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Abstract

Our main results, we give the concept neutrosophic (m, n)-ideals and investigate the properties of neutrosophic
(m, n)-ideals in semigroups. Finally, we study the minimality and primality of neutrosophic (m, n)-ideals in
semigroups.
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1 introduction

Since the classical set is invalid to handle the described uncertainties, Zadeh?? first gave the definition of a
fuzzy set. K. T. Atanassov® introduced the notion of an intuitionistic fuzzy set as a generalization of a fuzzy
set. In fact from his point of view for each element of the universe there are two degrees, one a degree
of membership to a vague subset and the other is a degree of non-membership to that given subset. The
concept of neutrosophic set (NPS) developed by Smarandache,” is a more general concept which extends the
concepts of the classic set and fuzzy set. Neutrosophic set is a generalization of the fuzzy set and intuitionistic
fuzzy set, where the truth-membership, indeterminacy-membership, and falsity-membership are represented
independently. Vasantha Kandasamy and Florentin Smarandache® multiset neutrosophic fields, neutrosophic
rings,neutrosophic vector spaces” neutrosophic groups,neutrosophic bigroups® and neutrosophic N-groups,*
neutrosophic semigroups,® neutrosophic bisemigroups, and neutrosophic, etc. The concept of fuzzy sets in
semigroup was introduced by Kuroki,'Y introduced and studied fuzzy (left, right) ideals and fuzzy bi-ideals in
semigroups. The theory of (m, n)-ideals in semigroups was studied by Lajos in 196312 The notion of (m, n)-
ideals of semigroups generalized the notion of one sided ideals of semigroups. The study of (m, n)-ideals in
various algebraic structures had also been studied by many authors, for instance, Akram et al.” Yagoob and
Chinram,™ and many others. In 2019, Ahsan et al'¥ extended the notion of (m, n)-ideals in semigroups to
the notion of fuzzy (m,n)-ideals in semigroups and they characterized (m,n)-regular semigroups by using
fuzzy (m,n)-ideals. In 2022, T. Gaketem® discussed interval valued fuzzy almost (m, n)-ideals in semigroups.
Recently, W. Nakkhasen™ studied concept picture fuzzy (m,n)-ideals of semigroups and investigated some
basic properties of picture fuzzy (m, n)-ideals of semigroups.

Our aim of this paper is to extend neutrosophic ideals to (m,n)-ideals in semigroups. Our main results is
divided in the following sections, in section 2, we shall extend concepts of neutrosophic ideals to (m,n)-
ideals in semigroups. In section 3, we give the concept neutrosophic (m, n)-ideals and investigated propertis
of neutrosophic (m, n)-ideals insemigroups. Finally, we study minimality of neutrosophic (m,n)-ideals and
prime fuzzy (m,n)-ideals in semigroups.
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2 Preliminaries

Before we discussed the concept of ideals in semigroups, fuzzy semigroups and neutrosophic ideal in semi-
grops and basic properties for the study of next sections.

A subsemigroup of a semigroup E is a non-empty set K of F such that KK C K. A left (right) ideal of a
semigroup F is a non-empty set K of F such that EK C K (KE C K). By an ideal of a semigroup T', we
mean a non-empty set of £ which is both a left and a right ideal of E. A regular semigroup of £ if for each
e € F there exists h € E such that e = ehe.

Next, we reviews the smallest (m, n)-ideals and principal (m, n)-ideals in semigroups.

m—+n
[K](m,n) = U K" N K™SK™ is the principal (m, n)-ideal by K,
r=1

[K](m,0) = U K" N K™S is the principal (m, 0)-ideal by K and
r=1

[K](0,n) = U K" N SK™ is the principal (0, n)-ideal by K,
r=1

i.e., the smallest (m, n)-ideal, the smallest (m, 0)-ideal and the smallest (0, n)-ideal of E containing K, re-
spectively.

Lemma 2.1. " Let E be a semigroup and m, n positive integers, [u) (m,n) the principal (m, n)-ideal generated
by the element u. Then

(1) ([u]n,0)"E =u"E.
(2) E([u]n))" = Eu™.

(3) ([ ](mO ) E([U](o,n))" =u"Eu".

