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Abstract

In this paper, we find the formula of Cauchy — Pompeiu's integral in the octal of unit disk D, of the complex
plain, by using the reflection method to determine the Integral’'s Cauchy — Pompeiu’s operator. Also, we give
many related examples about the novel formula.
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1. Introduction

The theory of effects is an important branch of semantic analysis, studying the properties of effects (linear, finite,
continuous, reducing,...) On famous spaces such as the space of continuous Functions C(D; C) in Region D, the
space of integrable functions L(D; C), and others, in this paper we will find Tp, , the Cauchy - Pompeiu

integral effect in the price of one disk of the nodal plane D,, by modifying the Cauchy - Pompeiu integral
formula in one disk.

In the literature, we find the following results:

e By H.Begeher and T.Vaitekhovich (2009) assigned the Cauchy - Pompeiu formula in half of the torus
[1].

e By B.Shupeyeva (2012) set the Cauchy - Pompeiu formula in a quarter of the torus [2].

e By B.Shupeyeva (2016) assigned the Cauchy - Pompeiu formula to the upper half of the pistol with
heads +2 and+1 + iv/3 [3].

e By H.Begehr (2018) by assigning the Cauchy - Pompeiu formula to the area resulting from the
truncation of a circle from another circle touching it internally and non-subscribers of the center [4].

Basic definitions:

Below we mention a set of basic definitions and some notes that help us understand the scientific terms
contained in the research:

Definition (1) of the regular Domain system Area [6]:

Aregion D c C is called a regular region if it is open and bounded and its boundary is a smooth curve or a finite
meeting of smooth curves, directed counterclockwise.

We list examples of regular areas: circle-ring, half-ring, quarter-circle, semicircle, quarter-triangle, rectangle,
parallelogram,...

Cauchy-Pompeiu’s representation formula [7]:

Let D < C be a regular region, and let the function w € C*(D; C) n C(D; C) then foreachz € D and { = & +
in the function w = w(z) is represented by one of two formulas:

a¢

_ 1 1
w(z) = ﬁafo W({).E_;D we ().

dé&dn
{(—z
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1 déd
w(z) = —fw(c)——— z(oﬂ

Note:
When z € C\D, the previous Cauchy-Pompeiu formulas become as follows:

1 dd
0= 5 L W22 = 1S we ). 5

Zm

déd
=——f w(@). :——f we ). ﬂ

2mi g

From it, we can write the Cauchy - Pompeiu mtegral formula in another Form [8] as follows:

déd ;
ol (c)———f g(c)f—’;—{wé?);;%”

27Tl
déd” WwWl\Z); Z E l)

] (c)— [wO=={"1"%5

21l §p
Definition (2) Cauchy-Pompeiu’s Oparator [7]

Let D < C be aregular region, the integral effect is called

Tf(2) = ——f ). ﬂ ¢=E+m

By the Cauchy — Pompeiu oparator in Region D, where f e L (D, C©)

Definition (3) of the Schwartz boundary value problem (The Schwartz's Problem) [5]:

Solving the limit Schwarz problem is the process of finding a function w, in the region D c C « the equation

fulfills:

{ dzw=f inD
Re(w) =y ondD
Where f f € L,(D; C), y € C(D; dC)are two imposed functions.

Note: the Cauchy-Pompeiu integral formula is modified from region to region, to fulfill the limit condition of the

Schwartz problem.
Results and discussion:

The price of one tablet is defined as follows:

T
D,={z€Clz| <10< argz<Z}
Suppose:

d,D, for the straight segment [0,1]

a,D, forthe Bracket[l, eZi] :7—e™, wheret € [0,7]

d;D, for the straight segment [eZi, 0]

We will use the inversion method, to modify the Cauchy-Pompeiu integral formula, and define it in region D,

We assume z,{ € D,, where z # { , the reflection of z relative to the line segment d;D, gives iz , from which

the reflection of z and iz relative to the truncation axis are iz — z , respectively«

