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Abstract 

Symbolic n-plithogenic algebraic structures are considered as a direct application of fuzzy generalized systems 

in pure algebra, where the symbolic n-plithogenic set is used to generalize algebraic structures by adding logical 

generators. In this paper, we study the concept of symbolic 6-plithogenic rings and 7-plithogenic rings from an 

algebraic point of view, where the main substructures formed by them will be presented such as AH-ideals, 

AHS-isomorphisms, and AH-kernels. Also, many theorems that explain their algebraic behaviors and 

classifications will be proved and illustrated.  
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1. Introduction 

In the theory of algebraic rings, many generalizations related to algebraic rings come from time to time, where 

concepts such as AH-ideals, AH-homomorphisms, and kernels were defined and studied by many authors, see 

[1-5]. 

Symbolic n-plithogenic sets were proposed by Smarandache in [6], and then they were used widely in pure 

algebra. We can find a lot of generalizations of classical algebraic structures based on symbolic n-plithogenic 

sets such as rings, spaces, and equations [7-15]. 

The theory of symbolic n-plithogenic rings began in [16], and then they were generalized into 3-plithogenic, 4-

plithogenic and 5-plithogenic rings [17-18]. 

These studies have motivated us to study this type of rings for n=6, and n=7, where we study their algebraic 

substructures and functions that can represent them as direct products of classical rings. 

Main Results 

Definition:  

Let 𝑅 be a ring, we define the symbolic 6-plithogenic ring 6 − 𝑆𝑃𝑅 as follows: 

6 − 𝑆𝑃𝑅 = {𝑙0 +∑𝑙𝑖𝑃𝑖

6

𝑖=1

; 𝑙𝑖 ∈ 𝑅} 

Definition. 

The addition on 6 − 𝑆𝑃𝑅 is defined as follows: 
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[𝑙0 +∑𝑙𝑖𝑃𝑖

6

𝑖=1

] + [𝑘0 +∑𝑘𝑖𝑃𝑖

6

𝑖=1

] = (𝑙0 + 𝑘0) +∑(𝑙𝑖 + 𝑘𝑖)𝑃𝑖

6

𝑖=1

 

Multiplication on 6 − 𝑆𝑃𝑅 is defined as follows: 

[𝑙0 +∑𝑙𝑖𝑃𝑖

6

𝑖=1

] × [𝑘0 +∑𝑘𝑖𝑃𝑖

6

𝑖=1

] = 𝑙0𝑘0 +∑𝑙𝑖𝑘𝑗𝑃𝑚𝑎𝑥(𝑖,𝑗)

6

𝑖=1

 

It is clear that (6 − 𝑆𝑃𝑅 , +, . ) Is a ring. 

If 𝑅 is commutative, the 6 − 𝑆𝑃𝑅 is commutative. 

If 𝑅 has unity (1), then 6 − 𝑆𝑃𝑅 has the same unity. 

Example. 

Take 𝑅 = 𝑍3 = {0,1,2} the ring of integers module 3, the corresponding symbolic 6-plithogenic ring is: 

6 − 𝑆𝑃𝑍3 = {𝑙0 + 𝑙1𝑃1 + 𝑙2𝑃2 + 𝑙3𝑃3 + 𝑙4𝑃4 + 𝑙5𝑃5 + 𝑙6𝑃6; 𝑙𝑖 ∈ 𝑍} 

For example: 

𝑋 = 2 + 𝑃1 + 𝑃3 + 2𝑃6, 𝑌 = 1 + 𝑃1 + 𝑃2 + 2𝑃3 + 𝑃4 + 2𝑃6 ∈ 6 − 𝑆𝑃𝑍3, we have: 

𝑋 + 𝑌 = 2𝑃1 + 𝑃2 + 𝑃4 + 𝑃6 

𝑋. 𝑌 = 2 + 2𝑃1 + 2𝑃2 + 4𝑃3 + 2𝑃4 + 4𝑃6 + 𝑃1 + 𝑃1 + 𝑃2 + 2𝑃3 + 𝑃4 + 2𝑃6 + 𝑃3 + 𝑃3 + 𝑃3 + 𝑃4 + 2𝑃6 + 2𝑃6
+ 2𝑃6 + 4𝑃6 + 2𝑃6 + 4𝑃6 = 2 + 𝑃1 + 2𝑃3 + 𝑃4 + 𝑃6 

Definition. 

Let {𝑆𝑖}, 0 ≤ 𝑖 ≤ 6 be seven ideals of 𝑅, then: 

𝑆 = 𝑆0 + ∑ 𝑆𝑖𝑃𝑖
6
𝑖=1 = {𝑥0 + ∑ 𝑥𝑖𝑃𝑖

6
𝑖=1 ; 𝑥𝑖 ∈ 𝑆} is called an AH-ideal of 6 − 𝑆𝑃𝑅. 

If 𝑆𝑖 = 𝑆𝑗 for all 𝑖, 𝑗 ∈ {0, … ,6}, then 𝑆 is called AHS-ideal. 

Definition. 

Let 𝑆 = 𝑆0 + ∑ 𝑆𝑖𝑃𝑖
6
𝑖=1 , 𝑀 = 𝑀0 + ∑ 𝑀𝑖𝑃𝑖

6
𝑖=1  be two AH-ideals of 6 − 𝑆𝑃𝑅, we define: 

1). 𝑆 ∩ 𝑀 = 𝑆0 ∩ 𝑀0 + ∑ (𝑆𝑖 ∩ 𝑀𝑖)𝑃𝑖
6
𝑖=1 . 

2). 𝑆.𝑀 = 𝑆0𝑀0 + ∑ (𝑆𝑖𝑀𝑖)𝑃𝑖
6
𝑖=1  

3). 6 − 𝑆𝑃𝑅 𝑆⁄ = 𝑅 𝑆0⁄ + ∑ (𝑅 ∕ 𝑆𝑖)𝑃𝑖
6
𝑖=1  

Example. 

Consider the symbolic 6-plithogenic ring of integers 6 − 𝑆𝑃𝑍 = {𝑙0 + ∑ 𝑙𝑖𝑃𝑖
6
𝑖=1 ; 𝑙𝑖 ∈ 𝑍} 

We have: 

𝑆0 = 〈2〉 = 2𝑍, 𝑆1 = 〈3〉 = 3𝑍, 𝑆2 = 〈5〉 = 5𝑍 be three ideals of 𝑍, then: 

1). 𝑆 = 𝑆0 + 𝑆0𝑃1 + 𝑆1𝑃2 + 𝑆2𝑃3 + 𝑆2𝑃4 + 𝑆1𝑃5 + 𝑆1𝑃6 = {2𝑙0 + 2𝑙1𝑃1 + 3𝑙2𝑃2 + 5𝑙3𝑃3 + 5𝑙4𝑃4 + 3𝑙5𝑃5 +
3𝑙6𝑃6; 𝑙𝑖 ∈ 𝑍} is an AH-ideal of 6 − 𝑆𝑃𝑅. 

2). 𝐾 = 𝑆0 +∑ 𝑆0𝑃𝑖
6
𝑖=1 = {2𝑙0 + 2∑ 𝑙𝑖𝑃𝑖

6
𝑖=1 ; 𝑙𝑖 ∈ 𝑍} is an AHS-ideal. 

3). 𝑆 ∩ 𝐾 = 𝑆0 ∩ 𝑆0 + (𝑆0 ∩ 𝑆0)𝑃1 + (𝑆1 ∩ 𝑆0)𝑃2 + (𝑆2 ∩ 𝑆0)𝑃3 + (𝑆2 ∩ 𝑆0)𝑃4 + (𝑆1 ∩ 𝑆0)𝑃5 + (𝑆1 ∩ 𝑆0)𝑃6 =
〈2〉 + 〈2〉𝑃1 + 〈6〉𝑃2 + 〈10〉𝑃3 + 〈10〉𝑃4 + 〈6〉𝑃5 + 〈6〉𝑃6 

4). 6 − 𝑆𝑃𝑍 𝑆⁄ = (𝑍 〈2〉⁄ ) + (𝑍 〈2〉⁄ )𝑃1 + (𝑍 〈3〉⁄ )𝑃2 + (𝑍 〈5〉⁄ )𝑃3 + (𝑍 〈5〉⁄ )𝑃4 + (𝑍 〈3〉⁄ )𝑃5 + (𝑍 〈3〉⁄ )𝑃6 =
𝑍2 + 𝑍2𝑃1 + 𝑍3𝑃2 + 𝑍5𝑃3 + 𝑍5𝑃4 + 𝑍3𝑃5 + 𝑍3𝑃6 

Definition. 