Definition 2.2. "9 A subsemigroup K of a semigroup 7T is called an

(1) (m,n)-ideal of E if K™ EK™ C Kfor any m,n € N,
(2) (m,0)-ideal of E if K™E C K forany m € N,
(3) (0,n)-ideal of E if EK™ C K for any n € N.

For any h; € [0,1],4 € F, define

s fg};{ }  an 1nj{ }

We see that for any h, r € [0, 1], we have
hVr=max{h,r} and hAr=min{h,r}.
The next, we review the definition of fuzzy sets, intuitionsic fuzzy sets and neutrosophic sets.

A fuzzy set (fuzzy subset) of a non-empty set E is a function 9 : E — [0, 1].

For any two fuzzy sets ¢ and ¢ of a non-empty set F, define the symbol as follows:
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(1) 9 > € < 9(h) > £(h) forallh € E,

) I =Eed > andé >0,

3) (9 AE)(h) = min{d(h),&(h)} = 9(h) AE(h) forallh € E,
@) (0 v &)(h) = max{V(h),(h)} = (k) v £(h) forall h € E,
(5) 9 C £if9(h) < &(h) forall h € E.

Definition 2.3. 19 A fuzzy set 9 of a semigroup E is called a fuzzy (m, n)-ideal of E if 9(e1ez - - - epkrire -+ 1p) >
Iep)Ad(ex) A+ -AY(em), I (r1) NI (ra)A. .. 9(ry,) forall ey, e, ..., em, k, 71,72, ...7, of Eand m,n € N.
Definition 2.4. "7 A neutrosophic set (NPS) of a non-empty set E is a structure of the form ¥ := {(e, 7 (e), 9 (e),

Yr(e)) | e € E} where Ur : E — [0, 1] is called a truth membership function, 91 : E — [0,1] is called a
indetreminate membership function, and 9 : E — [0, 1] is called a false membership function

Definition 2.5. © For any non-empty subset K of set . The characteristic neutrosophic function A\x of K in
FE defined by

A = {(e,ATK,/\]K,)\FK) | (S E},

where
1 eec K,
)\TK(e) ::{ 0 €¢K
0 eeK,
)\IK<6) ::{ 1 €¢K
1 ee K,
)\FK(6> = { 0 e ¢ K.

The whole NPS g in a semigroup F is defined A\ = {17,,0;r,, 1F,}, Where Ag is an NPS subset of E
mapping every element of F to {1,0,1}.

Definition 2.6. © For two NPS set A = {J7,9;,9r} and B = {¢7,&7,EF} in semigroup E, we define

(D) ACBeidr <&, 91 > &, 9r < &,
(2 AoB & {(e,9r0&r,V10&,Vroér)|ec E},

where
\V {9r(p) ANér(h)} if e = ph, forsomep,h € E,
(0 &r)(e) = § e=rh
0 otherwise,
A {9r(p) VE&r(h)} if e = ph, forsomep,h € E,
(roér)(e) = { e=rh
1 otherwise,
V {9:(p) A&r(R)} if e = ph, forsomep,h € E,
(9p o Er)(e) = { =n
0 otherwise,
foralle € E.

Definition 2.7. © Let 1) be a NPS of a semigroup E is called
(1) aneutrosophic subsemigroup (NPSG) if U1 (eh) > ¥ (e) Adr(h), 9r(eh) < Ir(e)Vir(h), Ip(eh) >
dp(e) Ndp(h), foralle, h € E,

(2) a neutrosophic left ideal (NPLI) if ¥ (eh) > dr(h), dr(eh) < 97(h), dr(eh) > Ir(h), for all
e,h € F,

(3) a neutrosophic right ideal (NPRI) if 9p(eh) > dr(e), 9r(eh) < 9;(e), Yr(eh) > Vr(e), for all
e,heFE,

(4) a neutrosophic bi-ideal (NPBI) if 91 (ehk) > dr(e) A 97 (k), d1(eh) < 91(e) vV I1(k), dp(eh) >
Ip(e) ANIp(k), foralle, h,k € E.
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3 Netrosophic (m, n)-ideals in Semigroups

