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Abstract

The notion of Positive Implicative BS-Neutrosophic Ideal, Commutative BS-Neutrosophic Ideal and related
properties are investigated. Characterizations of Positive Implicative BS-Neutrosophic Ideal, Commutative
BS- Neutrosophic Ideal are discussed.
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1 Introduction

L.A.Zadeh," a professor of computer science at the University of California, introduced the concept of fuzzy set
(FS) in 1965.Fuzzy sets analyzed the degree of membership of elements of set. In 1986 Atanassove? general-
ized a fuzzy set to an intuitionistic fuzzy set(IFS) by including another function called a non-membership func-
tion. The neutrosophic set concept was developed by Smarandache (,*#) and is a more general framework that
extends the concepts of classical set, Fuzzy set, Intuitionistic Fuzzy set, Interval valued fuzzy(Intuitionistic)
set. Neutrosophic algebraic structures in BCK/BClI-algebras is described in articles 207890245 oo
know that Smarandache’s neutrosophic set have many generalizations.

In'® B.Satynarayana et.al introduced the concept of BS-neutrosophic set, and applied it to BCK/BCI-algebras.
The BS-neutrosophic set enhances the existing neutrosophic framework by including an interval-valued non -
membership function, allowing for a dynamic representation of non-membership within a set. The purpose of
this extension is to improve our ability to model and reason with uncertain or ambiguous information across
different application domains. Also, the concept of BS-neutrosophic subalgebras, BS-NSI is introduced and
the associated properties are investigated. The homomorphic inverse image of the BS-neutrosophic subalgebra
and discussed the translation of the BS-neutrosophic subalgebra. In a BCI-algebra, they provided conditions
for a BS-NSI to be a BS-neutrosophic subalgebra.

In this article, we introduced the concept of PI BS-NSI, C BS-NSI and investigated several properties. The
introduction of PI BS-NSIs and C BS-NSIss represents significant development in the study of BCK algebras
within the framework of the BS-neurosophic set.These concepts open up new perspectives on how uncertainty
and ambiguity can be effectively managed in the study of ideals, providing valuable insights for applications in
logical systems, formal methods, and decision-making under uncertainty.Also we discussed relation between
PI BS-NSI and BS-NSI, relation between C BS-NSI and BS-NSI. Characterization of Positive Implicative
BS-NSI, C BS-NSI provided.
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2 Preliminaries

Definition 2.1. (Z181%) Let a non-empty set K in which “x” is a binary operation and “0” is a constant. K is
called a BCI-algebra if the following axioms satisfied by the K for all {,,7,,60, € K

((Co *M0) * (Co x 05)) * (85 % m5) =0 (1)
(Co * (Co * "70)) * 1o =0 2
CO*CO =0 (3)
Co*no:0ano*C020:>Co:no (4)

If the following axiom is satisfied by a BCI-algebra IC
0%C =0 )
then it is called a BCK-algebra for all(, € K

In any BCK/BCl-algebra the following properties are hold

G*x0=0 (6)

Co Mo = Co*bo < 1o * 0,00 %m0 < 5% (o (7
(Co %Mo) ¥ 05 = (Co % 85) %1, ®)
(Co*85) * (10 % 05) < Co %1 ©)

for all {,,n,, 0, € K. Where (, < 7, if and only if , xn, = 0. In any BCI-algebra X the following conditions
are hold!/

Co*(Co*(Co*no)) :Co*no (10)
0% (Co % 10) = (0% Go) * (0% 1) (11)

Definition 2.2. If the following condition is satisfied by a BCK-algebra kK , {, * ((o * 15) = 1o * (10 * (,) for
all {,, 7, € K then it is called a commutative BCK-algebra.

Definition 2.3. " If the following condition is holds in a BCI-algebra iC, ((, * 1) * 0, = (o * 0,) % 1, for all
Cos Mo, B, € K then it is called associative.

Definition 2.4. Let X be a BCK/BClI-algebra. A non-empty sub set H of K is said to be a sub algebra of X if
Co x 1Mo € H forall ,,n, € H.

Definition 2.5. Let K be a BCK/BClI-algebra. A non-empty sub set 7 of K is said to be an ideal of K if
0€H,and n,,C, *xny € H = (, € Hforall {,,n, € K.

Definition 2.6. Let /C be a BCK/BClI-algebra. A non-empty sub set  of K is said to be a Positive Implicative
ideal of L if 0 € H,and ((, *No) * 00, Mo % 0, € H = (, x 0, € H for all {,,n,,0, € K.

Definition 2.7. Let IC be a BCK/BClI-algebra. A non-empty sub set 7 of K is said to be a Commutative ideal
of Kif0 € H,and (o * 1) * 00,0, € H = (o * (o * (No * o)) € H forall {,, 15,0, € K.

Definition 2.8. "' Let a non-empty set K. In K a fuzzy set is a mapping NV; : K — [0, 1]

Definition 2.9. A fuzzy set V; : K — [0, 1] is called fuzzy sub-algebra of C,
it NV (Co % m0) = min{Ny (o), Ni(15)} forall ¢y, 1, € K.

An interval number is a closed subinterval h = [h=,h*] of [I] where 0 < h~ < h* < 1. The set of all
interval numbers are Denote by [I]. We define refined minimum (rmin) and refined maximum (rmax) for any
two elements of [I]. The symbols ” < 7 ,” = 7,” = 7 are also defined for two elements of [I]. Suppose
/ﬁh /};2 € [ﬂ Thenﬁl = [hl_,hl—i_} andﬁg = [h2_7h2+].

rmin {?Ll,//”\bg} = [min {hl_, hg_} ,min{h; ", hot}],
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rmazx {}Azl,ﬁg} = [max {hl_, hg_} ,1nax{h1+, h2+}]7

h1 hz & h1 > ho™ h1+ > hg ,and 51m11arly, we may | have h1 < ﬁg and El = /};2. To say ﬁl -
h2 (resp. h1 =< hg) we mean h1 = h2 and h1 #+ hg (resp. h1 =< hg and h1 % h,2) Let h € [I] where i € In.
We define R
rinf h;

i €M

:[mf B~ mf hit] and

rsupﬁi 0 sup . _  sup hat]
i €M i1 €M o ¢ '

i€m ien Tient
Definition 2.10. ?” An interval-valued fuzzy set (IVFS) in a non-empty set K is a function N:K = ]
is called. The set of all IVES in K is denoted by [I]*.For every IVFS Ne [I]* and ¢, € KN (()

N (), N T ((,)] is called the degree of belongingness of an element ¢, € N, where N~ : K — [[]
is called a lower fuzzy set and N : K — [I] is called an upper fuzzy set in K. We denote IVFS by

N =[N-, N

Definition 2.11. * Let K be a non-empty set. A neutrosophic set (NSS) in K is a structure of the form