Let 𝑅, 𝑇 be two rings, and 6 − 𝑆𝑃𝑅 be the corresponding symbolic 6-plithogenic ring, let 

𝑓𝑖: 𝑅 → 𝑇; 0 ≤ 𝑖 ≤ 6 be seven ring homomorphisms, then: 

1). 𝑓: 6 − 𝑆𝑃𝑅 → 6 − 𝑆𝑃𝑇 such that: 

𝑓 (𝑙0 +∑𝑙𝑖𝑃𝑖

6

𝑖=1

) = 𝑓0(𝑙0) +∑𝑓𝑖(𝑙𝑖)𝑃𝑖

6

𝑖=1

 

The mapping (𝑓) is called AH-homomorphism. 

2). If 𝑓𝑖 = 𝑓𝑗 for all 0 ≤ 𝑖, 𝑗 ≤ 6, then 𝑓 is called AHS-homomorphism. 

3). If 𝑓𝑖 are isomorphism, then we get the concept AH-isomorphism/AHS-isomorphism. 

4). 𝐴𝐻 − 𝑘𝑒𝑟(𝑓) = 𝑘𝑒𝑟(𝑓0) + ∑ 𝑘𝑒𝑟(𝑓𝑖)𝑃𝑖
6
𝑖=1  is called the AH-kernel. 

5). 𝐴𝐻 − 𝐼𝑚(𝑓) = 𝐼𝑚(𝑓0) + ∑ 𝐼𝑚(𝑓𝑖)𝑃𝑖
6
𝑖=1  is called the AH-image of (𝑓). 

Example. 

Take 𝑅 = 𝑍, 𝑇 = 𝑍30, we have the following homomorphisms: 

𝑓0: 𝑅 → 𝑇; 𝑓0(𝑎) = 6𝑎(𝑚𝑜𝑑 30) 
𝑓1: 𝑅 → 𝑇; 𝑓1(𝑏) = 𝑏(𝑚𝑜𝑑 30) 
We define 𝑓: 6 − 𝑆𝑃𝑅 → 6 − 𝑆𝑃𝑇  a follows: 

𝑓(𝑙0 + ∑ 𝑙𝑖𝑃𝑖
6
𝑖=1 ) = 𝑓0(𝑙0) + ∑ 𝑓1(𝑙𝑖)𝑃𝑖

3
𝑖=1 +∑ 𝑓0(𝑙𝑖)𝑃𝑖

6
𝑖=4 ; 𝑙𝑖 ∈ 𝑍. 

For example: 

𝐿 = 3 + 2𝑃1 + 7𝑃2 + 5𝑃3 + 9𝑃4 + 11𝑃5 + 𝑃6 ∈ 6 − 𝑆𝑃𝑅 

𝑓(𝐿) = 18 + 2𝑃1 + 7𝑃2 + 5𝑃3 + 24𝑃4 + 6𝑃5 + 6𝑃6 ∈ 6 − 𝑆𝑃𝑇 
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𝑘𝑒𝑟(𝑓0) = 5𝑍, 𝑘𝑒𝑟(𝑓1) = 30𝑍 

𝐴𝐻 − 𝑘𝑒𝑟(𝑓) = 𝑘𝑒𝑟(𝑓0) +∑𝑘𝑒𝑟(𝑓1)𝑃𝑖

3

𝑖=1

+∑𝑘𝑒𝑟(𝑓0)𝑃𝑖

6

𝑖=4

= 5𝑍 +∑30𝑍𝑃𝑖

3

𝑖=1

+∑5𝑍𝑃𝑖

6

𝑖=4

 

6 − 𝑆𝑃𝑅 𝐴𝐻 − 𝑘𝑒𝑟(𝑓)⁄ = 𝑍5 +∑𝑍30𝑃𝑖

3

𝑖=1

+∑𝑍5𝑃𝑖

6

𝑖=4

 

Definition. 

Let 𝑓, 𝑔: 6 − 𝑆𝑃𝑅 → 6 − 𝑆𝑃𝑅  be two symbolic 6-plithogenic homomorphisms, where 

𝑓 = 𝑓0 + ∑ 𝑓𝑖𝑃𝑖
6
𝑖=1 , 𝑔 = 𝑔0 +∑ 𝑔𝑖𝑃𝑖

6
𝑖=1 , then 𝑓 × 𝑔 = 𝑓0 ∘ 𝑔0 + ∑ (𝑓𝑖 ∘ 𝑔𝑖)𝑃𝑖

6
𝑖=1  

Theorem1. 

Let 6 − 𝑆𝑃𝑅 be a symbolic 6-plithogenic ring, and let 𝐿 = 𝐿0 + ∑ 𝐿𝑖𝑃𝑖
6
𝑖=1  be an AHS-ideal of 6 − 𝑆𝑃𝑅, then 𝐿 is 

an ideal by the ordinary meaning. 

Theorem2. 

Let 𝑓: 6 − 𝑆𝑃𝑅 → 6 − 𝑆𝑃𝑇 be a symbolic 6-plithogenic AH-homomorphism, then: 

1). 𝐴𝐻 − 𝑘𝑒𝑟(𝑓) is an 𝐴𝐻 − 𝑖𝑑𝑒𝑎𝑙 of 6 − 𝑆𝑃𝑅. 

2). 𝐴𝐻 − 𝐼𝑚(𝑓) is an 𝐴𝐻 − 𝑖𝑑𝑒𝑎𝑙 of 6 − 𝑆𝑃𝑇 . 

3). If 𝑓 is AH-isomorphism, then 𝐴𝐻 − 𝑘𝑒𝑟(𝑓) = {𝑜}, and 𝐴𝐻 − 𝐼𝑚(𝑓) = 6 − 𝑆𝑃𝑇 . 

Theorem3. 

Let 6 − 𝑆𝑃𝑅 be a symbolic 6-plithogenic ring, and 𝑀 = 𝑀0 + ∑ 𝑀𝑖𝑃𝑖
6
𝑖=1 , 𝑁 = 𝑁0 +∑ 𝑁𝑖𝑃𝑖

6
𝑖=1  be two AH-ideals 

of 6 − 𝑆𝑃𝑅, then: 

1). 𝑀 ∩𝑁,𝑀.𝑁 are two AH-ideals. 

2). If 𝑀,𝑁 are two AHS-ideals, then 𝑀 ∩𝑁,𝑀.𝑁 are two AH-ideals. 

3). If 𝑀 is n AHS-ideal, then 6 − 𝑆𝑃𝑅 𝑀⁄ = 𝑅 𝑀0 + ∑ (𝑅 𝑀0⁄ )𝑃𝑖
6
𝑖=1⁄  

Theorem4. 

Let 𝑓, 𝑔: 6 − 𝑆𝑃𝑅 → 6 − 𝑆𝑃𝑅  be two AH-homomorphism, where 𝑓 = 𝑓0 + ∑ 𝑓𝑖𝑃𝑖
6
𝑖=1 , 𝑔 = 𝑔0 + ∑ 𝑔𝑖𝑃𝑖

6
𝑖=1 , then: 

1). 𝑓 × 𝑔 is an AH-homomorphism. 

2). If 𝑓, 𝑔 are AHS-homomorphisms, then 𝑓 × 𝑔 is an AHS-homomorphism. 

