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Abstract

In this paper, we introduce and study the concept of neutrosophic submodules and neutrosophic primary sub-
module with the help of the definition of a radical submodule, and we also study the properties of these
submodules. Furthermore, homomorphic image and preimage of neutrosophic primary submodule are inves-
tigated.
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1 introduction

One of the structures that play an important role in mathematics is the structure of fuzzy algebra, which has
been used extensively in many fields such as computer science, information technology, theoretical physics,
and control engineering. Since the introduction of fuzzy sets in 1965,20 researchers have done extensive
research on various concepts of abstract algebra in the space of fuzzy sets, such as Rosenfeld,15 who in 1971
was the first to define the concept of fuzzy subgroups of a group. Many extensions of this concept have
been proposed since then (especially in recent decades). In 1975, Relescu and Naegoita12 applied the concept
of fuzzy sets to the theory of modules.After presenting this definition, different types of fuzzy submodules
were examined in the last two decades. In 1986, Atanassov2 introduced intuitionistic fuzzy sets based on the
degree of membership and degree of nonmembership, provided that the total membership and nonmembership
should not exceed one another. In 1989, Biswas5 applied the concept of intuitionistic fuzzy sets to group
theory and studied the intuitionistic fuzzy subsets of a group. In the last few years a considerable number of
papers have been done on fuzzy and intuitionistic fuzzy submodules in general, and fuzzy and intuitionistic
fuzzy prime and primary submodules in particular. Hur et al.7 introduced the notion of intuitionistic fuzzy
prime ideals and intuitionistic fuzzy weakly completely prime ideals in a ring. The concept of the fuzzy prime
submodule and fuzzy primary submodule was studied by Mashinchi and Zahedi in.11 Also, intuitionistic fuzzy
submodules and their properties were studied by many mathematicians.4, 14, 18 The notion of neutrosophic nil
radicals of neutrosophic ideals in rings is introduced, and related properties are investigated. In this paper, and
in the first step we define the neutrosophic radical of an intuitionistic fuzzy submodule of an R-module M
and so we present some of its properties similar to the studies in the module theory. Also and related to this
definition, we will define neutrosophic primary submodule and investigate their properties. We show that for
any neutrosophic primary submodule of an R-module M , with sup property its radical will be a neutrosophic
prime ideal of R.
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Throughout this paper,R is a commutative ring with unity andM is an unitaryR-module. A proper submodule
P of M is called a prime submodule provided that for any r ∈ R and m ∈ M , rm ∈ P implies that m ∈ P
or r ∈ (P :M) = {r ∈ R : rM ⊆ P}. We use the symbol θ for the zero element of a R-module.

Let A be a nonempty set. The neutrosophic set19 on A is defined to be a structure

A := {⟨x, µ(x), γ(x), ψ(x)⟩ | x ∈ A}, (1)

where µ : A → [0, 1] is a truth membership function, γ : A → [0, 1] is an indeterminate membership
function, and ψ : A→ [0, 1] is a false membership function. The neutrosophic set in (1) is simply denoted by
A = (ψA, γA, ψA).

Definition 1.1. 9 Let R be a ring. A neutrosophic set A = (µA, γA, ψA) of R is said to be a neutrosophic
ideal of R if it satisfies

(∀x, y ∈ R)

 µA(x− y) ≥ min{µA(x), µA(y)},
γA(x− y) ≥ min{γA(x), γA(y)},
ψA(x− y) ≤ max{ψA(x), ψA(y)}

 , (2)

(∀x, y ∈ R)

 µA(xy) ≥ max{µA(x), µA(y)},
γA(xy) ≥ max{γA(x), γA(y)},
ψA(xy) ≤ min{ψA(x), ψA(y)}

 . (3)

2 Properties of neutrosophic submodule

Definition 2.1. Let M be an R-module and A ∈ N (M). Then A is called a neutrosophic submodule if

1. µA(θ) = 1, γA(θ) = 1, ψA(θ) = 0,

2. µA(x + y) ≥ µA(x) ∧ µA(y), γA(x + y) ≥ γA(x) ∧ γA(y), ψA(x + y) ≤ ψA(x) ∨ ψA(y) for all
x, y ∈M

3. µA(rx) ≥ µA(x), γA(rx) ≥ γA(x), ψA(rx) ≤ ψA(x) for all x ∈M and r ∈ R.

We denote the class of all neutrosophic submodule of an R-module M , by NM(M). Notice that, when
R = M , then A ∈ NM(M) if and only if µA(θ) = 1, γA(θ) = 1, ψA(θ) = 0 and A ∈ N I(R). Now, for a
neutrosophic submodule, we define a neutrosophic radical.

Definition 2.2. Let M be an R-module and A ∈ N (M). The neutrosophic subset
√
A = (

√
µA,

√
γA,

√
ψA)

of R is called the neutrosophic radical of A and is defined as follows:
√
µA(r) =

∨
n∈N

∧
m∈M

µA(r
n · m),

√
γA(r) =

∧
n∈N

∨
m∈M

γA(r
n ·m) and

√
ψA(r) =

∨
n∈N

∧
m∈M

ψA(r
n ·m) for all r ∈ R, m ∈ M , n ∈ N . It

is clear that when M = R, then the neutrosophic fuzzy radical of a neutrosophic ideal of R will be defined
by:

√
A = (

√
µA,

√
γA,

√
ψA), where

√
µA(r) =

∨
n∈N

µA(r
n),

√
γA(r) =

∨
n∈N

γA(r
n) and

√
ψA(r) =∧

n∈N

ψA(r
n).

