
Let AX? + BY? + C = 0 be a symbolic 2-plithogenic quadratic equation over 2 — SPg, then it is solvable if and
only if the following system is solvable:
agXo? + boVo? + ¢ =0...(1)
(ap + ay)(xg +x1)* + (bg + b)) (o + y1)* + (co +¢1) = 0...(2)
(ag + a; + ax)(xg + x1 + x,)* + (bg + by + b)) (Yo +y1 + ¥2)* + (co + ¢ +¢3) =0...(3)
The description of algorithm.
Tosolve AX? + BY? + C = 0 in 2 — SP, follow these steps:
Stepl.
Solve the equivalent classical system of quadratic equations. If (1), (2), and (3) are solvable in the field F,then
the symbolic 2-plithogenic quadratic equation is solvable.

Step2.

Discuss all possible cases of x,, x4, x;.

Remark.

If AX? + BY? + C = 0 is solvable in 2 — SPg, then it has at most 8 solutions.
Example.

Consider the following:

(1+P, +P)X*+(B3—-P)X—-4—-12P, =0

We have:
ap=1L,a,=1a,=1
by =3,by=—-1,b, =0

co=—4,¢,=0,c, =—12
The equivalent system is:
X2 +3xy—4=0..(1)
2000 + )2+ 2(xg+x,) —4=0..(2)
3(xg + 3 + %)%+ 2(xg +x; + ) — 16 =0...(3)
The solutions of (1): x, = 1,x, = —4.
The solutions of (2): xg + x; = 1, %, + x, = —2.

The solutions of (3): xg + x; + %, = 2,x0 + %y + x, = _g_
Casel.
fxo=1x0+x=1,xy+x, +x,=2,thenx; =0,x, =1,and X =1+ P,.
Case2.

8 11 11
Ifxo=1,x0+x,=1x0+x +x, = - thenx; = 0,x, = - and X = 1_?[)2.
Case3.

Ifxo = 1,x0+x1 = _Z,xo +x1 +x2 = 2,thenx1 = _3,x2 =4‘, andX = 1_3P1 +4P2.
Case4.

|fx0=1,x0+x1=—2,XO+X1+X2=—§,thenx1=—3,X2=—§,andx=1—3pl—§P2.
Caseb.
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If.xg = _4,x0 +x1 = 1,X0 +x1 +X2 = Z,thenxl = S,xz = 1, andX = _4’+5P1 +P2.
Caseb.

Ifxo = _4‘,XO +x1 = 1,x0 +x1 +x2 = _g, thenxl = 5,x2 = _13_1, andX = _4‘+ 5P1 _%PZ
Case’.

If.xg = _4,x0 +x1 = _Z,XO +x1 +X2 = Z,thenxl = 2,x2 = 4’, andX = _4’+ 2P1 +4’P2.
Case8.

Ifxo = _4‘,XO +x1 = _Z,xo +x1 +x2 = _g, then xl = 2,x2 = _g, andX = _4+ 2P1 _§P2
So that, the solutions of the original symbolic 2-plithogenic quadratic equation are:

2 11 2
Xe{_4+2P1_§P2,_4+2P1+4P2,_4+5P1_?P2,_4+5P1+P2,1_3P1_§P2,1_3P1+4P2,1

11
_?P2,1+P2}

Example.

Consider the following:

(243P, —P)X?>+ (4 +P, +P,)X—6—4P, =0
We have:

a,=2,a4 =3,a, =-1
{ by =4,b;=1,b,=1
o =—6,c, = —4,c,=0
The equivalent system is:
2x0% +4xy—6=0..(1)
5(xg + %)% +5(xy +x,) —10=10...(2)
4(xg + 21 +x)2 +6(xg +x; +x,) —10=0..(3)
The solutions of (1): x, = 1,x, = —3.
The solutions of (2): xg + x; = 1, %, + x; = —2.

The solutions of (3): xg +x; +x, = 1, x0 + X1 +x, = —g.

Casel.

Ifxo = 1,X0 +X1 = 1,X0 +x1 +x2 = 1,thenx1 =X, = O, and X = 1.

