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Abstract  

This article examines an Erlangian queuing model in a neutrosophic fuzzy environment. The inter-arrival rates 

and service rates are trapezoidal neutrosophic fuzzy numbers integrated into the Erlangian queuing model. The 

membership functions of the performance metrics of the corresponding queuing model have been outlined using 

parametric programming techniques in accordance with the (σ, β, γ)- cuts and Zadeh's extension principle. The 

neutrosophic fuzzy queues are converted into a family of crisp queues using this principle. The applicability of 

the provided approach for various cutting possibilities is highlighted by concrete examples. 

Keywords: Fuzzy Sets; Membership Functions, Neutrosophic Fuzzy Erlangian Queuing Model; Trapezoidal 

Neutrosophic fuzzy number; Parametric Programming, (σ, β, γ)-cuts, Zadeh’s Extension Principle; Queue length; 

Waiting time. 

 

1. Introduction 

Queuing Theory is an important facet of operational research. Applications of waiting line is very essential in 

day-to-day life but also in sequence of networks, medical diagnosis, computer programming, banking sectors, 

telecommunications, manufacturing firms and production systems. Many researchers have investigated the 

optimization problems of queuing systems, as well as their fine structure and techniques in several Markovian 

lines. Chen has discussed the queuing system in a fuzzy environment using Zadeh’s extension principle. Kao et al 

derived the membership functions of the system measures for fuzzy queues using parametric programming technique. 

There is a diversity of methods in the literature of recent years. 

At first, the intuitionistic fuzzy set was created by Atanassov. The generalisation of intuitionistic fuzzy sets is 

the neutrosophic set, which was introduced by Florentin Smarandache. Compared to the fuzzy set put forth by 

Zadeh, it is a powerful tool for dealing with ambiguity because it simultaneously takes into account an object's 

membership, indeterminacy, and non-membership degree. Additionally, Florentin Smarandache has studied a 

number of ideas, including neutrosophic measure, neutrosophic logic, neutrosophic probability, etc. The 

functions and characteristics of a single-valued Neutrosophic set were studied by Wang et al. 

This paper is structured as follows: second segment provides some basic definitions of this research work. Third 

segment details a mathematical model which figures queue length and waiting time. Fourth segment describes 

the parametric programming technique of a neutrosophic fuzzy Erlangian queuing model with ( ), ,   -cuts 

and Zadeh's extension principle. Fifth segment illustrates a numerical example. Sixth segment concludes the 

paper. 
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2. Preliminaries 

 

2.1 Fuzzy Set 

C is a fuzzy set defined on U and can be written as a collection of ordered pairs if U is a universe of discourse 

and x is a particular element of U and  ( ) ) : 0,1
C

x U →  

                                                     
 ( , ( ) ) /

C
C x x x U=   

2.2  -cut 

The  -cut of a fuzzy number C  is defined as   : ( ) , 0,1
C

C x x  =   .
 

 

2.3 Trapezoidal Fuzzy Number 

A fuzzy number C  is said to be trapezoidal fuzzy number if and only if there exists real numbers     

        
1 2 3 4 ,c c c c   Such that: 
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−
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
  

= 
−  

 −



       

  It is denoted by ( )1 2 3 4, , ,c c c c c=  or ( )1 2 3 4/ / /c c c c c= . 

 2.4 Neutrosophic fuzzy set  

 A neutrosophic fuzzy set N be the subset of universe of discourse U is denoted by R  and defined by

( ) ( ) ( ) , , , ;
R R R

R x M x I x N x x U=  . Each element of R has a truth, indeterminacy, falsity functions and 

( ) ( ) ( )  , , : 0,1 ,
R R R

M x I x N x U →  Such that ( ) ( ) ( )0 , , 3.
R R R

M x I x N x   

 

2.5 Trapezoidal Neutrosophic Fuzzy Number  

A trapezoidal neutrosophic fuzzy number r  with parameters 
1 2 3 4 ,m m m m    

1 2 3 4 &i i i i    

       
1 2 3 4n n n n   denoted as ( ) ( ) ( )1 2 3 4 1 2 3 4 1 2 3 4, , , , , , , , , , ,r m m m m i i i i n n n n= . Its truth-    

Membership function ( )R
M x , Indeterminacy-membership function ( )R

I x  and falsity membership   

function ( )R
Q x are defined as follows 

                                            ( )

1
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4
3 4

3 4
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,
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m x m
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                                            ( )
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and  

                                           

( )
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R

n x
n x n
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In the above definition, when 
2 3 ,m m= 2 3i i= and 

2 3n n= then we will get a neutrosophic triangular   

fuzzy number. 