Now we show that for any neutrosophic submodule A of M ,
√
A is a neutrosophic ideal of R.

Proposition 2.3. Let A = (µA, γA, ψA) be a neutrosophic submodule of M , then
√
A = (

√
µA,

√
γA,

√
ψA)

is a neutrosophic ideal of R.

Proof. Let r1, r2 ∈ R, then
√
µA(r1 + r2)

=
∨

n∈N

∧
m∈M

µA((r1 + r2)
n ·m)

=
∨

n∈N

∧
m∈M

µA((r1 + r2)
2n ·m) ∨

∨
n∈N

∧
m∈M

µA((r1 + r2)
2n+1 ·m).
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Now, we have
∧

m∈M

µA((r1 + r2)
2n ·m)

=
∧

m∈M

((
2n∑
i=0

C2n
i r2n−i

1 ri2) ·m)

≥
∧

m∈M

(µA(r
2n
1 ·m) ∧ µA(r

2n−1
1 · r2 ·m) ∧ · · · ∧

µA(r
n
1 · rn2 ·m) ∧ µA(r

n+1
1 · rn+1

2 ·m) ∧ · · · ∧ µA(r
2n
2 ·m))

≥
∧

m∈M

(µA(r
2n
1 ·m) ∧ µA(r

2n−1
1 ·m) ∧ · · · ∧

µA(r
n
1 ·m) ∧ µA(r

n+1
1 ·m) ∧ · · · ∧ µA(r

2n
2 ·m))

=
∧

m∈M

(µA(r
n
1 ·m) ∧ µA(r

n+1
2 ·m))

≥
∧

m∈M

(µA(r
n
1 ·m) ∧ µA(r

n
2 ·m))

= (
∧

m∈M

µA(r
n
1 ·m)) ∧ (

∧
m∈M

µA(r
n
2 ·m)).

Also,
∧

m∈M

µA((r1 + r2)
2n+1 ·m)

=
∧

m∈M

µA((
2n+1∑
i=0

C2n+1
i r2n+1−i

1 ri2) ·m)

≥
∧

m∈M

(µA(r
2n+1
1 ·m) ∧ µA(r

2n
1 · r2 ·m) ∧ · · · ∧

µA(r
n
1 · rn+1

2 ·m) ∧ · · · ∧ µA(r
2n+1
2 ·m))

≥
∧

m∈M

(µA(r
2n+1
1 ·m) ∧ µA(r

2n
1 ·m) ∧ · · · ∧

µA(r
n+1
1 ·m) ∧ · · · ∧ µA(r

n+1
2 ·m) ∧ · · · ∧ µA(r

2n+1
2 ·m))

=
∧

m∈M

(µA(r
n+1
1 ·m) ∧ µA(r

n+1
2 ·m))

≥
∧

m∈M

(µA(r
n
1 ·m) ∧ µA(r

n
2 ·m))

=
∧

m∈M

µA(r
n
1 ·m) ∧

∧
m∈M

µA(r
n
2 ·m).

Therefore,
√
µA(r1 + r2)

=
∨

n∈N

∧
m∈M

µA((r1 + r2)
2n ·m) ∨

∨
n∈N

∧
m∈M

µA((r1 + r2)
2n+1 ·m)

≥
∨

n∈N

((
∧

m∈M

µA(r
n
1 ·m)) ∧

∧
m∈M

µA(r
n
2 ·m)) ∨

∨
n∈N

(
∧

m∈M

µA(r
n
1 ·m)) ∧

∧
m∈M

µA(r
n
2 ·m)))

=
∨

n∈N

(
∧

m∈M

µA(r
n
1 ·m) ∧

∧
m∈M

µA(r
n
2 ·m))

= (
∨

n∈N

∨
n∈N

(
∧

m∈M

µA(r
n
1 ·m)) ∧ (

∨
n∈N

∧
m∈M

µA(r
n
2 ·m))

=
√
µA(r1) ∧

√
µA(r2).

Also
√
γA(r1 + r2) =

∨
n∈N

∧
m∈M

γA((r1 + r2)
n ·m)

=
∨

n∈N

∧
m∈M

γA((r1 + r2)
2n ·m) ∨

∨
n∈N

∧
m∈M

γA((r1 + r2)
2n+1 ·m).