N = {{Co; N7 (C0) s N7 (Co) s NF (C)) : ¢ € K} where N : K — [0,1] is a degree of belongingness,
Ni @ K — [0,1] is a degree of indeterminacy of belongingness, and Nr : K — [0,1] degree of non-

belongingness. For simplicity, we will use the symbol A" = (N, N7, Nr) for the neutrosophic set
N = {<C05NT (Co) 7-/\/[ (Co) 7NF (Co» G € ]C}

Definition 2.12. Let /C be a non-empty set. BS-NSS in /X, is a structure of the form
N = {<K;M(Co)7/\fi(Co),/Vf(Co)> : G € IC} where N; N;, are fuzzy sets in K, which are called a degree

of membership and degree of indeterminacy, respectively, and N ¢ is an interval valued fuzzy set in ' which
is called an interval valued degree of non-membership

Definition 2.13. Let N = (V;, i, Ny) is a BS-NSS in K, we define the following sets
U N ={C € K: Ni(Co) > 1} U (Nizm) = {¢o € K : N; (() > m} and
L (./Vf; [nl,ng]) = {Co ek: A7f(Co) < [nl,ng}} Where [, m € [0,1] and [nq,nz] € [I]

Definition 2.14. Let K be a BCK/BCI algebra. A BS-NSS V' = (A}, N;,N) in K is called a BS -
neutrosophic subalgebra of K if it satisfies

(BS-NSSA 1) Ny (o * 1m0) > min{N3(Co), Ni(10) }
(BS-NSSA 2) N;(Co % 10) > min{N;i(C,),Ni(n,)}

(BS-NSSA 3) Nf(go * 1) < rmam{/\/f((o) Nf(no)} for all ¢,,7, € K.

Definition 2.15. Let K be a BCK/BClI-algebra. A BS-NSS A = (M,M,N’f) in KC is called a BS-NSI of K
if it satisfies

(BS-NSI 1) \; (0) > N, (Co) , N5(0) > AV (&) and N7 (0) < N () forall ¢, € K
(BS-NSI 2) N; (o) > min{Ny(Co * 1), N (1) }
(BS‘NSI 3) M(Co) > mZ’I’L{M (Co * 770)7/\@‘(770)}

(BS-NSI4) Ny (o) < rmaz{N7(Co* m0), N (o)} for all o, 1, € K.

3 Positive implicative BS-Neutrosophic ideal

Definition 3.1. Let K be a BCK-algebra. A BS-NSS N = (N, N;, ;) in K is called a Positive implicative
BS-Neutrosophic ideal (PI BS-NSI) of K if it satisfies (BS-NSI 1) and

(PUBS-NSI 1) N3 (Co * 00) > min{N; ((Co * o) * 05) , N (0 % 0,)}

(P BS-NSI 2) Ni(Co # 0) = min{Ni (o # 1) * 00) , Ni(mo # 0) }

(PI BS-NSI 3) Nf(CO x0,) < rma:r,{/\/f ((Co xmo) % 0,) ,j\A/f(no x0,)} for all {,,1n,,0, € K.
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Table 1: BCK-algebra

o0 o e O %
a0 o o0
o060 o o oW
00 oo Qo
[~ NNl oMol K]
S0 o O oA

Example 3.2. Consider a set K = {0, a,b, ¢, d} with the binary operation ‘x* which is given in the Table][l]
Then (; %, 0) is a BCK-algebra.

Let NV = (M,M,/\A/'f) be a BS-NSS in K defined in Table

Table 2: BS-Neutrosophic Set

K Ni(Co) Ni(Co) Ny (&)
0 1 0.9 0.2,0.5]
a 0.8 0.6 [0.4,0.6]
b 0.4 0.3 [0.5,0.7]
c 04 0.3 [0.5,0.7]
d 02 0.1 0.7,1]

It is routine to verify that ' = (M,M, ./\7f) is a PI BS-NSI of K.

Theorem 3.3. Every PI BS-NSI is a BS-NSI.

Proof. Let N = (M,M,A?f) be a PI BS-NSI of K. If we take 6, = 0 in (PI BS-NSI 1), (PI BS-NSI 2), (PI
BS-NSI 3) and use (2.6) then we have

Ni(Go #0) > min{N; ((Go *10) * 0) , Ny (11, % 0)}
= Ni(Co) = min{N; (Co % 10) - No(10) },
<<o*o> mindN; ((Co % o) *0), Ni(1 % 0)}
NilCo) = min{N; (Co % o) , Ni (10)},
Nf<<o #0) < rmaz{ Ny ((Co % mo) * 0) , N (1 * 0)}

= N(¢o) < rmaa{Np (Co o), Ny (1)}
for all ¢, n, € K. Thus, every PI BS-NSI is a BS-NSI of . O

AVAR VAR VARV

The converse of Theorem[3.3]is not true as seen in the following example.

Example 3.4. Consider a BCK-algebra X = {0, 1,2,3} with the binary operation ‘x’ which is given in
Table[3]

Table 3: BCK-Algebra

W N = O %
W = OO0
W —_-= O O =
W O O O
SN = OlW

Let N = (Nt,Ni,/Vf) be a BS-NSS in K defined by Table
It is routine to verify that A = (M,J\/i, /\Aff) is a BS-NSI of K.
Since Ny (2% 1) < min{N; (2% 1) x 1) , N (1x D)}, N = (J\/LJ\/;-,./vf) is not a PI BS-NSI of K.
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Table 4: BS-Neutrosophic Set

K Ni(Co) Ni(Co) N (G)
0 091 1 [0.21,0.63]
1 0.54 0.35 0.53,0.75]
2 0.54 035 0.53,0.75]
3 0.25 0.17 0.78,1]

Lemma 3.5. Let K be a BCK/BCl-algebra. Then every BS-NSIN = (N, N3, J\7f) of K satisfies the following
assertion (o¥1, < 0, = Ni(Go) = main{Ni(no), Ni(0o)}, Ni(Co) = min{N;(n,),Ni(0o)}, N5 (Co) <
rmax{Ny(n,),N¢(0,)} for all {5, 1o, 0, € K.

Theorem 3.6. A BS-NSS N = (./\/,5,/\/},./\7]«) in a BCK-algebra K is a PI BS-NSI of K if and only if it is a
BS-NSI of K satisfying the following conditions

J\/t (Co * o) = Ni ((Go * o) *100)
( (Co * 770) > N ((Co * 770) * 770) ) (for all (o, 1, € }C) (A)

Ny (Coxm0) < N ((Co % m0) 7o)

Proof. Assume that N' = (./\Q,./V’,-,J\A/f) is PI BS-NSIof . If 6, is replaced by 7, in (PI BS-NSI 1), (PI
BS-NSI 2) and (PI BS-NSI 3) we get

N (Co % 10) = min AN ((Co * 0o) *10) s Nt (116 % 00) }

= min {N¢ ((Co * 10) * 16) , Ni (0)} = Ny ((Co * 7o) * 7o) ,

M (Co * 770) > min {M ((Co * no) * 770) 7N (770 * 770)}

= min {N; ((Co * 10) * 16) , Ni (0)} = N; ((Co * o) * o),

Nf (Co *Mmo) < Tmazv{/\/f ((Co %Mo) %Mo) Nf Mo * Tlo }

= rmazx {Nf ((Co % 70) % 10) , Ny (0 )} = Ny (( *mo) *1,) for all (,,n, € K. Conversely, let N' =