Definition 3.1. An NPS ¢ of a semigroup F is called a netrosophic (m,n)-ideal (NP (m,n)-ideal) of E
if 19T(6162 ceeemkriry - "I“n) > 19T(€1) A\ 19T(€2) A A ﬁT(em),ﬂT(Tl) A\ 19T(7“2) Ao A ’19T(’I“n),
dr(eres - epmkrire - -ry) < Vr(er) VIr(ea) V- Adr(enm), 0r(r1) VIr(ra) V-V Ir(ry,) and
Ip(erea - epkrire - ry) > 9p(er) ANOp(e) A Adp(em), Op(ri) Adp(ra) A ANdp(ry)

forall ey, es,...,em,k,r1,72,...7, of Eand m,n € N.

Theorem 3.2. Let {9; | i € J} be a family of NPS (m, n)-ideals of a semigroup E. Then Z_é\}_l?,; is an IVF

(m, n)-ideal of E, where ¥; = {(e,9;,.,9;,;,%;,) | e € E}.

Proof. Lete,h € E. Then,
Y. (eh) > Pip Pir(B)} = A Ui Dip(e),
D Pin(eh) 2 A (Dir() Mg ()} = A Dir(€) A A Dirle)
¥, (eh) < D4, 9, (h)} = V 9y, 94, (e),
 Digleh) < V{93, (e)V 0, ()} = V05, (e)V V. diye)
and
A Bin(eh) = A (Dig(€) Aig ()} = A Diple) A A Dile)

Thus, 4/\\71% isan NPSG of E. Leteq,ea,...,epm,k,r1,72,...7, € E. Then,
1€

z‘e/\jﬂ” (erea - emkrira -« 1y) ié\j{ﬁZT (e1) A 191T)(€2) ‘AN ip(en)

AGip (1) N0 (1 Vip(Tn)}

— Y, 191 19iT n
Lyl (@O0 LPiaeD) 1 fVia )
/\ié\j’&iT (ri) A ie/\JﬁiT (r2)... ié\JﬁiT (Tn),

IN

4é/j19i1(eleg~-~emkﬁr2---rn) \/ {19”(61) Vi, (e2) - V9, (en)
Vi, (

/\19 ((r1) VvV r2) . Vi (Tn)}
= vﬁz,(el)v \/19 ( 9) - vié/Jﬁ“(en)
)

\/ /\ U \/ \/ Y, oV
A ir (11 e ir(r2) e ir(Tn)

and
LVic(ererembriry-oora) 20 N {ig(en) Adip(e2) - Adi(en)
/\ﬂiF (Tl) N 1911? (T ) ZF (Tn)}
= L) N Ay es) A 9 e
\/ie/\JﬂiF (7“1) N ie/\JﬂiF (7“2) e 16/\J191F (7‘”)
Thus, _é\Jﬁi is an NP (m, n)-ideal of E. O

Theorem 3.3. Let K is an ideal of a semigroup E and m,n are positive integers. Then K is an (m,n)-ideal
of E if and only if the characteristic neutrosophic function A\ is an NP (m, n)-ideal of E.

Proof. Suppose that K is an (m, n)-ideal of E. Then, A, (e1ez - - - e krirg -+ 1,) = 1,
Ar(erea - epkrirg - r,) = 0and Ap, (erea -« - epkrire -« ry) = 1.

Letey,eo,...€m,k,71,72,...,7, € E. Then the following cases:

Case 1 If e; ¢ K forsome i € {1,2,...,m}, then A, (e;) = 0, A, (e;) = 1 and Ap, (e;) = O for some
i € {1,2,...,m}. Thus, Ap,(e1ea--emkrira-- 1) > Are(er) AAre(ea) Ao Adp(em) Ao A
)\TK (Tl)/\)\TK(TQ) AR /\)\TK(’I“n), )\[K(eleg ceeemkriry - "I“n) < )\[K(el) \/)\[K(eg) VR '\/)\[K(em) V
VAL (1) VAL (r2) V- - V AL (rn) and Ap, (e1€g -+ emkrira - 1) > A (e1) A A (ea) A=+ A
)\FK(em)/\"'/\)\FK(Tl)/\)\FK(TQ)/\"'/\)\FK(Tn).
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Case 2 If r; ¢ K forsome j € {1,2,...,n}, then A, (r;) = 0, A, (r;) = 1 and Ap, (;) = 0 for some
i € {1,2,...,m}. Thus, Ay, (erea--emkrira - 1n) > Are(er) AAre(ea) Ao Adpe(em) Ao A
AT (P1) AAT (T2) A AAT (1), Anc(erea - emkrira - ry) < Apc(e1) VAre(e2) V- AAr(em) V

