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Abstract 

Metric spaces are generalized to three variables and are termed as 𝑆 - metric spaces, which in turn are extended to four variables and are 

termed as  𝐵4 - metric spaces. Now we extend this notion to 𝑛 - variables (𝑛 ≥ 4), which we name them as 𝐵𝑛 - metric spaces. We study 

novel contractive mappings on 𝐵𝑛 - metric spaces. In this paper, we obtain a fixed point theorem for a self map on a 4-dimensional ball 

metric spaces and also obtain a fixed point theorem for a self map on a n - dimensional (𝑛 ≥ 4) ball metric spaces generalize known 

results in fixed point theorems on metric spaces. 
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spaces, Fixed point theorems. 

𝟏. Introduction 

𝐵4 - metric space is introduced in [1] as an extension of 𝑆 - metric space [6] (S. Sedghi, N. Shobe, A. Aliouche). Further 𝐵n - metric 

space (𝑛 ≥ 4) is introduced in [2]. Fixed point results are established in [3] and [4]. In this paper a 𝐵4 - metric space is renamed as 

4 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space and 𝐵n - metric space ( 𝑛 ≥ 4 ) is renamed as 𝑛 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space. This 

nomenclature is in conjunction with rectangular 𝑆 - metric spaces [5]. We establish a fixed point theorem for a self-map on a 4 −
𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space and obtain applications. We also obtain a fixed point theorem for a self map on a 𝑛 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball 

metric space and obtain applications. Examples of the above spaces can be found in [3] and [4]. 

However, we provide some more examples in this paper. 

Extensions of the contraction principles can also be found in ([7]  − [20]) to cite a few. 

2. Preliminaries 

For 4-dimensional ball metric spaces: 

𝟐. 𝟏 Definition: [1] Let Ω ≠ 𝜙 and 𝐵4:Ω
4 → ℝ+ satisfy the following axioms: for all 𝜍1, 𝜍2, 𝜍3, 𝜍4, 𝛼 ∈ Ω 

(i) 𝐵4(𝜍1, 𝜍2, 𝜍3, 𝜍4) = 0 ⇔ 𝜍1 = 𝜍2 = 𝜍3 = 𝜍4 

(ii) 𝐵4(𝜍1, 𝜍2, 𝜍3, 𝜍4) ⩽ {
𝐵4(𝜍1, 𝜍1, 𝜍1, 𝛼) + 𝐵4(𝜍2, 𝜍2, 𝜍2, 𝛼)

+𝐵4(𝜍3, 𝜍3, 𝜍3, 𝛼) + 𝐵4(𝜍4, 𝜍4, 𝜍4, 𝛼)
} 

Then we say that 𝐵4 is a 4 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric on Ω and the pair (Ω,𝐵4) is a   4 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space. 

Various examples of 4 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric spaces can be found in [1].   

The following are some more examples. 

𝟐. 𝟐 Example: Suppose Ω = 𝑁 ∪ {0} and define 𝐵4:Ω
4 → ℝ+ ∪ {0} by 
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𝐵4(𝜍1, 𝜍2, 𝜍3, 𝜍4) = {
0, if 𝜍1 = 𝜍2 = 𝜍3 = 𝜍4
𝜍1
2 + 𝜍2

2 + 𝜍1
3 + 𝜍4

2 ,  otherwise 
 

Then (Ω,𝐵4) is a 4 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space. 

2.3 Example: Let Ω = 𝑁 ∪ {0} and define 𝐵4:Ω
4 → ℝ+ ∪ {0} by       

𝐵4(𝜍1, 𝜍2, 𝜍3, 𝜍4) = {
0, if 𝜍1 = 𝜍2 = 𝜍3 = 𝜍4
𝜍1 + 𝜍2 + 𝜍3 + 𝜍4,  otherwise 

      

Then (Ω,𝐵4) is a 4 − dimensional ball metric space 

2.4 Example: Let Ω = 𝑁 ∪ {0}, 𝜆 > 0. Define 𝐵4: Ω
4 → ℝ+ ∪ {0} 

by 𝐵4(𝜍1, 𝜍2, 𝜍3, 𝜍4) = {
0, if 𝜍1 = 𝜍2 = 𝜍3 = 𝜍4
𝜆,  otherwise 

         

where 𝜍1, 𝜍2, 𝜍3, 𝜍4 ∈ Ω. 

Then (Ω,𝐵4) is a 4 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space. 

The definition of Convergence, Cauchy sequence, and completeness in a 4 -dimensional ball metric space can be found in [1]. 

We now state a few lemmas, which we use in our further development. 

𝟐. 𝟓 Lemma: [1] Let (𝛺, 𝐵4) be a 4 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space. 

Then 𝐵4(𝜍1, 𝜍2, 𝜍2, 𝜍2) = 𝐵4(𝜍2, 𝜍2, 𝜍2, 𝜍1), 𝑓𝑜𝑟 𝑎𝑙𝑙𝜍1, 𝜍2 ∈ 𝛺. 

𝟐. 𝟔 Lemma: [1] 𝜍𝑚 → 𝜍 ⇔ 𝐵4(𝜍, 𝜍, 𝜍, 𝜍𝑚) → 0 as 𝑚 → ∞  

𝟐. 𝟕 Lemma: [1] 𝜍𝑚 → 𝜂1, 𝜍𝑚 → 𝜂2 ⇒ 𝜂1 = 𝜂2. 

𝟐. 𝟖 Lemma: [1] 𝜍𝑚 → 𝜍 ⇒ {𝜍𝑚} is a Cauchy Sequence. 

For n -dimensional ball metric spaces: 

Suppose 𝑛(≥ 4) is a positive integer. 