Now, we have
∧

m∈M

γA((r1 + r2)
2n ·m)

=
∧

m∈M

((
2n∑
i=0

C2n
i r2n−i

1 ri2) ·m)

≥
∧

m∈M

(γA(r
2n
1 ·m) ∧ γA(r2n−1

1 · r2 ·m) ∧ · · · ∧

γA(r
n
1 · rn2 ·m) ∧ γA(rn+1

1 · rn+1
2 ·m) ∧ · · · ∧ γA(r2n2 ·m))

≥
∧

m∈M

(γA(r
2n
1 ·m) ∧ γA(r2n−1

1 ·m) ∧ · · · ∧

γA(r
n
1 ·m) ∧ γA(rn+1

1 ·m) ∧ · · · ∧ γA(r2n2 ·m))
=

∧
m∈M

(γA(r
n
1 ·m) ∧ γA(rn+1

2 ·m))

≥
∧

m∈M

(γA(r
n
1 ·m) ∧ γA(rn2 ·m))

= (
∧

m∈M

γA(r
n
1 ·m)) ∧ (

∧
m∈M

γA(r
n
2 ·m)).

https://doi.org/10.54216/IJNS.220303
Received: April 26, 2023 Revised: July 08, 2023 Accepted: October 04, 2023

38



International Journal of Neutrosophic Science (IJN) Vol. 22, No. 03, PP. 36-52 2023

Also,
∧

m∈M

γA((r1 + r2)
2n+1 ·m)

=
∧

m∈M

γA((
2n+1∑
i=0

C2n+1
i r2n+1−i

1 ri2) ·m)

≥
∧

m∈M

(γA(r
2n+1
1 ·m) ∧ γA(r2n1 · r2 ·m) ∧ · · · ∧

γA(r
n
1 · rn+1

2 ·m) ∧ · · · ∧ γA(r2n+1
2 ·m))

≥
∧

m∈M

(γA(r
2n+1
1 ·m) ∧ γA(r2n1 ·m) ∧ · · · ∧

γA(r
n+1
1 ·m) ∧ · · · ∧ γA(rn+1

2 ·m) ∧ · · · ∧ γA(r2n+1
2 ·m))

=
∧

m∈M

(γA(r
n+1
1 ·m) ∧ γA(rn+1

2 ·m))

≥
∧

m∈M

(γA(r
n
1 ·m) ∧ γA(rn2 ·m))

=
∧

m∈M

γA(r
n
1 ·m) ∧

∧
m∈M

γA(r
n
2 ·m).

Therefore,
√
γA(r1 + r2)

=
∨

n∈N

∧
m∈M

γA((r1 + r2)
2n ·m) ∨

∨
n∈N

∧
m∈M

γA((r1 + r2)
2n+1 ·m)

≥
∨

n∈N

((
∧

m∈M

γA(r
n
1 ·m)) ∧

∧
m∈M

γA(r
n
2 ·m)) ∨

∨
n∈N

(
∧

m∈M

γA(r
n
1 ·m)) ∧

∧
m∈M

γA(r
n
2 ·m)))

=
∨

n∈N

(
∧

m∈M

γA(r
n
1 ·m) ∧

∧
m∈M

γA(r
n
2 ·m))

= (
∨

n∈N

∨
n∈N

(
∧

m∈M

γA(r
n
1 ·m)) ∧ (

∨
n∈N

∧
m∈M

γA(r
n
2 ·m))

=
√
γA(r1) ∧

√
γA(r2).

Similarly,
√
ψA(r1 + r2)

=
∧

n∈N

∨
m∈M

ψA((r1 + r2)
n ·m)

=
∧

n∈N

∨
m∈M

ψA((
n∑

i=0

Cn
i r

n−i
1 ri2) ·m)

≤
∧

n∈N

∨
m∈M

(ψA(r
n
1 ·m) ∨ ψA(r

n−1
1 · r2 ·m) ∨ · · · ∨ ψA(r1 · rn−1

2 ·m) ∨ · · · ∧ µA(r
n
2 ·m)

≤
∧

n∈N

∨
m∈M

(ψA(r
n
1 ·m) ∨ ψA(r

n−1
1 ·m) ∨ · · · ∨ ψA(r

n−1
2 ·m) ∨ · · · ∧ µA(r

n
2 ·m)

=
∧

n∈N

∨
m∈M

(ψA(r
n
1 ·m) ∨ ψA(r

n
2 ·m))

= (
∧

n∈N

∨
m∈M

(ψA(r
n
1 ·m)) ∨ (

∧
n∈N

∨
m∈M

(ψA(r
n
2 ·m))

=
√
ψA(r1) ∨

√
ψA(r2).

And √
µA(r1r2) =

∨
n∈N

∧
m∈M

(µA((r1r2)
n ·m)

=
∨

n∈N

∧
m∈M

(µA(r
n
1 r

n
2 ) ·m)

≥
∨

n∈N

∧
m∈M

(γA(r
n
1 ·m))

=
√
µA(r1).

√
µA(r1r2) =

∨
n∈N

∧
m∈M

(µA((r1r2)
n ·m)

=
∨

n∈N

∧
m∈M

(µA(r
n
1 r

n
2 ) ·m)

≥
∨

n∈N

∧
m∈M

(γA(r
n
2 ·m))

=
√
µA(r2).

Hence
√
µA(r1r2) ≥

√
µA(r1) ∨

√
µA(r2).

And √
γA(r1r2) =

∨
n∈N

∧
m∈M

(γA((r1r2)
n ·m)

=
∨

n∈N

∧
m∈M

(γA(r
n
1 r

n
2 ) ·m)

≥
∨

n∈N

∧
m∈M

(γA(r
n
1 ·m))

=
√
γA(r1).
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√
γA(r1r2) =

∨
n∈N

∧
m∈M

(γA((r1r2)
n ·m)

=
∨

n∈N

∧
m∈M

(γA(r
n
1 r

n
2 ) ·m)

≥
∨

n∈N

∧
m∈M

(γA(r
n
2 ·m))

=
√
γA(r2).