3). If 𝑓, 𝑔 are AH-isomorphisms, then 𝑓 × 𝑔 is an AH-isomorphism. 

4). If 𝑓, 𝑔 are AHS-isomorphisms, then 𝑓 × 𝑔 is an AHS-isomorphism. 

Proof of theorem1. 

Let 𝑙 = 𝑙0 + ∑ 𝑙𝑖𝑃𝑖
6
𝑖=1 , 𝑙 = 𝑙0 + ∑ 𝑙𝑖𝑃𝑖

6
𝑖=1 , then: 

𝑙 − 𝑙 = 𝑙0 − 𝑙0 +∑ (𝑙𝑖 − 𝑙𝑖)𝑃𝑖
6
𝑖=1 ∈ 𝐿. 

Let 𝑚 = 𝑚0 + ∑ 𝑚𝑖𝑃𝑖
6
𝑖=1 ∈ 6 − 𝑆𝑃𝑅 , then: 

𝑚. 𝑙 = 𝑚0𝑙0 + ∑ 𝑚𝑖𝑙𝑗𝑃𝑚𝑎𝑥(𝑖,𝑗)
6
𝑖=1 ∈ 𝐿, that is because: 

𝑙0 is an ideal of 𝑅, and 𝑚𝑖𝑙𝑗 ∈ 𝑙0, which implies the proof. 

Proof of theorem2. 

1). Since 𝑘𝑒𝑟(𝑓𝑖); 0 ≤ 𝑖 ≤ 6 is an ideal of 𝑅, then 𝐴𝐻 − 𝑘𝑒𝑟(𝑓) is an AH-ideal. 

2). Since 𝐼𝑚(𝑓𝑖); 0 ≤ 𝑖 ≤ 6 is an ideal of 𝑇, then 𝐴𝐻 − 𝐼𝑚(𝑓) is an AH-ideal of 6 − 𝑆𝑃𝑇 . 

3). it holds directly from the fact that (𝑓𝑖) is a bijection. 

Proof of theorem3. 

1). We have 𝑀𝑖 ∩ 𝑁𝑖 , 𝑀𝑖 . 𝑁𝑖  are ideals of 𝑅, that is because 𝑀𝑖 , 𝑁𝑖 are ideals for all 0 ≤ 𝑖 ≤ 6, thus: 

𝑀 ∩ 𝑁 = 𝑀0 ∩ 𝑁0 + ∑ (𝑀𝑖 ∩ 𝑁𝑖)𝑃𝑖
6
𝑖=1 , 𝑀. 𝑁 = 𝑀0𝑁0 + ∑ (𝑀𝑖𝑁𝑖)𝑃𝑖

6
𝑖=1  are AH-ideals of 6 − 𝑆𝑃𝑅. 

2). If 𝑀,𝑁 are AHS-ideals, then: 

𝑀 = 𝑀0 + ∑ 𝑀0𝑃𝑖
6
𝑖=1 , 𝑁 = 𝑁0 + ∑ 𝑁0𝑃𝑖

6
𝑖=1 , thus: 

𝑀 ∩ 𝑁 = 𝑀0 ∩ 𝑁0 +∑(𝑀𝑖 ∩ 𝑁𝑖)𝑃𝑖

6

𝑖=1

, 𝑀. 𝑁 = 𝑀0𝑁0 +∑(𝑀𝑖𝑁𝑖)𝑃𝑖

6

𝑖=1

 

Hence 𝑀 ∩𝑁,𝑀.𝑁 are two AHS-ideals. 

3). 𝑀 is an AHS- ideal, hence 𝑀 = 𝑀0 + ∑ 𝑀0𝑃𝑖
6
𝑖=1 , thus 6 − 𝑆𝑃𝑅 𝑀⁄ = 𝑅 𝑀0 + ∑ (𝑅 𝑀0⁄ )𝑃𝑖

6
𝑖=1⁄  

Proof of theorem4. 

1). 𝑓 × 𝑔 = 𝑓0 ∘ 𝑔0 +∑ (𝑓𝑖 ∘ 𝑔𝑖)𝑃𝑖
6
𝑖=1 . It is known that: 

𝑓𝑖 ∘ 𝑔𝑖 is a homomorphism for all 0 ≤ 𝑖 ≤ 6, hence 𝑓 × 𝑔 is an AH-homomorphism. 

2). If 𝑓, 𝑔 are AHS-homomorphisms, then: 

𝑓 = 𝑓0 + ∑ 𝑓0𝑃𝑖
6
𝑖=1 , 𝑔 = 𝑔0 + ∑ 𝑔0𝑃𝑖

6
𝑖=1 , so that: 

𝑓 × 𝑔 = 𝑓0 ∘ 𝑔0 +∑ (𝑓𝑖 ∘ 𝑔𝑖)𝑃𝑖
6
𝑖=1  is an AH-homomorphism. 

3) and 4) holds by a similar argument. 

 

 

https://doi.org/10.54216/GJMSA.080103


Galoitica Journal Of Mathematical Structures And Applications (GJMSA)            Vol. 08, No. 01, PP. 34-44, 2023 

37 
Doi: https://doi.org/10.54216/GJMSA.080103 
Received: March 23, 2023 Revised: June 19, 2023 Accepted: September 04, 2023 

The classification of symbolic 6-plithogenic rings. 

Theorem5. 

Let 6 − 𝑆𝑃𝑅 be a symbolic 6-plithogenic ring, then 6 − 𝑆𝑃𝑅 ≅ 𝑅
7. 

Proof. 

Define the mapping 𝑓: 6 − 𝑆𝑃𝑅 → 𝑅7 such that: 

𝑓 (𝑙0 +∑𝑙𝑖𝑃𝑖

6

𝑖=1

) = (𝑙0,∑ 𝑙𝑖

1

𝑖=0

,∑ 𝑙𝑖

2

𝑖=0

,∑ 𝑙𝑖

3

𝑖=0

,∑ 𝑙𝑖

4

𝑖=0

,∑ 𝑙𝑖

5

𝑖=0

,∑ 𝑙𝑖

6

𝑖=0

) 

(𝑓) is well defined: 

Assume that 𝑙0 + ∑ 𝑙𝑖𝑃𝑖
6
𝑖=1 = 𝑙0 + ∑ 𝑙𝑖𝑃𝑖

6
𝑖=1 , then 𝑙𝑖 = 𝑙𝑖 for all 0 ≤ 𝑖 ≤ 6, hence: 

{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

𝑙0 = 𝑙0

∑𝑙𝑖

1

𝑖=0

=∑𝑙𝑖

1

𝑖=0

∑𝑙𝑖

2

𝑖=0

=∑𝑙𝑖

2

𝑖=0

∑𝑙𝑖

3

𝑖=0

=∑𝑙𝑖

3

𝑖=0

∑𝑙𝑖

4

𝑖=0

=∑𝑙𝑖

4

𝑖=0

∑𝑙𝑖

5

𝑖=0

=∑𝑙𝑖

5

𝑖=0

∑𝑙𝑖

6

𝑖=0

=∑𝑙𝑖

6

𝑖=0

 

Thus 𝑓(𝑙0 + ∑ 𝑙𝑖𝑃𝑖
6
𝑖=1 ) = 𝑓(𝑙0 + ∑ 𝑙𝑖𝑃𝑖

6
𝑖=1 ) 

(𝑓) preserves addition and multiplication: 

For 𝑚 = 𝑚0 + ∑ 𝑚𝑖𝑃𝑖
6
𝑖=1 , 𝑛 = 𝑛0 + ∑ 𝑛𝑖𝑃𝑖

6
𝑖=1 , we can write: 

𝑚 + 𝑛 = (𝑚0 + 𝑛0) +∑(𝑚𝑖 + 𝑛𝑖)𝑃𝑖

6

𝑖=1

 

𝑚. 𝑛 = 𝑚0. 𝑛0 +∑𝑚𝑖 . 𝑛𝑗𝑃𝑚𝑎𝑥(𝑖,𝑗)

6

𝑖=1

 

