International Journal of Neutrosophic Science (IINS) Vol 22, No. 02, PP. 08-14, 2023

ASPG

American Scientific Publishing Group

Generating Weak Fuzzy Complex and Anti Weak Fuzzy Complex
Integer Solutions for Pythagoras Diophantine Equation X% +
Y* =272

Abuobida M. A. Alfahal'*, Mohammad Abobala?, Yaser Ahmad Alhasan®, Raja Abdullah Abdulfatah*

134Deanship of the Preparatory Year, Prince Sattam bin Abdulaziz University, Alkharj, Saudi Arabia
2Tishreen University, Department Of Mathematics, Latakia, Syria
Emails: a.alfahal@psau.edu.sa; mohammadabobala777@gmail.com; y.alhasan@psau.edu.sa;
r.abdulfatah@psau.edu.sa

“Corresponding author:_a.alfahal@psau.edu.sa

Abstract

In this paper, we find necessary and sufficient conditions for a weak fuzzy complex integer triple (X,Y,Z) tobe a
pythagoras triple, and for an anti-weak fuzzy complex integer triple (X,Y,Z) to be a Pythagoras triple, where we
prove that the non-linear Fermat's Diophantine equation has three different types of solutions according to the
value of 2. All types will be solved and discussed in terms of theorems and examples that explains how the
algorithms work.

Keywords: weak fuzzy complex integer; anti-weak fuzzy complex integer; Pythagoras triple; Pythagoras
Diophantine equation.

1. Introduction.

The concept of weak fuzzy numbers was defined in [1] as a new generalization of real numbers in a similar
approach of split-complex numbers [2-4]. This generalization has many applications and relationships with other
algebraic structures. Pythagoras triples are solutions of the non-linear Diophantine equation X? + Y2 = Z2, they
were studied by many authors with many interesting results and generalizations with many applications in
algebra and computer science, see [5, 8-12].

Weak fuzzy complex numbers were very useful in the study of other algebraic structures such as spaces and
products [6-7].

In this paper, we close a research gap by solving the non-linear Diophantine equation X2 + Y2 = Z?2 in the set of
integer weak fuzzy complex numbers, where we discuss the all three type of the equation X% + Y2 = Z?
according to the values of €2 =t € ]0,1[, and we proved solutions for every possible case. Also, we discuss the
anti-weak fuzzy complex integer solutions for the same equation for €2 = t > 1.

For definitions and basic concepts of weak fuzzy complex numbers/integers, see [1, 6-7].

2. Main discussion

Definition:

A weak fuzzy complex Pythagoras triple (X, Y, Z) is defined as follows:
X2+Y2=2%5X=x, +x,6Y =y, +V,6,Z = z; + z,¢, Where x;,v;,z; € Z,e*> =t € ]0,1[.
Theorem.

The weak fuzzy complex Diophantine equation X? + Y? = Z?2 is equivalent to:
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{(xl + \/Exz)z + (J’1 + \/EJ’Z)Z = (Z1 + \/?Zz)z
(x1 - \/Exz)z + (J’1 - \/EJ’Z)Z = (Z1 - \/Ezz)z

Proof.
We have:
X2 = (x1 +x,8)% = x;.2 + %%t + 2x1x,€
Y2 = (1 +528)% =y + .2t + 2y, y,¢
ZZ = (Zl + ZZS)Z = le + Zzzt + 2Z122£
Thus,
{x12 + 1%t +y.2 + y %t = 72 + 2%t (1)
2x1%; + 2,1y, = 2212, (2)
We multiply (2) by v/t, and compute (1) +/t (2), (1) —+/t (2), then:
2 2 2 2 _ 2 2

{x1 + 2,2t + 2Vt %, + Y12 + %t + 2Vt y, = 22 + 2,2t + 2Vt 742,

Xlz + xzzt - 2\/Ex1xZ + ylz + yzzt - 2\/Ey1yZ = le + Zzzt - 2\/221Z2
Which is equivalent to:

{(xl + \/?xz)z + (o + \/?yz)z =(z + \/?zz)z
(% — \/?xz)z + (- \/?}’2)2 =(z - \/EZZ)Z

Thus, the proof is complete.
Definition.