Hence
√
γA(r1r2) ≥

√
γA(r1) ∨

√
γA(r2).

Also √
ψA(r1r2) =

∧
n∈N

∨
m∈M

(ψA((r1r2)
n ·m)

=
∧

n∈N

∨
m∈M

(ψA(r
n
1 r

n
2 ) ·m)

≥
∧

n∈N

∨
m∈M

(ψA(r
n
1 ·m))

=
√
ψA(r1).

√
ψA(r1r2) =

∧
n∈N

∨
m∈M

(ψA((r1r2)
n ·m)

=
∧

n∈N

∨
m∈M

(ψA(r
n
1 r

n
2 ) ·m)

≥
∧

n∈N

∨
m∈M

(ψA(r
n
2 ·m))

=
√
ψA(r2).

Hence
√
ψA(r1r2) ≤

√
ψA(r1) ∧

√
ψA(r2).

Now let r ∈ R, √
µA(−r) =

∨
n∈N

∧
m∈M

(µA((−r)n ·m)

=
∨

n∈N

∧
m∈M

(µA(r
n) ·m)

=
√
µA(r).

√
γA(−r) =

∨
n∈N

∧
m∈M

(γA((−r)n ·m)

=
∨

n∈N

∧
m∈M

(γA(r
n) ·m)

=
√
γA(r).

√
ψA(−r) =

∧
n∈N

∨
m∈M

(ψA((−r)n ·m)

=
∧

n∈N

∨
m∈M

(ψA(r
n) ·m)

=
√
ψA(r).

Therefore,
√
A is a neutrosophic ideal of R.

In the following proposition, we will give some properties of neutrosophic radicals.

Proposition 2.4. Let A,B ∈ NM(M), then

1.
√√

A =
√
A.

2. A ⊆ B ⇒
√
A ⊆

√
B.

3.
√
A ∩B =

√
A ∩

√
B.

4.
√√

A+
√
B ⊆

√
A+B.
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Proof. (1). Since
√√

A = (
√√

µA,
√√

γA,
√√

ψA), by Proposition 2.5,
√√

A is a neutrosophic ideal of
R. Then √√

µA(r) =
∨

n∈N

(
√
µA(r

n)

=
∨

n∈N

(
∨

n′∈N

∧
m∈M

(µA((r
n)n

′
) ·m))

=
∨

n∈N

(
∨

n′∈N

∧
m∈M

(µA((r
nn′

) ·m))

=
∨

n′′∈N

∧
m∈M

(µA((r
n′′

) ·m))

=
√
µA(r).

And √√
γA(r) =

∨
n∈N

(
√
γA(r

n)

=
∨

n∈N

(
∨

n′∈N

∧
m∈M

(γA((r
n)n

′
) ·m))

=
∨

n∈N

(
∨

n′∈N

∧
m∈M

(γA((r
nn′

) ·m))

=
∨

n′′∈N

∧
m∈M

(γA((r
n′′

) ·m))

=
√
γA(r).

Also √√
ψA(r) =

∧
n∈N

(
√
ψA(r

n)

=
∧

n∈N

(
∧

n′∈N

∨
m∈M

(ψA((r
n)n

′
) ·m))

=
∧

n∈N

(
∧

n′∈N

∨
m∈M

(ψA((r
nn′

) ·m))

=
∧

n′′∈N

∨
m∈M

(ψA((r
n′′

) ·m))

=
√
ψA(r).

Hence
√√

A = (
√
µA,

√
γA,

√
ψA) =

√
A.

(3). We have A ∩B = ⟨m,µA(m) ∧ µB(m), γ(m) ∧ γB(m), ψA(m) ∨ ψB(m)⟩. Then
√
µA ∧ µB(r) =

∨
n∈N

∧
m∈M

(µA ∧ µB)(r
n ·m)

=
∨

n∈N

∧
m∈M

(µA(r
n ·m) ∧ µB(r

n ·m))

= (
∨

n∈N

∧
m∈M

(µA(r
n ·m)) ∧ (

∨
n∈N

∧
m∈M

(µB(r
n ·m))

=
∨

n′′∈N

∧
m∈M

(µA((r
n′′

) ·m))

=
√
µA(r) ∧

√
µB(r).

√
γA ∧ γB(r) =

∨
n∈N

∧
m∈M

(γA ∧ γB)(rn ·m)

=
∨

n∈N

∧
m∈M

(γA(r
n ·m) ∧ γB(rn ·m))

= (
∨

n∈N

∧
m∈M

(γA(r
n ·m)) ∧ (

∨
n∈N

∧
m∈M

(γB(r
n ·m))

=
∨

n′′∈N

∧
m∈M

(γA((r
n′′

) ·m))

=
√
γA(r) ∧

√
γB(r).

