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Abstract

We introduce BM BJ-neutrosophic sets and subalgebras as a generalisation of neutrosophic sets, and exam-
ine their application and related features to K U-algebras in this paper. We give various BM B.J-neutrosophic
subalgebra characterizations, and we suggest a new BM B.J-neutrosophic subalgebra by utilizing a BM B.J-
neutrosophic subalgebra of a K U-algebra. We look at the homomorphic inverse image of BM B.J-neutrosophic
subalgebra and B M BJ-neutrosophic subalgebra translation.
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1 Introduction

Smarandache® pioneered the use of neutrosophic sets as a mathematical technique for dealing with uncertain
and inconsistent data. Zadeh” created the fuzzy set in 1965 to handle uncertainties in numerous real-world
applications, and Atanassov introduced the intuitionistic fuzzy set in a universe X in 1983 as a generalisation
of the fuzzy set. Another algebraic structure termed KU algebras was presented by Prabpayak and Leer-
awat®2 In KU algebras, they looked at ideals and congruences. They also introduced the idea of the KU
algebra homomorphism and looked at some of its aspects. They also deduced some straightforward results
from the links between quotients KU -algebras and isomorphisms. Smarandache®® introduced the notion of
the neutrosophic set, which is a more comprehensive platform on which the concepts of the classical set, the
fuzzy set (intuitionistic), and the valued interval set (intuitionistic) are expanded. The neutrosophic ideal of the
K U-neutrosophic algebras was examined by Bijan Davvaz et al. in 2017. The truth, false, and indeterminate
membership functions are fuzzy sets in the neutrosophic set. We selected the interval valued fuzzy set as the
indeterminate membership function since interval valued fuzzy set is a generalisation of a fuzzy set, and we
dubbed it M BJ-neutrosophic set, where M BJ is the initial of the authors’ surnames, Mohseni, Borzooei,
and Jun, respectively. As the truth membership function, indeterminate membership function, and false mem-
bership function, we employ Mg, By and Jx, respectively. We know that Smarandache’s neutrosophic sets
have several generalisations.

2 Preliminaries

We let L(7) be the class of all algebras with type 7 = (2,0). A KU-algebra* on a system P = (P,¢,0) €
L(7) satisfies
(KUl) (k01 L ICOQ) <o ((kog (o3 ]{103) (o (k(]l (o kog)) = 0,
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(KU2) ko1 00 =0,

(KU3) 0¢ ko1 = Koz,

(KU4) ko1 o koo = 0 & Koz © ko1 = 0 implies ko1 = ko1,
(KU5) ko1 o kor = 0,V ko1, koz, kos € P.

Also a binary relation < by putting ko1 < ko < ko2 ¢ ko1 = 0,V ko1, ko2 € P.

In a KU-algebra P, the following hold:

(KUT') (ko2 © ko3) © (ko1 © ko3) < (ko1 © koz),
(KU2') 0 < ko1,

(KU3') ko1 < koz, ko2 < koi implies ko1 = ko2,
(KU4') ko2 © ko1 < ko1

Theorem 2.1. ° The following axioms must be true in a K U-algebra P: V ko1, ko2, kos € P,

() ko1 < koz imply ko2 © kog < ko1 © kos,

(ii) ko1 © (ko2 © ko3) = ko2 © (ko1 © ko3), ¥ ko1, koz, ko3 € P,
(i) ((ko2 © ko1) © ko1) < koas
(iv) (((ko2 © ko1) © ko1) © ko1) = (ko2 © ko1)-

Definition 2.2. #2/ A non-empty subset S of a KU-algebra P is called a KU-subalgebra of P ifly; ¢los € S
Vii,log €8S,

A closed subinterval [ = [[=,1T] of I, where 0 <[~ <% < 1 and [I] denotes the set of all interval numbers.

Consider two interval numbers lo; := [Ig;, ;] and lo2 := [lgy, 5] Let us define as refined minimum and
refined maximum (briefly, re min and re max) of two elements in [I], then

re min{l~01, z()Q} = [min{lg;, {2}, min{loﬁ, lo+2H>

re max{fm, [02} = [max{ly;, g2 }s max{loﬁ, ZOB}],

Let P be a nonempty set. A function L : P — [I] is called an interval-valued fuzzy (in short, IV F’) set in
P. Let [I]7 denotes the set of all IV F sets in P. Forevery L € [I|¥ and k € P, L(k) = [L~(k), LT (k)] is
called the degree of membership of an element k to L, where L~ : P — I is a a lower fuzzy setin P and LT
: P — I an upper fuzzy set in P, respectively. We denote L = [L~, L].