VA (r) VAL (r2) Voo VAL (ry) and Mgy (e1€a - - epkrira - 1) > Ap(e1) A A (e2) A A
>‘FK (em) A A )\FK(rl) A\ )\FK(?"Q) A=A )\FK(Tn).

Case 3 If ¢;,r7; € K foreach ¢ € {1,2,...,m} and j € {1,2,...,n}, then erez---ep2rira---m,
KMEK™ C K. Thus Apg(e;) = 1 = Ap (1), Aig(e;) = 0 = )\]K(T’]) and )\FK(eZ) =1= /\FK(T
foreachi € {1,2,...,m} and j € {1,2,...,n}. Hence, A\, (e1e2---emkri,ro---1y) =1 > Ap.(e1)
Ari(€2) Ao~ AAT (€m) A AAT (T11) AT (T2) A+ - A A (Tn)s Arg (€162 - emkry,re -+ 1) =0
)\]K (61)\/)\IK (62)\/- . '\/)\[K (em)\/- . '\/)\]K (7“1)\/)\[K (Tg)\/- . '\/)\]K (’I“n) and >\FK (6162 cee emkrl,m n) =
1 2)\FK(el)/\)\TK(eg)/\-~-/\)\FK(em)/\~--/\)\FK(rl)/\)\FK(Tg)/\~--/\)\FK(rn).

N> m

Therefore, A\ is an NP (m, n)-ideal of E.

Conversely, suppose that Ax is an NP (m,n)-ideal of E and let ey, e, ... €m,k,71,72,...,7, € E. Then,
)\TK (6162 cee Gmk’l’l’l’g R ’f’n) Z )\TK (61)/\)\TK (62)/\' . '/\/\TK (Bm)/\' . '/\)\TK (Tl)/\/\TK (T‘Q)/\' . '/\/\TK (’I”n),
A (erea - epmkrirg - ry) < Ar(er) VAre(e2) V- VA (em) Ve VAL(r) VA (ra) VoV
Al (rn) and Apy (e1€2- - emkri,ma 1) > Apc(e1) A Apg(e2) Ao A Adpg(em) Ao AAp(r1) A
Ar (12) A+ V AR (ry). Thus, Ar (eres---enkrire- 1) = 1 = Ap(e1ea---epkrirs---ry,) and
Al (eres - -emkrirg -+ ry) = 0. It impiles that, eyes - - - epkrire---r, € K. Hence, K"EK" C K.
Therefore, K is an (m,n)-ideal of E. O

Theorem 3.4. Let E be a semigroup and m,n be positive integers. Then K is an (m,0)-ideal ((0,n)-ideal)
of E if and only if the characteristic neutrosophic function M\ is an NP an (m, 0)-ideal ((0, n)-ideal) of E.

Proof. Suppose that K is an (m, 0)-ideal of E and let e, e, ... ey, k € E. Then the following cases:

Case 1 If ¢; ¢ K for some i € {1,2,...,m}, then Ap,.(e;) = 0 = Ap,(e;) and Aj, (e;) = 1 for some
i €{1,2,...,m}. Thus, Ap, (e1€2---emk) > Ap.(€1) A A (€2) A+ A A, (em), Arg(erez--epk) <
)\[K(el) V Ik (62) Vo VA, (em) and )\FK(€162 e emk) > )\FK(el) A )\FK(GQ) VANRERIVAN )\FK(em).

Case 2 If u; € K for each i € {1,2 ,m}, then Ap,.(e;) = 1 = )\IK(eZ) and Ap, (e;) = 0 for each
i €41,2,...,m}. Thus, A\, (e1ez - k) > A7y (el) AAT(€2) Ao A A (em), Arg(erez - - emk) <
A (€1) VArg(e2) V-V Ar (em) and)\pK(eleg emk) > Apy (e )/\)\FK(eQ)A-~-/\>\FK(em).