√
ψA ∨ ψB(r) =

∧
n∈N

∨
m∈M

(ψA ∨ ψB)(r
n ·m)

=
∧

n∈N

∨
m∈M

(ψA(r
n ·m) ∨ ψB(r

n ·m))

= (
∧

n∈N

∨
m∈M

(ψA(r
n ·m)) ∨ (

∧
n∈N

∨
m∈M

(ψB(r
n ·m))

=
∧

n′′∈N

∨
m∈M

(ψA((r
n′′

) ·m))

=
√
ψA(r) ∨

√
ψB(r).

Therefore,
√
A ∩B = (r,

√
µA(r) ∧

√
µB(r),

√
γA(r) ∧

√
γB(r),

√
ψA(r) ∨

√
ψB(r)) =

√
A ∩

√
B.

(4). We have
(µA + µB)(x) =

∨
y+z=x

(µA(y) ∧ µB(z))

≥ µA(x) ∧ µB(θ), where µB(θ) = 1
= µA(x).
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(γA + γB)(x) =
∨

y+z=x
(γA(y) ∧ γB(z))

≥ γA(x) ∧ γB(θ), where γB(θ) = 1
= γA(x).

and
(ψA + ψB)(x) =

∨
y+z=x

(ψA(y) ∨ ψB(z))

≥ ψA(x) ∨ ψB(θ), where ψB(θ) = 0
= ψA(x).

We have
(µA + µB)(x) =

∨
y+z=x

(µA(y) ∧ µB(z))

≥ µA(x) ∧ µB(θ), where µB(θ) = 1
= µA(x).

(γA + γB)(x) =
∨

y+z=x
(γA(y) ∧ γB(z))

≥ γA(x) ∧ γB(θ), where γB(θ) = 1
= γA(x),

and
(ψA + ψB)(x) =

∧
y+z=x

(ψA(y) ∧ ψB(z))

≤ ψA(x) ∧ ψB(θ), where ψB(θ) = 0
= ψA(x).

Now
√
µA ⊆

√
µA + µB ,

√
µB ⊆

√
µA + µB ⇒ √

µA +
√
µB ⊆

√
µA + µB . Hence

√√
µA +

√
µB ⊆√√

µA + µB =
√
µA + µB . Similarly,

√√
γA +

√
γB ⊆

√√
γA + γB =

√
γA + γB . And so

√
ψA ⊇

√
ψA + ψB ,

√
ψB ⊇

√
ψA + ψB ⇒

√
ψA+

√
ψB ⊇

√
ψA + ψB . Hence

√√
ψA +

√
ψB ⊇

√√
ψA + ψB =√

ψA + ψB . Therefore
√√

A+
√
B ⊆

√
A+B.

Definition 2.5. If A ∈ N (R), then A is said to have the sup property if for every ∅ ≠ Y ⊆ R, there is a
y0 ∈ Y such that sup

y∈Y
µA(y) = µA(y0), sup

y∈Y
γA(y) = γA(y0), inf

y∈Y
ψA(y) = ψA(y0).

Definition 2.6. Suppose thatA ∈ N (X). Then the setX(α,β,ω)
A = {x : x ∈ X such that µA(x) ≥ α, γA(x) ≥

β, ψA(x) ≤ ω}, where α, β, ω ∈ [0, 1] with α+ β + ω ≤ 1, is called (α, β, ω)-cut set (crisp set).

Proposition 2.7. LetA ∈ NM(M) and suppose thatA has sup property, then (
√
MA)

(α,β,ω) =

√
M

(α,β,ω)
A ,

where M (α,β,ω)
A = {x ∈ M : µA(x) ≥ α, γA(x) ≥ β, ψA(x) ≤ ω, α + β + ω ≤ 1, (α, β, ω) ∈ ImµA ×

ImγA × ImψA}.

Proof. Let A be a neutrosophic submodule of M with sup property, then (
√
MA)

(α,β,ω)

= {r ∈ R :
√
µA(r) ≥ α,

√
γA(r) ≥ β,

√
ψA(r) ≤ ω}

= {r ∈ R :
∨

n∈N

∧
m∈M

µA(r
n ·m) ≥ α,

∨
n∈N

∧
m∈M

γA(r
n ·m) ≥ β,

∧
n∈N

∨
m∈M

ψA(r
n ·m) ≤ ω}

= {r ∈ R :
∧

m∈M

µA(r
n1 ·m) ≥ α,

∧
m∈M

γA(r
n2 ·m) ≥ β,

∨
m∈M

ψA(r
n3 ·m) ≤ ω, n1, n2, n3 ∈ N}

= {r ∈ R : µA(r
n1rn2 ·m) ≥ α, γA(r

n1rn2 ·m) ≥ β, ψA(r
n1rn2 ·m) ≤ ω ∀m ∈M}

= {r ∈ R : n′′ = n1 + n2, µA(r
n′′ ·m) ≥ α, γA(r

n′′ ·m) ≥ β, ψA(r
n′′ ·m) ≤ ω ∀m ∈M}

= {r ∈ R : rn
′′ ·m ∈M (α,β,ω) ∀m ∈M for some n′′ ∈ N}

= {r ∈ R : rn
′′ ·M ⊆M (α,β,ω) for some n′′ ∈ N}

=

√
M

(α,β,ω)
A ,

Definition 2.8. Let A = (µA, γA, ψA) be a neutrosophic submodule of M . Then the neutrosophic subset
A = (µA, γA, ψA), is defined µA(r) =

∧
m∈M

µA(r ·m), γA(r) =
∧

m∈M

γA(r ·m), ψA(r) =
∨

m∈M

ψA(r ·m),

where A = (A,M).