Definition 2.3. 7 Let P be a non-empty set. A neutrosophic set (NS) in P is of the form:
L := {{k; L7 (k), L1(k), Lr(k))|k € P}

where Ly, Ly, Ly : P — [0,1] is a truth, an indeterminate and a false membership function. We use the
symbol L = (Lp, Ly, Lp).

Definition 2.4. ? “Let P be a non-empty set. By an M B.J-neutrosophic (briefly, M BJ-N) set in P is of the
form ~
L :={{k; Mr(n),Br(n),Jp(n))|n € P}

where M7, and Jj, are fuzzy sets in P called a truth and a false membership functions and B L 1s an IV F set
in P called an indeterminate interval-valued membership function.” We use the symbol £ = (M, By, J1).
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3 BM BJ-neutrosophic Structures with Applications in K U-algebras

Definition 3.1. Let P be a KU-algebra. An M BJ-N set L = (M, BL, Jr) in P is called an BM BJ-
neutrosophic subalgebra (briefly, BM B.J-N S A) of P if it satisfies:

My (loy © lo2) > min{ M (lo1), M (lo2)},
BE (l()l < log) S max{BZ (101), BZ (log)},
(V l()l, 102 S P) Bz_(l(n < log) > IHiIl{Bz(lOl), Bz_(log)}, (l)
Jr(lor ¢ lo2) < max{Jr(lo1), Jr(lo2)}s
Mp(lo1) + By (lon) <1, Bf (lo1) + J(lon) > 1.

Example 3.2. Consider a set P = {0g, ag, bg, c¢ } with the binary operator ¢ which is given by

Table 1:
< 06 Qg bG Cg
O¢ 0Os as bs cs
ag O 0 ag cp
bs 06 05 0s cg
ce Os asg bs Og

Then (P; ©,0) is a KU-algebra.

Table 2:
P My(l) Br(l) Ji()
Og 0.7 [0.3,0.8] 0.2
as 0.3  [0.4,0.5 0.6
bs 0.1 [0.3,08 04
s 05 [0.4,05 0.7

Let L = (ML,BL7 Jr) be an M BJ-N setin P asin Table 2. It isa BM BJ-NSA of P.

Proposition 3.3. If £ = (My, By, Jp,)isan BMBJ-NSA of P, then M,(0) > My, (ko), By (0) < By (ko),
B} (0) > B (ko) and J1,(0) < J (ko) for all kg € P.

Proof. For any ky € P, we have
Mp(0) = My (ko © ko) > min{ My, (ko), Mr(ko)}
By (0) = By (ko © ko) < max{B; (ko), Bf (ko)} = B (ko) ,
B} (0) = By, (ko © ko) > min{ B} (ko), By (ko)} = B} (ko)

and
JL(O) = JL(kO Ok(]) S max{JL(ko), JL(ko)} = JL(]C(]).

O
Proposition 3.4. Let £ = (Mg, By, Jr) be an BMB.J-NSA of P. If 3 a sequence {b;} in P such that
Jim My (by) =1, lim By (b)) =0, Jim Bf (b)) = 1and Jim T, (b) =0, 2)
then My, (0) = 1, B; (0) = 0, B} (0) = 1 & JL(0) = 0.
https://doi.org/10.54216/1JNS.200420 225

Received: December 15, 2022 Accepted: April 12, 2023



International Journal of Neutrosophic Science (IJNS) Vol. 20, No. 04, PP. 223-231, 2023

Proof. Using Proposition 3.3| M (0) > My (b), B; (0) < B (b), Bf(0) > B (b) and J,(0) < J(b) ¥
b € P. for every +ve integer [. Note that

1 Z ML(O) 2 llim ML(bl) = ].,
—00

0< B;(0) < Jlim By (b) =0,
—00
1> Bf(0) > Jim Bf(b) =1,
—00
l—o0
Therefore M,(0) = 1, B} (0) = 0, B} (0) = 1 and J;,(0) = 0. O

Theorem 3.5. Given an BM BJ-N set L = (M, By, Jrp)in P, if (My, Jy) is an intuitionistic fuzzy subal-
gebra (IFSA) of P, and B; and Bz' are fuzzy subalgebras of P, then £ = (M, By, J;)isan BMBJ-NSA
of P.