Case2.

Ifxo = 1,X0 +X1 = 1,X0 +x1 +x2 = _g, then X, = O,xz = _2, andX = I_EPZ'
Case3.

Ifxo = 1,X0 +X1 = _Z,xo +x1 +x2 = 1,thenx1 = _3,x2 = 3,andX =1 _3P1 +3P2.
Case4.

Ifxo = 1,X0 +X1 = _Z,xo +x1 +x2 = _g, thenx1 = _3,x2 = _i, andX =1 _3P1 _%Pz.
Caseb.

Ifxog==3,x0+x, =1,xy+x, +x, =1,thenx; =4,x, =0,and X = =3 + 4P,.
Caseb.

Ifxyg=—-3,x0+x;=1,xy+x +x, = —g, thenx; = 4,x, = —g, and X = -3+ 4P, —%Pz.
Case7.

Ifxo=—-3,x0+x, =—-2,x+x, +x, =1,thenx; =1,x, =3,and X = -3 + P, + 3P,.
Case8.
Ifxyg=—-3,x0+x =—2,x0+x; +x, = —;, thenx; = 1,x, = —%, andX =-3+P, —%Pz.

So that, the solutions of the original symbolic 2-plithogenic quadratic equation are:
5 1 7 1
Xe€ {1,1 — 5Py 1 =3P + 3P, 1 =3P — Py =3+ 4P, =3+ 4P, — 5Py, =3+ P + 3P, =3+ P, —EPZ}
2-plithogenic Linear equations.
We begin the simplest case, a symbolic 2-plithogenic linear equation with one variable A. X = B.
This equation is solvable uniquely if and only if A is invertible and X = A™B.
ACCOI‘ding to [31], A_l = ao_l + Pl [(ao + al)_l - ao_l] + Pz[(ao + aq + az)_l - (ao + al)_l].
Example.
Consider the equation (2 + P; + P,)X = 3 — P, over 2 — SP;.
ag = Z,ao_l = %,ao + a, = 3, (ag + al)_l = ;,ag + a, + a, = 4, (ao + a, + az)_l = i, thUS.

At=2-1p —L1p, therefor:
2 6 12
X—(l 1P 1P>(3 P)—3 1P 1P+1P 1P+1P—3 5P 1P
"2 6t 127 VT2t 27t Tett 421272 6 602
The general case is about a linear system of n symbolic 2-plithogenic equations 4;.X; = B;; 1 < i < n.
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To solve a system like that, we must transform it to an equivalent classical system. We present the following
algorithm.
To solve the symbolic 2-plithogenic linear system:

A X1+ A X, + -+ A X, = By,

Ay Xy + Ay Xy + -+ A0 X, = By,

Ap1. X1 +App. Xo + -+ App. Xy, = By,

Where: 4;; = a) + a{ P, + a(Z)PZ,X X0+ XOP + XPP,, By = b + PP + PP, € 2 - 5Py
Follow these steps
Stepl.

Find the classical equivalent system as follows:
n n

(0) 5 (0) _ (0)
Z a; X = Z bij
i,j=1 ij=1
n
© 4 M) (x©® 4 x© © 4 p®
: > (@ +a)x® +xP) = Z(b + b
=
Z (a“’) n au) n a(z))(Xi(O) +x® 4+ x@) = Z (b(o) n b(l) n b(2)
i,j=1 ij=

step2.
Solve each system and remark that:

The first system gives the values of Xi(o); 1<i<n
The second one gives the values of Xi(o) + Xi(l); 1<i<n
The third one gives values of Xl.(o) + Xi(l) + Xl-(z); 1<i<n
Step3.
If each system is solvable, then the original 2-plithogenic system is solvable, and if the number of solutions of
every classical system is k, then the number of solutions for the 2-plithogenic system is k3.
Example.
Consider the following symbolic 2-plithogenic system of three linear equations with three variables:
A+P)X;+B—-P)X, +(1+P,—P)X3=5
P, X, + P X, + (P, — P,)X; = 2P, + 2P,
(1+ P, —P)X; + (4+ 3P, — P)X, + (54 2P,)X; = 11 + 4P,
the equivalent classical systems are:
x® 43x0 4 x© =5
0x® + 0x® +0x =0 system(1)
2x© 4 4x{” 4+ 5x =11
(X + XY+ 2(x” + x) +2(x0 + xP) =5
0+ x{) + (X + x{) + (x{¥ + xV) = 2 system(2)
3(x” +x) + 7(x5° + x7) +5(x” + x{M) =15
22X + XD+ +xP) + 2% + X+ xP) + (xO + x4 xP) =5
X2+ X+ 4+x) + (X2 + X7+ XP) +2(x0 + X0+ XP) =4 ... system(3)
20 + X + +xP) + 6(X” + x5V + x) + 7(X” + x5V +xP) =15
The system(1) has infinite solutions, thus the 2-plithogenic system has infinite solutions.
We will find some solutions to clarify the algorithm.
For example system(1) has a solution X{” = x{® = x{» = 1,
The system (2) has a solution X + X = x{ 4+ x{ = x{ 4+ X = 1, thus x = x{ = x{V) = 0.
The system (3) has a solution X +x™® 4+ x@ = x{ 4 x® 4 x& = x4 y® 4 x& — 1 there for
xP =xP=xP =0, and X; =xO +xPP, +xPpP, =1, X,=1X,=1 is a solution for the 2-
plithogenic system.
Also, the system (1) has a solution X{* = > 2 x©0 = - 2 x® =o.

The system (2) has a solution X + x™® = x4 x = x0 4 x® = 1,
The system (3) has a solution X + X + x® = x® 4 x4 x@ = x(0 L x® 4 x& — 4,
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There for XV = 1 — 12—3

This implies that:
X, = ; - 12—1P1,X2 = —% + %Pl,X3 = P, is a solution of the 2-plithogenic system.