𝟐. 𝟗 Definition [2] Let Ω ≠ ∅ and 𝐵𝑛:Ω
𝑛 → ℝ satisfy the following axioms: for all𝜍1, 𝜍2, … , 𝜍𝑛 , 𝛼 ∈ Ω 

(i) 𝐵𝑛(𝜍1, 𝜍2, … , 𝜍𝑛) = 0 ⇔ 𝜍1 = 𝜍2 = ⋯ = 𝜍𝑛, 

(ii) 𝐵𝑛(𝜍1, 𝜍2, … , 𝜍𝑛) ≤ 𝐵𝑛(𝜍1, 𝜍1, … , 𝜍1, 𝛼) + 𝐵𝑛(𝜍2, 𝜍2, … , 𝜍2, 𝛼) +⋯+𝐵𝑛(𝜍𝑛 , 𝜍𝑛 , … , 𝜍𝑛 , 𝛼) 

Then we say that 𝐵𝑛 is a 𝑛 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric on Ω and (Ω,𝐵𝑛) is a 𝑛 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space. 

Clearly, this definition extends a 4 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space to 𝑛 dimensional ball metric space, for 𝑛 ≥ 4. 

Various examples of 𝑛 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric spaces can be found in [2]. The following are some more examples. 

𝟐. 𝟏𝟎 Example: Suppose Ω = 𝑁 ∪ {0}. Define 𝐵n: Ω
𝑛 → ℝ+ ∪ {0} by 

𝐵𝑛(𝜍1, 𝜍2, … , 𝜍𝑛) = {
0, if 𝜍1 = 𝜍2 = ⋯ = 𝜍𝑛
𝜍1
2 + 𝜍2

2 +⋯+ 𝜍𝑛
2 ,  otherwise 

 

Then (Ω,𝐵n) is a 𝑛 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space. 

𝟐. 𝟏𝟏 Example: Suppose Ω = 𝑁 ∪ {0}. Define 𝐵n: Ω
𝑛 → ℝ+ ∪ {0} by 
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𝐵𝑛(𝜍1, 𝜍2, … , 𝜍𝑛) = {
0, if 𝜍1 = 𝜍2 = ⋯ = 𝜍𝑛
𝜍1 + 𝜍2 +⋯+ 𝜍𝑛 ,  otherwise 

 

Then (Ω,𝐵n) is a 𝑛 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space. 

𝟐. 𝟏𝟐 Example: Suppose Ω = 𝑁 ∪ {0}, 𝜆 > 0. Define 𝐵n: Ω
𝑛 → ℝ+ ∪ {0} by 

𝐵n(𝜍1, 𝜍2, … , 𝜍𝑛) = {
0, if 𝜍1 = 𝜍2 = ⋯ = 𝜍𝑛
𝜆,  otherwise 

 

Then (Ω,𝐵n) is a 𝑛 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space. 

The definition of Convergence, Cauchy sequence, and completeness in a 𝑛 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space can be found in [2].  
           

We now state a few lemmas, which we use in our further development. 

𝟐. 𝟏𝟑 Lemma: [2] Let (𝛺,𝐵𝑛) be a 𝑛 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space. 

Then 𝐵𝑛 (𝜍1, 𝜍1, … , 𝜍1⏟        
(𝑛−1) times 

, 𝜍2) = 𝐵𝑛 (𝜍2, 𝜍2, … , 𝜍2⏟        
(𝑛−1) times 

, 𝜍1), for all 𝜍1, 𝜍2 ∈ 𝛺. 

𝟐. 𝟏𝟒 Lemma: [2] 𝜍𝑚 → 𝜍 if and only if 𝐵𝑛 (𝜍, 𝜍,… , 𝜍⏟      
(𝑛−1) times 

, 𝜍𝑚) → 0 as 𝑚 → ∞. 

𝟑. Main result for 𝟒 - dimensional ball metric spaces 

First, we prove the following Lemma and use it in our main result. 

𝟑. 𝟏 Lemma: Let 𝛺 ≠ ∅ and 𝐵4: 𝛺
4 → ℜ+ ∪ {0} be a 4 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space on 𝛺. 

Then 𝐵4(𝜍, 𝛽, 𝛽, 𝛽) ≤ 𝐵4(𝜍, 𝛾, 𝛾, 𝛾) + 3𝐵4(𝛾, 𝛽, 𝛽, 𝛽), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝜍, 𝛽, 𝛾, 𝛼 ∈ 𝛺 

Proof: Suppose (Ω,𝐵4) is a 4 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space. 

Replacing 𝑦𝜍2, 𝜍3, 𝜍4 by 𝛽 and 𝛼  by 𝛾 in definition 6.2.1 (ii), we get, 

𝐵4(𝜍, 𝛽, 𝛽, 𝛽) ≤ {
𝐵4(𝜍, 𝜍, 𝜍, 𝛾) + 𝐵4(𝛽, 𝛽, 𝛽, 𝛾)
+𝐵4(𝛽, 𝛽, 𝛽, 𝛾) + 𝐵4(𝛽, 𝛽, 𝛽, 𝛾)

} 

Therefore 𝐵4(𝜍, 𝛽, 𝛽, 𝛽) ≤ 𝐵4(𝜍, 𝜍, 𝜍, 𝛾) + 3 𝐵4(𝛽, 𝛽, 𝛽, 𝛾) 

Therefore 𝐵4(𝜍, 𝛽, 𝛽, 𝛽) ≤ 𝐵4(𝜍, 𝛾, 𝛾, 𝛾) + 3 𝐵4(𝛾, 𝛽, 𝛽, 𝛽) (by Lemma 6.2.5)  

Now we state and prove our main theorem on 4-dimensional ball metric spaces. 