Proof. 1t suffices to demonstrate that By, satisfies

(V o1, lo2 € P)(By (lo1 © lo2) < max{By (lo1), By (l02)}), 3
(V lo1, Loz € P)(B} (lo1 © lo2) > min{B} (lo1), Bf (lo2)}). “)

For any [y, g2 € P, we get

By (lor ¢ loz) =By, (lo1 © lo2), Bf (lo1 © loa)]
>[{max By (lo1), B, (lo2) }, min{ Bf (lo1), B} (lo2) }].

Thus B, satisfies , and so £ = (M7, B, Jr)isan BMBJ-NSA of P. O

If L= (Mp, By, Jy)isan BMB.J-NSA of P, then

(B, (lo1 ©lo2), B (lo1 © lo2)] =Br(lo1 ¢ lo2) = remin{ Bz (lo1), Br.(lo2)}
=remin{[Bj, (lo1), B} (lo1)], [B, (lo2), B (lo2)]}
=[min{B (lo1), By, (lo2)}, min{ Bf (lo1), Bf (lo2)}]
for all lol, lo2 € P.
It follows that By (lo1 © lo2) > min{B; (lo1), B} (lo2)} and B} (lo1 © lo2) > min{ B} (lo1), BJHOQ)}. Thus
3.2

B} and BZF are fuzzy subalgebras of P. But (M, Ji,) is not an IFSA of P as seen in Example [3.2| Therefore
the converse of Theorem [3:3lis not true.

Given an BM B.J-N set £ = (M, By, Jr) in P, then
U(ML;tl) = {.’17 S P|ML(I) > tl},
L(Bp;m) == {z € P|By () <m},
U(Bf;me) := {x € P|Bf () > 12},
L(Jp;ts) == {x € PlJp(z) < ta}
where t1,t2 € [0, ].} & [771,772} c [I]

(
(

Theorem 3.6. An BM BJ-N set £ = (Mg, By, Jr) in Pis an BM BJ-NSA of P iff the non-empty sets
U(Mp;t1), L(B;;¢1), U(Bf; G2) & L(Jp; to) are subalgebras of P for all t1,t € [0,1] & [n1, 2] € [1].
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Proof. Suppose that £ = (ML,BL,JL) is an BMBJ-NSA of P. Let ty,ta € [0,1] and [¢1,¢2] € [I]
be > U(My;t1), L(By;¢1),U(B}f;¢) & L(Jp;ts) are non-empty. For any ¢, k,p,q,7,s,m,n € P, if
1,k € U(Mp;t1),p,q € L(By;¢1),7,s € U(B}; () and m,n € L(Jp;t2), then

Mp(vo k) > min{Mp (), My (k)} > min{t;, 1} = t1,

By (poq) < max{By (p), B (¢)} < min{¢1, i1} = (1,
Bf (ros) > min{B] (r), Bf (s)} == min{¢, &} = ¢,
Jr(mon) <max{Jr(m),Jr(n)} < min{ts, ta} = to,

and so 1ok € U(My;t1),pog € L(By;¢1),ros € U(BJ;Ca) andmon € L(Jp;t2). Therefore U(Mp;ty),
L(B;;¢1),U(B}; ¢) and L(Jy; to) are subalgebras of P.

Conversely, assume that the non-empty sets U(Mp;t1), L(By ;¢1), U(B};¢2) & L(Jp;ts) are subalgebras
of P for all t1,%2,(1,(2 € [0,1]. If ML(po ¢ qo) < min{Mp(po), M1 (qo)} for some py,qo € P, then
Po,qo € U(Mp;to) but pg o qo & U(Mp;to) for to := min{Mz(po), Mr(qo)}. This is a contradiction,
and thus My (p ¢ ¢) > min{My(p), Mr(q)} for all p,q € P. Similarly, we can show that B} (p ¢ ¢q) <
max{ B} (p), By ()}, BE (r o ) > min{ B} (), B (s)} and Ju(p o q) < max{Jp(p), Je(0)} ¥ p.q €
P. O

We may derive the following corollary using Proposition [3.3]and Theorem 3.6}

Corollary 37. If £L = (ML,BL, Jr) is an BMBJ-NSA of P, then the sets Py, := {l € PIM(l
M (0)}, P B** = {l € PIB;(l) = B;(0)}, Py = {l€P|B+()*B+( )}, and Py, = {

P|JL(l) = JL(0 )} are subalgebras of P.

