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Abstract

This article examines an Erlangian queuing model in a neutrosophic fuzzy environment. The inter-arrival rates
and service rates are trapezoidal neutrosophic fuzzy numbers integrated into the Erlangian queuing model. The
membership functions of the performance metrics of the corresponding queuing model have been outlined using
parametric programming techniques in accordance with the (o, B, v)- cuts and Zadeh's extension principle. The
neutrosophic fuzzy queues are converted into a family of crisp queues using this principle. The applicability of
the provided approach for various cutting possibilities is highlighted by concrete examples.

Keywords: Fuzzy Sets; Membership Functions, Neutrosophic Fuzzy Erlangian Queuing Model; Trapezoidal
Neutrosophic fuzzy number; Parametric Programming, (o, B, v)-cuts, Zadeh’s Extension Principle; Queue length;
Waiting time.

1. Introduction

Queuing Theory is an important facet of operational research. Applications of waiting line is very essential in
day-to-day life but also in sequence of networks, medical diagnosis, computer programming, banking sectors,
telecommunications, manufacturing firms and production systems. Many researchers have investigated the
optimization problems of queuing systems, as well as their fine structure and techniques in several Markovian
lines. Chen has discussed the queuing system in a fuzzy environment using Zadeh’s extension principle. Kao et al
derived the membership functions of the system measures for fuzzy queues using parametric programming technique.
There is a diversity of methods in the literature of recent years.

At first, the intuitionistic fuzzy set was created by Atanassov. The generalisation of intuitionistic fuzzy sets is
the neutrosophic set, which was introduced by Florentin Smarandache. Compared to the fuzzy set put forth by
Zadeh, it is a powerful tool for dealing with ambiguity because it simultaneously takes into account an object's
membership, indeterminacy, and non-membership degree. Additionally, Florentin Smarandache has studied a
number of ideas, including neutrosophic measure, neutrosophic logic, neutrosophic probability, etc. The
functions and characteristics of a single-valued Neutrosophic set were studied by Wang et al.

This paper is structured as follows: second segment provides some basic definitions of this research work. Third
segment details a mathematical model which figures queue length and waiting time. Fourth segment describes

the parametric programming technique of a neutrosophic fuzzy Erlangian queuing model with (a, B, ;/) -cuts

and Zadeh's extension principle. Fifth segment illustrates a numerical example. Sixth segment concludes the
paper.
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2. Preliminaries

2.1 Fuzzy Set

C is a fuzzy set defined on U and can be written as a collection of ordered pairs if U is a universe of discourse
and x is a particular element of U and 4_(x)):u —[0,1]

C={(x, ¢:(x))/ xe U}
2.2 a -cut

The a -cut of a fuzzy number C is defined asC={x: g. ()2 @, a € [0,1]} .

2.3 Trapezoidal Fuzzy Number

A fuzzy number C is said to be trapezoidal fuzzy number if and only if there exists real numbers
c <c, <c, <c,, Such that:

¢5 (X) =

0 , otherwise

Itis denoted by € =(C,,C,,Cy,C,) or €=(c,/c,/c,/c,).
2.4 Neutrosophic fuzzy set

A neutrosophic fuzzy set N be the subset of universe of discourse U is denoted by R and defined by
R={xM, (x), 1, (x),Ng (x); xeU}- Each element of R has a truth, indeterminacy, falsity functions and

M, (x), 14 (%), N, (x): U —[0,1], Suchthat o<m_ (x), 1, (x), N, (x)<3.

2.5 Trapezoidal Neutrosophic Fuzzy Number

A trapezoidal neutrosophic fuzzy number [ with parameters m, <m, <m; <m,, i, <i, <iy <i, &
ny < n, <ng < n,denoted as 7 =((my, m,, mg,m, ), (i, 1,151y ) (M, Ny, Mg, 0y )) - Its truth-

Membership function M (X), Indeterminacy-membership function |5 (X) and falsity membership

function Qg (x) are defined as follows

X—my

, M <x<m,
m; —my

1 , m,<x<m

Mg (x) = ? ’
X—m,

, my<x<m,
mg —m,

0 , otherwise
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i, — X .
£ ,  £x<iy
Ib—h
0 , b <Xx<iy
g (x)= :
X—i
3 i, <x<
— , Iy <X <1y
1 , otherwise
and
n, — X
n <x<n,
nz_nl
0 n,<x<n,
Qr(x)=
X—=n,
n,<x<n,
n, —n,
1 , otherwise