2.6 ( ), ,   − Cut  

The ( ), ,   − cut of a trapezoidal neutrosophic fuzzy number is defined as follows: 

        
( )   ' ' '' ''

1 2 1 2 1 2, ,
( ), ( ) ; ( ), ( ) ; ( ), ( )N N N N N N N

  
        =     ; Such that 0 3.   + +   

        Where   ( )( ) ( )( )1 2 1 2 1 4 4 3( ), ( ) ,M M M M M MN N n n n n n n    = + − − −
 

 

            ( )( ) ( )( )' '

1 2 2 2 1 3 4 3( ), ( ) ,I I I I I IN N n n n n n n      = − − + −   
 

            ( )( ) ( )( )'' ''

1 2 2 2 1 3 4 3( ), ( ) ,Q Q Q Q Q QN N n n n n n n      = − − + −   
  

2.7 Interval Analysis Arithmetic 

Let 
1I  and 2I  be two interval numbers defined by ordered pair of real numbers with lower and upper bounds. 

Consider 
1 [ , ],I p q p q=   and 

1 [ , ],I r s r s=  and 
1 2 [ , ] [ , ],I I p q r s =   where [ , , , ] = + −    

symbolically. 

(i)   1 2 ,I I p r q s+ = + +  

(ii) 
1 2 [ , ]I I p s q r− = − −  

(iii) 
1 2 [min( , , , ),max( , , , )]I I pr ps qr qs pr ps qr qs• =  

(iv) 
1 2

1 1
[ , ] ,I I p q

s r

 
 = • 

 
, provided , 0s r   

(v) 
[ , ], 0

[ , ]
[ , ], 0

p q
p q

q p

  


  


= 


 

2.8 Zadeh’s Extension Principle 

Let the inter arrival rate A and service rate S are all fuzzy numbers. The system performance measure ( , )P x y

is defined as    

                                

 ( , )
( ) min( ( ), ( )) / ( , )

p A S A S
Z Sup x y Z p x y

x X

y Y

  = =



                                                      

 

3. Model Description: Single Server Erlangian Queuing Model 
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Consider an Erlangian queuing system in k-phases single server facility, denoted by / /1kM ME ; in which arrival 

occurs as exponential distribution with rate  and service time according to Erlang’s k distribution with rate  . 

It consists of single service channels and a chain of ‘k’ similar stages gaining an average service time 

individually. The service discipline is first come first served and the system capacity are infinite. The Execution 

proportions of this queuing model are 

 

(i) Expected queue length ( )qN  

           
21

2 ( )
q

k
N

k



  

 +
=   − 

 

(ii)  Expected waiting time ( )qT  

                      
1

2 ( )
q

k
T

k



  

 +
=  

− 
                           

4. Parametric Programming Approach of a Neutrosophic Fuzzy Erlangian Queuing Model 

 

In this section, we scrutinize a single server Erlangian queuing model in neutrosophic fuzzy environment. 

Consider a single server neutrosophic fuzzy Erlangian queuing model with four phases. The inter arrival time 

A and service time S are denoted by the following sets: 

                                                   ( , ( ), ( ), ( )) /
A A A

A a M a I a Q a a X=           

                                                   ( , ( ), ( ), ( )) /
S S S

S s M s I s Q s s Y=   

Where X and Y are crisp sets of neutrosophic fuzzy inter arrival time and neutrosophic fuzzy service time and 

the corresponding membership functions are ( )
A

a  and ( ).
S

s ( ), ,   -cut of inter arrival time A and service 

time S are defined by 

                                                 ( )  , , / ( ) , ( ) , ( )
A A A

A a X M a I a Q a     =      

                                                  ( , , ) / ( ) , ( ) , ( )
S S S

S s Y M s I s Q s     =      

The crisp subsets of X and Y are ( ), ,A    and ( , , )S    . Using ( ), ,   -cuts, the arrival rate and service 

rate can be represented by various levels of confidence intervals [0, 1]. The neutrosophic fuzzy queue can be 

reduced to a family of crisp queues with ( ), ,   -cuts  

( ) , , ; 0 1, 0 1, 0 1A            and ( ) , , ; 0 1, 0 1, 0 1S            . 