N, Ny, N f) be a BS-NSI of K satisfying the condition (A) since
((CO x0,) % 0,) % (Mo x0,) < ((Co % 6,) %1,) = (({ %Mo) x 0,) forall {,,n,,0, € K. It follows from Lemma

(((Co * 0 ) * 90) * (770 * 90)) > -/\[t ((Co * 770> * 90)
Ni (((Co # 0o) * 05) * (110 % 00)) = Ni ((Co x10) % 0o) | (B) forall (o, 7,6, € K. Now using (A), (BS-
0o) ) <N,
(B

(((CO*H ) * (Mo * 0, ((CO*VO) *0,)
NSI 2) (BS-NSI 3), (BS-NSI 4) and (B), we have

N (Co % 05) > N ((Co % 6o) x 0,)

> min {Ny (o * o) % 0,) * (00 % 05)) , N (110 % 60) }
> min {M ((Co * 770) * 90) 7M (770 * 90)} )

Ni (Co * 00) = Ni ((Co x 6) * 05)

> min AN (((Co * 0o) * 60) * (100 % 0,)) , Ni (1o % 65) }
ZAmin N ((Cc)j o) *05) s Ni (10 % 05) }

Nf (Co * 90) < Nf ((Co * 90) * 90)

< rmaz {7 (((Co * 00) *00) * (0 00)) Ny (0% 0,) |
< rmax {ﬁf ((Co %Mo) % 6,) 7/\A/'f (no * 90)} for all ¢,, n,, 0, € K.
Thus, Positive Implicative A’ — (M,M,K/f) is a BS-NSI of K. 0

Theorem 3.7. Let N — (M7M,J\Af f) be a BS-NSI of K. Then N = (M,M,/T/f) is PI BS-NSI of K if and
only if it satisfies the following conditions

Ny ((Co * 05) * (o % 05)) > Ny ((Co %Mo) % 0,)
( Ni ((Co #00) (10 66)) = Ni ((Co 1) * 65) ) (C) for all (10,0, € K.

Nf ((Co * 00) * (770 * 00)) < Nf ((Co * 770) * 90)

Proof. Suppose that ' = (A@?/\fi,/\?f) is PI BS-NSI of K. Then N = (M,M—,A?f) be a BS-NSI of
KC by Theorem 3.3 and satisfies the condition (A) by Theorem 3.6. Since (({, * (1, % 0,)) *x0,) * 0, =
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((Co % 00) * (Mo %605)) %0, < ((Co %Mo) * 6,) for all (,, 7o, 8, € K.It follows from Lemma 3.5 that

((Co * 10) * 6o)
i ((Co % 1m0) % 6,) (D) Now using (2.8), (A) and (D), we have

==

((Go % (10 % 80)) % 00) % 80) = N; ((Co *10) * 60)
o 9) (770*0)) Nf (Co*/(flo*oo))*go)

*
< ./V’f (((Co % (Mo % 85)) % 8,) % 0,) < Ny ((Co *1o) * 8,) . Hence condition (C) is valid. Conversely, let N =
(M, N, /\A/'f) be a BS-NSI of /C which satisfies the condition (C) If we put 8, = 7, in (C) and use (2.3), (2.6)
then we have

N ((Co % m0) * (M0 % 0)) = Nt ((Co * 10) * 10)
= N ((Co*m0)) > N ((Co * 770> *100) 5
Ni ((Co *mo) * (Mo %Mo) = ((Co * 7o) * 7o)
~ Ni ((Co*m0)) = Ni ((Co * 7]0) * 7o) 5
Nf ((Co %Mo) * (10 * Ao)) < Nf ((Co %Mo) *10)

= Nt ((Co % 10)) < Ny ((Co *10) * 1) - for all Co, 1o, 0y € K.
Therefore, by Theorem 3.6 N = (M, M,Nf) is P BS-NSI of K. O

Theorem 3.8. Let N — (/\/t,/\/,»,/\?f) be a BS-NSS of K. Then N/ — (M,M,Nf) is PI BS-NSI of K if and
only if it satisfies the conditions (BS-NSI 1) and
Nt(Co*no) > min {Ny (((Co * o) * 10) ¥ 00) , N; (6,)}
( Ni (Co xno) = min {AN; (((Co * o) *10) * 0,) , N; (90)}
f

() (for all Coy o, 0, € KC.)
(0,)}

N (Go o) < rmaz {7 (G % m0) #10) #0,) A

Proof. Suppose that A" = (M,M,/Vf) is a PI BS-NSI of K. Then A" = (M,M,J\A/f) be a BS-NSI of K
by Theorem 3.3. and so, condition (BS-NSI 1) is valid. Using (BS-NSI 2), (BS-NSI 3), (BS-NSI 4), (2.3),
(2.6), (2.8), and (C), we have
N, (Co * 7]0) > mzn{M ((Co * 770) * 0 )7N ( 0)}
= mian ANy (((Co * 0o) * 1o) * (10 * 770)) N (00)}
> min {AN; (((Co * 0o) * 10) * 10) , Nt (05)}
:mln{/\/’t (((Co %Mo) *n0) * 0, ) (90)}7
Nii (Co # 10) = min AN ((Co * 10) -0 0) s N z
= min {N; (((Co * 00) * 10) * (1o * 770)) y Vi ( o)}
> min {N; (((Co * 6o) * 7o) * no) NG (00)}
= min {N; ((({o *1o) *00) * 00) , N; (00)} -

0,). N (6.)

) A3 (60}

o

Ny (Go % m0) < rmaz { Ny ((¢o o) % 06) . N (6

= rmax {]\Aff (((Co % 05) *1m0) * (N0 %Mo), Vv (6,)
< rma { Ny (((Co# 00) +m0) +10) . N (6)
= rimaz {7 ((Go % 10) % 110) % 00) - Ny (00) } forall Gy, 1,0, € K.

Conversely, let N = (M, Ni, N f) be a BS-NSS in K which satisfies condition (BS-NSI 1) and condition (E)
then

N (Co) = N (o % 0) > min {NG (((Go * 0) % 0) % 6,) , N (6)}
=min {N; ({o *00) , Ni (65)},

Ni (o) = Ni (Go +0) 2 min {Ni (((Go%0) % 0) % 05) , N (60)}
:Amin{/\/ (Co*05) ,Ni (6,)}, and .

Ny (Co) = Ny (¢o0) < rmaz {7 (((Go #0) 0)  0,) . Ny (6)}

< rmax {./\/f (& *90),Nf( O)} forall {,, 0, € K.

