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Abstract

Metric spaces are generalized to three variables and are termed as S - metric spaces, which in turn are extended to four variables and are
termed as B, - metric spaces. Now we extend this notion to n - variables (n = 4), which we name them as B,, - metric spaces. We study
novel contractive mappings on B,, - metric spaces. In this paper, we obtain a fixed point theorem for a self map on a 4-dimensional ball
metric spaces and also obtain a fixed point theorem for a self map on a n - dimensional (n > 4) ball metric spaces generalize known
results in fixed point theorems on metric spaces.
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1. Introduction

B, - metric space is introduced in [1] as an extension of S - metric space [6] (S. Sedghi, N. Shobe, A. Aliouche). Further B, - metric
space (n = 4) is introduced in [2]. Fixed point results are established in [3] and [4]. In this paper a B, - metric space is renamed as
4 — dimensional ball metric space and B, - metric space ( n =4 ) is renamed as n — dimensional ball metric space. This
nomenclature is in conjunction with rectangular S - metric spaces [5]. We establish a fixed point theorem for a self-map on a 4 —
dimensional ball metric space and obtain applications. We also obtain a fixed point theorem for a self map on a n — dimensional ball
metric space and obtain applications. Examples of the above spaces can be found in [3] and [4].

However, we provide some more examples in this paper.

Extensions of the contraction principles can also be found in ([7] — [20]) to cite a few.

2. Preliminaries

For 4-dimensional ball metric spaces:

2.1 Definition: [1] Let Q # ¢ and B,: Q* —» R* satisfy the following axioms: for all ¢;, ¢, 63,64, @ € Q
() B4(61,62,63,6) =0 & ¢y = ¢, =¢3=¢,4

B4(61,61,61, @) + Ba(52, 62,62, @) }

) By (1,62 62,62) < {
(1) By (61,6263, 64) < +B4(63,63,63, @) + By(64, 64, G4 @)

Then we say that B, is a 4 — dimensional ball metric on Q and the pair (Q, B,) isa 4 — dimensional ball metric space.
Various examples of 4 — dimensional ball metric spaces can be found in [1].
The following are some more examples.

2.2 Example: Suppose Q. = N U {0} and define B,: Q* - R* U {0} by
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B,( ):{0. if6 =6 =¢:=6,
4\61,62,63,64 ¢ +¢%+¢3 +¢2, otherwise

Then (Q, B,) isa 4 — dimensional ball metric space.
2.3 Example: Let Q@ = N u {0} and define B,: Q* - R* U {0} by

0, ifg; =¢,=¢3=0¢,
¢1 +¢,+¢3+¢,, otherwise

B4(61,62,63,64) = {
Then (Q, B,) is a 4 — dimensional ball metric space
2.4 Example: Let @ = N U {0}, 12 > 0. Define B,: Q* - R* U {0}

ifg;=¢,=¢3=0¢,4

0,
by By (61,62,63,64) = {,1 otherwise

where ¢;, 65,635,645 € Q.

Then (Q, B,) isa 4 — dimensional ball metric space.

The definition of Convergence, Cauchy sequence, and completeness in a 4 -dimensional ball metric space can be found in [1].

We now state a few lemmas, which we use in our further development.
2.5 Lemma: [1] Let (©2, B,) be a 4 — dimensional ball metric space.
Then B, (1,62, 62,62) = B4(62,62,62,61), for allgy, ¢, € Q.

2.6 Lemma: [1] ¢,,, = ¢ © B,(5,6,6,¢,) 2 0asm — o

2.7 Lemma: [1] ¢y = 11, G = N2 = 11 = 17,

2.8 Lemma: [1] ¢, = ¢ = {¢,,} is a Cauchy Sequence.

For n -dimensional ball metric spaces:

Suppose n(= 4) is a positive integer.