In the above definition, when m,=m,, i, =i

, =i, and n, —n, then we will get a neutrosophic triangular

fuzzy number.
2.6 (a, B,7)—Cut
The (a, 5, 7/)— cut of a trapezoidal neutrosophic fuzzy number is defined as follows:
Nio sy =[Nu(@) N, @)]:[N; (8), N, (B) [i[N, (7),N, () ] Such that 0<ar+ 5+ <3
Where [N, (a), Nz(a)]:[(n{“‘ +a(n' —n )) (nQ" —a(n) —n} ))J
[N AN, ()] =] (m = A(m =), (nd+ B (i -n)) ]
[N O, )] =[ (n8 = (0 =n2)), (0§ +7(n§ -n$))]

2.7 Interval Analysis Arithmetic

Let I, and I, be two interval numbers defined by ordered pair of real numbers with lower and upper bounds.
Consider I, =[p,q], p<q and I =[r,s],r<sand I *I,=[p, q]*[r,s], where ==[+, — x, <]
symbolically.

(i) L+l,=[p+r, q+s]
(”) |1_|2 =[p—s, q_r]
(iii) 1, o I, =[min(pr, ps,qr,gs), max(pr, ps,qr,gs)]

(iv) I =1, :[p,q]oE,ﬂ , provided s,r=0

[ap,aq], >0

(V) a[p.q]:{[aq,ap], 2 <0

2.8 Zadeh’s Extension Principle

Let the inter arrival rate A and service rate S are all fuzzy numbers. The system performance measure P (X, y)
is defined as

B.ns) () = Sup{min(g, (x). ds (¥))/ Z = p(x, y)|
xe X
yeY

3. Model Description: Single Server Erlangian Queuing Model
117
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Consider an Erlangian queuing system in k-phases single server facility, denoted by M / ME, /1; in which arrival
occurs as exponential distribution with rate 4 and service time according to Erlang’s k distribution with rate z .

It consists of single service channels and a chain of ‘k’ similar stages gaining an average service time
individually. The service discipline is first come first served and the system capacity are infinite. The Execution
proportions of this queuing model are

(i) Expected queue length (Nq)

LSS 22
T2k (u(u-2)

(ii) Expected waiting time (T, )
T, = k+1 A
2k \ pu(u—2)
4, Parametric Programming Approach of a Neutrosophic Fuzzy Erlangian Queuing Model

In this section, we scrutinize a single server Erlangian queuing model in neutrosophic fuzzy environment.
Consider a single server neutrosophic fuzzy Erlangian queuing model with four phases. The inter arrival time
A and service time S are denoted by the following sets:

A={(aM;(a),1;(a),Q;(a))/aeX}

S ={(5,M4(s), 15(s), Qs (s)) /s eY}
Where X and Y are crisp sets of neutrosophic fuzzy inter arrival time and neutrosophic fuzzy service time and
the corresponding membership functions are ¢; (@) and ¢ (S). («, B, ) -cut of inter arrival time A and service

time S are defined by
Ala, py)={aeXIM (@)= a,l,(a)< B,Q;(a) <7}
S(a, B7)={s€Y My (s) 2, 15 (s) < B,Q; () < 7}
The crisp subsets of X and Y are A(a,ﬂ, 7) and S(a, B, 7) . Using (a,ﬂ, 7/) -cuts, the arrival rate and service

rate can be represented by various levels of confidence intervals [0, 1]. The neutrosophic fuzzy queue can be
reduced to a family of crisp queues with (e, 8, 7) -cuts

{A(a,f.7);0<a<1,0<p<10<y<lfand{S(a,f,7);0<a<10< f<10<y <1},
Thus the crisp queue can be got from the neutrosophic fuzzy queue for different value of (a, 5, 7/) -cuts. The

membership function of the performance measures p(A, §) and the truth membership function, indeterminacy

membership function and falsity membership function defined by using zadeh’s extension principle, which are
denoted by