Therefore, A\ is an NP (m, 0)-ideal of E.

Conversely, suppose that A is an NP (m, 0)-ideal of E. Then, Ar, (e1€2 - - emk) > Ary (e1) A Ay (e2) A

. '/\)\TK (6m>, )\]K (6162 cee emk’) < )\]K (61)\/)\]K (62)\/' . '\/)\]K (em) and )\FK (6162 cee €mk) > )\FK (61)/\
)\FK (62) VARERWAN )\FK (em). Thus, )\TK (8162 s 6mk) =1= )\FK (6162 s emk) and )\]K (6162 s €m]<i) =0.
It implies that, ejes - - - e,k € K. Hence, K™ E C K. Therefore K is an (m, 0)-ideal of £ O

Definition 3.5. Let E be a semigroup and m, n be positive intergers. Then E is called (m, n)-regular if for
each e € F there exists h € F such that e = e ze" equivalently for each subset K of F'if K C K™ EK" or
for each element e of F, e € e"" Ee™.

Lemma 3.6. Let E be an (m,n)-regular of semigroup and m,n be positive intergers. Then every NP (m,n)-
ideal of E is an NPBI of E.

Proof. Suppose that ¥ is an NP (m, n)-ideal of E and 4, j, k € E. By assumption there exist x,y € F such
that ijk = i"xi"jk™yk"™. Thus,

Ir(ijk) = (™ ai™ jE"yk"™) = O (@™ (2" 5K y) k™)
Vp(ijk) = 91 (i"wi" jEMyk") = O (@™ (2i" jE" y) k")

> I7(i™) NI (k™) > 91 (i) A (k),
<Ir(E™) VI (k") <97(i) v Ir(k),
and

ﬁp(ljk) = ﬁp(lmxlnjkmykn) = ﬁp(lm(‘rln]kmy)kn) > 79F( )/\ ﬁp(kn) < 19F( )/\ 19F( )

Hence, 9 is an NPBI of F. O
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Definition 3.7. An (m,n)-ideal K of a semigroup F is called a minimal if for every (m,n)-ideal of J of E
such that J C K, we have J = K.

Definition 3.8. An NP (m,n)-ideal ¢ of a semigroup E is a minimal if for all NP (m, n)-ideal £ of E such
that £ < 9, then £ = 9.

Lemma 3.9. For any non-empty subsets I and K of a semigroup E, we have I C K if and only if \; < A\,
where A\; and Ak are characteristic neutrosophic functions I and K respective.

Theorem 3.10. A non-empty subset K of a semigroup E is a minimal (m,n)-ideal if and only if A\ is a
minimal NP (m,n)-ideal.

Proof. Let K be a minimal (m,n)-ideal of E. Then K is an (m,n)-ideal. Thus, by Theorem [3.3] Ax is a
NP (m, n)-ideal of E. Let I be an (m, n)-ideal of E such that I C K. Then by Theorem[3.3] A; is a NP
(m,n)-ideal of E and A; < Ag. Since K is a minimal (m, n)-ideal of E we have J = K. Thus, \; = Ag.
Hence, A\ is minimal NP (m,n)-ideal of E.

Conversely, Ak is minimal NP (m, n)-ideal of E. Then Ak is an NP (m,n)-ideal of E. Thus, by Theorem
K is an (m, n)-ideal of E. Let Ay be an NP (m, n)-ideal of E such that A\ ; < Ag. Then by Theorem[3.3]
J is an (m, n)-ideal of E such that J C K. Since A\ is minimal NP (m, n)-ideal of E. we have A\; = Ag.
Thus, J = K. Hence, K is a minimal (m, n)-ideal of E. O

Definition 3.11. An (m, n)-ideal K of a semigroup F is called a maximal if for every (m,n)-ideal of J of E
such that K C J, we have J = K.

Definition 3.12. An NP (m,n)-ideal ¥ of a semigroup E is a maximal if for all NP (m, n)-ideal £ of E such
that ¥ < &, then £ = 9.