𝑓(𝑚 + 𝑛) = (𝑡0, 𝑡1, 𝑡2, 𝑡3, 𝑡4, 𝑡5, 𝑡6) 
𝑓(𝑚. 𝑛) = (𝑠0, 𝑠1, 𝑠2, 𝑠3, 𝑠4, 𝑠5, 𝑠6) 

{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

𝑡0 = 𝑚0 + 𝑛0

𝑡1 =∑𝑚𝑖

1

𝑖=0

+∑𝑛𝑖

1

𝑖=0

𝑡2 =∑𝑚𝑖

2

𝑖=0

+∑𝑛𝑖

2

𝑖=0

𝑡3 =∑𝑚𝑖

3

𝑖=0

+∑𝑛𝑖

3

𝑖=0

𝑡4 =∑𝑚𝑖

4

𝑖=0

+∑𝑛𝑖

4

𝑖=0

𝑡5 =∑𝑚𝑖

5

𝑖=0

+∑𝑛𝑖

5

𝑖=0

𝑡6 =∑𝑚𝑖

6

𝑖=0

+∑𝑛𝑖

6

𝑖=0
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{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

𝑠0 = 𝑚0𝑛0

𝑠1 =∑𝑚𝑖

1

𝑖=0

∑𝑛𝑖

1

𝑖=0

𝑠2 =∑𝑚𝑖

2

𝑖=0

∑𝑛𝑖

2

𝑖=0

𝑠3 =∑𝑚𝑖

3

𝑖=0

∑𝑛𝑖

3

𝑖=0

𝑠4 =∑𝑚𝑖

4

𝑖=0

∑𝑛𝑖

4

𝑖=0

𝑠5 =∑𝑚𝑖

5

𝑖=0

∑𝑛𝑖

5

𝑖=0

𝑠6 =∑𝑚𝑖

6

𝑖=0

∑𝑛𝑖

6

𝑖=0

⟹  𝑓(𝑚. 𝑛) = 𝑓(𝑚)𝑓(𝑚) 

Let 𝑚 ∈ 𝑘𝑒𝑟(𝑓), then 𝑓(𝑚) = (0,0,0,0,0,0,0), thus: 

{

𝑚0 = 0

∑𝑚𝑖

𝑗

𝑖=0

= 0; 0 ≤ 𝑗 ≤ 6
 

Hence 𝑚𝑖 = 0 for all 0 ≤ 𝑖 ≤ 6, and 𝑘𝑒𝑟(𝑓) = {0} 
Let 𝑋 = (𝑙0, 𝑙1, 𝑙2, 𝑙3, 𝑙4, 𝑙5, 𝑙6) ∈ 𝑅

7, then there exists  

𝐿 = 𝑙0 + (𝑙1 − 𝑙0)𝑃1 + (𝑙2 − 𝑙1)𝑃2 + (𝑙3 − 𝑙2)𝑃3 + (𝑙4 − 𝑙3)𝑃4 + (𝑙5 − 𝑙4)𝑃5 + (𝑙6 − 𝑙5)𝑃6 ∈ 6 − 𝑆𝑃𝑅 such that 

𝑓(𝐿) = 𝑋. 

Thus (𝑓)is a ring isomorphism, and 6 − 𝑆𝑃𝑅 ≅ 𝑅
7. 

Remark. 

The inverse isomorphism is 𝑓−1: 𝑅7 → 6 − 𝑆𝑃𝑅 such that: 

𝑓−1(𝑙0, 𝑙1, … , 𝑙6) = 𝑙0 + (𝑙1 − 𝑙0)𝑃1 + (𝑙2 − 𝑙1)𝑃2 + (𝑙3 − 𝑙2)𝑃3 + (𝑙4 − 𝑙3)𝑃4 + (𝑙5 − 𝑙4)𝑃5 + (𝑙6 − 𝑙5)𝑃6 

Result. 

If 𝑈6−𝑆𝑃𝑅  is the group of units of the symbolic 6-plithogenic ring 6 − 𝑆𝑃𝑅, and 𝑈𝑅 is the group of units of 𝑅, 

then 𝑈6−𝑆𝑃𝑅 ≅ 𝑈𝑅
7. 

Example. 

Let 𝑅1 = 𝑍3, 𝑅2 = 𝑍5, 𝑅3 = 𝑍6, 𝑅4 = 𝑍, 𝑅5 = 𝑄, then: 

{
  
 

  
 
𝑈6−𝑆𝑃𝑅1 ≅

(𝑍2)
7

𝑈6−𝑆𝑃𝑅2 ≅
(𝑍4)

7

𝑈6−𝑆𝑃𝑅3 ≅
(𝑍2)

7

𝑈6−𝑆𝑃𝑅4 ≅
(𝑍2)

7

𝑈6−𝑆𝑃𝑅5 ≅
(𝑄∗)7

 

Example. 

Consider 6 − 𝑆𝑃𝑍7 the symbolic 6-plithogenic ring of integers modulo 7, and take: 

𝑋 = 2 + 𝑃1 + 𝑃2 + 𝑃3 + 𝑃4 + 2𝑃5 + 4𝑃6, we will find the inverse 𝑋−1 by using the isomorphism 𝑓. 

𝑓(𝑋) = (2,3,4,5,6,1,5), [𝑓(𝑋)]−1 = (4,5,2,3,6,1,3), thus 𝑋−1 = 𝑓−1([𝑓(𝑋)]−1) = 𝑓−1(4,5,2,3,6,1,3) = 4 +
(5 − 4)𝑃1 + (2 − 5)𝑃2 + (3 − 2)𝑃3 + (6 − 3)𝑃4 + (1 − 6)𝑃5 + (3 − 1)𝑃6 = 4 + 𝑃1 − 3𝑃2 + 𝑃3 + 3𝑃4 −
5𝑃5 + 2𝑃6 = 4 + 𝑃1 + 4𝑃2 + 𝑃3 + 3𝑃4 + 2𝑃5 + 2𝑃6 

We can see that 𝑋𝑋−1 = 8 + 2𝑃1 + 8𝑃2 + 2𝑃3 + 6𝑃4 + 4𝑃5 + 4𝑃6 + 𝑃1 + 4𝑃2 + 𝑃3 + 3𝑃4 + 2𝑃5 + 2𝑃6 +
4𝑃2 + 𝑃2 + 4𝑃2 + 𝑃3 + 3𝑃4 + 2𝑃5 + 2𝑃6 + 4𝑃3 + 𝑃3 + 4𝑃3 + 3𝑃4 + 2𝑃5 + 2𝑃6 + 4𝑃4 + 𝑃4 + 4𝑃4 + 𝑃4 +
3𝑃4 + 2𝑃5 + 2𝑃6 + 8𝑃5 + 2𝑃5 + 8𝑃5 + 2𝑃5 + 6𝑃5 + 4𝑃5 + 4𝑃6 + 16𝑃6 + 4𝑃6 + 16𝑃6 + 4𝑃6 + 12𝑃6 + 8𝑃6 +
8𝑃6 + 8𝑃6 = 1 

Result. 

The element 𝑋 = 𝑙0 + ∑ 𝑙𝑖𝑃𝑖
6
𝑖=1 ∈ 6 − 𝑆𝑃𝑅 is invertible if and only if 𝑙0, ∑ 𝑙𝑖

𝑗
𝑖=1 ; 1 ≤ 𝑗 ≤ 6 are invertible in 𝑅. 

Result. 