𝟑. 𝟐 Theorem: Suppose (𝛺, 𝐵4) is a complete 4-dimensional ball metric space and ⊤:𝛺 → 𝛺 is a map. Suppose 0 ≤ 𝑘 <
1

3
 is such 

that for 𝜍1, 𝜍2, 𝜍3, 𝜍4 ∈ 𝛺,  

𝐵4(⊤𝜍1, ⊤𝜍2,⊤𝜍3, ⊤𝜍4) ≤ 𝑘𝐵4(𝜍1, 𝜍2, 𝜍3, 𝜍4) (3.2.1) 

Then ⊤ has only one fixed point. 

Proof: For 𝜍1, 𝜍2 ∈ Ω, from (3.2.1), we have 

𝐵4(⊤𝜍1, ⊤𝜍2,⊤𝜍2, ⊤𝜍2) ≤ 𝑘𝐵4(𝜍1, 𝜍2, 𝜍2, 𝜍2) 
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Let 𝜍0 ∈ Ω. Define the sequence {𝜍𝑛} by 𝜍𝑛 = ⊤
𝑛𝜍0, for 𝑛 = 1,2,3,… 

Then clearly 𝜍𝑛+1 = ⊤
𝑛𝜍𝑛. 

𝐵4(𝜍𝑛 , 𝜍𝑛 , 𝜍𝑛 , 𝜍𝑛+1) = 𝐵4(⊤𝜍𝑛−1, ⊤𝜍𝑛−1, ⊤𝜍𝑛−1, ⊤𝜍𝑛) ≤ 𝑘𝐵4(𝜍𝑛−1, 𝜍𝑛−1, 𝜍𝑛−1, 𝜍𝑛) 

Write 𝑠𝑛 = 𝐵4(𝜍𝑛 , 𝜍𝑛 , 𝜍𝑛 , 𝜍𝑛+1) 

We have 𝑠𝑛 ≤ 𝑘𝑠𝑛−1 ≤ 𝑘
2𝑠𝑛−2 

Therefore 𝑠𝑛 ≤ 𝑘
𝑛𝑠0for all 𝑛 ∈ 𝑁.    (3.2.2) 

Suppose 𝑚 > 𝑛 

This shows that 𝑠𝑛 ⟶ 0 as 𝑛 ⟶∞ 

By using of (ii) of Definition 2.1, 

for 𝜍𝑛+1, 𝜍𝑛+2, … , 𝜍𝑚−1, we have 

𝐵4(𝜍𝑛 , 𝜍𝑚 , 𝜍𝑚 , 𝜍𝑚) ≤ {
𝐵4(𝜍𝑛 , 𝜍𝑛 , 𝜍𝑛 , 𝜍𝑛+1) + 𝐵4(𝜍𝑚 , 𝜍𝑚 , 𝜍𝑚 , 𝜍𝑛+1)

+𝐵4(𝜍𝑚 , 𝜍𝑚 , 𝜍𝑚 , 𝜍𝑛+1) + 𝐵4(𝜍𝑚 , 𝜍𝑚 , 𝜍𝑚 , 𝜍𝑛+1)
} 

= 𝐵4(𝜍𝑛 , 𝜍𝑛 , 𝜍𝑛 , 𝜍𝑛+1) + 3𝐵4(𝜍𝑚 , 𝜍𝑚 , 𝜍𝑚 , 𝜍𝑛+1) 

= 𝑠𝑛 + 3𝐵4(𝜍𝑚 , 𝜍𝑚 , 𝜍𝑚 , 𝜍𝑛+1) 

≤ 𝑠𝑛 + 3𝑠𝑛+1 + 3
2𝐵4(𝜍𝑚 , 𝜍𝑚 , 𝜍𝑚 , 𝜍𝑛+2) ≤ 𝑠𝑛 + 3𝑠𝑛+1 + 3

2𝑠𝑛+2 + 3
3𝐵4(𝜍𝑚, 𝜍𝑚 , 𝜍𝑚 , 𝜍𝑛+3) 

≤ 𝑠𝑛 + 3𝑠𝑛+1 + 3
2𝑠𝑛+2 + 3

3𝑠𝑛+3 +⋯+ 3
𝑚−𝑛−1𝑠𝑚−1 (b y lemma 3.1) (3.2.4) 

From (3.2.3) and (3.2.4), we have 

𝐵4(𝜍𝑛 , 𝜍𝑚 , 𝜍𝑚 , 𝜍𝑚) 

≤ 𝑠𝑛 + 3𝑘𝑠𝑛+1 + 3
2𝑘2𝑠𝑛+2 + 3

3𝑘3𝑠𝑛+3 +⋯+ 3
𝑚−𝑛−1𝑘𝑚−𝑛−1𝑠𝑚−1 

≤ 𝑠𝑛(1 + 3𝑘 + (3𝑘)
2 +⋯+ (3𝑘)𝑚−𝑛−1) 

= 𝑠𝑛(1 + 𝜆 + 𝜆
2 +⋯+ 𝜆𝑚−𝑛−1), where 𝜆 = 3𝑘 

≤ 𝑠𝑛 (
1

1−𝜆
) (since 𝜆 < 1, by hypothesis) 

≤ 𝑘n𝑠0 (
1

1−𝜆
) → 0 as 𝑛 → ∞, since 𝑘 <

1

3
 

Hence {𝜍𝑛} is a Cauchy sequence. 

Since Ω is complete, there exists 𝜍∗ ∈ Ω such that 𝜍𝑛 → 𝜍
∗   (3.2.5) 

Now 𝐵4(𝜍𝑛+1, ⊤𝜍
∗, ⊤𝜍∗, ⊤𝜍∗) = 𝐵4(⊤𝜍𝑛 ,⊤𝜍

∗, ⊤𝜍∗, ⊤𝜍∗) 

≤ 𝑘𝐵4(𝜍n, 𝜍
∗, 𝜍∗ , 𝜍∗) 

⟶ 0 as 𝑛 ⟶∞ (by 3.2.5)  

Therefore 𝜍𝑛+1 → ⊤𝜍∗ 
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Therefore ⊤𝜍∗ = 𝜍∗ (by lemma 2.7) 

Therefore 𝜍∗ is a fixed point of ⊤. 