A weak fuzzy complex Pythagoras triple (X,Y, Z) is called of type (1) if vt = % € Q,gcd(a,b) = 1.
It is called of type (2) if VT & Q;t = % € Q,gcd(a,b) = 1.
It is called of type (3) if Vt & Q;t & Q.

3. Algorithm for finding solutions for type (1) equation.
Let vt = % € Q,gcd(a,b) = 1,then X2 + Y2 = Z2 is equivalent to:
a 2 a 2 a 2
(x1 + Exz) + (y1 + E}’z) = (Zl + Ezz) €Y
a 2 a 2 a 2
(x1 - Exz) + (J’1 - EYZ) = (Zl - EZZ) (2)
We multiply (1), (2) by b? # 0, to get:
{(bxl +axy)? + (byy + ay,)* = (bz, + az)? (1)
(bx; — ax;)? + (by, — ay,)? = (bz, — az,)* (2)
This mean that:
T, = (bxy + ax,, by, + ay,, bz, + az,)
T, = (bxy — axy, by, — ay,, bz, — az,)
Are two classical Pythagoras triples.
Now, let T; = (X4,Y4,Z,), T, = (X;,Y,,Z,) are two Pythagoras triples in Z, then they give us a weak fuzzy
complex Pythagoras triple if and only if:
2b\ X; + X,,2a\ X, — X,
2b\ Y, +Y,,2a\Y, - Y,
2b\Z, + Z,,2a\ Z, — Z,
on the other hand, we get:

X+ X, X1 — X, Y, +Y, Y, -Y Z1+ 7, Z1—2Zy
X‘( 2b )”( 2a )’Y_< 2b )“( 2a )'Z_< 2b )”( 2a )
example.

Consider e2 =t = %x/? = § € Q, then X? + Y2 = Z? is Pythagoras Diophantine equation of type (1).
Consider the following two classical Pythagoras triples.
T, = (6,8,10), T, = (24,10,26) are two pythagoras triples in Z, where X; = 6,Y; = 8,Z, = 10,X, = 24,Y, =
10,Z, = 26, and:
X, +X,=30,X;, — X, =-18
Y, +Y,=18Y, - Y, = =2
Z,+7Z,=36,2,—7Z, =—16
also,
2b=6\30,2a=2\-18
2b=6\182a =2\ -2
2b=6\362a=2\-16
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so that (T, T,) gives a weak fuzzy complex pythagoras triple as follows:

= ()5
= (Bl

Z—(36)+ (_16)—6 g
Y VAR YA €

4. Algorithm for solving type (3) equation.
Consider ¢t & Q, then X? + Y2 = Z? is written as follows:
{x12 + 2+t + 7)) =22 +tz? (1)
X1X3 + V1Y, = 212, (2)

Since x;,y;,z; € Zand t € R — Q, then:

x?+y?=2z7 ()

P+ Yt =27 (2)

3% +y% =23 (3)
this means that (x;, 1, 2z1), (x2, V4, Z,) are two classical Pythagoras triples in Z.
From equation (3), we get:
(X1, + y12)% = 2,°2,”, hence

2., 2 2., 2 — 2, 2 .
X1°%5% F Y19V,° + 2% %, )1V, = 21°2,%, thus:
x1225% + (217 — x,%) (2% — %2%) + 2x1 2,01, = 217257,
So that:
212257 = 2,7 %,% — 17 2,% + 2,1y, = 0,
251%2 (X1 X + Y1) — %1°2,% — 22,2 = 0,
2%1%2(2125) — %1°2,° — 2,°%,° = 0

_ 2 0= ﬁ — ﬁ

(x12; — x%221)* = X = Z,
On the other hand, we have:
X227 = 2.7%,° = %2 (6% + 9,%) = %7 (% + y,%), thus:
x12y,® = y,x,%, hence = = > = under the assumption of x,, X, 1,2, 21, %, > 0.