Theorem 3.13. A non-empty subset K of a semigroup E is a maximal (m,n)-ideal if and only if Ak is a
maximal NP (m,n)-ideal.

Proof. Tt follows form Theorem 3.10} O

4 Prime and Semiprime Neutrosophic (m, n)-ideals

In this section, we give relationship between prime, semiprime (m, n)-ideals and prime, semiprime NP (m, n)-
ideals.

Definition 4.1. Let P be an (m, n)-ideal of a semigroup F is called

(1) primeifeh € Pimpliese € Porh € Pforalle, h € E,
(2) semiprime if e € P impliese € P foralle € E.

Definition 4.2. Let ¥ be a NP (m, n)-ideal of a semigroup is called

(1) prime if 9r(eh) < 9p(e) V Ir(h), Ir(eh) > d;1(e) ANIr(h) and 9p(eh) < Ip(e) V Ip(h) for all
e,h € F,

(2) semiprime if 97(e?) < I (e), 91(e?) > 91(e) and Vp(e?) < Vp(e) foralle € E.
Remark 4.3. Every prime (m, n)-ideal is semiprime (m, n)-ideal in a semigroup.

Theorem 4.4. Let P a non-empty subset of a semigroup E. Then P is a prime (m,n)-ideal of S if and only if
Ap is a prime NP (m,n)-ideal of E.
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Proof. Suppose that P is a prime (m, n)-ideal of S. Then P is a (m, n)-ideal of S. Thus by Theorem[3.3| Ap
isa NP (m, n)-ideal of S. Lete, h € E.

Case 1: If eh € P, thene € Porh € P. Thus Ap.(eh) = 1 = Apr.(e) Ajp(eh) = 0 = Aj.(e) or
Arp(eh) =1 = Ap.(h), App(eh) =1 = Ap,.(h) and Ar.(eh) = 0 = Ar.(e) or A\rp(eh) = 0 = Ar.(h)
Hence, >\TP (eh) < )\TP (6) \Y )\TP (h), /\[P (eh) > )\]P (6) A\ )\[P (h) and )\FP (eh) < )\TP 6) \Y )\TP (h)

Case 2: If eh ¢ P, then Ar.(eh) = 0 = Ap,(eh) and Aj,(eh) = 1. Thus, A, (eh) < Ar.(e) V A, (h),
Arp(eh) > Arn(e) A A1 (h) and g, (eh) < A, (e) V A, (h).

From 2 case, we have Ap is a prime NP (m, n)-ideal of E.

Conversely, suppose that Ap is a prime NP (m,n)-ideal of E. Then Ap is a NP (m,n)-ideal of E. Thus,
by Theorem [3.3] P is an (m,n)-ideal of E. Lete,h € E. If e ¢ P and h ¢ P, then Ar.(e) = 0 =
Arp (h) Arp(e) =1 = A1 (h) and Ap,.(e) = 0 = Ap, (h). By assumption, A7, (eh) < Ap,(e) V Ar, (),
Arp(eh) < Arp(e) A Arp(h) and Ap, (eh) > Ap.(€e) V App (h). Thus, A, (eh) = 1 = Ap,(e), Ar.(eh) =
0= )\Ip(e),)\TP(eh) =0= )\[P(h), /\[P(eh) =0= /\[P(h) and )\Fp(eh) = 1, /\pP(e) =1= )\Fp(h) It
is a contradiction, so e € P or h € P. Hence, P is a prime (m, n)-ideal of E. O

Theorem 4.5. Let P a non-empty subset of a semigroup E. Then P is a semiprime (m,n)-ideal of E if and
only if \p is a semiprime NP (m,n)-ideal of E.

Proof. It follows from Theorem 4.4 O

5 Conclusion

In this paper, we give the concept of neutrosophic (m, n)-ideals and prove the basic properties of neutrosophic
(m, n)-ideals in semigroups. Additionally, we study minimal and prime neutrosophic (m,n)-ideals in semi-
groups. In the future we extend study intuitionsic fuzzy (m, n)-ideal and essential neutrosophic (m, n)-ideals
in semigroups.
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