_ M) _ g 13 _ g @ _ @ _ @ _
=-2xP=1+-=2xP =1,xP =xP =xP =0

2-Plithogenic Number Theory

Definition.
Let A=aq+a,P, +a,P,,B=>by+b,P, +b,P, € 2—SP,;, we say that A \ B if and only if there exists C €
2 —SP;suchthat Ax B = C.
Definition.
Let A=ay+a,P, +0a,P,,B=by+ b P, +b,P,,C=cy+c,P,+c,P, be three symbolic 2-plithogenic
integers, then A = B(mod C) ifand only if C \ A — B.
Also, C = gcd(4,B) ifandonly if C\ Aand C \ B and forany D \ A, D \ B,then D \ C.
Definition.
Wesaythat A < Bifay < by,aq +a; < by + by,a0+a, +a, < by+ by +b,.
Theorem.
LetA =ay+ a P, + ay,P,,B=by+ b P, +b,P,,C =cy+ c P, + c,P, € 2 —SP,, then:
1). (<) is a partial order relation.
2). A\ Bifandonlyifay\ by,ay +a; \ by + by, a9 + a; + a, \ by + by + b,.
3). gcd(A,B) = C if and only if gcd(ay, by) = ¢y, gcd(ay + ay, by + by) = ¢y + ¢4, gcd(ag + a; + ay, by +
by +by) =cy+ ¢4 +Cy.
4). A = B(mod C) if and only if:
ay = by(mod cy)
ay+ a; = by + by(mod ¢y + ¢y)
ag+a,+a, =by+ by +by(modcy+c; +¢;)
Theorem.
Let A=ay,+ a P, + a,P,,B = by + b, P, + b,P, € 2 —SP;, then gcd(A,B) = 1 if and only if gcd(ay, by) =
1,gcd(ay + a;, by + by) =1,gcd(ay + a; + ay, by + by + by) = 1.
The proof is clear.
Theorem.
LetA,B,C,D,E € 2 — SP,, where:
A=ay+aP, +a,P,,B=by+ b P, +b,P,,C =cy+ 1Py +c,P,,D =dy+d Py +d,P,, E =€y + e, Py +
eZPZ; Ci,al',bl', €;, di € Z, then:
1). If A= B(mod C),D = E(mod C),thenA+ D =B + E(mod C),A— D = B — E(mod C).
2). A.D = B.E(mod C).
3). If gcd(4, B) = 1, then:
A7 (mod B) = ag"Y(mod by) + P,[(ay + a;) " (mod by + b;) — ag"1(mod by)]
+ P,[(ay + a; + a;) " (mod by + by + b,) — (ay + a;)"t(mod by + by)]
Example:
Consider A =5+ 4P, + 2P,,B=2+4+P, + P,,C = 3 + 4P,, we have:
5=2(mod3),5+4=9=2+1)(mod3+0),5+4+2=11=R2+1+1)(mod3+0+4), thus A=
B(mod C).
gcd(A,B) = gcd(5,2) + P;[ged(9,3) — ged(5,2)] + P,[ged(11,4) — ged(9,3)] =1+ P,(3 - 1) +
P,(1-3)=1+42P, —2P,.
Example.
ConsiderA=2+P; + P,,B =3+ P, + P,, itisclear that gcd(4,B) = 1.
A™Y(mod B) = 271(mod 3) + P,[371(mod 4) — 27 (mod 3)] + P,[4"1(mod 5) — 371 (mod 4)] = 2 +
P.(3—2)+P,(4—3)=2+P, +P,.
Definition.
LetA = a4 + a,P; + a,P, > 0 be a symbolic 2-plithogenic integer, we define ps: 2 — SP, — 2 — SP, such that:
@s(4) = ¢(ag) + Pilp(ao + a1) — p(ag)] + Ple(ag + a; + az) — ¢(ag + a4)].
Where ¢ is the classical phi-Euler's function.
Example.
Take A=3+5P, —P,,a,=3,a, = 5,a, = —1. We have:
a,=3>0,ay+a, =8>0,ap+a,+a,=7>0,s0that A > 0.
p(ay) = 2,¢0(ay +a,) =4,¢(ay + a; + a,) = 6, hence:
@s(A) =2+ P[4 — 2]+ P,[6 —4] =2 + 2P, + 2P,.
Theorem.
LetA =ay +a; P, + a,P,,M = my + myP; + m,P, € 2 — SP, such that gcd (4, M) = 1, then
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A?sM = 1(mod M).
Example.
Take A =2+ 3P, — 2P,,M = 3 + 4P, + 4P,, we have gcd(4, M) = 1.
@s(M) = 2+ P,(6 — 2) + P,(10 — 6) = 2 + 4P, + 4P,
APsM) — 22 4 p1[56 _ 22] + P2[31° _ 56]
22 = 1(mod 3),5° = 1(mod 7),3'° = 1(mod 11), thus A?s™ = 1(mod M)
Theorem.
Let C = gcd(A,B) € 2 — SP,, then there exists M, N € 2 — SP, such that C = MA + NB.
Example.
Consider A = 3 + 2P, + P,,B =3 + P, + 3P,, we have:
ap=3,a44 =2,a,=1,by=3,b; =1,b, = 3.
ged(ag, by) = 3,gcd(ay + a1, by + by) = ged(5,4) = 1,gcd(ag + ay + a,, by + by, + b,) = gcd(6,7) =1
Thus gcd(4,B) =3+ (1 —3)P, + (1 —1)P, = 3 —2P,.
On the other hand, we have:
3=13+03hencemy=1,ny=0
1=15—-14hencem; =1,n, = -1
1=-1.6+17hencem, =-1,n,=1
ThusM =1+(1-3)P,+(-1-1)P,=1-2P,,N=0+(-1-0)P, + (14 1)P, = —P, + 2P,
We can see that:
MA+NB = (1 —2P,)(3+ 2P, + P,) + (—P, + 2P,)(3 + P, + 3P,)
=342P, +P, — 6P, —4P, — 2P, —3P, — P, — 3P, + 6P, + 2P, + 6P, =3 —2P, = C
= gcd(A,B)
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