2 2 2
From this point of view, if T, = (X1,Y1,Z,), T, = (X,,Y,,Z,) are two classical Pythagoras triples in Z, then they
give us a weak fuzzy complex Pythagoras triple of type (3) if and only if:

_n_n

=0=2=ceqQ.

X2 Y2 Z2

Example.

Fort = \/% ¢ Q,then X% + Y2 = Z? is an equation of type (3).

Consider the following Pythagoras triples in Z, T, = (3,4,5),T, = (6,8,10), then i—l = i—l = ? = % €0.
2 2 2

This implies that (T, T,) give us a weak fuzzy complex Pythagoras triple with respectto t = %
X=3+4+65Y=4+4+8¢7Z =5+ 10¢.

5. Algorithm for solving equation of type (2).
Consider that% =t€Q,Vt ¢ Q,then X2+ Y2 = Z%isof type (2), and it is written as follows:
{xlz + 9,2 +t(x2 + y,%) = 7,2 + tz,?
X1Xy T V1YV2 = 212,

Which equivalent to:
{b(x12 +y?—z?) +al® +y,° —2,") =0 (1)

X1Xp + V1Yo = 212, (2)
PutL, = x,%2 +vy,2 — 2,4, L, = x,% + y,% — 2,2, then (1) takes the following formula:
bL, +alL, = 0;gcd (a,b) = 1.
Itis a linear Diophantine equation in two variables L,, L,.
It is solvable since gcd (a,b) = 1,and L, = ka, L, = —kb, where k € Z, hence:
j—:: —% = —tifLy,L, # 0,0rL; = L, = 0.
We have possible cases:
Case (1).
If Ly = L, = 0, then (x1,y1,21), (X2, ¥, 2,) are two Pythagoras triple in Z with i—: = % = z—; = ¢ € Q (the proof

is exactly similar of type (3) equation).
10
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Case (2).
If L, #0,L, # 0, then:

L2 <o €))

L, b

X1% + V1Y, = 212, (2)
Then, (x4, y1,21), (x5, ¥2, Z,) are not Pythagoras triples in Z.
Example.
Fort = %\/f & Q, consider the following triples:
Ty = (X, Y1,Z1) = (1,3,2), T, = (X3, Y2, Z3) = (2,6,10)
We have:
Ll_x12+y12_212_ 6 __1_
L, x2+4+y,2—2,2 —60 10
Also, x;x, + y,y, = 20 = z,z,, this implies that:
X =1+42¢Y =3+ 6¢,Z =2+ 10¢ is a Pythagoras weak fuzzy complex triple of type (2).
By easy computing, we find:

—t

X2—1+4+4—14+4
BT T
Y2—9+36+36 —126+36
~7T 0% T 10 €
100
Z2=4+W+40£=14+40£
It is easy to see that X2 + Y2 = Z2,
Definition:

An anti-weak fuzzy complex Pythagoras triple (X, Y, Z) is defined as follows:
X2+Y2=2%5X=x; +x6Y =y, +V,6,Z = z; + zpe, Where x;,v;,z; € Z,e> =t > 1.
Theorem.