For 𝑋 = 𝑙0 + ∑ 𝑙𝑖𝑃𝑖
6
𝑖=1 ∈ 6 − 𝑆𝑃𝑅, then: 
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𝑋𝑛 = 𝑙0
𝑛 + ((∑𝑙𝑖

1

𝑖=0

)

𝑛

− 𝑙0
𝑛)𝑃1 + ((∑𝑙𝑖

2

𝑖=0

)

𝑛

− (∑𝑙𝑖

1

𝑖=0

)

𝑛

)𝑃2 + ((∑𝑙𝑖

3

𝑖=0

)

𝑛

− (∑𝑙𝑖

2

𝑖=0

)

𝑛

)𝑃3

+ ((∑𝑙𝑖

4

𝑖=0

)

𝑛

− (∑𝑙𝑖

3

𝑖=0

)

𝑛

)𝑃4 + ((∑𝑙𝑖

5

𝑖=0

)

𝑛

− (∑𝑙𝑖

4

𝑖=0

)

𝑛

)𝑃5 + ((∑𝑙𝑖

6

𝑖=0

)

𝑛

− (∑𝑙𝑖

5

𝑖=0

)

𝑛

)𝑃6 

Example. 

Assuming that 𝑅 = 𝑄 is the field of rationals, 6 − 𝑆𝑃𝑄  be the corresponding symbolic 6-plithogenic ring, now 

we will find all non-isomorphic ideals in 6 − 𝑆𝑃𝑄 . 

The non-isomorphic ideals of 𝑄7 are: 

𝐹1 = {(0,0,0,0,0,0,0)} 
𝐹2 = {(𝑄, 0,0,0,0,0,0)} 
𝐹3 = {(𝑄, 𝑄, 0,0,0,0,0)} 
𝐹4 = {(𝑄, 𝑄, 𝑄, 0,0,0,0)} 
𝐹5 = {(𝑄, 𝑄, 𝑄, 𝑄, 0,0,0)} 
𝐹6 = {(𝑄, 𝑄, 𝑄, 𝑄, 𝑄, 0,0)} 
𝐹7 = {(𝑄, 𝑄, 𝑄, 𝑄, 𝑄, 𝑄, 0)} 
𝐹8 = {(𝑄, 𝑄, 𝑄, 𝑄, 𝑄, 𝑄, 𝑄)} 
The ideals of 6 − 𝑆𝑃𝑄  are: 

𝑓−1(𝐹1) = {𝑂} 
𝑓−1(𝐹2) = {𝑡0 − 𝑡0𝑃1; 𝑡0 ∈ 𝑄} 
𝑓−1(𝐹3) = {𝑡0 + (𝑡1 − 𝑡0)𝑃1 − 𝑡1𝑃2; 𝑡0, 𝑡1 ∈ 𝑄} 
𝑓−1(𝐹4) = {𝑡0 + (𝑡1 − 𝑡0)𝑃1 + (𝑡2 − 𝑡1)𝑃2 − 𝑡2𝑃3; 𝑡0, 𝑡1, 𝑡2 ∈ 𝑄} 
𝑓−1(𝐹5) = {𝑡0 + (𝑡1 − 𝑡0)𝑃1 + (𝑡2 − 𝑡1)𝑃2 + (𝑡3 − 𝑡2)𝑃3 − 𝑡3𝑃4; 𝑡0, 𝑡1, 𝑡2, 𝑡3 ∈ 𝑄} 
𝑓−1(𝐹6) = {𝑡0 + (𝑡1 − 𝑡0)𝑃1 + (𝑡2 − 𝑡1)𝑃2 + (𝑡3 − 𝑡2)𝑃3 + (𝑡4 − 𝑡3)𝑃4 − 𝑡4𝑃5; 𝑡0, 𝑡1, 𝑡2, 𝑡3, 𝑡4 ∈ 𝑄} 
𝑓−1(𝐹7) = {𝑡0 + (𝑡1 − 𝑡0)𝑃1 + (𝑡2 − 𝑡1)𝑃2 + (𝑡3 − 𝑡2)𝑃3 + (𝑡4 − 𝑡3)𝑃4 + (𝑡5 − 𝑡4)𝑃5 − 𝑡5𝑃6; 𝑡0, 𝑡1, 𝑡2, 𝑡3, 𝑡4, 𝑡5

∈ 𝑄} 
𝑓−1(𝐹7) = 6 − 𝑆𝑃𝑄  

 

Definition:  

Let 𝑅 be a ring, we define the symbolic 7-plithogenic ring 7 − 𝑆𝑃𝑅 as follows: 

7 − 𝑆𝑃𝑅 = {𝑙0 +∑𝑙𝑖𝑃𝑖

7

𝑖=1

; 𝑙𝑖 ∈ 𝑅} 

Definition. 

The addition on 7 − 𝑆𝑃𝑅 is defined as follows: 

[𝑙0 +∑𝑙𝑖𝑃𝑖

7

𝑖=1

] + [𝑘0 +∑𝑘𝑖𝑃𝑖

7

𝑖=1

] = (𝑙0 + 𝑘0) +∑(𝑙𝑖 + 𝑘𝑖)𝑃𝑖

7

𝑖=1

 

Multiplication on 7 − 𝑆𝑃𝑅 is defined as follows: 

[𝑙0 +∑𝑙𝑖𝑃𝑖

7

𝑖=1

] × [𝑘0 +∑𝑘𝑖𝑃𝑖

7

𝑖=1

] = 𝑙0𝑘0 +∑𝑙𝑖𝑘𝑗𝑃𝑚𝑎𝑥(𝑖,𝑗)

7

𝑖=1

 

It is clear that (7 − 𝑆𝑃𝑅 , +, . ) Is a ring. 

If 𝑅 is commutative, the 7 − 𝑆𝑃𝑅 is commutative. 

If 𝑅 has unity (1), then 7 − 𝑆𝑃𝑅 has the same unity. 

Example. 

Take 𝑅 = 𝑍3 = {0,1,2} the ring of integers module 3, the corresponding symbolic 7-plithogenic ring is: 

7 − 𝑆𝑃𝑍3 = {𝑙0 + 𝑙1𝑃1 + 𝑙2𝑃2 + 𝑙3𝑃3 + 𝑙4𝑃4 + 𝑙5𝑃5 + 𝑙6𝑃6 + 𝑙7𝑃7; 𝑙𝑖 ∈ 𝑍} 

Definition. 

Let {𝑆𝑖}, 0 ≤ 𝑖 ≤ 7 be eight ideals of 𝑅, then: 

𝑆 = 𝑆0 + ∑ 𝑆𝑖𝑃𝑖
7
𝑖=1 = {𝑥0 + ∑ 𝑥𝑖𝑃𝑖

7
𝑖=1 ; 𝑥𝑖 ∈ 𝑆} is called an AH-ideal of 7 − 𝑆𝑃𝑅. 

If 𝑆𝑖 = 𝑆𝑗 for all 𝑖, 𝑗 ∈ {0, … ,7}, then 𝑆 is called AHS-ideal. 

Definition. 

Let 𝑆 = 𝑆0 + ∑ 𝑆𝑖𝑃𝑖
7
𝑖=1 , 𝑀 = 𝑀0 + ∑ 𝑀𝑖𝑃𝑖

7
𝑖=1  be two AH-ideals of 7 − 𝑆𝑃𝑅, we define: 

1). 𝑆 ∩ 𝑀 = 𝑆0 ∩ 𝑀0 + ∑ (𝑆𝑖 ∩ 𝑀𝑖)𝑃𝑖
7
𝑖=1 . 

2). 𝑆.𝑀 = 𝑆0𝑀0 + ∑ (𝑆𝑖𝑀𝑖)𝑃𝑖
7
𝑖=1  

3). 7 − 𝑆𝑃𝑅 𝑆⁄ = 𝑅 𝑆0⁄ + ∑ (𝑅 ∕ 𝑆𝑖)𝑃𝑖
7
𝑖=1  
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Example. 