Proposition 2.9. Let A be a neutrosophic submodule of M . Then, A is a neutrosophic ideal of R.
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Proof. Let r1, r2 ∈ R. then

µA(r1 − r2) =
∧

m∈M

µA((r1 − r2) ·m)

=
∧

m∈M

µA(r1 ·m− r2 ·m)

≥
∧

m∈M

(µA(r1 ·m) ∧ µA(r2 ·m))

= (
∧

m∈M

µA(r1 ·m)) ∧ (
∧

m∈M

µA(r2 ·m))

= µA(r1) ∧ µA(r2).

γA(r1 − r2) =
∧

m∈M

γA((r1 − r2) ·m)

=
∧

m∈M

γA(r1 ·m− r2 ·m)

≥
∧

m∈M

(γA(r1 ·m) ∧ γA(r2 ·m))

= (
∧

m∈M

γA(r1 ·m)) ∧ (
∧

m∈M

γA(r2 ·m))

= γA(r1) ∧ γA(r2).

ψA(r1 − r2) =
∨

m∈M

ψA((r1 − r2) ·m)

=
∨

m∈M

ψA(r1 ·m− r2 ·m)

≥
∨

m∈M

(ψA(r1 ·m) ∨ ψA(r2 ·m))

= (
∨

m∈M

ψA(r1 ·m)) ∨ (
∨

m∈M

ψA(r2 ·m))

= ψA(r1) ∨ ψA(r2).

Now suppose that r1, r2 ∈ R. Then we have

µA(r1r2) =
∧

m∈M

µA((r1r2) ·m)

≥
∧

m∈M

µA(r1 ·m)

= µA(r1).

γA(r1r2) =
∧

m∈M

γA((r1r2) ·m)

≥
∧

m∈M

γA(r1 ·m)

= γA(r1).

ψA(r1r2) =
∨

m∈M

ψA((r1r2) ·m)

≥
∨

m∈M

ψA(r1 ·m)

= ψA(r1).

Hence µA(r1r2) ≥ µA(r1) ∨ µA(r2), γA(r1r2) ≥ γA(r1) ∨ γA(r2) and ψA(r1r2) ≤ ψA(r1) ∧ ψA(r2).
Therefore, A is a neutrosophic ideal of R.

Remark 2.10. If A ∈ NM(M), then
√
A =

√
A.

Proof. We have
√
A = {r,√µA(r),

√
γA(r),

√
ψA(r)}

= {r,
∨

m∈M

µA(r
n),

∨
m∈M

γA(r
n),

∧
m∈M

ψA(r
n)}

= {r,
∨

m∈M

∧
m∈M

µA(r
n ·m),

∨
m∈M

∧
m∈M

γA(r
n ·m),

∧
m∈M

∨
m∈M

ψA(r
n ·m)}

= {r,√µA(r),
√
γA(r),

√
ψA(r)}

=
√
A.

https://doi.org/10.54216/IJNS.220303
Received: April 26, 2023 Revised: July 08, 2023 Accepted: October 04, 2023

43



International Journal of Neutrosophic Science (IJN) Vol. 22, No. 03, PP. 36-52 2023

Proposition 2.11. LetM be anR-module andA ∈ NM(M). ThenM (α,β,ω)
A =M

(α,β,ω)
A , whereM (α,β,ω)

A =
{x ∈M : µA(x) ≥ α, γA(x) ≥ β, ψA(x) ≤ ω}.

Proof. Consider M (α,β,ω)
A

= (M
(α,β,ω)
A :M)

= Ann
M

M
(α,β,ω)
A

= {r ∈ R : r · (m+M
(α,β,ω)
A ) =M

(α,β,ω)
A ∀m ∈M}

= {r ∈ R : r ·m+M
(α,β,ω)
A =M

(α,β,ω)
A ∀m ∈M}

= {r ∈ R : r ·m ∈M
(α,β,ω)
A ∀m ∈M}

= {r ∈ R : µA(r ·m) ≥ α, γA(r ·m) ≥ β, ψA(r ·m) ≤ ω ∀m ∈M}
= {r ∈ R :

∧
m∈M

µA(r ·m) ≥ α,
∧

m∈M

γA(r ·m) ≥ β,
∨

m∈M

ψA(r ·m) ≤ ω ∀m ∈M}

= {r ∈ R : µA(r) ≥ α, γA(r) ≥ β, ψA(r) ≤ ω}
= M

(α,β,ω)
A .

Definition 2.12. (see [14]). Let M and N be modules over the same ring R and let f be a mapping from M
to N . Let A = (µA, γA, ψA) be a neutrosophic submodule of M and B = (µB , γB , ψB) be a neutrosophic
submodule of N . Then, the image of the neutrosophic submodule A of M , f(A) = (f(µA), f(γA), f(ψA)) ∈
N can be defined for all y ∈ N as follows:

f(µA)(y) =

{
∨{µA(x) : x ∈ R, f(x) = y} if f−1(y) ̸= ∅

0 otherwise.

f(γA)(y) =

{
∨{γA(x) : x ∈ R, f(x) = y} if f−1(y) ̸= ∅

0 otherwise.

f(ψA)(y) =

{
∧{ψA(x) : x ∈ R, f(x) = y} if f−1(y) ̸= ∅

1 otherwise.

and inverse image of a neutrosophic submodule B of N can be defined as x ∈M , f−1(B) = B(f(x)).