2.9 Definition [2] Let Q # @ and B,,: Q" — R satisfy the following axioms: for all¢y, ¢, ..., ¢, @ € Q

(1) Bu(51,62, s §n) =0 & ¢y = ¢y =+ =g,

(i1) By (61,62, s Sn) < Bp(§1,61, e, 61, @) + Bn($2, 62, v, 62, @) + -+ + B (Gny Gy vvv) Gy @)

Then we say that B,, is an — dimensional ball metric on Q and (Q, B,,) is an — dimensional ball metric space.

Clearly, this definition extends a 4 — dimensional ball metric space to n dimensional ball metric space, for n > 4.

Various examples of n — dimensional ball metric spaces can be found in [2]. The following are some more examples.

2.10 Example: Suppose Q = N U {0}. Define B,: Q" - R* U {0} by

0, ifg;=¢,=-=¢,

Bn(61, 62 s 6n) = {cf +¢5 +-+¢h,  otherwise

Then (Q, B,) isan — dimensional ball metric space.

2.11 Example: Suppose Q = N U {0}. Define B,: Q™ - R* U {0} by
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_ (0, ifg;=¢,=-=¢,
Bn(51,62, -0 6n) = {gl +¢,+-+¢, otherwise

Then (Q, B,) is an — dimensional ball metric space.

2.12 Example: Suppose Q. = N U {0}, 1 > 0. Define B,: Q™ - R* U {0} by

0’ lf = = e —
Bn (CI' (S TR Cn) = {A of}ierwigsze o

Then (Q, B,) is an — dimensional ball metric space.

The definition of Convergence, Cauchy sequence, and completeness in a n — dimensional ball metric space can be found in [2].

We now state a few lemmas, which we use in our further development.

2.13 Lemma: [2] Let (22, B,) be an — dimensional ball metric space.

Then Bn (Cll G1r-»C1 ,Cz) = Bn (CZ' G2r s G2 'Cl)r for a” G1, G2 € 0.

(n—1) times (n—1) times

2.14 Lemma: [2] ¢,, — ¢ ifand only if B, (¢, ¢, ...,¢,¢) = 0 aSM — 00,
—_——————

(n—1) times

3. Main result for 4 - dimensional ball metric spaces

First, we prove the following Lemma and use it in our main result.

3.1 Lemma: Let 2 # @ and B,: 2* —» R* U {0} be a 4 — dimensional ball metric space on 0.

Then By (s, B,6,B8) < B4(5,v,v,¥) + 3B (v, B, B, B), for all ¢, B,y,a € 2

Proof: Suppose (Q, B,) is a 4 — dimensional ball metric space.
Replacing y¢,, 63,6, by B and @ by y in definition 6.2.1 (ii), we get,

B4(5,6,6.v) + Bs(B,B.B,V)
Bi(s.B.B.B) < {+Bi(ﬁ,ﬁ,ﬁ,y) +734(ﬁ,ﬁ,ﬁ,y)}

Therefore 34(9 ﬁ! ﬁ! B) < B4(§! V1Y) Y) + 3 le-(ﬁ! ﬁ! ﬁ! )/)

Therefore B,(s, 8, 8,8) < B,(5,v,v,v) + 3B,(v, 5,5, B) (by Lemma 6.2.5)

Now we state and prove our main theorem on 4-dimensional ball metric spaces.

3.2 Theorem: Suppose (£2, B,) is a complete 4-dimensional ball metric space and T: 2 — £ isa map. Suppose 0 < k < é is such

that for ¢4, ¢5, 63,64 € £,
By (T61, 762, T3, T6s) < kB4 (61,62,63,64) (3.2.1)
Then T has only one fixed point.

Proof: For ¢;,¢, € Q, from (3.2.1), we have

By (T61,T62,T62,T63) < kBy(61,62,62,62)
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Let ¢, € Q. Define the sequence {¢,,} by ¢,, = T"¢,, forn = 1,2,3, ...

Then clearly ¢,,,; = T"¢,.