N
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Thus N = (MVM,J\A/,-) is a BS-NSI of K. Taking 6, = 0 in conditions (E) and using (2.6) and (BS-NSI 1)
Ni (Co * o) = min {N; (((Co *1o) * 7o) * 0) , Ny (0)}

= min {N; ((Co * 10) * 10) , Nt (0)} = Nz ((Co * 10) *10)

M(CO*UO) > mln{M (((CO*WO)*UO) 0), Ni (0)}

= min {N (o *1m0) *770)’ 0)} = Ni ((Co % M0) *10)

N (Go o) < rmaz { Ay (((Go* 1) #10) 20) N (0 )}

= rmaz {7 (G xm0) * 1) Ny (0) } = Ny ((Go % o) * o),
for all {,,n, € K. It follows from Theorem 3.6 that N' = (/\/},/\/},Jvf) is P BS-NSI of K. O

Lemma 3.9. Let K be a BCK\BCl-algebra. Then every BS-NSI N' = (M,Mﬁ f) of K satisfies the

assertion

Nt(Co) > min {N; (10) , N (60)}
Coxno <00 = | Ni(Co) Zmin{N; (no) ,Ni(0)} | (F)forall {,n,,0, € K.
Ni(Co) < rmaz{Ny(no), Ny (00)}

Lemma 3.10. Ifa BS-NSS N = (J\/‘hj\/},./vf) in KC satisfies the condition (F) then N' = (./\[t?./\[i,ﬁf) isa
BS-NSI of K.

Proof. Since 0 % , < (, and (, * ((, *1,) < 7, for all {,,n, € K, it follows from (F) that A; (0) >
N (Go) 5 Ni(0) = N (G,) and Ny (0) < Ny (=) forall ¢, € K
M(Co) > mZTL{M(C@ * 770) M(no)} N(Co) > mln{N (Co * 7]0) (770)}

N5 (o) = rmax{./\/f(CO *15), Nf('f]o)} forall {,,n, € K. Thus N/ = (M,M,J\Q) isaBS-NSIof X. [

Theorem 3.11. Let N — (Nt,/\/i,/?ff) be a BS-NSS of K. Then N' = (J\/t,/\/i,/\?f) is PI BS-NSI of K if
and only if it satisfies the following conditions
M (Co * o) = min{N¢ (a) , Ny (b)}
(((Co %Mo) ¥ 10) ¥ a) xb=0= ( i (Co % mo) = min {N; (a) , Ni (b)} ) (G) for all (o, o, a,b € K.
Nf((o*ﬂo) Tmam{Nf( )s Nf(b)}

Proof. Suppose that N = (/\/},/\/},/\Aff) is PI BS-NSI of K. Then N' = (M,M,/\A/f) is a BS-NSI of K

by Theorem 3.3. Let (,, 10, a,b € K be such that ((({, * 7,) * 75) * a) * b = 0 then using Theorem 3.6 and
Lemma 3.9. we have

M (Co * o) = Ni ((Co * o) *10) = min{Ni(a), Ni(b)},
Ni (Co % n0) = Ni ((Co * 10) %Mo) = min{Ni(a), Ni(b)},
Nt (Co % 16) < N7 ((Co 10) % 10) < rmaz{Ny(a), Ns(b)} for all ¢y, 7, € K. Thus, condition (G) is valid.
Conversely, let N/ = (./\/t,J\/i,./\A/' f) be a BS-NSS in K which satisfies the conditions (G). Let (,, a,b € K be
such that (((¢, * 0) *0) x a) * b = 0 and so
N} (Co) = Ni (Co % 0) = min{Ni(a), Ne(b
Ni (Co) = Ni (Go % 0) = min{N;(a), Ni(b
Nt (Go) < Ny (Go%0) < rmaz{Ny(a),
3.10.

)

#(b)}. Thus N = (J\/},M,J\A/'f) is a BS-NSI of K by Lemma

Z>¥1

Since (((Co * Mo) * Mo) * ((Co * Mo) * M6)) * 0 = 0 fa or all (,,m, € K we have

Ni (Co % 1m0) = min AN ((Co * 10) * 10) , N2 (0)} = Ny ((Co * 10) * 1),

Ni (Co ¥ 1m0) = min {N; ((Co * 10) * 10) s Ni (0)} = N ((Co * 770) *1o) ,

J\?f ((o*Mo) < rmax {./\Aff ((Co *M0) * o) } ((¢o %Mo) xmy,). It follows from Theorem 3.6
that N\ = (J\/;,Ni,/\?f) is PI BS-NSI of K. 0

Theorem 3.12. Let N — (Nt,/\/i,/?/f) be a BS-NSS of K. Then N' = (J\/t,/\/i,/\?f) is PI BS-NSI of K if
and only if it satisfies the following conditions
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) (H)
}
0o)

BEXIE

N ((Co % 05) * (00 % 05)) > min{Ny(a), Ny(b)}

N ((Go  0) x (no * 0o)) = min{Ni(a),N;(b)}

N ((Co  00) * (06 % 0,)) < rmaz{Ny(a ) Ny (b )
Jorall (5,10, 0, a,b € K be such that (((¢, * n,) *

Proof. Suppose that ' = (M,M,Kff) is a PI BS-NSI of C. Then A/ = (M,M,/f/f) is a BS-NSI of K
by Theorem 3.3. let ,, 7,00, a,b € K be such that ((({, *1,) *0,) * a) * b = 0. Using Theorem 3.7 and
Lemma 3.9, we have
N ((Co* o) * (0% 0,)) > N ((Co *m0o) * 05) > min{M(a),M(b)},
j\[i ((Co * 90) * (770 * ‘90)) > -/\//:Z ((CO * 770) * 90) > mzn{'/\[l(/fl)v-/\/‘l(g)}’
Nf ((Co * ‘90) * (10 * 00)) < Nf ((Co * 770) * 00) = Tmax{Nf(a)aNf(b)}'
Conversely, let N = (/\/t,/\/},./\Af f) be a BS-NSS in K which satisfies the conditions (H) Let (,, 7o, a,b € K
be such that (((Co % 1)) % 1)o) * @) * b = 0. Then
J\/t (Co * 770) = ((Co * 770) (770 * 770)) > mzn{M(a),M(b)},
N Cowie) > N ((Come) = (o ) > mind (o), As(D)),
Nt (Co%10) < N ((Co % 10) * (M0 % m0)) < rmaz{Ny(a), Ny(b)}. It follows from Theorem 3.11 that N =

(M,M,/\?f) is PI BS-NSI of K. 0

Theorem 3.13. Let N = (Nt,f\a-,ﬁf) be a BS-NSS of K. Then N = (M,M,ﬁf) is PI BS-NSI of K if
and only if it satisfies the following conditions

M(Co * 770) > mm{./\ft (al) a'/\/;f (aQ) g J\/;f (an)}a
./\A/;-(Co*no) > min{./\/;A(al),./\/igaﬁ, ...... N; (A”)}’
N5 (Co *mo) < rmax{Ny (a1) , Ny (az),...... Ny (an)}
forall (5,mp,a1,a0 . ... ... an € K.with

(cereiinn (((Co %Mo) xMo) k1) ka2 eeennn... )xa, =0

Theorem 3.14. Let N — (J\/t,/\/i,/\?f) be a BS-NSS of K. Then N' = (J\/t,/\/i,/\?f) is PI BS-NSI of K if
and only if it satisfies the following conditions

N ((Co % 00) * (110 % 05)) = min{Ni (a1), Ne (a2) ;... Ni (an)},

Ni ((Co % 00) * (o % 0,)) > min{N; (a1), Ni(az),...... N (an)},

Nf((Co*H )% (o % 6,)) = rmax{/\/f (a1), Af (ag),...... /\A/'f (an)} for all
CosMor A1, « .o ... an € K.with
(o (((Co *mo) % 0p) xar) xag......... )xa, =0

Theorem 3.15. A BS-NSS N = (./\/t,./\/;,./\A/'f) in K is a PI BS-NSI of K if and only if the non-empty sets
U Ny 1), U (Nizm) and
L (./\A/'f; [nl,ng]) are ideals of K for all I, m € [0, 1] and [n1,n2] € [I].