Theorem 2.13. Let f :M →M ′ be an epimorphism of R-modules. If A ∈ NM(M), then A ⊆ f(A).

Proof. First we show that f(A) is a neutrosophi submodule of M ′. let u, v ∈ R, then there exist x, y ∈ R
such that f(x) = u, f(y) = v; hence f(x− y) = u− v. Now we have

f(µA)(u− v) =
∨

z∈f−1(u−v)

µA(z)

≥
∨

x−y∈f−1(u−v)

µA(x− y)

≥
∨

x∈f−1(u),y∈f−1(v)

(µA(x) ∧ µA(y))

= (
∨

x∈f−1(u)

(µA(x))) ∧ (
∨

y∈f−1(v)

(µA(y)))

= f(µA)(u) ∧ f(µA)(v).

f(γA)(u− v) =
∨

z∈f−1(u−v)

γA(z)

≥
∨

x−y∈f−1(u−v)

γA(x− y)

≥
∨

x∈f−1(u),y∈f−1(v)

(γA(x) ∧ γA(y))

= (
∨

x∈f−1(u)

(γA(x))) ∧ (
∨

y∈f−1(v)

(γA(y)))

= f(γA)(u) ∧ f(γA)(v).
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f(ψA)(u− v) =
∧

z∈f−1(u−v)

ψA(z)

≤
∧

x−y∈f−1(u−v)

ψA(x− y)

≤
∧

x∈f−1(u),y∈f−1(v)

(ψA(x) ∨ ψA(y))

= (
∧

x∈f−1(u)

(ψA(x))) ∨ (
∧

y∈f−1(v)

(ψA(y)))

= f(ψA)(u) ∨ f(ψA)(v).

f(µA)(r ·m) =
∨

m′∈f−1(r·m)

µA(m
′)

≥
∨

m′∈f−1(m)

µA(r ·m′)

≥
∨

m′∈f−1(m)

(µA(m
′)

= f(µA)(m).

f(γA)(r ·m) =
∨

m′∈f−1(r·m)

γA(m
′)

≥
∨

m′∈f−1(m)

γA(r ·m′)

≥
∨

m′∈f−1(m)

(γA(m
′)

= f(γA)(m).

f(ψA)(r ·m) =
∧

m′∈f−1(r·m)

ψA(m
′)

≤
∧

m′∈f−1(m)

ψA(r ·m′)

≤
∧

m′∈f−1(m)

(ψA(m
′)

= f(ψA)(m).

f(µA)(0M ′) =
∨

m∈f−1(0M′ )

µA(m) = µA(0M ),

f(γA)(0M ′) =
∨

m∈f−1(0M′ )

γA(m) = γA(0M ).

f(ψA)(0M ′) =
∧

m∈f−1(0M′ )

ψA(m) = ψA(0M ).

Hence f(A) ∈ NM(M ′).
Let r ∈ R. Then

f(µA)(r) = (f(µA) : f(M))(r)
=

∨
m′∈f(M)

(r ·m′)

=
∨

m′∈f(M)

∧
m∈f−1(r·m)

µA(m)

≥
∨

m′∈f(M)

∧
m∈f−1(r·m)

µA(r ·m)

≥
∨

m′∈f(M),m∈f−1(m′)

µA(r ·m)

=
∨

m′∈f(M),m∈∪f−1(m′)

µA(r ·m)

=
∨

m∈M

µA(r ·m)

= µA(r),
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f(γA)(r) = (f(γA) : f(M))(r)
=

∨
m′∈f(M)

(r ·m′)

=
∨

m′∈f(M)

∧
m∈f−1(r·m)

γA(m)

≥
∨

m′∈f(M)

∧
m∈f−1(r·m)

γA(r ·m)

≥
∨

m′∈f(M),m∈f−1(m′)

γA(r ·m)

=
∨

m′∈f(M),m∈∪f−1(m′)

γA(r ·m)

=
∨

m∈M

γA(r ·m)

= γA(r)

and
f(ψA)(r) = (f(ψA) : f(M))(r)

=
∧

m′∈f(M)

(r ·m′)

=
∧

m′∈f(M)

∨
m∈f−1(r·m)

ψA(m)

≥
∧

m′∈f(M)

∨
m∈f−1(r·m)

ψA(r ·m)

≥
∧

m′∈f(M),m∈f−1(m′)

ψA(r ·m)

=
∧

m′∈f(M),m∈∪f−1(m′)

ψA(r ·m)

=
∧

m∈M

ψA(r ·m)

= ψA(r).

Hence A ⊆ f(A) = (f(µA), f(γA), f(ψA)).

Theorem 2.14. Let f :M →M ′ be a homomorphism of R-modules. If B ∈ NM(M ′), then B ⊆ f−1(B).