And the reflection of the points: z, iz, —z, iz relative to the axis the intervals are z, —iz, —z, iz respectively«

Taking into account how z is from D, we get eight groups that are:
lD)4-0 - ]D)4—
T
]D)4‘1={ZE(C;|Z|<1,4<argz< }—{lZZE]D)4_}
T 37r
D,, = {z EC |zl < 1,5 <argz < T} = {iz;z € D,}
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3

ID)43—{ZE(C lz] < 1,— 7 <argz<7t}—{zz€]]))4}

5t

Dy, = {z EC|zl<l,m<argz < T} ={-z;z € D,}
5 3 _

D5 = {ZE(C lz] < 1,— 2 <argz<7}={—iz;z€]]))4}
3 Véis

Dye = {z EC |zl < 1,7 <argz < T} = {—iz;z € D,}
Véis

]D47={ZE(C |z|<1T<argz<2n}—{zz€]D4}

It is clear that:

k=7
UID)“ —D={z€Clzl <1}
k=0

The reflection of the following points:
z,iz,iz,—Z,—2z,—iz,—iz,Z

For the arc of a single Circle D gives in order the following points:

i 1 1 i i1

S40—{ZE(C|Z|>1O<argz< }—{_,ze]]))4}
841—{ZE(CIZ|>14<argz< }—{ ;2 € Dy}
§42={ZE(C|Z|>1E<aI'gZ<3—T[} { ;2 € Dy}
84_3={ZE(C;|Z|>1,37<argz<7r}={—§;zE]D)4}

5t 1
§44={ZEC;|Z|>1,n<argz<T}={—E_;z€]D)4}
S {e((:||>15 < <3ﬂ} : ED
45 =12 z 2 argz > ={ Zz 4}
S —{ e((:||>13 < <7ﬂ} : ED
46 = )2 z 2 argz 4 ={- Z-:Z 4}
547—{Z€(C|Z|>1 4<argz<27‘t}—{ ;2 €Dy}

We note that:
k=7

D={zeCld= 1| JSxuDal=c
k=0

Where:

_ km (k+Drm
SarUDy, = zE(C;TSargz<T ;k=012,..,7
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v

Theorem 1: every function w € C(D,; C) n C(D,; C) is represented as follows:

2 k= Pzt Ptz +1)dg 4 kIRt a¢
W(Z) _E 0<arg{<—{Re[W({)] [ —z* ( - 1]} ( +T[f0<arg{<zlm[W(c)]?
4 t3z%
+E Re[w(t e’ ] [t4+z4+z4t4+1]dt
t3 t3z*
+—_f Re[w(t)].[t4_z4+z4t4_1]dt
43 Azt [ 4 $Pzt
——f{wdz) [5 +Z454_1]—W<(c).[(-4_ § 4(—4_1]}6156177

Proof:

We apply the Cauchy-Pompeiu integral formula to the following points:

1ii 1 1 i

z,iz,iz,—z,—z,—iz,—i2,Z,—,
Z

2’z 2z 7z

i1
——,=
Z z

YT T T T

Noting that all the previous points lie outside D,, except for z, they belong to D,, we find:

w(z)=i.fw(o.i_%f {(()df_n 1)
=2_m f d{ 1f wz (D). ?fdn o (12)
ﬁ f ?—;g Wq(().?ic_iz . (13)
=2_mf Zaf if wz (). ?Tn (L4
=2—mf (f)zi—l ;fd" .. (1.5)
=27Tla£4 w(). —Z—lf wz(0). (df—dni .. (1.6)
Zm a{% ; wz ($)- ?idinz . (L7)
=2_ma£4 5151-3—1 J Wz(f)-;i—d?_....(l.B)
=2_ma£4 %——f wz (9). ?fjbj ..(1.9)
=ﬁf z—f%—lf 5(6)?5—_62...(1.10)
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_ﬁa{m ﬁ —f wz (D). @....(1.11)
= af4 __%HL we (). ?TZ....(LIZ)
=5 {)4 w(Q). _i——f df:bj .. (1.13)
= 37 A WO _i H ) ?...tm)
271n 6{)4 7 ! dS(‘171....(1.15)
=5 6{)4 i dS(‘12....(1.16)
Adding (1.1) and (1.3) on the one hand, and addlng (Zl 2) and (1.4) on the other, we find:
W) = 5 1 W .%dc = | W) did . (1)
0= 3m  w q_zdc——fwg-(c) Z_zdfdn 2)