Proof. Suppose that N' = (N, N;, Ny) is a PI BS-NSI of K. Let [,m € [0,1] and [n1,n5] € [I] be such
that U (Ny; 1) ,U (N;;m)and £ (/\A/f; [, ng}) are non-empty. Obviously 0 € U (Ny;1),0 € U (N;;m) and

0ecl (K/f; [m,ng]) Forany a1, as, ag, by, ba, b3, ¢y, c2,c3 € Kif (a1 * ag)*az,azxaz € U (Ny;1),(by * bg)*

b3, by * by € U (N;;m) and (c1 * co) x c3,c0 % c3 € L (K/f; [nl,ng])then

N; (a1 * az) > min {N; ((a1 * a2) *x a3z) ,N¢ (ag x az)} > min{l,1} =1

N;(by * bg) > min {N; ((by * ba) x b3) , N (by % b3)} > min{m,m} =m

Ny (c1 % ¢3) < rmaz {./\A/'f ((c1 % ¢2) % ¢3), Ny (cg 03)}

< rmaz{[ni, na], [n1,n2]} = [n1,n2]. Therefore ay * a3z € U (N;1),b1 x by € U (N;;m) and ¢q * c3 €
L (./\A/f; [n1, ng]) Hence U (N3; 1) ,U (N;;m) and £ (/\/'f7 [n1, ng]) are Positive Implicative ideals of K. Con-
versely, assume that the non-empty sets U (Ny; 1) , U (N;;m) and £ (./\7 73 [, ng]) are Positive Implicative
ideals of K for all I,m € [0,1] and [n1,n2] € [I]. Suppose that NV;(0) < Ni(a).N; (0) < N;(a) and
./(\/.f (0) = Ny (a) for some a € K. Then 0 ¢ U (Ni; N, (a)) NU (Ni; Ni(a)) N L (./(\/'f;./(\/'f (a)) which is a
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contradiction. Hence AV; (0) > N; (), N;(0) > N (¢,) and J\A/f(O) < J\A/f(x) for all ¢, € K. Suppose that
J\7f(a0 % Cp) = rmax {./\770 ((agp * bo) * o) ,J\Aff (bo * co)} for some ag, bg, ¢y € K. Let./\A/f ((ag % bg) * co) =
[61, 82) , Ny (bo * co) = [03, 4] and Ny (ag * co) = [n1,m2)].

Then [n1,n2] > max{[01,02],[03,04]} = [max {01,035}, max {d2,d4}] and so ny > max {61,035} and
ng > max {02, 64 }. Taking

[1,m2] = % {/\/f (ag * ¢p) + mazx {./\/'f ((ag * bo) * co) , Ny (bg * cO)H

= Ln1,no] + [max {61,063}, max {62, 54}]]

= f% (n1 + maz {61,03}) , 3 (ns + maz {82, 04})]

It follows that ny > 1y = % (ny + maz {61, 83}) > maz {61, 3} and

Ng > 1Ny = % (712 + max {(52,64}) > mazx {52, (54}

Hence [maz {61,03} , max {62,04}] < [n1,7m2] < [n1,n2] = J\Aff(ao*co) Therefore agxco ¢ U (-/vf; (115 772])-
Qn the other hand

N ((ag % bo) * co) = [61,82] < [max {01, 83} , maz {02, 64}] < [n1,72]

Nf(bo * Co) = [63, (54] < [max {(51,53} , max {52, (54}] < [771,772] that is ((ao * bo) * Co) , (bo * Co) S
u (./\7 7 Im, 772]). This is a contradiction and therefore

A7f(a0 *x cp) <X rmax {./\7f ((ag * bg) * co) ,./\A/f (bo * co)} for all ag, by, co € K.. Also, if N;(ag * cg) <
man {N; ((ag * bo) * co) , N; (bo * co) } for some ag, by, co € K, then (ag * by) * co, (bo * co) € U (Ny;mg)
but ag * co & U (Ny;mg) for mg = min {N; ((ap * bo) * co) , N; (bo * co)} . This is a contradiction, and thus
Ni(ag * cg) > min {N; ((ao * bo) * co) , N; (bo * co) } for all ag, by, co € K. Similarly, we can show that

Ni(ag % o) = min{N; ((ag * bo) * co) , Ni (bo * co)} for all ¢,,7, € K. Consequently N' = (N, i, Ny) is
a PI BS-NSI of K. O]

4 Commutative BS-Neutrosophic Ideals

Definition 4.1. Let K be a BCK-algebra. A BS-NSS NV = (A}, N, N}) in K is called a C BS-NSI (C BS-
NSI) of K if it satisfies (BS-NSI 1) and

(CBS-NSI 1) NV, (Co* (Mo * (M0 % (o)) = mln{]vt ((Co * m0) * 05) 7-/\[15(90)}

(CBS-NSI2) -/\Aﬂ (Co * (M0 * (M0 % Co))) = mzn{./\/zA((Co *100) * 05) 7-/\/;(/\90)}

(CBS-NSI3) N7 (o * (110 * (106 % (o)) < rmax{Ny ((Co x1o) * 05) , N¢(60)}

for all {,,n,,0, € K.

Example 4.2. Consider a set K = {0, a,b,c,d} with the binary operation ‘x* which is given in the Table[J|
Then (K ; *, 0) is a BCK-algebra. Let N' = (N, N;, Ny) be a BS-NSS in K defined in Table@ It is routine

Table 5: BCK-algebra

* 0 a b c d
0 0 0 0 0 0
a a 0 a 0 0
b b b 0 b 0
c c a c 0 c
d d d d d 0
Table 6: Commutative BS-Neutrosophic Ideal
K Ni(Co) Ni(Co) N (Co)
0 0.98 1.0 [0.11,0.37]
a 0.79 0.83 [0.23,0.55]
b 0.57 0.65 [0.25,0.63]
c 0.25 0.47 0.47,0.71]
d 0.13 0.29 [0.61,0.97]
to verify that N = (M,M,K/f) is a C BS-NSI of K
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Theorem 4.3. Every C BS-NSI is a BS-NSI.