By (Sns s s Snv1) = Ba(T6no1, TSno1, TSno1, T6n) < kBy(Sn—1, Sn-1,Sn—-1,Sn)
Write s, = B, ($n, $ns S Snvn)

We have s,, < ks,_; < k?s,,_,

Therefore s, < k™syforalln € N. (3.2.2)

Suppose m > n

This shows thats, — 0 asn — oo

By using of (ii) of Definition 2.1,

for ¢pv1) Snazs +or Sm—1, We have

B4(Cnl Cn' Cn' Cn+1) + B4-(Cm' Cm' Cm' §n+1) }
+B4-(Cm' Cm: Cm: Cn+1) + B4-(Cm: Cm: Cm: Cn+1)

By ($ns Sms Smo §m) < {
= By(Sns S Snr Snv1) + 3Ba (S Soms S Svn)

= Sp + 3B, (Smi Sms Smo Snv)

< Sy + 3841 + 32Ba (S S S Sna2) < Sp + 3Sn41 + 325042 + 32 Bu(Sins Sms Sims Srs)
< Sp +3Sp41 + 32540 + 33543 + -+ 3™ s, (bylemma3.1) (3.2.4)

From (3.2.3) and (3.2.4), we have

By (Sns S Smi Sm)

< sp + 3ksppq + 3%k, + 33k3s, 05 + oo+ 3N Mo

< 5,(1 + 3k + (3k)? + - + (3k)m"~1)

=5,(1+A1+ 22+ -+ 2™ " 1) where A = 3k

<s, (11:) (since A < 1, by hypothesis)

< k"s, (ﬁ) — 0asn — oo, since k <§

Hence {¢,} is a Cauchy sequence.

Since Q is complete, there exists ¢* € Q such that¢,, - ¢* (3.2.5)
NOW By (¢p41, T6™, T¢", T¢") = By (T, T¢™, T¢", T7)

< kB4 (66", 67,67)

— 0 asn — o (by 3.2.5)

Therefore ¢, = T¢*
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Therefore T¢* = ¢* (by lemma 2.7)

Therefore ¢* is a fixed point of T.

Suppose ¢** is a fixed point of T.

Then B,(T¢", T™, T™, Te™) < kB, (¢, ¢™, ¢**, ¢**)
Therefore B, (¢*,¢™*, ¢, ¢**) < kB, (¢",¢™, ¢**, ¢™)
Therefore B,(¢*, ¢**,¢**,¢**) =0

Therefore ¢* = ¢** (by (i) of definition 2.1)

Thus T has only one fixed point, namely ¢*.

4. Applications

In this section we obtain applications of the main theorem 3.2

4.1 Theorem: Suppose ({2, B,) is a complete 4-dimensional ball metric space and T:2 — (2 is a map. Suppose 0 < k < 0.1 is such
that for ¢;, ¢5, 63,64 € £2.

By(61,T61, T61, T61) + Ba(62, T2, T62, T6,)

41.1
+B4(63, T3, T63, T63) + By(G4, TG4, TGa, TC4)} ( )

By(T61,T63,TG3, TGy) < k{

Then T has only one fixed point.

Proof: From (4.1.1), taking ¢, = ¢3 = ¢,, We have

By(T61, T62, T2, T62) < k{By(61, T61, T61, T61) + 3B4(62, T62, T62, T62) )
Let ¢, € Q and define the sequence {¢,} by ¢,,; = T"¢ forn = 0,1,2, ...
We have B, (§n, Sns Sns Sne1)

<k (84(Cn—1'§n—IJCn—1! ) + B4(Cn—1:§n—1:§n—1:§n))
- +B4(§n—1: Cn-1Cn-1 Cn) + B4(Cn: Cn S §n+1)

3k
S0 that’ B4(§n' Snr Cns Cn+1) = 1-k B4(Cn—1: Cn—1,Sn—-1» gn)
Since % < § by theorem 3.2, the result follows.