The anti-weak fuzzy complex Diophantine equation X? + Y2 = Z2 is equivalent to:

(2 + V) + (1 +VEy2)" = (21 +Vizy)'
(21 - \/?xz)z + (- \/?}’2)2 =(z \/EZZ)Z

Proof.
We have:
X2 = (x; + %28)% = ;.2 + x,%t + 2x,x5¢
Y2 = (y; +528)% =312 + 7,7t + 2y1y,¢
7?2 = (71 + 2,6)% = 2,2 + 2,°t + 22, z,¢
Thus,
x12 + szt + y12 + yzzt = Z12 + Zzzt (1)
2x1%, + 2y1y, = 2212, (2)
We multiply (2) by vt, and compute (1) + vt (2), (1) — vt (2), then:
x12 + xzzt + Zﬁxle + y12 + yzzt + 2\/?}71)12 = le + Zzzt + 2\/? Z1Zy
x12 + %2t — 2Vtx x5 + V12 + vt — 2ty v, = 242 + 7,%t — 2Vt 2,2,
Which is equivalent to:

(x1 + \/Exz)z + (J’1 + \/EJ’2)2 = (Z1 + ‘/?Zz)z
(x1 - \/Exz)z + (J’1 - \/EJ’2)2 = (Z1 - ‘/?Zz)z

Thus, the proof is complete.

Definition.

An anti- weak fuzzy complex Pythagoras triple (X,Y, Z) is called of type (1) if vt = % € Q,gcd(a,b) = 1.
Itis called of type (2) if Vi & Q;¢ = 7 € Q,gcd(a,b) = 1.

It is called of type (3) if Vt € Q;t & Q.

6. Algorithm for finding solutions for type (1) equation.

LetvVt = % € Q,gcd(a,b) =1, then X% + Y? = Z? is equivalent to:
a 2 a 2 a \2

(x1 + Exz) + (J’1 + EYZ) = (Z1 + EZZ) ¢y

2 2

(x1 - %xz)z + (Y1 - %J’z) = (Zl - %ZZ) (2)

11
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We multiply (1), (2) by b? # 0, to get:
{(bx1 +ax;)? + (byy + ay;)? = (bz; + az)?* (1)
(bxy — ax;)? + (byy — ay;)? = (bz; — az)* (2)
This means that:
T, = (bxy + ax,, by, + ay,, bz, + az,)
T, = (bx, — axy, by, — ay,, bz, — az,)
Are two classical Pythagoras triples.
Now, let T, = (X1, Y4,Z,), T, = (X,,Y,,Z,) are two Pythagoras triples in Z, then they give us an anti-weak fuzzy
complex Pythagoras triple if and only if:
2b\ X; + X,,2a\ X; — X,
20\ Y, +Y,,2a\Y, - Y,
2b\ Z; + Z,,2a\ Z, — Z,
on the other hand, we get:
X, + X, X, — X, ,+Y1, .-V Z1+ 27, Z1— 27,
X_( 2b >+E( 2a )'Y_< 2b )”( 2a )’Z_( 2b )”( 2a )
Example.
Consider e2 =t = 9,4/t = 2 € Q, then X% + Y? = Z2 is Pythagoras Diophantine equation of type (1).
Consider the following two classical Pythagoras triples.
T, = (6,8,10), T, = (10,24,26) are two pythagoras triplesin Z, where X; = 6,Y; =8,Z, = 10,X, = 24,Y, =
10,Z, = 26, and:
{Xl +X,=16,X, — X, = —4

V,+Y, =32, -Y,=-16
Zi+Z,=36,Z2,—7Z,=-16
also,
2b=2\16,2a =4\ —4
{Zb =2\322a=4\-16
2b=2\362a=4\-16
so that (Ty, T,) gives an anti-weak fuzzy complex pythagoras triple as follows:

= (el -0

r=(2)re(20) = 1610

2 4
Z—(36>+ (_16>—18 4
“\2) 7T\ ) T ¢

7. Algorithm for solving type (3) equation.
Consider t € Q, then X? + Y? = Z2 is written as follows:
{x12 + 2+t + 3,0 = 22 +tz,* (1)
X1X3 + V1Yo = 212, (2)

Since x;,y;,z; € Zand t € R — Q, then:

x?+y?t =27 (1)