M s (Z) = Sup{min(g; (a), ¢ () / Z = p(a,s) /ae X,seY}
sy (Z) = Inf {min(g, (a), 4, (s))/ Z = p(a,s)/ae X,s€Y|
Ques) (Z) = Inf {min(g; (), 4(s))/ Z = p(a,s) /ac X, s €Y}
The parametric programming technique is used for finding upper and lower bounds of («,,7)-cuts of
a5 (Z) which are as follows:
I

u

IA

) ) <u.
Ay @ s 5y SSSUg, 50

and | s<u

=min p(a,s) ; Such that I/:\(a/)’}/) <

=max p(a,s); Suchthat I, , » <

pa. ) su

<u

IA

p(a.B.7) S(a.8.7) <

Where aeA(a, B,7)ands eS(a, B,7) .

Ala.B.7) S(a.B.7)
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Both the upper and lower bounds Ip(a’M) and U, ,,areiinvertible with respect to (a,B,7) . The left

~ ang (Upe s )_l'

shape Function L(z) and right shape function R(z) can be obtained from (Ip(aﬁw )
The truth membership function is defined by
L, (2), 2 <z<2)
Moas @ =1Ru (@), z' <z<2)
0 , otherwise
Where 2 <z<z)'andL, (z")=R, (z;')=0.
The indeterminacy membership function is defined by
L (2), 7, <z<2)
o (D) =1R (D), 23 <257
0 , otherwise
Where z <z<z,andL,(z')=R,(z;)=0.
The falsity membership function is defined by
Lo (2), 22 <z2<73
Qg (D =1Ry (), 23 <2<7]

0 , otherwise

Where z2 <z<z3andLy(z?)=R,(z7)=0.

5. Numerical Illustration

Let us contemplate the arrival rate 1 and service rate / are trapezoidal neutrosophic fuzzy numbers with
Phase k=4.

1=[(2,3,4,5)(3,4,5,6) (56,7,8)]
f1=[(12,13,14,15) (13,14,15,16) (15,16,17,18)]
The (a, B, y) - cut of Zand jzare
A=[2+a,5-a)(4-B,5+P)(6-r,T7+7)]
j1=[(12+a,15-a) (14~ B,15+ B) (16 - 7,17+ )]

5.1 Expected Queue Length (N, )

LSS s
o2k aa-2)

The parametric programming for the queue length is

2
In, (z) =Min Sf_X ,suchthat 2+ <x<5-aand 12+a<y<15-«
i 8 y(y—x)

2
Un, (o) = Max S _x ,suchthat2+a < x<5-cand 12+a<y<15—«a
’ 8l y(y—x)

For INq(a),x—>2+aand y—>15-«

5a2 +20a + 20
16a% —344¢ +1560

INg(a) =
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For qu(a),x—>5—aand y—>12+a

5a% —50a +125
16a? +248a + 672

UNy(a) =

The truth membership function is

Ly (2), |:|Nq (a) } o |:|Nq(a) ] et
MNq (2)=<Ry (2), [qu(a) Lzl <z< [uN @ L:o

q

IA
IA

z

0 , otherwise

which is defined as

+ 2
(3447 +20) + /184962 + 46240z 0.0128< 7 < 0.0365
322-10
— + 2
M. (2)= (2482 +50) + /1849627 + 46240z 10,0855 < 7 <0.1860
4 327-10
0 , otherwise

2
IN(ﬂ)zMin{§( X ]},suchthat4—,B-<x-<5+,b’and14—ﬂ-<y-<15+ﬂ
“ 8Ly(y=x)

5 x?
Un,(p) = Max{g(y(y_x)J},such that4— g<x<5+pand14— < y<15+p4

Nq(ﬂ),x—>4—,ﬁand y—>15+ 4

| __ 50" -405+80
M 1682 +3288+1320

For |

For qu(ﬁ),x—>5+ﬂand y—>1l4-p

58% +508+125
1632 — 2968 +1008

Un,(p) =

The indeterminacy membership function is
L (2), [INM Lzl <z< [INM) LZO

IN~q (Z)=<R,(2). [qu(ﬁ) LZO <z< [qu(a) ]H

0 , otherwise

which is estimated as

(3282 +40) £~/2310422 + 57760z

,0.0270 < 7 < 0.0606
32z-10
+ 2
| @)= (2967 +50) £+/231042% + 57760z 01240 < 70,2473
a 327-10
0 , otherwise
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_|5(  x?
INq(y) =M|n{§[y(y_x)]},such that 6—y < x<7+yand16—y<y=<17+y