Consider the symbolic 7-plithogenic ring of integers 7 − 𝑆𝑃𝑍 = {𝑙0 + ∑ 𝑙𝑖𝑃𝑖
7
𝑖=1 ; 𝑙𝑖 ∈ 𝑍} 

We have: 

𝑆0 = 〈2〉 = 2𝑍, 𝑆1 = 〈3〉 = 3𝑍, 𝑆2 = 〈5〉 = 5𝑍 be three ideals of 𝑍, then: 

1). 𝑆 = 𝑆0 + 𝑆0𝑃1 + 𝑆1𝑃2 + 𝑆2𝑃3 + 𝑆2𝑃4 + 𝑆1𝑃5 + 𝑆1𝑃6 + 𝑆1𝑃7 = {2𝑙0 + 2𝑙1𝑃1 + 3𝑙2𝑃2 + 5𝑙3𝑃3 + 5𝑙4𝑃4 +
3𝑙5𝑃5 + 3𝑙6𝑃6 + 3𝑙7𝑃7; 𝑙𝑖 ∈ 𝑍} is an AH-ideal of 7 − 𝑆𝑃𝑅. 

2). 𝐾 = 𝑆0 +∑ 𝑆0𝑃𝑖
7
𝑖=1 = {2𝑙0 + 2∑ 𝑙𝑖𝑃𝑖

7
𝑖=1 ; 𝑙𝑖 ∈ 𝑍} is an AHS-ideal. 

3). 𝑆 ∩ 𝐾 = 𝑆0 ∩ 𝑆0 + (𝑆0 ∩ 𝑆0)𝑃1 + (𝑆1 ∩ 𝑆0)𝑃2 + (𝑆2 ∩ 𝑆0)𝑃3 + (𝑆2 ∩ 𝑆0)𝑃4 + (𝑆1 ∩ 𝑆0)𝑃5 + (𝑆1 ∩ 𝑆0)𝑃6 +
(𝑆1 ∩ 𝑆0)𝑃7 = 〈2〉 + 〈2〉𝑃1 + 〈6〉𝑃2 + 〈10〉𝑃3 + 〈10〉𝑃4 + 〈6〉𝑃5 + 〈6〉𝑃6 + 〈6〉𝑃7 

4). 7 − 𝑆𝑃𝑍 𝑆⁄ = (𝑍 〈2〉⁄ ) + (𝑍 〈2〉⁄ )𝑃1 + (𝑍 〈3〉⁄ )𝑃2 + (𝑍 〈5〉⁄ )𝑃3 + (𝑍 〈5〉⁄ )𝑃4 + (𝑍 〈3〉⁄ )𝑃5 + (𝑍 〈3〉⁄ )𝑃6 +
(𝑍 〈3〉⁄ )𝑃7 = 𝑍2 + 𝑍2𝑃1 + 𝑍3𝑃2 + 𝑍5𝑃3 + 𝑍5𝑃4 + 𝑍3𝑃5 + 𝑍3𝑃6 + 𝑍3𝑃7 

Definition. 

Let 𝑅, 𝑇 be two rings, and 7 − 𝑆𝑃𝑅 be the corresponding symbolic 7-plithogenic ring, let 

𝑓𝑖: 𝑅 → 𝑇; 0 ≤ 𝑖 ≤ 7 be eight ring homomorphisms, then: 

1). 𝑓: 7 − 𝑆𝑃𝑅 → 7 − 𝑆𝑃𝑇 such that: 

𝑓 (𝑙0 +∑𝑙𝑖𝑃𝑖

7

𝑖=1

) = 𝑓0(𝑙0) +∑𝑓𝑖(𝑙𝑖)𝑃𝑖

7

𝑖=1

 

The mapping (𝑓) is called AH-homomorphism. 

2). If 𝑓𝑖 = 𝑓𝑗 for all 0 ≤ 𝑖, 𝑗 ≤ 7, then 𝑓 is called AHS-homomorphism. 

3). If 𝑓𝑖 are isomorphism, then we get the concept AH-isomorphism/AHS-isomorphism. 

4). 𝐴𝐻 − 𝑘𝑒𝑟(𝑓) = 𝑘𝑒𝑟(𝑓0) + ∑ 𝑘𝑒𝑟(𝑓𝑖)𝑃𝑖
7
𝑖=1  is called the AH-kernel. 

5). 𝐴𝐻 − 𝐼𝑚(𝑓) = 𝐼𝑚(𝑓0) + ∑ 𝐼𝑚(𝑓𝑖)𝑃𝑖
7
𝑖=1  is called the AH-image of (𝑓). 

Example. 

Take 𝑅 = 𝑍, 𝑇 = 𝑍30, we have the following homomorphisms: 

𝑓0: 𝑅 → 𝑇; 𝑓0(𝑎) = 6𝑎(𝑚𝑜𝑑 30) 
𝑓1: 𝑅 → 𝑇; 𝑓1(𝑏) = 𝑏(𝑚𝑜𝑑 30) 
We define 𝑓: 6 − 𝑆𝑃𝑅 → 6 − 𝑆𝑃𝑇  a follows: 

𝑓(𝑙0 + ∑ 𝑙𝑖𝑃𝑖
6
𝑖=1 ) = 𝑓0(𝑙0) + ∑ 𝑓1(𝑙𝑖)𝑃𝑖

3
𝑖=1 +∑ 𝑓0(𝑙𝑖)𝑃𝑖

7
𝑖=4 ; 𝑙𝑖 ∈ 𝑍. 

For example: 

𝐿 = 3 + 2𝑃1 + 7𝑃2 + 5𝑃3 + 9𝑃4 + 11𝑃5 + 𝑃6 + 𝑃7 ∈ 7 − 𝑆𝑃𝑅  

𝑓(𝐿) = 18 + 2𝑃1 + 7𝑃2 + 5𝑃3 + 24𝑃4 + 6𝑃5 + 6𝑃6 + 6𝑃7 ∈ 7 − 𝑆𝑃𝑇  

𝑘𝑒𝑟(𝑓0) = 5𝑍, 𝑘𝑒𝑟(𝑓1) = 30𝑍 

𝐴𝐻 − 𝑘𝑒𝑟(𝑓) = 𝑘𝑒𝑟(𝑓0) +∑𝑘𝑒𝑟(𝑓1)𝑃𝑖

3

𝑖=1

+∑𝑘𝑒𝑟(𝑓0)𝑃𝑖

7

𝑖=4

= 5𝑍 +∑30𝑍𝑃𝑖

3

𝑖=1

+∑5𝑍𝑃𝑖

7

𝑖=4

 

7 − 𝑆𝑃𝑅 𝐴𝐻 − 𝑘𝑒𝑟(𝑓)⁄ = 𝑍5 +∑𝑍30𝑃𝑖

3

𝑖=1

+∑𝑍5𝑃𝑖

7

𝑖=4

 

Definition. 

Let 𝑓, 𝑔: 7 − 𝑆𝑃𝑅 → 7 − 𝑆𝑃𝑅  be two symbolic 7-plithogenic homomorphisms, where 

𝑓 = 𝑓0 + ∑ 𝑓𝑖𝑃𝑖
7
𝑖=1 , 𝑔 = 𝑔0 +∑ 𝑔𝑖𝑃𝑖

7
𝑖=1 , then 𝑓 × 𝑔 = 𝑓0 ∘ 𝑔0 + ∑ (𝑓𝑖 ∘ 𝑔𝑖)𝑃𝑖

7
𝑖=1  

Theorem1. 

Let 7 − 𝑆𝑃𝑅 be a symbolic 6-plithogenic ring, and let 𝐿 = 𝐿0 + ∑ 𝐿𝑖𝑃𝑖
7
𝑖=1  be an AHS-ideal of 7 − 𝑆𝑃𝑅, then 𝐿 is 

an ideal by the ordinary meaning. 

Theorem2. 

Let 𝑓: 7 − 𝑆𝑃𝑅 → 7 − 𝑆𝑃𝑇 be a symbolic 7-plithogenic AH-homomorphism, then: 

1). 𝐴𝐻 − 𝑘𝑒𝑟(𝑓) is an 𝐴𝐻 − 𝑖𝑑𝑒𝑎𝑙 of 7 − 𝑆𝑃𝑅. 

2). 𝐴𝐻 − 𝐼𝑚(𝑓) is an 𝐴𝐻 − 𝑖𝑑𝑒𝑎𝑙 of 7 − 𝑆𝑃𝑇 . 