Suppose 𝜍∗∗ is a fixed point of ⊤. 

Then 𝐵4(⊤𝜍
∗, ⊤𝜍∗∗, ⊤𝜍∗∗, ⊤𝜍∗∗) ≤ 𝑘𝐵4(𝜍

∗, 𝜍∗∗, 𝜍∗∗, 𝜍∗∗) 

Therefore 𝐵4(𝜍
∗, 𝜍∗∗, 𝜍∗∗ , 𝜍∗∗) ≤ 𝑘𝐵4(𝜍

∗, 𝜍∗∗, 𝜍∗∗, 𝜍∗∗) 

Therefore 𝐵4(𝜍
∗, 𝜍∗∗, 𝜍∗∗ , 𝜍∗∗) = 0 

Therefore 𝜍∗ = 𝜍∗∗ (by (i) of definition 2.1) 

Thus ⊤ ℎ𝑎𝑠 𝑜𝑛𝑙𝑦 one fixed point, namely 𝜍∗. 

𝟒. Applications 

In this section we obtain applications of the main theorem 3.2 

𝟒. 𝟏 Theorem: Suppose (𝛺, 𝐵4) is a complete 4-dimensional ball metric space and ⊤:𝛺 → 𝛺 is a map. Suppose 0 ≤ 𝑘 < 0.1 is such 

that for 𝜍1, 𝜍2, 𝜍3, 𝜍4 ∈ 𝛺. 

𝐵4(⊤𝜍1, ⊤𝜍2,⊤𝜍3, ⊤𝜍4) ≤ 𝑘 {
𝐵4(𝜍1, ⊤𝜍1, ⊤𝜍1, ⊤𝜍1) + 𝐵4(𝜍2, ⊤𝜍2,⊤𝜍2, ⊤𝜍2)

+𝐵4(𝜍3, ⊤𝜍3, ⊤𝜍3, ⊤𝜍3) + 𝐵4(𝜍4, ⊤𝜍4,⊤𝜍4, ⊤𝜍4)
}   (4.1.1) 

Then ⊤ ℎ𝑎𝑠 𝑜𝑛𝑙𝑦 one fixed point. 

Proof: From (4.1.1), taking 𝜍2 = 𝜍3 = 𝜍4, we have 

𝐵4(⊤𝜍1, ⊤𝜍2,⊤𝜍2, ⊤𝜍2) ≤ 𝑘{𝐵4(𝜍1, ⊤𝜍1, ⊤𝜍1, ⊤𝜍1) + 3𝐵4(𝜍2, ⊤𝜍2, ⊤𝜍2,⊤𝜍2)}. 

Let 𝜍0 ∈ Ω and define the sequence {𝜍𝑛} by 𝜍𝑛+1 = ⊤
𝑛𝜍 for 𝑛 = 0,1,2,… 

We have 𝐵4(𝜍𝑛 , 𝜍𝑛 , 𝜍𝑛 , 𝜍𝑛+1) 

≤ 𝑘 (
𝐵4(𝜍𝑛−1, 𝜍𝑛−1, 𝜍𝑛−1, 𝜍𝑛) + 𝐵4(𝜍𝑛−1, 𝜍𝑛−1, 𝜍𝑛−1, 𝜍𝑛)

+𝐵4(𝜍𝑛−1, 𝜍𝑛−1, 𝜍𝑛−1, 𝜍𝑛) + 𝐵4(𝜍𝑛 , 𝜍𝑛 , 𝜍𝑛 , 𝜍𝑛+1)
) 

so that, 𝐵4(𝜍𝑛 , 𝜍𝑛 , 𝜍𝑛 , 𝜍𝑛+1) ≤
3𝑘

1−k
𝐵4(𝜍𝑛−1, 𝜍𝑛−1, 𝜍𝑛−1, 𝜍𝑛) 

Since 
3𝑘

1−𝑘
<

1

3
, by theorem 3.2, the result follows. 

𝟒. 𝟐 Theorem: Suppose (𝛺, 𝐵4) is a complete 4 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space and ⊤:𝛺 → 𝛺 is a map. Suppose the real numbers 

𝑎, 𝑏, 𝑐, 𝑑 are such that 0 ≤ 𝑎 <
1

3
, 0 ≤ 𝑏 <

1

4
, 0 ≤ 𝑐 <

1

4
, 0 ≤ 𝑑 <

1

4
 .Write 𝛿 = 𝑚𝑎𝑥 {𝑎,

𝑏

1−𝑏
,
𝑐

1−𝑐
,
𝑑

1−𝑑
}.  

Assume that for 𝜍1, 𝜍2, 𝜍3, 𝜍4 ∈ 𝛺, 

 𝐵4(⊤𝜍1, ⊤𝜍2, ⊤𝜍3,⊤𝜍4) ≤ (
𝛿

4
𝐵4(𝜍1, 𝜍2, 𝜍3, 𝜍4) + 3

𝛿

4
𝐵4(𝜍1, 𝜍1, 𝜍1, ⊤𝜍1))  (4.2.1)  

Then ⊤ has only one fixed point. 

Proof: From (4.2.1). 
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𝐵4(𝑇𝜍1, 𝑇𝜍2, 𝑇𝜍2, 𝑇𝜍2) ≤ (
𝛿

4
𝐵4(𝜍, 𝜍2, 𝜍2, 𝜍2) +

3𝛿

4
𝐵4(𝜍1, 𝜍1, 𝜍1, 𝑇𝜍1))             

Let 𝜍0 ∈ Ω be and define the sequence {𝜍𝑛} by 𝜍𝑛+1 = ⊤
𝑛𝜍0.           