Proof. Let N' = (J\/;,M,/\A/f) is a C BS-NSI of K. If we take 1, = 0 in (C BS-NSI 1), (C BS-NSI 2), (C

BS-NSI 3) then

N (Go (04 (0% G))) = mim (NG ((Go * 0) 5 6,) , NG (6.)}

= N (Co) = min {N; (Co % 05) , Ni (0)}

Ne(G o (002, = min s ((Co 2 0) ). Ve (0)

= N; (¢) > min {N; (¢ % 0,) ,N; (0,)},

N (Gox (0% (0%¢,))) < rmaz {Nf ((¢o0) +0,) N (0) }
)

= J\Aff (C) < rmaz{]\/f (Co%0,), f(00)} for all {,,n,,0, € K. Therefore N' = (M,M,./\Aff) is a
BS-NSI of K. 0

In the following example we show that the converse of Theorem 4.3 is not true.

Example 4.4. Consider a BCK-algebra K = {0, a, b, ¢, d} with the binary operation ‘x* which is given in the
Table[7]

Table 7: BCK-algebra

o0 o e O
a0 o e o0
Ao oo o
a0 o Ooc
o O O O o0
(=Nl e NeN ol =N

Let N = (N, N, K/f) be a BS-NSS in K defined in Table It is routine to verify that N = (M, /\/i,ﬂ\/'f) is

Table 8: BS-Neutrosophic Set

K Ne(Go) Ni(Co) Ny (G)

0 091 1.0 [0.21,0.53]
a 0.63 0.53 0.33,0.67]
b 0.37 0.15 [0.77,0.93]
c 0.37 0.15 0.77,0.93]
d 0.37 0.15 [0.77,0.93]

a BS-NSI of K. Smce/\/t( x (d* (d=xb))) =N (b) =037 <091 =N; (0) =
min {N; ((b* d) * 0) , N (0)}

N (b (d* (d%))) = N; (b) = 0.15 < 1.0 = A, (0) =
min {N; ((bx*d) * 0) , N (0)},
Ny (b (dx (dxb))) = Ny (b) =

Ny [0 77,0.93] > [0.21,0.53] =
Nf( ) = rmax {j\/f (b d)

0), N7 (0 )}Nz (Nt,/vi,/\?f) is not a C BS-NSI of K.

Theorem 4.5. Let ' — (M,M,ﬁf) be a BS-NSS of K. Then N' = (M,Ni,ﬁf) is C BS-NSI of K if and
only if it is a BS-NSI satisfies the following conditions

Ni (Co * (7]0 * (770 * Co))) > M (Co * 770)
( /yz (Co * (o0 * (M0 % (o)) = /\A/‘z (Co * Mo) ) (J) for all Go,mo € K

Nf (Co * (M0 * (110 % Co))) < Nf (Co %Mo)

Proof. Suppose that N/ = (/\/t, M,./\7f> is a C BS-NSI of K. If we put §, = 01in (C BS-NSI 1), (C BS-NSI 2)

and (C BS-NSI 3) then we have (J). Conversely, suppose that N' = (M, M,Nf) is a BS-NSI of KC satisfying
the condition (J) Then

Ny (Co* (Mo * (Mo % (o)) > Ne (Co %Mo) = min {/\/t ((Co %Mo) % 0,) Ni (60)}
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/Yi (Co * (770 * (770 * Co))) > /\[\1 (Co * 770) > min {M ((Co * 770) * 90) N (90)} ,
Nf (Co * (770 * (770 * Co))) < Nf (Co * 770)
< rmax {./\A/f ((Co %Mo) % 0,) ,/\A/'f (90)} for all {,, Mo, 0, € K. Therefore N = (M,M,./\A[f) is a C BS-NSI

of K. O

Theorem 4.6. In a commutative BCK-algebra, every BS-NSI is a C BS-NSI.

Proof. Let N = (M, N, Nf) is a BS-NSI of a commutative BCK-algebra K.

((Co * (10 * (10 % Co))) * ((Co %Mo) * 05)) * 0o

= ((Co * (10 * (10 %)) * 05) * ((Co * 1M0) * 0)

< (Co* (M0 * (M0 % Co))) * (Co * Mo) = (Co * (Co % M0)) * (10 % (N0 % (o)) = 0.

That is,((Co * (16 * (M6 % o)) * ((Co * 1) % 65)) < 0, for all {,,7n,,0, € K. By Lemma 3.9 we have
N (Co # (10 * (110 % Co))) = miin AN ((Co  10) * 00) , Ny (6o)}

Ni (Co * (Mo * (110 % C))) = min {N; ((Co * 10) * 05) , Ni (0,)}

N (Gorx (o % (10 % 60))) < rmaz { N7 ((Go o) # 00) . Ny (6 }
Therefore N' = (A@,Ni,/\?f) isa C BS-NSI of K. O

Theorem 4.7. A BS-NSS N = (M,J\/Z—,/Vf) in K is a C BS-NSI of K if and only if the non-empty sets
U N 1) U (Nizm) and £ (./\A/f; [nl,ng]) are ideals of K for all I, m € [0, 1] and [n1,n2] € [I].

Proof. Suppose that N = (N;, N;, Ny) is a C BS-NSI of K. Let [,m € [0,1] and [n1,ns] € [I] be such
that U (Ny; 1) ,U (Ny;m) and £ (/\A/f; [nl,ng]) are non-empty. Obviously 0 € U (Ny;1),0 € U (N;;m) and

0eclL (./(\/f; [nhng]) . For any ay,az,as,b1,b2,b3,¢y,ca,c3 € K if (a1 * az) * ag, ag € (Ng;1) ,(by x ba) *

b3,bs € U (Nj;m) and (c1 * c2) * c3,¢c3 € L (Nf; [nhng]) then

Ni(ay * (ag * (az x aq))) > min{N; ((a1 * a2) * a3) , N (a3)}

>min{l,1} =1,

N (b1 x (by * (ba % b1))) > min {N; ((by * ba) * b3) ,N; (b3)}

> min{m, m} = m,

/\A/'f (c1 % (co* (ca % c1))) < rmazx {/\A/’f ((e1 * c2) * c3) ,/\7f (03)}

< rmazx {[nlvnQ] ) [nlvnQ]} = [nl’nQ] .

Therefore (a1 * (ag * (a2 * ay))) € U (Ni;1), (by * (by * (by % b1))) € U (N;;m) and

(c1#(ca*(caxc1))) € L (/\A/f; [nl,ng]) Hence U (N; 1)U (N;;m)and £ (./Vf; [nl,nQ]) are Commutative
ideals of /.

Conversely, assume that the non-empty sets U (Ny;1) , U (N;;m) and L (J\A/ Iy [nl,ng]) are Commutative
ideals of K for all [,m € [0,1] and [ny1,n2] € [I]. Suppose that NV;(0) < MN;(a),N;(0) < N;(a) and
/Vf (0) >~ /\A/f(a) for some a € K. Then 0 ¢ U (Ny; Ny (a)) NU (Ni;Ni(a)) N L (J\7f;J\7f (a)) which is a
contradiction. R R

Hence NV; (0) > N; (¢o) , N;(0) > N; (¢,) and N (0) < Ny (z) forall ¢, € K.