Thus the crisp queue can be got from the neutrosophic fuzzy queue for different value of ( ), ,   -cuts. The 

membership function of the performance measures ( , )p A S and the truth membership function, indeterminacy 

membership function and falsity membership function defined by using zadeh’s extension principle, which are 

denoted by  

                                    ( , ) ( ) min( ( ), ( )) / ( , ) / ,p a s A S
M Z Sup a s Z p a s a X s Y = =    

                                    ( , ) ( ) min( ( ), ( )) / ( , ) / ,p a s A S
I Z Inf a s Z p a s a X s Y = =    

                                   ( , ) ( ) min( ( ), ( )) / ( , ) / ,p a s A S
Q Z Inf a s Z p a s a X s Y = =                                                               

The parametric programming technique is used for finding upper and lower bounds of ( ), ,   -cuts of

( , ) ( )p a s Z  which are as follows: 

 
( , , ) min ( , )pl p a s   =  ; Such that 

( , , ) ( , , )A A
l a u

     
  and 

( , , ) ( , , )S S
l s u

     
   

( , , ) max ( , )pu p a s   = ; Such that 
( , , ) ( , , )A Al a u        and

( , , ) ( , , )S Sl s u        

Where ( , , )a A    and ( , , )s S    . 
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Both the upper and lower bounds 
( , , )pl    and 

( , , )pu    are iinvertible with respect to ( , , )   . The left 

shape Function L(z) and right shape function R(z) can be obtained from ( )
1

( , , )pl   

−

  and ( )
1

( , , )pu   

−

. 

The truth membership function is defined by 

                                  

1 2

3 4( , )

( ),

( ) ( ),

0 ,

M M

M

M M

MP A S

L z z z z

M z R z z z z

otherwise

  


=  



 

Where 1 4

M Mz z z  and 1 4( ) ( ) 0M M

M ML z R z= = . 

The indeterminacy membership function is defined by 

                                  

1 2

3 4( , )

( ),

( ) ( ),

0 ,

I I

I

I I

IP A S

L z z z z

I z R z z z z

otherwise

  


=  



 

Where 1 4

I Iz z z  and 1 4( ) ( ) 0I I

I IL z R z= = . 

The falsity membership function is defined by 

                                  

1 2

3 4( , )

( ),

( ) ( ),

0 ,

Q Q

Q

Q Q

QP A S

L z z z z

Q z R z z z z

otherwise

  


=  



 

Where 1 4

Q Qz z z  and 1 4( ) ( ) 0Q Q

Q QL z R z= = .  

 

         5. Numerical Illustration 

 

 Let us contemplate the arrival rate  and service rate  are trapezoidal neutrosophic fuzzy numbers with   

 Phase k=4. 

 

 (2,3, 4,5) (3, 4,5, 6) (5, 6, 7,8) =  

         (12,13,14,15) (13,14,15,16) (15,16,17,18) =  

The ( , , )   - cut of  and  are    

 (2 ,5 ) (4 ,5 ) (6 , 7 )      = + − − + − +  

         (12 ,15 ) (14 ,15 ) (16 ,17 )      = + − − + − +
 

 

5.1 Expected Queue Length ( )qN     
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The parametric programming for the queue length is 
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The truth membership function is  
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which is defined as  
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      The indeterminacy membership function is 
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      which is estimated as 
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  The falsity membership function is  
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For different values of ( )  , , 0,1    , the lower and upper bounds of expected number of customers in the 

queue is tabulated as follows. 

 

Table 1: Expected Queue Length 

  )(qNl  )(qNu  
 

  

,   )(qNl  
)(qNu  )(qNl  
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2 
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50 
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88 
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68 
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5.2 Expected Waiting Time ( )qT  
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        The parametric programming of an expected waiting time is 
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       The truth membership function is 
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      which is estimated as  
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       The indeterminacy membership function is  
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The falsity membership function is  
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For different values of ( )  , , 0,1    , the lower and upper bounds of expected waiting time of a customers in 

the queue are tabulated as follows. 

Table 2: Expected Waiting Time 

  )(qTl  )(qTu  
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6 

5. Conclusion 

 

This paper investigates the qualitative behavior of single server neutrosophic fuzzy Erlangian queuing model 

with phase service. Due to the uncertainty in the parameter estimates for queuing decision models, neutrosophic 

environments can be used to cope with system performance measures. Trapezoidal neutrosophic fuzzy numbers 

are used to express the service time and arrival time of the proposed model. Using the ( ), ,   -cuts and Zadeh's 

extension principle, we determine the queue length and waiting time. Also, the parametric programming 

technique is utilized for finding upper and lower bounds of queue length and waiting time for different ( ), ,  

-cuts. The neutrosophic fuzzy queue can be converted into a family of crisp queues. The performance 

measurements of the suggested model, which are created using the truth, indeterminacy and falsity membership 

degrees of a trapezoidal neutrosophic fuzzy number are demonstrated by an example. 
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