)
!

€

Thus U(Mp;t), L(By ;61), U(B};82) & L(Jp; s) are BM B.J-subalgebras of £ = (M, By, Jr.).
Theorem 3.8. Every subalgebra of P can be realized as BM B.J-subalgebras of an BM B.J-NSA of P.

Proof. Let H be a subalgebra of P and let £ = (M, By, Jr)bean BMBJ-N setin P,

ML(L)Z{ t1 ifLEH, BZ(L)Z{ plifLEH, B+(L):{ pgifLEH, JL(L)Z{ to ifLE-H, (5)

0 otherwise , 1 otherwise , L 0 otherwise , 1 otherwise ,

where t; € (0,1], t2 € [0,1) and p1,p2 € (0,1] with p; < po. Clearly, U(My;t,) = H,L(By;p1) = H,
U(Bz_;pg) = H and L(Jp;t2) = H. Letl,n € P.If ly;,lo2 € H, thenlon € H and so

M (lor) ¢ lo2) = t1 = min{ Mz, (lo1)), Mr(lo2)}

By (Inn) ¢ lo2) = p1 = max{B} (o)), Bf, (lo2)},

Bf (lo1) 0 loz) = p2 = max{B} (lo1)), Bf (lo2)},
JL(lol)Olog) —tg —InaX{JL(l()l)) J )}

If any one of o1 &1102 C H, salem € H, then ML(Z(H)) = tl, (l(]l ) (101)) = P2, JL(Z(H)) =
tQ, ML(Z()Q) = O, BZ (ZOQ) = O, BZ_(ZOQ) = (0 and JL([OQ) =1. HGHCC

(lo
)
ML(Z(H) 0[02) >0= min{thO} = min{ML(lm)), ML(ZOQ)}

By (lo1) o loa) < 1 = max{py, 1} = max{B; (ln1)), By, (lo2)},
BZ(ZOl) < log) > 0= Hlil’l{pg, 0} = min{é+(101) B—Li_(log)}
JLUOl) 0[02) S 1= ax{tg, 1} = InaX{J )) J )}

(lo (lo
If 101,102 g H, then ML(l01)) = 0 = ML(ZOQ);BZ(IOI)) =1= B (102) B (101)) = 0 = Bz(loz) and
JL(I()l)) =1= JL(ZQQ).
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It follows that
M (lp1) ©lo2) > 0 = min{0,0} = min{ M, (lp1)), ML(lo2)}
By (lo1) o lo2) < 1 =max{1,1} = max{B; (lo1)), B} (lo2)},
Bf (lo1) 0 lo2) > 0 = min{0,0} = min{ B (lo1)), Bf (lo2) },
Jr(lo1) ©lo2) <1 =max{l,1} = max{J(lo1)), Jr(lo2)}
Thereforeﬁ:(ML,BL,JL)isanBMBJ-NSAofP. O

Theorem 3.9. For any non-empty subset i of P, let £ = (M, B, Jr) be an BM BJ-N setin P which is
given in . If L= (Myp,Byg,J.)isan BMBJ-NSA of P, then H is a subalgebra of P.

firoof. Let lo1,lo2 € H. Then My (lp1)) = t1 = ML(Z()2)>BZ(ZOI)) =p = 32(102)732(501)) =p2 =
Bz_(log) and JL(lm)) = tQ = JL(ZOQ). Thus

Mr,(lo1) © lo2) > min{Mp(lo1)), M1 (lo2)} = t1,

By (loy) © lo2) < max{ By (ln1)), By, (lo2)} = p1,

B (lor) © lo2) > min{ B} (lo1)), Bf (lo2)} = p2.
)

Ji(lo1) o lo2) < max{Jr(lo1)), Jr(lo2)} =
and therefore ly; ¢ lpo € H. Hence H is a subalgebra of P. O]
Theorem 3.10. Given an BMB.J-NSA L = (M, By, J) of a KU-algebra P, let £* = (M, Bi, J;) be

an BMBJ-N setin P by M} (lo1) = My, (00 lo1), B (lo1) = B1(0 0 loy) and J} (lo1) = JL(0 ¢ loy) for all
loy € P. Then £* = (M}, B}, J;)isan BMB.J-NSA of P.