Suppose that/\A/f (ag * (bo * (bo * ap))) = rmaz {ﬁf ((agp * bg) * o) ,/\7f (co)} for some ag, by, cp € K. Let
N ((ag # bo) * co) = [01, 0] , Ny (co) = [03,04] and Ny (ag * (bo * (bo * ag))) = [n1,m2] . Then

[n1,n2] = rmax{[d1,02],[d3,04]} = [max{d1,d35},max {02,04}] and so ny > maxz {41,03} and ny >
mazx {02, 04} . Taking

(.m0 = 3 [,/\/'f (ag * (bo * (bo * ag))) + rmax {Nf ((ag * bo) * co) , Ny (cO)H

= L [[n1,na] + [max {61,083}, max {52, 94}]]

= r% (n1 4+ max {61,95}), %(ng + mazx {0, 54})]

It follows that ny > ny = % (ny + maz {61, 83}) > maz {61, 3} and

ng > Ny = % (ng + max {d2,04}) > max {02,064}

Hence [max {01, 03} , max {02, 04}] < [n1,m2] < [n1,n2]

= Nf (ao * (bo * (b() * ao))) .

https://doi.org/10.54216/IJNS.220104 55
Received: March 28, 2023 Revised: June 19, 2023 Accepted: August 24, 2023



International Journal of Neutrosophic Science (IJNS) Vol. 22, No. 01, PP. 45-59, 2023

Therefore (ag * (bo * (bo * ap))) & L (J\A/'f; (71, 7}2]>. On the other hand

N (a0 * bo)  co) = [61,82] < [maz {81, 03} , maw {52, 843] < [, 2]
Ny(co) = [03,04] < [maz {61,035}, max {d2,04}] < [n1,12] that is
((ag * bo) * co), (co) € L (/\7 73 [m, 772]>. This is a contradiction and therefore

/Tff (ag * (bo * (by x ag))) < rmazx {/Vf ((ag * bo) * co) ,./Vf (co)} for all ag, by, co € K.

Also, if Ny (ag * (bo * (b * ag))) < min {N ((ao * bo) * co) , Nt (co)}

for some ag, by, co € K, then (ag * bo) * co,co € U (Ny;lo) but

(ag * (bo * (bo * ap))) ¢ U (Ny; lo) for

lo = min {N; ((ao * bo) * co) , Ny (co)} -

This is a contradiction, and thus

N (ag * (b * (bg * ag))) > min{N; ((ag * bo) * co) , N; (co)}

for all ag, by, ¢ € K. Similarly, we can show that

Ni (ao * (bo * (bo * ag))) = min{N; ((ao * bo) * co) , Ni (co)}

for all ¢,, 7, € K. Consequently N" = (N, N;, Ny) is a C BS-NSI of K. N

Theorem 4.8. Given a Commutative ideal of a BCK/BCl-algebra K. Let N' = (M,M,Nf) is BS-NSI of K
defined by

Nt(Co){ LifCed, M(Co){ m if G €T,

0 otherwise. 0 otherwise.

Nf((o) _ { [771;772} Zf Co S «77

(1.1] otherwise. Where I,m € (0,1] and [n1, n2]with n1 < n2 and m1,m2 € [0,1). Then

N = (./V;g,./\/i,./\A/'f) is a C BS-NSI of K such that U (N;1) = JU (Ni;m) = T and L (/\7}; [771,7]2]) =J.

Proof. Let (o, 10,0, € K. If (o % 1) x 0, € T and 0, € T then (¢, * (o * (0o * ,))) € J and so
Ni (Co * (Mo * (110 % Co))) = 1 = min {M ((Co %Mo) % 00) , Ni(6,)},

J}\/'i (Co * (Mo * (M0 % (o)) = m = min {N; (((o *Ano) *0,),Ni (90)}1\

Nf (Co * ("70 * (770 * CO))) = [nl’ nQ] = rmaxr {Nf ((Co * 770) * 90) 7Nf (00)}

If any one of ({, * 1,) * 0, and 8, is contained in 7, say ({, * 1) * 0, € T,

then \V; ((Co * 770) * 90) =L N ((Co * 770) 90) = mvﬁf ((Co * 770) * 90) = [nlvnQ] ;N (00) =0,

N;(6,) =0, and./\A/'f( ») = [1,1]. Hence
Nt (Co * (M0 * (110 % Co))) > 0 = min {l,0}
= min {/vt ((Co %Mo) +05), (9

Ni (Co * (110 * (116 % Co))) = 0 m{m 0}

= min {N; ((Co * 71) * 0,) , N; ( o)
Nf (Co * (77(/)\* (10 * G))) = [1,1] = rmaz{[n1, no], [1,1]}

= rmaz { Ny ((Go #10)  00) . N (6.)}

If ((o %Mo) %0, ¢ T and 0, ¢ T, then R

N ((Co % m0) % 05) = O, N; ((co*no)*e )_Ova((Co*no)*eo) =[1,1],

N (6,) = 0, N;(6,) =0, and./\/f( o) = [1,1] it follows that

N (o * (10 % (110 % Co))) > 0 =min{0,0}

= min {N¢ ((Co * 7o) * 60) , Ni(0o)}

J\/i (Co * (770 * (770 * Co))) >0= mzn{0,0}

= min{N; ((Co * no) * 05) , Ni(6o)}

N (Co* (10 % (110 % Co))) < [1, 1] = rmax{[1,1], [1,1]}

— rrmar (N (G 10) * 00) Ny (6] i

It is obvious that AV; (0) > N; (C,), N;i(0) > N; (Co) and Ny (0) < N¢(C,) for all ¢, € K. Therefore N =
(N, N, Ny) is a C BS-NSI of K. Obviously, we have U (Ny;1) = J,U (Ny;m) = J and £ (/Vf; [771,772]) =
J.

0o)}
1]

O

A mapping from A : K — ) of a BCK/BCl-algebra is called a homomorphism if A ({, * 7,) = A ((o) * A ()
for all ¢,,n, € K. Note that if A : £ — ) is a homomorphism, then A (0) = 0. Let A : K — ) be
a homomorphism of BCK/BClI-algebra. For any BS-NSS NV = (N, N;,N;), we define a new BS-NSS
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NA = (J\ft*,/\/ﬁ,/\?ﬁ) in K, which is called the induced BS-NSS defined by A;* (C) = N (A (&)
’-N'i)\ (Co) = /\/z ()‘ (Co)) and N)\ (Co) - ( (Co)) for all <o e k.

Lemma 4.9. Let )\ : K — Y be a homomorphism of BCK/BCl-algebras. If a BS-NSS N = (M,M,Nf) in
A
YV is a BS-NSI of Y, then the induced BS-NSS N'» — (Nﬁ, NN ) in KC is a BS-NSI of K.