4.2 Theorem: Suppose ({2, B,) is a complete 4 — dimensional ball metric space and T: 2 - Qi

. b
a,b,c,daresuchthat0 <a<,0<h<-,0<c<,0<d <3.Wr|te6=max{a,—,L,
3 4 4 4 1-b " 1-c 1-

w

a map. Suppose the real numbers

|~
QU
——

Assume that for ¢;, ¢5, 63,6, € 2,

) 5
By(T61,T62,T63,Tgy) < (134@1:?2:(3:(4) + 3134@1'?1' C1s T§1)> (4.2.1)

Then T has only one fixed point.

Proof: From (4.2.1).
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S5 38
B4 (T¢1,T6y, TGy, Ty) < (134(9 $2,62,62) + ” B4(61,61,61, TC1))
Let ¢, € Q be and define the sequence {¢,,} by ¢,,.1 = T"¢,.
Then B4(gn+1' gn' gn' gn) = B4(Tgn' Tgn—ll Tgn—l' Tgn—l)

1) 36
< <ZB4(gn' Cn—1,Sn—-1, gn—l) + T le-(gn' Cn—1,Cn—-1, gn—l))

= 634(9/1' Cn-1,Sn—1, Cn—l)

Since § < § by Theorem 3.2, the result follows.

4.3 Theorem: Suppose ({2, B,) is a complete 4 — dimensional ball metric space and T: 2 — 2 is a map. Suppose a, b, ¢, d are such

that 0 < a<3,0 <b <l, 0<c <l,0 <d <L Write s =max{a,i,i,i}.
4 5 5 5 1-b’1-c’1-d

Suppose, for ¢;,¢3,63,64 € £2

S5 S5
By(T61,T63,TG3, TGy) < (134(C1'C2'C3:C4) + 3534(§1'§1'§1'TC1)> (4.3.1)

Then T has only one fixed point.

Proof: From (4.3.1).

1) 36
By(T61,T63, TG, TGy) < (Z B4(61,62,62,62) + ? B4 (61,61,61, TC1)>

Let ¢, € Q and define the sequence {¢,,} by ¢, 1 = TG,

Then B4(Cn+1: Snr S gn) = B4(T§n: T¢n-1, TCn_1, TCn—l)

1) 35
=< (ZB4(Cn'Cn—1'Cn—1'§n—1) + ?34(%:%—1: Cn—1:§n—1)>
5
= 1534(%:%—1:%—1:%—1)
Since %(S < é by Theorem 3.2, the result follows.

5. Main result for n - dimensional (n > 4) ball metric spaces
Some fixed point theorems in n — dimensional (n = 4) ball metric spaces are proved in [4].
Now we establish one more fixed point theorem. For this, we first prove the following Lemma.

5.1 Lemma: Let (2, B,) be an — dimensional ball metric spaces. Then, for ¢, ¢,, 63 € £2, we have

B (61,62,62, -+ 62) < Bn(§1,63, 63, -+, 63) + (M — 1) B (3,62, 62, -+, 62)

(n—1) times (n—1) times (n-1) times

Proof: Suppose (€, B,,) is a B,-metric space.

By definition 2.9 (ii),
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B, (Cpgz' G2s 1 G2

(n—1) times

( )
| Bl $1:61, 161,63 §2:62,+,52,63 | |
> < { (n—1) times (n 1) times #
{+Bn <c2.c2. s $2) c3> <cz.cz. s 2 c3>)
(n—1) times (n—1) times
B, <C1'C2’C2' ---:Cz) <B, <C1'C1' Q1 :C3> +(mn-1)B, <§2'§2' Y '§3>
(n—1) times (n—1) times (n—1) times

—Bn<g1,g3,g3, ) g3> +((n- 1)Bn<g3,g2, oy ...,g2>, (by Lemma 2.13)

(n—1) times (n—1) times

Now we state and prove our primary result in n — dimensional (n = 4) ball metric spaces.

5.2 Theorem: Suppose (£2, B,,) is a complete n-dimensional ball metric space and T: 2 — 2 isa map. Suppose 0 < k < = _1)

Assume that for ¢;,¢5, ..., ¢, € £2.
B, (T¢1, Ty, ey T6n) < kB, (61,62, ) Cp) (5.2.1)
Then T has only one fixed point.