P+t =2 (2)

x5 +y3? =273 (3)
This means that (xq, v, z1), (2, ¥2, 25) are two classical Pythagoras triples in Z.
From equation (3), we get:
(X1, + y12)% = 2,°2,”, hence
X12%5% + y1%9,% + 20601y, = 2,72, thus:
x12205% + (217 — x.%) (27 — %) + 2x1.20,01 Y, = 217257,
So that:
2%1%%,° — 21°%,° — %% 2,7 + 2x, 2,01y, = 0,
2x1%, (X1 X, + y1Y2) — %1°2,° — 2:°%,° = 0,
2x1%5(212) — %,%2,% — 21%%,%2 = 0

2 X1 21

(12, — x221)* = 0= g = Z
On the other hand, we have:
x1%2,° = 7.%%,° = 2 (0% + 1,%) = %% (o + ,%), thus:

x,2y,% = y,2x,2, hence z—; = % = i—: under the assumption of x;, X5, V1, ¥, 2y, Z, > 0.

From this point of view, if T, = (X,Y4,7Z,), T, = (X,,Y,,Z,) are two classical Pythagoras triples in Z, then they
give us an anti-weak fuzzy complex Pythagoras triple of type (3) if and only if:
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x z
A=A_-ceq.
X2 Y2 Z2

Example.

Fort =+/3 ¢ Q, then X% + Y2 = 72 is an equation of type (3).

Consider the following Pythagoras triples in Z, T, = (3,4,5),T, = (6,8,10), then i—l = Jy)—l = ? = ; € Q.
2 2 2

This implies that (T, T,) give us a weak fuzzy complex Pythagoras triple with respect to t = 3.
X=34+65Y=4+8¢7Z=5+10e.

8. Algorithm for solving equation of type (2).

Consider that% =t € Q,Vt ¢ Q,then X? + Y? = Z2 is of type (2), and it is written as follows:
X2 + v 2 4+ t(% +v,2) = 2,2 + tz,2

X1Xp t 1Yo = 212,

Which equivalent to:

{b(x12 +y1° =218 +al? +y,° -2 =0 (1)

X1 + V1Y = 212, (2)

PutL; = x,2 +y,% — 2,4, L, = x,2 + y,2 — 2,2, then (1) takes the following formula:

bL, +alL, = 0;gcd (a,b) = 1.

It is a linear Diophantine equation in two variables L,, L,.

Itis solvable since gcd (a,b) = 1,and L, = ka, L, = —kb, where k € Z, hence:
2—:= —% = —tif Ly, L, # 0,0r Ly = L, = 0,
We have possible cases:

Case (1).

If L, = L, = 0, then (xq, ¥4, 21), (X2, y,, 2,) are two Pythagoras triple in Z with i—: = % = i—; = ¢ € Q (the proof

is exactly similar of type (3) equation).

Case (2).

If L, # 0,L, # 0, then:
b2 <o €))
L, b

X1X2 + V1Yo = 717, (2)
Then, (x4, y1,21), (X3, ¥,, z,) are not Pythagoras triples in Z.
Example.
Fort = 10,+/t ¢ Q, consider the following triples:
TZ = (x2'y2122) = (1'3'2)' Tl = (x1,J’1»Z1) = (2:6:10)

We have:

L, x?>+y, =22 —-60

L _X TN 1_ - 10 =—¢
Lz xZZ +y22_222 6

Also, x1x, + y1y, = 20 = z, z,, this implies that:
X=2+¢Y =6+3¢Z =10 + 2¢ is a Pythagoras anti-weak fuzzy complex triple of type (2).

9. Conclusion

In this paper, we studied for the first time the weak fuzzy complex and anti-weak fuzzy complex Pythagoras triples,
where algorithms for generating weak fuzzy and anti-weak fuzzy complex integer solutions for the non-linear
Diophantine equation X2 + Y2 = Z2 are presented and handled by many related theorems and examples that
clarify the novelty of this work.
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