3). If 𝑓 is AH-isomorphism, then 𝐴𝐻 − 𝑘𝑒𝑟(𝑓) = {𝑜}, and 𝐴𝐻 − 𝐼𝑚(𝑓) = 7 − 𝑆𝑃𝑇 . 

Theorem3. 

Let 7 − 𝑆𝑃𝑅 be a symbolic 7-plithogenic ring, and 𝑀 = 𝑀0 + ∑ 𝑀𝑖𝑃𝑖
7
𝑖=1 , 𝑁 = 𝑁0 +∑ 𝑁𝑖𝑃𝑖

7
𝑖=1  be two AH-ideals 

of 7 − 𝑆𝑃𝑅, then: 

1). 𝑀 ∩𝑁,𝑀.𝑁 are two AH-ideals. 

2). If 𝑀,𝑁 are two AHS-ideals, then 𝑀 ∩𝑁,𝑀.𝑁 are two AH-ideals. 

3). If 𝑀 is n AHS-ideal, then 7 − 𝑆𝑃𝑅 𝑀⁄ = 𝑅 𝑀0 + ∑ (𝑅 𝑀0⁄ )𝑃𝑖
7
𝑖=1⁄  

Theorem4. 

Let 𝑓, 𝑔: 7 − 𝑆𝑃𝑅 → 7 − 𝑆𝑃𝑅  be two AH-homomorphism, where 𝑓 = 𝑓0 + ∑ 𝑓𝑖𝑃𝑖
7
𝑖=1 , 𝑔 = 𝑔0 + ∑ 𝑔𝑖𝑃𝑖

7
𝑖=1 , then: 

1). 𝑓 × 𝑔 is an AH-homomorphism. 
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2). If 𝑓, 𝑔 are AHS-homomorphisms, then 𝑓 × 𝑔 is an AHS-homomorphism. 

3). If 𝑓, 𝑔 are AH-isomorphisms, then 𝑓 × 𝑔 is an AH-isomorphism. 

4). If 𝑓, 𝑔 are AHS-isomorphisms, then 𝑓 × 𝑔 is an AHS-isomorphism. 

Proof of theorem1. 

Let 𝑙 = 𝑙0 + ∑ 𝑙𝑖𝑃𝑖
7
𝑖=1 , 𝑙 = 𝑙0 + ∑ 𝑙𝑖𝑃𝑖

7
𝑖=1 , then: 

𝑙 − 𝑙 = 𝑙0 − 𝑙0 +∑ (𝑙𝑖 − 𝑙𝑖)𝑃𝑖
7
𝑖=1 ∈ 𝐿. 

Let 𝑚 = 𝑚0 + ∑ 𝑚𝑖𝑃𝑖
7
𝑖=1 ∈ 7 − 𝑆𝑃𝑅 , then: 

𝑚. 𝑙 = 𝑚0𝑙0 + ∑ 𝑚𝑖𝑙𝑗𝑃𝑚𝑎𝑥(𝑖,𝑗)
7
𝑖=1 ∈ 𝐿, that is because: 

𝑙0 is an ideal of 𝑅, and 𝑚𝑖𝑙𝑗 ∈ 𝑙0, which implies the proof. 

Proof of theorem2. 

1). Since 𝑘𝑒𝑟(𝑓𝑖); 0 ≤ 𝑖 ≤ 7 is an ideal of 𝑅, then 𝐴𝐻 − 𝑘𝑒𝑟(𝑓) is an AH-ideal. 

2). Since 𝐼𝑚(𝑓𝑖); 0 ≤ 𝑖 ≤ 7 is an ideal of 𝑇, then 𝐴𝐻 − 𝐼𝑚(𝑓) is an AH-ideal of 7 − 𝑆𝑃𝑇 . 

3). it holds directly from the fact that (𝑓𝑖) is a bijection. 

Proof of theorem3. 

1). We have 𝑀𝑖 ∩ 𝑁𝑖 , 𝑀𝑖 . 𝑁𝑖  are ideals of 𝑅, that is because 𝑀𝑖 , 𝑁𝑖 are ideals for all 0 ≤ 𝑖 ≤ 7, thus: 

𝑀 ∩ 𝑁 = 𝑀0 ∩ 𝑁0 + ∑ (𝑀𝑖 ∩ 𝑁𝑖)𝑃𝑖
7
𝑖=1 , 𝑀. 𝑁 = 𝑀0𝑁0 + ∑ (𝑀𝑖𝑁𝑖)𝑃𝑖

7
𝑖=1  are AH-ideals of 7 − 𝑆𝑃𝑅. 

2). If 𝑀,𝑁 are AHS-ideals, then: 

𝑀 = 𝑀0 + ∑ 𝑀0𝑃𝑖
7
𝑖=1 , 𝑁 = 𝑁0 + ∑ 𝑁0𝑃𝑖

7
𝑖=1 , thus: 

𝑀 ∩ 𝑁 = 𝑀0 ∩ 𝑁0 +∑(𝑀𝑖 ∩ 𝑁𝑖)𝑃𝑖

7

𝑖=1

, 𝑀. 𝑁 = 𝑀0𝑁0 +∑(𝑀𝑖𝑁𝑖)𝑃𝑖

7

𝑖=1

 

Hence 𝑀 ∩𝑁,𝑀.𝑁 are two AHS-ideals. 

3). 𝑀 is an AHS- ideal, hence 𝑀 = 𝑀0 + ∑ 𝑀0𝑃𝑖
7
𝑖=1 , thus 7 − 𝑆𝑃𝑅 𝑀⁄ = 𝑅 𝑀0 + ∑ (𝑅 𝑀0⁄ )𝑃𝑖

7
𝑖=1⁄  

Proof of theorem4. 

1). 𝑓 × 𝑔 = 𝑓0 ∘ 𝑔0 +∑ (𝑓𝑖 ∘ 𝑔𝑖)𝑃𝑖
7
𝑖=1 . It is known that: 

𝑓𝑖 ∘ 𝑔𝑖 is a homomorphism for all 0 ≤ 𝑖 ≤ 7, hence 𝑓 × 𝑔 is an AH-homomorphism. 

2). If 𝑓, 𝑔 are AHS-homomorphisms, then: 

𝑓 = 𝑓0 + ∑ 𝑓0𝑃𝑖
7
𝑖=1 , 𝑔 = 𝑔0 + ∑ 𝑔0𝑃𝑖

7
𝑖=1 , so that: 

𝑓 × 𝑔 = 𝑓0 ∘ 𝑔0 +∑ (𝑓𝑖 ∘ 𝑔𝑖)𝑃𝑖
7
𝑖=1  is an AH-homomorphism. 

3) and 4) holds by a similar argument. 

The classification of symbolic 7-plithogenic rings. 

Theorem5. 

Let 7 − 𝑆𝑃𝑅 be a symbolic 7-plithogenic ring, then 7 − 𝑆𝑃𝑅 ≅ 𝑅
8. 

Proof. 