Proof. Forany ¢, € K, we have A (0) = AV, (A (0)) = A% (0) > N; (A(G) = Ni* (&),
N (0) = Vi (A(0)) = N (0) = Vi (A(G)) = Ni* (Go) N2 (0) = Ny (A(0)) = N (
N2 (G).
Let(o,n(,EICthen
N (Go) = Ny (A(G)) = min {N; (A (Co) * A () . Nz (A (m0)) )
= min N (A (o % 10)) 5N A (36))} = mim AN (G % 0) N2 (00) }
N (Go) = N (A (Co)) = min {NG (A (Go) # A (10)) . N (A (7))}
= min (NG (A (G +10) A5 O (1))} = min { A (40*770), > 0)}

—

A2 (Go) = N (A (Go)) < rmaz {7 (A (Co) A (m0)) - Ny (A1) }
= rmaz { N7 (A (G #10)) Ny (A () } = rmaa { A7} @O*no)ﬁ,%( o)}
Therefore N = (M N ,J\A/'f/\) is a BS-NSI of K. O

Lemma 4.10. Let X : K — Y be a homomorphism of BCK/BCl-algebras. If a BS-NSS N = (N, M,J\A/'f) in
PUDY
Yisa C BS-NSI of Y, then the induced BS-NSS N = (Nt*, NN Ny ) in K is a C BS-NSI of K.

Proof. Suppose that N = (N, N;, Ny) is a C BS-NSI of Y. Then N’ = (N}, N;, Ny) is a BS-NSI of ) by
A
Theorem 4.3 and so N = (./\/;)\,MA,N} ) is a BS-NSI of ) by Lemma 4.9. For any (,, 1, € K we have

-/vt/\ (Co * (M0 * (110 % Co))) = Nt (A (Co * (10 * (M0 * Co))))
=Nt ((A(Go) * (A (no) * (A (16) x A (o))
K N (o) Al10)) = N (A (G % m0)) = N2 (Co % 710)
(Co (10 * (M0 % Co))) = Ni (A (Co * (110 * (10 % C))))

Ni (A (Go) % (A (1) (A (1) % A (o))

Ni (A (Go) * A(10)) = Ni (A (o #10)) = Ni™ (Co 10)
f)\/\(g (M0 * (110 % Co))) = N (A (o * (10 * (110 % o))
Ny (A (Go) # (A (10) (A (10) + A (o)) R

Np (NG # A 010)) = N7 (A (Go0)) = NP (Co #10). Therefore A = (AN MY, A7) s a € BS-
NSI of IC by Theorem 4.5 O

Z)N \

Lemmad4.11. Let )\ : K — Y be an onto homomorphism of BCK/BCl-algebras and let N' = (M, N, ﬁ/f) be

a BS-NSS in Y. I the induced BS-NSS N = (Nt*, NP2, /\AffA) in K is a BS-NSI of K then N' = (N3, N, N'y)
is a BS-NSI of Y.

Proof. Suppose that the induced BS-NSS N = (./\/'t)‘,/\/iA,./\Aff)\) in K is a BS-NSI of K.For any a € Y,
there exists Co eKx such that A (Co) =a. Thus

Nt (0) = Ni (A(0)) = ()_ (o)— t (A(Go)) =N (a)
Ni (0) = N; (A (0)) = NG (0) = N;* (Go) = NG (A (G) = N (a),
Ny (0) = Ny (A (0)) = NA()<NA(CO)7 r (A (o)) = Ny (a).
Leta,b e Y. Then A (Co) =a,A(n ) = b for some (,, 7, € K. Hence
N (@) = Ni (M (Go)) = N2 (Go) = min { AP (Co % o) s NG (1)}

= min {Ni (A (Co #1)) , Nt (A (1))}
= min{N; (A (Co)*)‘(no)) N (A (10))} = min {N¢ (axb) , Ni (b)},
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Ni (@) = Ns (A (Go)) = N (Go) = min { N (o 0) o N (1) }
= min (N (A (@ 1))\ NG (A (1))
= min {N; (A (Go) # A (1)) . N (A ()} = min {Af () NG ()}

A
Ni(a) = Ny (A (G) = A7 <co><rmax{fvf (Cox10), N (1) }
= rmaz {7 (A (G 10)), Ny () }

= rmax {J\Aff (A (&) * A (o)) ,/Vf (A (7]0))} = rmax {./Vf (a *b) ,/Vf (b)}
Therefore N = (N, N;, N7) is a BS-NSI of ). O

i)
~—
~—

Theorem 4.12. Let \ : K — Y be an onto homomorphism of BCK/BCl-algebras and let N' = (M,M, ./\7f>
~ A

be a BS-NSS in Y. If the induced BS-NSS N = (A@A,M-A,Nf ) in KC is a C BS-NSI of KC then N' =

(M,M,ﬁf) is a C BS-NSI of Y.

~ A
Proof. Suppose that the induced BS-NSS N = (MA,MA,Nf ) in K is a C BS-NSI of K. Then N =

~ A ~
(A@*,MA,Nf ) is a BS-NSI of I by Theorem 4.3 and so A" — (M,M,Nf) is a BS-NSI of ) by Lemma

4.11. For any a,b,c € Y, there exists (,,,,0, € K such that A ({,) = a, A(,) = b and A (6,) = c. It
follows that

Ni(ax (b*(bxa))) = M((/\(Co)*&x\(no)*(/\(no)*k(@)))))
=N (A (G * (1m0 * (no*CO)))):/vt (Co * (Mo * (M0 % Co)))
ZMA(Co*Uo)ZNt()\(Co*ﬁo)Z Ne (A (Go) # A (o)) = Ni (axb),
Ni(ax* (b (bxa))) =N; (A () * (A (o) * (A (16) * A ()
:M/\(A(CO*(HO (M0 % Co)))) = 7)\(0*(770*(770*C0)))
> Ni™ (Goxmo) = N(/\( #1o)) = Ni (A(Co) * A (n0)) = Ni (axb),
Ny (ax (b (bxa))) =Ny ((A(G) * (/\ (10) * (A (16) * A (C0)))))
:/\A/f( (Co * (1o * (o*C))))= (Co*(n (0% Co)))
(G m0) = N5 (A (Go%70)) = N (A (Go) % A(10)) = Ny (axb).
Therefore/\f ( o N, Af) is a BS-NSI of Y by Theorem 4.5 O]

5 Conclusion

The application of the BS-neurosophic set to BCK-algebra and the introduction of positive implicative BS-
neurosophic ideals and commutative BS-neurosophic ideals represent substantial contributions to both neuro-
sophic set theory and BCK-algebra. Incorporating uncertainty management through interval-evaluated mem-
bership functions opens up new possibilities for dealing with complex and ambiguous situations, ultimately
advancing our knowledge and utilization of neutrosophic sets in various mathematical contexts. As researchers
explore this exciting area of research, we can look forward to further development and practical use of BS-
neutrosophic sets in various fields.
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