Then 𝐵4(𝜍𝑛+1, 𝜍𝑛 , 𝜍𝑛 , 𝜍𝑛) = 𝐵4(𝑇𝜍𝑛 , ⊤𝜍𝑛−1, ⊤𝜍𝑛−1, ⊤𝜍𝑛−1) 

≤ (
𝛿

4
𝐵4(𝜍𝑛 , 𝜍𝑛−1, 𝜍𝑛−1, 𝜍𝑛−1) +

3𝛿

4
𝐵4(𝜍𝑛 , 𝜍𝑛−1, 𝜍𝑛−1, 𝜍𝑛−1)) 

= 𝛿𝐵4(𝜍𝑛 , 𝜍𝑛−1, 𝜍𝑛−1, 𝜍𝑛−1) 

Since 𝛿 <
1

3
, by Theorem 3.2, the result follows. 

𝟒. 𝟑 Theorem: Suppose (𝛺, 𝐵4) is a complete 4 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space and ⊤:𝛺 → 𝛺 is a map. Suppose 𝑎, 𝑏, 𝑐, 𝑑 are such 

that 0 ≤ 𝑎 <
1

4
, 0 ≤ 𝑏 <

1

5
, 0 ≤ 𝑐 <

1

5
, 0 ≤ 𝑑 <

1

5
. Write 𝛿 = 𝑚𝑎𝑥 {𝑎,

𝑏

1−𝑏
,
𝑐

1−𝑐
,
𝑑

1−𝑑
}. 

Suppose, for 𝜍1, 𝜍2, 𝜍3, 𝜍4 ∈ 𝛺 

𝐵4(⊤𝜍1, ⊤𝜍2,⊤𝜍3, ⊤𝜍4) ≤ (
𝛿

4
𝐵4(𝜍1, 𝜍2, 𝜍3, 𝜍4) + 3

𝛿

3
𝐵4(𝜍1, 𝜍1, 𝜍1, 𝑇𝜍1)) (4.3.1) 

Then ⊤ has only one fixed point.  

Proof: From (4.3.1). 

𝐵4(⊤𝜍1, ⊤𝜍2,⊤𝜍2, ⊤𝜍2) ≤ (
𝛿

4
𝐵4(𝜍1, 𝜍2, 𝜍2, 𝜍2) +

3𝛿

3
𝐵4(𝜍1, 𝜍1, 𝜍1, ⊤𝜍1)) 

Let 𝜍0 ∈ Ω and define the sequence {𝜍𝑛} by 𝜍𝑛+1 = ⊤𝜍𝑛.  

Then 𝐵4(𝜍𝑛+1, 𝜍𝑛 , 𝜍𝑛 , 𝜍𝑛) = 𝐵4(𝑇𝜍𝑛 , ⊤𝜍𝑛−1, ⊤𝜍𝑛−1, ⊤𝜍𝑛−1) 

 ≤ (
𝛿

4
𝐵4(𝜍𝑛 , 𝜍𝑛−1, 𝜍𝑛−1, 𝜍𝑛−1) +

3𝛿

3
𝐵4(𝜍𝑛 , 𝜍𝑛−1, 𝜍𝑛−1, 𝜍𝑛−1))

 =
5

4
𝛿𝐵4(𝜍𝑛 , 𝜍𝑛−1, 𝜍𝑛−1, 𝜍𝑛−1)

 

Since 
5

4
𝛿 <

1

3
, by Theorem 3.2, the result follows. 

𝟓. Main result for 𝒏 - dimensional (𝒏 ≥ 𝟒) ball metric spaces 

Some fixed point theorems in 𝑛 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 (𝑛 ≥ 4) ball metric spaces are proved in [4].  

Now we establish one more fixed point theorem. For this, we first prove the following Lemma. 

𝟓. 𝟏 Lemma: Let (𝛺, 𝐵𝑛) be a 𝑛 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric spaces. Then, for 𝜍1, 𝜍2, 𝜍3 ∈ 𝛺, we have 

 𝐵𝑛(𝜍1, 𝜍2, 𝜍2, … , 𝜍2⏟      
(𝑛−1) times 

) ≤ 𝐵𝑛(𝜍1, 𝜍3, 𝜍3, … , 𝜍3⏟      
(𝑛−1) times 

) + (𝑛 − 1)𝐵𝑛(𝜍3, 𝜍2, 𝜍2, … , 𝜍2⏟      
(𝑛−1) times 

) 

Proof: Suppose (Ω, 𝐵𝑛) is a 𝐵𝑛-metric space. 

By definition 2.9 (𝑖𝑖),  
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𝐵𝑛 (𝜍1, 𝜍2, 𝜍2, … , 𝜍2⏟      
(𝑛−1) times 

)  ≤

{
 
 

 
 𝐵𝑛 (𝜍1, 𝜍1, … , 𝜍1⏟      

(𝑛−1) 𝑡𝑖𝑚𝑒𝑠

, 𝜍3) + 𝐵𝑛 (𝜍2, 𝜍2, … , 𝜍2⏟      
(𝑛−1) times 

, 𝜍3)

+𝐵𝑛 (𝜍2, 𝜍2, … , 𝜍2⏟      
(𝑛−1) times 

, 𝜍3)+ 𝐵𝑛 (𝜍2, 𝜍2, … , 𝜍2⏟      
(𝑛−1) times 

, 𝜍3)
}
 
 

 
 

  

𝐵𝑛 (𝜍1, 𝜍2, 𝜍2, … , 𝜍2⏟      
(𝑛−1) times 

)  ≤ 𝐵𝑛 (𝜍1, 𝜍1, … , 𝜍1⏟      
(𝑛−1) 𝑡𝑖𝑚𝑒𝑠

, 𝜍3) + (𝑛 − 1) 𝐵𝑛 (𝜍2, 𝜍2, … , 𝜍2⏟      
(𝑛−1) times 

, 𝜍3)  

=𝐵𝑛(𝜍1, 𝜍3, 𝜍3, … , 𝜍3⏟      
(𝑛−1) 𝑡𝑖𝑚𝑒𝑠

)+ (𝑛 − 1)𝐵𝑛(𝜍3, 𝜍2, 𝜍2, … , 𝜍2⏟      
(𝑛−1) times 

), (by Lemma 2.13) 

 

Now we state and prove our primary result in 𝑛 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 (𝑛 ≥ 4) ball metric spaces. 