Proof. Note that 0 ¢ (l()l o log) = (0 o l()l) o (0 o log) Vlo1,lo2 € P. We have

Mz(l()l <& log) _ML(O <& (101 < 102)) ((0 & l01) (0 & loz))
>m1n{ML(O<>l()1),ML( 0[02)}
)

=min{M7] (lp1), M7 (lo2)},
(Br)*(lor @ loz) =B7 (00 (lo1 o lo2)) = B (00 1p1) ¢ (00 lg2))
gmaX{BZ(OOZ()1)7 7 (00l2)}
=max{(B})*(lo1), (By)*(lo2)},
(BE) (lo1 o loz) =BE (00 (lor ¢ lo2)) = BE (00 lo1) © (00 lo2))
>min{B} (00 151), Bf (00 lp2)}
=min{(B})*(lo1), (B})* (lo2)},

and
Jz(l()l < 102) :JL<0 <& (lm & log)) = JL((O < lm) <o (0 < l02))
< max{JL(O < l()l)7 JL(O <& log)}
=max{Jj (lo1), JT.(lo2) },
for all lgy, log € P. Therefore £* = (M}, B%, J;)isan BMBJ-NSA of P. O

Theorem 3.11. Let h : P — @ be a homomorphism of KU-algebras. If £L = (M, By, Jp) is an MBJ-
NSAofQ,thenh™ (L) = (A~ (M), h~*(BL),h~'(J))isan BMBJ-NSAof P, where h~'(ML)(lp1) =
ML(h(l(n)), h_l(BL)(l()l) = BL(h(l(n)) and h_l(JL)(lol) = JL(h(l()l)) for all g7 € P.
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Proof. Letlyi,lp2 € P. Then

h=H (M) (lox 0 loz) =ML (h(lo1 o lo2)) = My (h(lo1) © h(loz))
> min{Mp,(h(lo1)), M1 (h(lo2))}
=min{h " (Mr)(lo1), h " (ML) (lo2)},

h~H(BE) (o1 0 lo2) =B (h(lo1 o lo2)) = B (h(lor) © h(lo2))
<max{B; (h ( o1)), B (h (102))}
=max{h™"(B])(lo1),h " (B} )(lo2)},

h™(Bf)(lo1 0 loa) =B (h(lor © lo2)) = Bf (h(lo1) © h(lo2))
>min{ B} (h(lo1)), Bf (h(lo2))}
=min{h~ (B} )(lo1), (B} )(lo2)},

and
hil(JL)(l(n <& Zog) :JL(h(l(n (o 102)) = JL(h(l(n) (o4 h(log))
<max{Jr(h(lo1)), Jr(h(lp2))}
:max{h_l(JL)(lm),h_l(JL)(lo2)}-
Hence h=1(L) = (b=} (M), h_l(BL), h=1(J))isan BMBJ-NSA of P. O

Let £L = (Mp, By, Jr)be an BM BJ-N setin a set P, then

T :=1 —sup{Mr(lp1)|lo1 € P},

I ::inf{BE(l01)|lo1 € P},

m=1— sup{Bz_(lm)UOl € P},

L:=inf{JL(lp1)|lo1 € P}.
For any m € [0, 7], b € [0,11], ¢ € [0, 7] and j € [0, L], we define £7 = (M}", B}, B, J1) by M} (lo1) =
M (loy) + m, B (Ioy) = BL (lor) + b, BS (loy) = Bf(lm) + cand J? 7(lor) = Jr(lo1) — j. Then LT =

(M7, Bg, BE, Ji) isan BM BJ-N setin P, which is called a (m, b, ¢, j)-translative BM B J-neutrosophic
setof £L = (My, By, Jy) (briefly, (m, b, ¢, j)-TBMBJNS(L)).