8L y(y—x)
X—>6-yandy—>17+y

| __5r°-60y+180
N T 16y2 +360y +1496

5( x?
Un ) = Max{—( ]},Such that 6—y <x<7+yand16—y < y<17+y

For |

Ng ()

For u X—>7+yandy >16—y

5y° + 70y + 245
Unoy =772
") " 1652 —328y +1152

Ng(7)?

The falsity membership function is

0 , otherwise

which is defined as

—(3602 + 60) + /3385622 + 84640z

,0.0668 < 7 <0.1203

327-10
+ 2
0. (2)= (3282 + 70) + /33856 2% + 846407 02127 < 20,3810
! 327-10
0 , otherwise

For different values of(a,ﬂ,y) € [0,1], the lower and upper bounds of expected number of customers in the

queue is tabulated as follows.

Table 1: Expected Queue Length

Received: February 15, 2023 Revised: May 25, 2023 Accepted: June 18, 2023

o Ny (@) UN, (@) | Un, () I, Un, ()
By Ny ()
0. 0.01 0.186 0.0 0.06 0.124 0.12 0.21
0 28 0 06 0 03 27
0. 0.01 0.172 0.1 0.05 0.132 0.11 0.22
1 45 2 62 9 36 52
0. 0.01 0.159 0.2 0.05 0.142 0.10 0.23
2 62 5 21 4 72 84
0. 0.01 0.147 0.3 0.04 0.152 0.10 0.25
3 81 7 82 6 12 25
0. 0.02 0.136 0.4 0.04 0.163 0.09 0.26
4 02 7 46 4 55 76
0, 0.02 0.126 05 0.04 0.175 0.09 0.28
5 24 6 12 1 00 35
0, 0.02 0.117 0.6 0.03 0.187 0.08 0.30
6 49 1 80 5 49 05
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0. 0.02 0.108 0.7 0.03 0.200 0.08 0.31
7 75 3 50 9 00 87
0. 0.03 0.100 0.8 0.03 0.215 0.07 0.33
8 03 2 21 2 54 81
0. 0.03 0.092 0.9 0.02 0.230 0.07 0.35
9 33 5 95 7 10 88
1 0.03 0.085 1 0.02 0.247 0.06 0.38

65 5 70 3 68 10

5.2 Expected Waiting Time (T, )

7 _k+1f 4
2k \aa-A)

The parametric programming of an expected waiting time is

It (o) =Min E( X j ,suchthat 2+a<x<5-¢and 12+a<y=<15-«a
i 8Ly(y-x)

5
Ur (a):MaX = X ,suchthat 2+ a<x<5-cand 12+a<y<15-«a
‘ 8Ly(y—x)

For ITq(a),x—>2+aand y—>15-«

| _ 10+5a
Ta@) ™ 1602 _ 3440/ +1560

For ur (), X >5-a andy »>12+a
25—-5a
16a” +248a +672

Ut, (@) =

The truth membership function is

Ly (2), I:ITq (@) :|a:0 sz< |:|Tu (@) l{:l

M; (Z)={Ry (2), [Ug (@) L:l szs< [“Tq (@ L:O
0 , otherwise

which is estimated as

(3447 +5) +~/1849622 + 4080z + 25

,0.0064 <z<0.0122

32z
_ 4 2
M. (2)= (2482 +5)_\/184962 +4080z + 25 10,0214 < 7 <0.0372
e 32z
0 , otherwise

| = Min > X suchthat 4— 8<x<5+pand14— B <y=<15+p
T4 8ly(y-x )/’ ’

Ur () = Max 5 X ,suchthat4— g < x<5+pand14— <y <15+
“ 8Ly(y—x)
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For ITq(ﬂ),x—>4—ﬁand y —>15+ 4
20-5p4