𝟓. 𝟐 Theorem: Suppose  (𝛺, 𝐵𝑛) is a complete 𝑛-dimensional ball metric space and 𝑇:𝛺 → 𝛺 is a map.  Suppose 0 ≤ 𝑘 <
1

(𝑛−1)
 .  

Assume that for 𝜍1, 𝜍2, … , 𝜍𝑛 ∈ 𝛺. 

𝐵𝑛(⊤𝜍1, ⊤𝜍2, … , ⊤𝜍𝑛) ≤ 𝑘𝐵𝑛(𝜍1, 𝜍2, … , 𝜍𝑛)                 (5.2.1) 

Then ⊤ ℎ𝑎𝑠 𝑜𝑛𝑙𝑦 one fixed point. 

Proof: For 𝜍1, 𝜍2 ∈ Ω, from (5.2.1) we have 

𝐵n(⊤𝜍1, ⊤𝜍2, ⊤𝜍2,… , ⊤𝜍2⏟          
(𝑛−1) times 

) ≤ 𝑘𝐵n(𝜍1, 𝜍2, 𝜍2, … , 𝜍2⏟      
(𝑛−1) times 

) 

Let 𝜍0 ∈ Ω. Define the sequence {𝜍𝑚} by 𝜍𝑚 = ⊤𝑚𝜍0, for 𝑚 = 1,2,3,…   

Then clearly 𝜍𝑚+1 = ⊤𝜍𝑚. 

𝐵n(𝜍
𝑚+1, 𝜍𝑚 , 𝜍𝑚 , … , 𝜍𝑚⏟        

(𝑛−1) times 

) = 𝐵n(⊤𝜍
𝑚 , ⊤𝜍𝑚−1, ⊤𝜍𝑚−1, … , ⊤𝜍𝑚−1⏟                

(𝑛−1) times 

) 

        ≤ 𝑘𝐵n(𝜍
𝑚 , 𝜍𝑚−1, 𝜍𝑚−1, … , 𝜍𝑚−1⏟            

(𝑛−1) times 

)  (5.2.2) 

Write ∝𝑚= 𝐵n(𝜍
𝑚+1, 𝜍𝑚 , 𝜍𝑚 , … , 𝜍𝑚⏟        

(𝑛−1) times 

)  

Then ∝𝑚= 𝐵n (𝜍
𝑚+1, 𝜍𝑚+1, … , 𝜍𝑚+1⏟            

(𝑛−1) times 

, 𝜍𝑚)  (by Lemma 2.13) 

We have ∝𝑚≤ 𝑘 ∝𝑚−1 (by (5.2.2)) 

Now by induction follows that ∝𝑚≤ 𝑘
𝑚 ∝0 for all 𝑚 ∈ 𝑁, 

This shows that ∝𝑚→ 0 as 𝑚 → ∞  

Suppose 𝑝 is a positive integer. 

Then using (ii) of Definition 2.10 and Lemma (2.15), we get, 
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𝐵n(𝜍
𝑚+𝑝 , 𝜍𝑚 , 𝜍𝑚 , … , 𝜍𝑚⏟        

(𝑛−1) times 

) = 𝐵n(𝜍
𝑚 , 𝜍𝑚+𝑝 , 𝜍𝑚+𝑝, … , 𝜍𝑚+𝑝⏟            

(𝑛−1) times 

) 

≤ 𝐵n (𝜍
𝑚 , 𝜍𝑚 , … , 𝜍𝑚⏟        , 𝜍𝑚+1

(𝑛−1) 𝑡𝑖𝑚𝑒𝑠

) + 𝐵n (𝜍
𝑚+𝑝, 𝜍𝑚+𝑝, … , 𝜍𝑚+𝑝⏟            

(𝑛−1) 𝑡𝑖𝑚𝑒𝑠

, 𝜍𝑚+1) +⋯+𝐵n (𝜍
𝑚+𝑝, 𝜍𝑚+𝑝, … , 𝜍𝑚+𝑝⏟            

(𝑛−1) 𝑡𝑖𝑚𝑒𝑠

, 𝜍𝑚+1)
⏟                                                

(𝑛−1)𝑡𝑒𝑟𝑚𝑠

 

=∝𝑚+ (𝑛 − 1)𝐵n(𝜍
𝑚+𝑝, 𝜍𝑚+𝑝, … , 𝜍𝑚+𝑝⏟            

(𝑛−1) times 

, 𝜍𝑚+1) 

=∝𝑚+ (𝑛 − 1)𝐵n(𝜍
𝑚+1, 𝜍𝑚+1, … , 𝜍𝑚+1⏟            

(𝑛−1) times 

, 𝜍𝑚+𝑝) 

≤∝𝑚+ (𝑛 − 1)(∝𝑚+1+ (𝑛 − 1)𝐵n(𝜍
𝑚+2, 𝜍𝑚+2, … , 𝜍𝑚+𝑝)  (by Lemma 5.1) 

≤∝𝑚+ (𝑛 − 1) ∝𝑚+1+ (𝑛 − 1)
2𝐵n(𝜍

𝑚+2, 𝜍𝑚+2, … , 𝜍𝑚+𝑝) 

≤∝𝑚+ (𝑛 − 1) ∝𝑚+1+ (𝑛 − 1)
2 ∝𝑚+2+ (𝑛 − 1)