Proof: For ¢;,¢, € Q, from (5.2.1) we have

Bn(T61, T62, T62, 0, T62) < kB, (S1, 625 G255 62)

(n—1) times (n—1) times
Let ¢® € Q. Define the sequence {¢™} by ¢™ = T™¢°, form = 1,2,3, ...
Then clearly ¢™*! = T¢™,

B, (¢™*1,¢™,¢™, ..., ¢™) = By (T¢™, T¢™™1, T¢™m™1, ..., T¢™™)

(n—1) times (n—1) times

< kB, (g™ 6™ e g™ (5.2.2)

(n—1) times

Write o<, = B, (¢™*%,¢™, ¢™, ..., ™)

(n—1) times

Then «,,,= B, (g’"“,qm“ e, ML, §m> (by Lemma 2.13)

(n-1) times

We have «,,< k «,,_,; (by (5.2.2))

Now by induction follows that c,,< k™ o<, for allm € N,
This shows that «,,—» 0 asm — oo

Suppose p is a positive integer.

Then using (ii) of Definition 2.10 and Lemma (2.15), we get,
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B, (¢™*P,¢™,¢™, ...,¢™) = By(¢™, ¢™*P,¢™HP, L., ¢™P)

(n—1) times (n—1) times

< Bn (Cm’gm’ m’gm , gm+1> + Bn <Cm+p, gm+p' . cm+p 'Cm+1> 4+ 4 Bn <Cm+p' g.m+p' " g.m+p , g.m+1)

(n—1) times (n—1) times (n—1) times

(n—-1)terms

=0+ (n— 1B, (§™P, ¢™ P, .., ¢™HP ¢

(n—1) times

=°(m+ (Tl _ 1)Bn(cm+1’ cm+1’ . Cm+1 , Cm+p)

(n—1) times

<o+ (N — 1) (Kppyg + (n — 1B, (¢™+2,¢™*2, ..., ¢™*P) (by Lemma 5.1)
<K+ (n— 1) g+ (n— 1)2B,(¢™F2,¢™*2, ., ¢™HP)

S+ (M —1) K+ (M= 1) Kot (N —1)3 ozt oo+ (M= 1) Ky g
<+ k(n—1) <+ k2(n—1)% o+ -+ k™P L (n — 1)™P L o

=, 1+k(n—1)+km—-1))2++ (k(n—1))P1)
<kmoy,(1+k(n—1)+(kmn—-—1)>2+ -+ (k(n—1)P1)

<km °<o( ,sincek(n—1)<1

— 0asm - oo

Hence {¢™} is a Cauchy sequence.

Since Q is complete, there exists ¢* € Q such that ¢™ — ¢*

Now B,(¢™*1, T¢*, ..., T¢*) = B,(T¢™, T¢*, ..., T¢*)
<kB,(c™¢" ..,¢T)>0asm—>

Therefore ¢™*t > T¢*

Therefore T¢* = ¢* (by Lemma 2.7)

Therefore ¢* is a fixed point of T.

Suppose ¢** is a fixed point of T.

Then B,(T¢*, T¢*™, ..., T¢*™) < kB,(¢*, ¢, ..., ¢™*)

Therefore B, (¢*, ¢**, ...,¢**) < kB,(¢*, ¢, ..., ¢**)

Therefore B, (¢*,¢**,...,¢**) =0

Therefore ¢* = ¢**

Thus T has only one fixed point, namely ¢*.
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6. Applications

In this section, we give three applications of Theorem 5.2

1
(n-1)2+1°

6.1 Theorem: Suppose ({2, B,,) is a complete n-dimensional ball metric space and T: 2 — 2 isa map. Suppose 0 < k <

Assume that for ¢1,¢?, ...,¢™ € M.
Bn (gll Tgl' LLLN] Tgl) +

2 2 2
B,(T¢', T¢?, .., T¢™) < k{ BnlS 16T )L 611

B,(¢", T¢", ..., T¢™)
Then T has only one fixed point.
Proof: From (6.1.1),
B,(T¢Y, T¢?, ..., T¢?) < k{B,(¢*, T¢L, ..., T¢Y) + (n — 1)B,(¢?, T¢?, ..., T¢2)}
Let ¢° € O and define the sequence {¢™} by ¢™*! = T¢™ form = 0,1,2, ...
We have B, (¢™,¢™, ...,¢™, ¢™*1)
< Ba(e™ ™ ¢ 4 By (¢ ¢ g 6T