Theorem 3.12. If £L = (M, By, Jp) isan BM B.J-NSA of P, then the (m, b, ¢, j)-TBM BJNS(L) is also
an BMBJ-NSAof P.

Proof. For any lg1,lgo € P, we get
MY (lo1 o lo2) =M (lor ©lo2) +p > mLiH{ML(lm), Mrp(lo2)} +p
=min{Mp(lo1) + p, M(lo2) + p} = min{M7 (lo1), M7 (lo2)},
B4 (loy ¢ log) =By (lo1 © loz) + a < max{B; (lo1), By (lo2)} + a
=max{B; (lo1) + a, By, (lo2) + a} = max{BY (lo1), B (lo2)},
B (lo1  lo2) =B (lor © lo2) + b > min{ B} (lo1), B} (lo2)} + b
=min{ B} (lo1) + b, B} (loz) + b} = max{BY (lo1), BY (lo2)},

and
J1(lo1 ¢ lo2) =T (lo1 © loz) — ¢ < max{JL(lo1), Jr(lo2)} — ¢
=max{Jr(lo1) — ¢, Jr(lo2) — q} = max{J} (lo1), J} (lo2)}-
Therefore L7 = (M?, B¢, By, J¥)isan BMBJ-NSA of P. O
https://doi.org/10.54216/IJNS.200420 229

Received: December 15, 2022 Accepted: April 12, 2023



International Journal of Neutrosophic Science (IJNS) Vol. 20, No. 04, PP. 223-231, 2023

Theorem 3.13. Let £ = (M, Byr,J) be an BMBJ-N set in P > (p,a,b, q)-TBMBJNS(L) is an
BMBJ-NSA of P forp € [0,T],a € [0,IT], b € [0,7] & ¢ € [0,1]. Then £L = (M, By, Jy) is an
BMBJ-NSAof P.

Proof. Assume that £7 = (M. By B, Jf) is an BMBJ-NSA of Pforp € 0.7),a € [0.10, b € [0,
& q € [0, L]. Let o1, lo2 € P. Then
Mp(lpr ©lo2) +p =M7T (lo1 © lo2) > min{ M7 (lp1), M7 (lo2)}
=min{ Mz, (lp1) + p, M1 (lo2) + p}
=min{ Mz, (lp1), M1 (lo2) + p}
B (lor o loz) — a =By, (Io1 © lo2) < max{B7, (lo1), B, (lo2)}
= maX{Bz(l01) —a, B§ (lpg) — a}
=max{B] (lo1), By (lo2)} — a.
B (loy o loz2) — b =B (loy © lo2) > min{ B} (lo1), B} (lo2)}
=min{BY (lo1) — b, BY (lp2) — b}
=min{B} (lo1), B} (lo2)} — b.

and

Jr(lor © lo2) — q =J (lo1 © lo2) < max{J}(lo1), J} (lo2)}
=max{Jy(lo1) — ¢, Jr(lo2) — ¢}
=max{JL(lo1), Jr(lo2)} — ¢

It follows that ML (101 <>l~02) > min{ML (101), Mjy, (log)}, E; (101 0102) < maX{Bg (l01)7 BE (log)}, Bz(l(n o
102) Z min{B}f(lOl), BZ_(ZOQ)} and JL(l(n & 102) S maX{JL(l01), JL(ZOQ)} for all l01, log € P. Hence
L= (My,Br,Jp)isan BMBJ-NSA of P. O

Definition 3.14. Let £ = (M, By, J,) and N = (My, By, Jy) be BMBJ-N sets in P. Then N =
(My, By, Jn) is called an BM B.J-neutrosophic S-extension of £ = (My, B, Jr) if
(i) My(1) > Mp(1), By (1) < By (1), Bf (1) > Bf (1) and Jy (1) < J(1) forall | € P,

(i) If £ = (M, By, Jy,) isan BMBJ-NSA of P, then N' = (My, By, Jy) is an BMBJ-NSA of P

are valid.

Theorem 3.15. Given m € [0,7],b € [0,11],¢ € [0, 7] and j € [0, L], the (m, b, ¢, j)-TBMBJNS(L™) of
an BMBJ-NSA L = (Mj, By, Jy) is an BM BJ-neutrosophic S-extension of £ = (M, B, Jr,).
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