3 ∝𝑚+3+⋯+ (𝑛 − 1) ∝𝑚+𝑝−1 

≤∝𝑚+𝑘(𝑛 − 1) ∝𝑚+𝑘
2(𝑛 − 1)2 ∝𝑚+⋯+ 𝑘

𝑚+𝑝−1(𝑛 − 1)𝑚+𝑝−1 ∝𝑚 

=∝𝑚 (1 + 𝑘(𝑛 − 1) + (𝑘(𝑛 − 1))
2 +⋯+ (𝑘(𝑛 − 1))𝑝−1) 

≤ 𝑘𝑚 ∝0 (1 + 𝑘(𝑛 − 1) + (𝑘(𝑛 − 1))
2 +⋯+ (𝑘(𝑛 − 1))𝑝−1) 

≤ 𝑘𝑚 ∝0 (
1

1−𝑘(𝑛−1)
), since 𝑘(𝑛 − 1) < 1  

⟶ 0 as 𝑚 → ∞ 

Hence {𝜍𝑚} is a Cauchy sequence.  

Since Ω is complete, there exists 𝜍∗ ∈ Ω such that 𝜍𝑚 → 𝜍∗ 

Now 𝐵n(𝜍
𝑚+1, ⊤𝜍∗, … , ⊤𝜍∗) = 𝐵n(⊤𝜍

𝑚 , ⊤𝜍∗, … , ⊤𝜍∗) 

                  ≤ 𝑘 𝐵n(𝜍
𝑚 , 𝜍∗, … , 𝜍∗) → 0 as 𝑚 → ∞ 

Therefore 𝜍𝑚+1 → ⊤𝜍∗ 

Therefore ⊤𝜍∗ = 𝜍∗ (by Lemma 2.7) 

Therefore 𝜍∗ is a fixed point of ⊤. 

Suppose 𝜍∗∗ is a fixed point of ⊤. 

Then 𝐵n(⊤𝜍
∗, ⊤𝜍∗∗, … , ⊤𝜍∗∗) ≤ 𝑘𝐵n(𝜍

∗, 𝜍∗∗, … , 𝜍∗∗) 

Therefore 𝐵n(𝜍
∗, 𝜍∗∗, … , 𝜍∗∗) ≤ 𝑘𝐵n(𝜍

∗, 𝜍∗∗, … , 𝜍∗∗) 

Therefore 𝐵n(𝜍
∗, 𝜍∗∗, … , 𝜍∗∗) = 0 

Therefore 𝜍∗ = 𝜍∗∗ 

Thus ⊤ has only one fixed point, namely 𝜍∗. 
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𝟔. Applications 

In this section, we give three applications of Theorem 5.2 

𝟔. 𝟏 Theorem: Suppose  (𝛺, 𝐵𝑛) is a complete 𝑛-dimensional ball metric space and 𝑇:𝛺 → 𝛺 is a map.  Suppose 0 ≤ 𝑘 <
1

(𝑛−1)2+1
 .  

 Assume that for 𝜍1 , 𝜍2, … , 𝜍𝑚 ∈ 𝛺. 

𝐵𝑛(⊤𝜍
1,⊤𝜍2, … , ⊤𝜍𝑛) ≤ 𝑘 {

𝐵𝑛(𝜍
1, ⊤𝜍1, … , ⊤𝜍1) +

𝐵𝑛(𝜍
2, ⊤𝜍2, … , ⊤𝜍2)
+⋯+

𝐵𝑛(𝜍
𝑛 , ⊤𝜍𝑛 ,… , ⊤𝜍𝑛)

}   (6.1.1) 

Then ⊤ ℎ𝑎𝑠 𝑜𝑛𝑙𝑦 one fixed point.  

Proof: From (6.1.1), 

𝐵𝑛(⊤𝜍
1,⊤𝜍2, … , ⊤𝜍2) ≤ 𝑘{𝐵n(𝜍

1, ⊤𝜍1, … , ⊤𝜍1) + (𝑛 − 1)𝐵n(𝜍
2, ⊤𝜍2, … , ⊤𝜍2)} 

Let 𝜍0 ∈ Ω and define the sequence {𝜍𝑚} by 𝜍𝑚+1 = ⊤𝜍𝑚 for 𝑚 = 0,1,2,… 

We have 𝐵𝑛(𝜍
𝑚 , 𝜍𝑚 , … , 𝜍𝑚 , 𝜍𝑚+1) 

≤ 𝑘 (
𝐵𝑛(𝜍

𝑚−1, 𝜍𝑚−1, … , 𝜍𝑚−1, 𝜍𝑚) + 𝐵𝑛(𝜍
𝑚−1, 𝜍𝑚−1, … , 𝜍𝑚−1, 𝜍𝑚)

+⋯+ 𝐵𝑛(𝜍
𝑚−1, 𝜍𝑚−1, … , 𝜍𝑚−1, 𝜍𝑚) + 𝐵𝑛(𝜍

𝑚 , 𝜍𝑚 , … , 𝜍𝑚 , 𝜍𝑚+1)
) 

so that 𝐵n (𝜍
𝑚 , 𝜍𝑚 , … , 𝜍𝑚⏟        
(𝑛−1) times 

, 𝜍𝑚+1) ≤
(𝑛−1)𝑘

1−k
𝐵n (𝜍

𝑚−1, 𝜍𝑚−1, … , 𝜍𝑚−1⏟            
(𝑛−1) times 

, 𝜍𝑚) 

Since 
(𝑛−1)𝑘

1−𝑘
<

1

(𝑛−1)
, by Theorem 5.2, the result follows. 