- (+ <o+ B (g™, ¢mt L ¢™ L e™) + B, (6™, ¢™, ..., ¢™, gm“))

so that B, (cm,gm, ...,gm,§m+1> < %Bn <gm‘1,gm‘1, g gm>

(n—1) times (n—1) times

(n-1k 1
1-k < n-1)’

Since by Theorem 5.2, the result follows.
6.2 Theorem: Suppose (£2, B,,) is a complete n-dimensional ball metric space and T:2 — {2 isa map. Suppose a,, a,, ..., a,, are

1 1 1
suchthat0 <a; <——,0<a, <=,..,0<a, <=.With § = max{al, g2 4 oo }
(n-1) n n 1-a; l1l-asz 1-an

Assume that for ¢1,¢?, ...,¢™ € 0,
) S
B, (T¢h, T¢?, .., T¢™) < (; By(ch 6% 6™ + (n = D - By(h 6" 6, Tc1)> (6.2.1)

Then T has only one fixed point.

Proof: From (6.2.1).

(n—1)8

5
B, (T¢!,T¢%, ..., T¢?) < (;Bn(cl,cz, w63 + B,(¢', ¢, ... 6t Tc1)>

Let ¢° € Q and define the sequence {¢™} by ¢™*1 = T¢™,

Then B, (¢™*1,¢™, ...,¢™,¢™) = B,(T¢™, T¢™ ™1, ..., T¢m™ L, T¢™m™1)

(n—1)8
n

5
< <;Bn(cm. ¢m g™ + B,(¢™,¢™ 1, ..., cm‘1)>

=6B,(¢™,¢™ 7, ., g™ )
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Since § < ﬁ by Theorem 5.2, the result follows.

6.3 Theorem: Suppose ({2, B,,) is a complete n — dimensional ball metric space and T:£2 — £ isa map. Suppose a,, a,, ..., a,, are

1 1
< ~0< _— <
suchthat0 < a; < ~ 0<a,< D’ ,0<5a, < D"
Write § = max {al, 2 4 Ao }
1-a; 1-as 1-an

Assume that for ¢1,¢2, ...,¢™ € 0,

8 -1)8
B, (T¢t,T¢?, ..., T¢") < (; B, (¢t ¢?, ..., ¢™) + (?n—lf) B, (¢t ¢, ...,gl,Tgl)) (6.3.1)
Then T has only one fixed point.
Proof: From (6.3.1),
(n—1)5

6
Bn(Tcll TCZ: ITCZ) S (EBn(Cl, Cz, ---,CZ, CZ) + B‘n(cl; cl; ---;cl; TC1)>

Let ¢° € Q and define the sequence {¢™} by ¢™*1 = T¢™,

Then B, (g’”“,gm,gm, ...,gm> =B, <Tgm,Tgm‘1, T¢™ 1, .., Tgm‘1>

(n—1) times (n—1) times

5 (n—1)8
<| = m .m-1 m-1 ~-m-1 m .m-—1 m-1 ~-m-1
—(an(C :C ) :C :C )+ (TL—l) BTL(C ;C ) ;c ;c ))

(n+1)5 _ B B
=—Bn(§m:§m 1! :Cm 1’Cm 1)

Since @ < ﬁ , by Theorem 5.2, the result follows.

7. Conclusion

Some fixed point results in 4-dimensional ball metric spaces are established and applications are obtained. We also obtain fixed point
results in n — dimensional (n = 4) ball metric spaces. Applications to fixed point results are shown.
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