Define the mapping 𝑓: 7 − 𝑆𝑃𝑅 → 𝑅8 such that: 

𝑓 (𝑙0 +∑𝑙𝑖𝑃𝑖

7

𝑖=1

) = (𝑙0,∑ 𝑙𝑖

1

𝑖=0

,∑ 𝑙𝑖

2

𝑖=0

,∑ 𝑙𝑖

3

𝑖=0

,∑ 𝑙𝑖

4

𝑖=0

,∑ 𝑙𝑖

5

𝑖=0

,∑ 𝑙𝑖

6

𝑖=0

,∑ 𝑙𝑖

7

𝑖=0

) 

(𝑓) is well defined: 

Assume that 𝑙0 + ∑ 𝑙𝑖𝑃𝑖
7
𝑖=1 = 𝑙0 + ∑ 𝑙𝑖𝑃𝑖

7
𝑖=1 , then 𝑙𝑖 = 𝑙𝑖 for all 0 ≤ 𝑖 ≤ 7, hence: 
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{
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

𝑙0 = 𝑙0

∑𝑙𝑖

1

𝑖=0

=∑𝑙𝑖

1

𝑖=0

∑𝑙𝑖

2

𝑖=0

=∑𝑙𝑖

2

𝑖=0

∑𝑙𝑖

3

𝑖=0

=∑𝑙𝑖

3

𝑖=0

∑𝑙𝑖

4

𝑖=0

=∑𝑙𝑖

4

𝑖=0

∑𝑙𝑖

5

𝑖=0

=∑𝑙𝑖

5

𝑖=0

∑𝑙𝑖

6

𝑖=0

=∑𝑙𝑖

6

𝑖=0

∑𝑙𝑖

7

𝑖=0

=∑𝑙𝑖

7

𝑖=0

 

Thus 𝑓(𝑙0 + ∑ 𝑙𝑖𝑃𝑖
7
𝑖=1 ) = 𝑓(𝑙0 + ∑ 𝑙𝑖𝑃𝑖

7
𝑖=1 ) 

(𝑓) preserves addition and multiplication: 

For 𝑚 = 𝑚0 + ∑ 𝑚𝑖𝑃𝑖
7
𝑖=1 , 𝑛 = 𝑛0 + ∑ 𝑛𝑖𝑃𝑖

7
𝑖=1 , we can write: 

𝑚 + 𝑛 = (𝑚0 + 𝑛0) +∑(𝑚𝑖 + 𝑛𝑖)𝑃𝑖

7

𝑖=1

 

𝑚. 𝑛 = 𝑚0. 𝑛0 +∑𝑚𝑖 . 𝑛𝑗𝑃𝑚𝑎𝑥(𝑖,𝑗)

7

𝑖=1

 

𝑓(𝑚 + 𝑛) = (𝑡0, 𝑡1, 𝑡2, 𝑡3, 𝑡4, 𝑡5, 𝑡6, 𝑡7) 
𝑓(𝑚. 𝑛) = (𝑠0, 𝑠1, 𝑠2, 𝑠3, 𝑠4, 𝑠5, 𝑠6, 𝑠7) 

{
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

𝑡0 = 𝑚0 + 𝑛0

𝑡1 =∑𝑚𝑖

1

𝑖=0

+∑𝑛𝑖

1

𝑖=0

𝑡2 =∑𝑚𝑖

2

𝑖=0

+∑𝑛𝑖

2

𝑖=0

𝑡3 =∑𝑚𝑖

3

𝑖=0

+∑𝑛𝑖

3

𝑖=0

𝑡4 =∑𝑚𝑖

4

𝑖=0

+∑𝑛𝑖

4

𝑖=0

𝑡5 =∑𝑚𝑖

5

𝑖=0

+∑𝑛𝑖

5

𝑖=0

𝑡6 =∑𝑚𝑖

6

𝑖=0

+∑𝑛𝑖

6

𝑖=0

𝑡6 =∑𝑚𝑖

7

𝑖=0

+∑𝑛𝑖

7

𝑖=0
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{
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

𝑠0 = 𝑚0𝑛0

𝑠1 =∑𝑚𝑖

1

𝑖=0

∑𝑛𝑖

1

𝑖=0

𝑠2 =∑𝑚𝑖

2

𝑖=0

∑𝑛𝑖

2

𝑖=0

𝑠3 =∑𝑚𝑖

3

𝑖=0

∑𝑛𝑖

3

𝑖=0

𝑠4 =∑𝑚𝑖

4

𝑖=0

∑𝑛𝑖

4

𝑖=0

𝑠5 =∑𝑚𝑖

5

𝑖=0

∑𝑛𝑖

5

𝑖=0

𝑠6 =∑𝑚𝑖

6

𝑖=0

∑𝑛𝑖

6

𝑖=0

𝑠6 =∑𝑚𝑖

7

𝑖=0

∑𝑛𝑖

7

𝑖=0

⟹  𝑓(𝑚. 𝑛) = 𝑓(𝑚)𝑓(𝑚) 

Let 𝑚 ∈ 𝑘𝑒𝑟(𝑓), then 𝑓(𝑚) = (0,0,0,0,0,0,0,0), thus: 

{

𝑚0 = 0

∑𝑚𝑖

𝑗

𝑖=0

= 0; 0 ≤ 𝑗 ≤ 7
 

Hence 𝑚𝑖 = 0 for all 0 ≤ 𝑖 ≤ 7, and 𝑘𝑒𝑟(𝑓) = {0} 
Let 𝑋 = (𝑙0, 𝑙1, 𝑙2, 𝑙3, 𝑙4, 𝑙5, 𝑙6, 𝑙7) ∈ 𝑅

8, then there exists  

𝐿 = 𝑙0 + (𝑙1 − 𝑙0)𝑃1 + (𝑙2 − 𝑙1)𝑃2 + (𝑙3 − 𝑙2)𝑃3 + (𝑙4 − 𝑙3)𝑃4 + (𝑙5 − 𝑙4)𝑃5 + (𝑙6 − 𝑙5)𝑃6 + (𝑙7 − 𝑙6)𝑃7 ∈ 7 −
𝑆𝑃𝑅 such that 𝑓(𝐿) = 𝑋. 

Thus (𝑓)is a ring isomorphism, and 7 − 𝑆𝑃𝑅 ≅ 𝑅
8. 

Remark. 

The inverse isomorphism is 𝑓−1: 𝑅8 → 7 − 𝑆𝑃𝑅 such that: 

𝑓−1(𝑙0, 𝑙1, … , 𝑙6) = 𝑙0 + (𝑙1 − 𝑙0)𝑃1 + (𝑙2 − 𝑙1)𝑃2 + (𝑙3 − 𝑙2)𝑃3 + (𝑙4 − 𝑙3)𝑃4 + (𝑙5 − 𝑙4)𝑃5 + (𝑙6 − 𝑙5)𝑃6 +
(𝑙7 − 𝑙6)𝑃7. 

Result. 

If 𝑈7−𝑆𝑃𝑅  is the group of units of the symbolic 7-plithogenic ring 7 − 𝑆𝑃𝑅, and 𝑈𝑅 is the group of units of 𝑅, 

then 𝑈7−𝑆𝑃𝑅 ≅ 𝑈𝑅
8. 

Result. 

The element 𝑋 = 𝑙0 + ∑ 𝑙𝑖𝑃𝑖
7
𝑖=1 ∈ 7 − 𝑆𝑃𝑅 is invertible if and only if 𝑙0, ∑ 𝑙𝑖

𝑗
𝑖=1 ; 1 ≤ 𝑗 ≤ 7 are invertible in 𝑅. 

Result. 

For 𝑋 = 𝑙0 + ∑ 𝑙𝑖𝑃𝑖
7
𝑖=1 ∈ 7 − 𝑆𝑃𝑅, then: 

𝑋𝑛 = 𝑙0
𝑛 + ((∑𝑙𝑖

1

𝑖=0

)

𝑛

− 𝑙0
𝑛)𝑃1 + ((∑𝑙𝑖

2

𝑖=0

)

𝑛

− (∑𝑙𝑖

1

𝑖=0

)

𝑛

)𝑃2 + ((∑𝑙𝑖

3

𝑖=0

)

𝑛

− (∑𝑙𝑖

2

𝑖=0
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𝑖=0
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𝑛

)𝑃5 + ((∑𝑙𝑖
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𝑖=0

)

𝑛

− (∑𝑙𝑖
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𝑖=0

)

𝑛

)𝑃6

+ ((∑𝑙𝑖

7

𝑖=0

)

𝑛

− (∑𝑙𝑖

6

𝑖=0

)

𝑛

)𝑃7 

2. Conclusion 

In this paper we have presented the concept of algebraic symbolic 6-plithogenic ring and 7-plithogenic ring. 

Also, we have studied some of their special substructures such as AH-ideals, AH-kernels, and AH-

isomorphisms. On the other hand, we have illustrated many examples to clarify the validity of our work. 

As a future research direction, we aim to study 8-plithogenic rings and their algebraic classification with respect 

to homomorphisms. 
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