𝟔. 𝟐 Theorem: Suppose  (𝛺, 𝐵𝑛) is a complete 𝑛-dimensional ball metric space and ⊤:𝛺 → 𝛺 is a map.  Suppose 𝑎1, 𝑎2, … , 𝑎𝑛 are 

such that 0 ≤ 𝑎1 <
1

(𝑛−1)
, 0 ≤ 𝑎2 <

1

𝑛
, … ,0 ≤ 𝑎𝑛 <

1

𝑛
 .With  𝛿 = 𝑚𝑎𝑥 {𝑎1,

𝑎2

1−𝑎2
,
𝑎3

1−𝑎3
, … ,

𝑎𝑛

1−𝑎𝑛
}.  

Assume that for 𝜍1, 𝜍2, … , 𝜍𝑛 ∈ 𝛺, 

𝐵𝑛(⊤𝜍
1,⊤𝜍2, … , ⊤𝜍𝑚) ≤ (

𝛿

𝑛
𝐵𝑛(𝜍

1, 𝜍2, … , 𝜍𝑛) + (𝑛 − 1)
𝛿

𝑛
𝐵𝑛(𝜍

1, 𝜍1 , … , 𝜍1, ⊤𝜍1))       (6.2.1) 

Then ⊤ has only one fixed point. 

Proof: From (6.2.1). 

𝐵𝑛(⊤𝜍
1,⊤𝜍2, … , ⊤𝜍2) ≤ (

𝛿

𝑛
𝐵𝑛(𝜍

1, 𝜍2, … , 𝜍2) +
(𝑛 − 1)𝛿

𝑛
𝐵𝑛(𝜍

1, 𝜍1, … , 𝜍1, ⊤𝜍1)) 

Let 𝜍0 ∈ Ω and define the sequence {𝜍𝑚} by 𝜍𝑚+1 = ⊤𝜍𝑚. 

Then 𝐵𝑛(𝜍
𝑚+1, 𝜍𝑚 , … , 𝜍𝑚 , 𝜍𝑚) = 𝐵𝑛(⊤𝜍

𝑚 ,⊤𝜍𝑚−1, … , ⊤𝜍𝑚−1, ⊤𝜍𝑚−1) 

 ≤ (
𝛿

𝑛
𝐵𝑛(𝜍

𝑚 , 𝜍𝑚−1, … , 𝜍𝑚−1) +
(𝑛 − 1)𝛿

𝑛
𝐵𝑛(𝜍

𝑚 , 𝜍𝑚−1, … , 𝜍𝑚−1))

 = 𝛿𝐵𝑛(𝜍
𝑚 , 𝜍𝑚−1, … , 𝜍𝑚−1)
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Since 𝛿 <
1

(𝑛−1)
, by Theorem 5.2, the result follows. 

𝟔. 𝟑 Theorem: Suppose  (𝛺, 𝐵𝑛) is a complete 𝑛 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ball metric space and ⊤:𝛺 → 𝛺 is a map. Suppose 𝑎1, 𝑎2, … , 𝑎𝑛  are 

such that 0 ≤ 𝑎1 <
1

𝑛
, 0 ≤ 𝑎2 <

1

(𝑛+1)
, … ,0 ≤ 𝑎𝑛 <

1

(𝑛+1)
. 

Write 𝛿 = 𝑚𝑎𝑥 {𝑎1,
𝑎2

1−𝑎2
,
𝑎3

1−𝑎3
, … ,

𝑎𝑛

1−𝑎𝑛
}.  

Assume that for 𝜍1, 𝜍2, … , 𝜍𝑛 ∈ 𝛺, 

𝐵𝑛(⊤𝜍
1,⊤𝜍2, … , ⊤𝜍𝑛) ≤ (

𝛿

𝑛
𝐵𝑛(𝜍

1, 𝜍2, … , 𝜍𝑛) +
(𝑛−1)𝛿

(𝑛−1)
𝐵𝑛(𝜍

1, 𝜍1 , … , 𝜍1, ⊤𝜍1))           (6.3.1) 

Then ⊤ has only one fixed point. 

Proof: From (6.3.1), 

𝐵𝑛(⊤𝜍
1,⊤𝜍2, … , ⊤𝜍2) ≤ (

𝛿

𝑛
𝐵𝑛(𝜍

1, 𝜍2, … , 𝜍2, 𝜍2) +
(𝑛 − 1)𝛿

𝑛
𝐵𝑛(𝜍

1, 𝜍1, … , 𝜍1, ⊤𝜍1)) 

Let 𝜍0 ∈ Ω  and define the sequence {𝜍𝑚} by 𝜍𝑚+1 = ⊤𝜍𝑚. 

Then 𝐵𝑛 (𝜍
𝑚+1, 𝜍𝑚 , 𝜍𝑚 , … , 𝜍𝑚⏟        

(𝑛−1) times 

) = 𝐵𝑛 (⊤𝜍
𝑚 ,⊤𝜍𝑚−1, ⊤𝜍𝑚−1, … , ⊤𝜍𝑚−1⏟                

(𝑛−1) times 

) 

≤ (
𝛿

𝑛
𝐵𝑛(𝜍

𝑚 , 𝜍𝑚−1, … , 𝜍𝑚−1, 𝜍𝑚−1) +
(𝑛 − 1)𝛿

(𝑛 − 1)
𝐵𝑛(𝜍

𝑚 , 𝜍𝑚−1, … , 𝜍𝑚−1, 𝜍𝑚−1)) 

=
(𝑛 + 1)𝛿

𝑛
𝐵𝑛(𝜍

𝑚 , 𝜍𝑚−1, … , 𝜍𝑚−1, 𝜍𝑚−1) 

Since 
(𝑛+1)𝛿

𝑛
<

1

(𝑛−1)
 , by Theorem 5.2, the result follows. 

𝟕. Conclusion 

Some fixed point results in 4-dimensional ball metric spaces are established and applications are obtained. We also obtain fixed point 

results in 𝑛 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 (𝑛 ≥ 4) ball metric spaces. Applications to fixed point results are shown. 
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