2mi
Adding (1.5) and (1.7) on the one hand and adding (1.6) and (1.8) on the other, we find:

_ 2¢ 1 2¢
_Z_ma£>4W(O (2+ 7d¢ — fW{(O (2+ ——— dédn ... (1.3")
= 27Tla{a4 (()-52 2 d¢ — —fwz(() = dédn ... (1.4")

Adding (1.9) and (1.11) on the one hand, and adding (1. 10) and (1. 12) on the other hand, we find:

2072 1
[ W) ol - 2w g

Zm oD, z20% —
2072 2072
0 ‘z_m3£4 577 dc——fwg(c) Figr 7 dn - (16)
Adding (1.13) and (1.15) on the one hand, and addlng (1. 14) and (1.16) on the other hand, we find:
20z? 1 20z%
_27113{3;4 ({)'22{2+1d( T[f we©) 7202 +1
0 [ w 2z d 1f uz dd 1.8
_2_7Tlan)> ({)'2‘2{2+1 (—; wz(() = — 7207 4 édn ... (1.8")
Adding (1.1") and (1.3") on the one hand, and adding (1.2) and (1.4") on the other, we find:

1 43 1 423
w(z)=—ia{mw(c).¢%ﬁdz = | W@z dedn . 117)
43 1 4{3 "
= 377 A WO 0 = [ W@ e . (127)

(2 Cdédn ... (15")

dédn ... (1.7")

Adding (1.5" and (1.7") on the one hand, and adding (1.6") and (1.8") on the other hand, we find:

1 4(324— 1 53 4
_Z_MaJMW(O'TdE__&W((O Py

4(3 >4 1 {3 —4-

271", 3{)4 (() —4(4 d{ T f W{ ({) —4_{4 dfdn (1 4 )

Adding (1.1”) and (1.3") on the one hand, and addlng (1 2") and (1.4"”) on the other, we find:

[ 473 4737

Zigar — 7 48dn .. (1.3")

-1 wo-|; 4(3 {34 ©. L+ dédn ... (1.1
W(Z)_ana ( 4(4 ( W(( 2464_1 5;77( . )
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0= | w7 63 LS L LS S P
= Zmign, g1 X ) WO gt g — g 0 - (127)
We can formulate (1.1”’) as foIIows:
O=ps [ w2 T L [w(ee®) [
= — . b .e4 .
W = ot e T T 1| Y o, ) [E T e
4

1t 4 4 1o LA S
+%f0 w(t). T +z4t4—1 t—EmW(((). (4_Z4+ 1 &dn ... (%)

Z4 Z4(4
Taking the two terminal facilities (1.2""") and reformulating the output we get:

1 (6=t 1 4 4z* 1d¢ 1 (O =y [ 48 4¢32%
— W(().[ + ]——— w(t.e4).[ + ]dt

ZTH 0<arg(<" —{*z*  z*={*| ¢ 2mi tY+ 2z z4tt+ 1

4¢3 4¢3z 4¢3 3zt
anf W() [t4 +Z4t4 ]dt——fWZ(().[(_4_Z4+Z4(_4 ]dfdn L (x%)
Where:
_ - dq
Kl=1=¢l=1d0=~-7

Im(()=0=>(=(=t
Subtracting (* *) from ( *) we get:

1 k= 433 473z* 4z* N d¢
W(Z)—Z—T[, {W(().[€4_Z4+ ] w(Q). [ myo 4+ ]}_

l 0<argg’<% Z4Z4 {4 (

1 (° m; 4¢3 4t3z* — =N [ 4t 4t3z*
+E {W(t.e4 )'[t" g +z4t4 n 1] +W(t.e4 )'[t4 g +Z4t4 n 1]}dt

1 4¢3 4t3z* 4¢3 4374

+ﬁfo {W(t)'[t4—z4+z4t4 1]+w(t) [ z4+z4t4—1]}dt

1 4¢3 4032* 432% ]
_;Df4 {WZ(O' [(4 " + 7404 — 1] = we (). [(‘4 i 247% — 1_}dfdr]
We put w({) = Re[w({)] + ilm[w({)] in the previous equality, we find:

w) == - {Re[W(O] [54+Z4+5424“]}5+i "Re [ (2.08)] [y # o ]dt
0

i <arg(<— z4*—1|) ¢ mi 1 _t4' +z¢ z4tr+ 1
1 t3 t324
| Re[w(t)].[ S 1] dt
1 4(3 (3 4 4(‘324
_EII{; {WZ(Z)-[(4 —; +Z4( ] wz({). [(4 4(_4 — 1]}(15(11;

Which is required.

From the previous theorem, we can assign the modified Cauchy - Pompeiu integral effect in the region D,, in
the following form:

1 43 4_3 4_34-
TDJ(Z)=—;D{{/‘(O-[(4( s ] f(c)[ e 1]}d§dn

2. Conclusion
In this research we came to:

o Modify the Cauchy - Pompeiu integral formula to correspond to the price of one tablet.
e  Set the Cauchy - Pompeiu integrative effect at the price of one D, disk.
References
[1] H.Begehr, T.Vaitekhovich, Harmonic boundary value problems in half disc and half ring, Functiones et
Approximatio, 40.2,(2009), pp.251-282.
[2] B. Shupeyeva, “Harmonic boundary value problems in a quarter ring domain”, Advances in Pure and Applied
Mathematics, vol.3, no. 4, pp. 393-419, (2012).

28
Doi: https://doi.org/10.54216/PMTCS.020202
Received: January 20, 2023 Revised: April 15,2023 Accepted: September 19, 2023



https://doi.org/10.54216/PMTCS.020202

Pure Mathematics For Theoretical Compauter Science (PMTCS) 1ol 02, No. 01, PP. 23-29, 2023

[3] B.Shupeyeva, Dirichlet Problem for Complex Poisson Equation in a Half Hexagon Domain, Journal of
Complex Analysis,(2016).

[4] H. Begehr, S.Burgumbayeva, B.Shupeyeva, Harmonic Green Functions for a Plane Domain With two
Touching Circles as Boundary, Advanced Mathematical Models & Applications, vol.3, no.1, pp. 18-29,
(2018).

[5] Y. Wang, Boundary value problems for complex partial differential equations in fanshaped domains, Ph.D.
thesis, FU Berlin, (2011), ttp://www.diss.fuberlin.de/diss/receive.FUDISS-thesis-000000021359.

[6] B.Shupeyeva, Some Basic Boundary Value Problems for Complex Partial Differential Equations in Quarter
Ring and Half Hexagon, Ph.D. thesis, FU Berlin,(2013).

[7] T.Vaitsiakhovich, Boundary Value Problems for Complex Partial Differential Equations in a ring domain,
PhD thesis, FU Berlin, 2008; www.diss.fu-berlin.de/diss/receive/FUDISS thesis 000000003859.

[8] H.Begehr, , T.Vaitekhovich, Schwarz problem in lens and lune. Complex Var. Ell. Eq., 59(1), 76-84 (2014).

29
Doi: https://doi.org/10.54216/PMTCS.020202

Received: January 20, 2023 Revised: April 15,2023 Accepted: September 19, 2023



https://doi.org/10.54216/PMTCS.020202
http://www.diss.fu-berlin.de/diss/receive/FUDISS%20thesis%20000000003859