163 +3283 +1320

For uTq(ﬂ),x—>5+ﬂand y—->1l4-p
25+54

163 — 2963 +1008

It =

Ur, ) =

The indeterminacy membership function is
L, (2), [lw) Lzl <z< [lw) L:O

IT.q (2)=<R,(2), [UTM) LZO <z< [uTq(ﬂ) L:l

0 , otherwise

which is defined as
—(328z+5)+ \/2310422 +4560z + 25

,0.0090 < 7 <0.0152
32z
+ 2
L (@)= (2967 +5) £ /2310422 + 45607 + 25 10,0248 < 2 < 0.0412
o 32z
0 , otherwise

. |5 X
ITq(y) = M|n{§(y(y_x)j} ,suchthat 6—y<x<7+yand16—y<y<17+y

5 X
Ur, () = Max{g(y(y—x)J} ,suchthat 6—y <x<7+yand16—y <y <17+y

For ITq(y),x—>6—;/and y—o17+y
30-5y
162 +360y +1496

o) =
For u X—>T7+yandy —16—-y

3545y
U =12
16y —328y +1152

Ta()?

The falsity membership function is
L, (2), [ITW) Ll sis< ['Tq(y) l:O
QT.q (2)=1Ry(2), [uTqm lzo <z< [uTq(y) ld

0 , otherwise

which is defined as

DOI: https://doi.org/10.54216/1]NS.210311
Received: February 15, 2023 Revised: May 25, 2023 Accepted: June 18, 2023

123


https://doi.org/10.54216/IJNS.210311

International Journal of Neutrosophic Science (IINS)

Vol 21, No. 03, PP. 115-125, 2023

qu (Z) =

—(360z +5) + \/3385622 +5520z+ 25

32z

(3287 +5) £~/338562° + 5520z + 25

32z

,0.0304<2<0.0476

, otherwise

,0.0134 <z <0.0201

For different values of («, 8,7 ) € [0,1] , the lower and upper bounds of expected waiting time of a customers in

the queue are tabulated as follows.

Table 2: Expected Waiting Time

ﬂv 7 uT
a 7. a) Ut (2) | Ur,(5) 7. )
T8
0 0.006 0.037 0 0.015 0.024 0.020 0.030
4 2 2 8 1 4
0. 0.006 0.035 0.1 0.014 0.026 0.019 0.031
1 9 2 4 1 3 7
0. 0.007 0.033 0.2 0.013 0.027 0.018 0.033
2 4 2 7 4 5 1
0. 0.007 0.031 0.3 0.013 0.028 0.017 0.034
3 9 4 0 8 8 6
0. 0.008 0.029 0.4 0.012 0.030 0.017 0.036
4 4 7 4 3 0 2
0. 0.009 0.028 05 0.011 0.031 0.016 0.037
5 0 1 8 8 4 8
0. 0.009 0.026 0.6 0.011 0.033 0.015 0.039
6 6 6 2 5 7 5
0. 0.010 0.025 0.7 0.010 0.035 0.015 0.041
7 2 2 6 2 1 4
0. 0.010 0.023 0.8 0.010 0.037 0.014 0.043
8 8 8 0 1 5 3
0. 0.011 0.022 0.9 0.009 0.039 0.013 0.045
9 5 6 5 1 9 4
) 0.012 0.021 1 0.009 0.041 0.013 0.047
2 4 0 2 4 6
5. Conclusion

This paper investigates the qualitative behavior of single server neutrosophic fuzzy Erlangian queuing model
with phase service. Due to the uncertainty in the parameter estimates for queuing decision models, neutrosophic
environments can be used to cope with system performance measures. Trapezoidal neutrosophic fuzzy numbers

are used to express the service time and arrival time of the proposed model. Using the (a, 5, 7/) -cuts and Zadeh's
extension principle, we determine the queue length and waiting time. Also, the parametric programming
technique is utilized for finding upper and lower bounds of queue length and waiting time for different(a, 5, 7/)

-cuts. The neutrosophic fuzzy queue can be converted into a family of crisp queues. The performance
measurements of the suggested model, which are created using the truth, indeterminacy and falsity membership
degrees of a trapezoidal neutrosophic fuzzy number are demonstrated by an example.
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