Proof. Let r ∈ R. Then
f−1(µB)(r) = (f−1(µB) : f

−1(M ′))(r)
=

∨
m∈f−1(M ′)

f−1(µB)(r ·m′)

=
∨

m∈f−1(M ′)

µB(f(r ·m))

=
∨

m∈f−1(M ′)

µB(r · f(m))

=
∨

f(m)∈M ′
µB(r · f(m))

=
∨

m′∈M ′
µB(r ·m′)

= µB(r),

f−1(γB)(r) = (f−1(γB) : f
−1(M ′))(r)

=
∨

m∈f−1(M ′)

f−1(γB)(r ·m′)

=
∨

m∈f−1(M ′)

γB(f(r ·m))

=
∨

m∈f−1(M ′)

γB(r · f(m))

=
∨

f(m)∈M ′
γB(r · f(m))

=
∨

m′∈M ′
γB(r ·m′)

= γB(r),
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and
f−1(ψB)(r) = (f−1(ψB) : f

−1(M ′))(r)
=

∧
m∈f−1(M ′)

f−1(ψB)(r ·m′)

=
∧

m∈f−1(M ′)

ψB(f(r ·m))

=
∧

m∈f−1(M ′)

ψB(r · f(m))

=
∧

f(m)∈M ′
ψB(r · f(m))

=
∧

m′∈M ′
ψB(r ·m′)

= ψB(r).

Hence B ⊆ f−1(B). Furthermore, if f is an epimorphism, then B = f−1(B).

Proposition 2.15. Let A,B ∈ NM(M). Then we have the following

1. A = A,

2. A ⊆ B ⇒ A ⊆ B,

3. A ∩B = A ∩B,

4. A+B ⊇ A+B.

Proof. (1). Let r ∈ R. Since A is R-module, µA(r) =
∧

r′∈R

µA(r · r′) = A, γA(r) =
∧

r′∈R

γA(r · r′) = A and

ψA(r) =
∨

r′∈R

ψA(r · r′) = A. Hence A = (µA, γA, ψA) = A.

(2). Since A ⊆ B, µA ⊆ µB , γA ⊆ γB and ψA ⊇ ψB ,

µA(r) =
∧

m∈M

µA(r ·m) ≤
∧

m∈M

µB(r ·m) = µB(r),

γA(r) =
∧

m∈M

γA(r ·m) ≤
∧

m∈M

γB(r ·m) = γB(r),

ψA(r) =
∨

m∈M

ψA(r ·m) ≥
∨

m∈M

ψB(r ·m) = ψB(r).

Hence A ⊆ B.
(3). We have A ∩B = (µA∩B , γA∩B , ψA∪B). Then

µA∩B(r) =
∧

m∈M

µA∩B(r ·m)

=
∧

m∈M

(µA(r ·m) ∧ µB(r ·m))

= (
∧

m∈M

(µA(r ·m)) ∧ (
∧

m∈M

µB(r ·m))

= µA(r) ∧ µB(r)
= (µA ∩ µB)(r),

γA∩B(r) =
∧

m∈M

γA∩B(r ·m)

=
∧

m∈M

(γA(r ·m) ∧ γB(r ·m))

= (
∧

m∈M

(γA(r ·m)) ∧ (
∧

m∈M

γB(r ·m))

= γA(r) ∧ γB(r)
= (γA ∩ γB)(r),
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ψA∪B(r) =
∨

m∈M

ψA∪B(r ·m)

=
∨

m∈M

(ψA(r ·m) ∨ ψB(r ·m))

= (
∨

m∈M

(ψA(r ·m)) ∨ (
∨

m∈M

ψB(r ·m))

= ψA(r) ∨ ψB(r)
= (ψA ∪ ψB)(r).

Hence A ∩B = A ∩B.
(4). It is clear that µA ⊆ µA + µB , µB ⊆ µA + µB , γA ⊆ γA + γB , γB ⊆ γA + γB , ψA ⊇ ψA + ψB , ψB ⊇
ψA + ψB . Then µA ⊆ µA+B , γB ⊆ γA+B and ψA ⊇ ψA+B . Hence µA + µB ⊆ µA+B , γA + γB ⊆ γA+B

and ψA + ψB ⊇ ψA+B . Therefore, A+B ⊇ A+B.

In this part of the paper, we define the neutrosophic primary submodule.

Definition 2.16. Let A be a neutrosophic submodule of R-module M , then A is called neutrosophic primary
submodule of M if for r ∈ R, m ∈ M µA(r ·m) = µA(m), γA(r ·m) = γA(m), ψA(r ·m) = ψA(m) or
µA(r ·m) ≤ √

µA(r), γA(r ·m) ≤ √
γA(r), ψA(r ·m) ≥

√
ψA(r).

Proposition 2.17. Let M be an R-module and A be a neutrosophic primary submodule of M with sup prop-
erty. Then, M (α,β,ω)

A is a primary submodule of M .

Proof. Since A ∈ NM(M), M (α,β,ω)
A is a submodule of M . Now let r ∈ R, m ∈ M and rm ∈ M

(α,β,ω)
A .

Then µA(rm) ≥ α, γA(rm) ≥ β, ψA(rm) ≤ ω. Since A is a neutrosophic primary submodule of R-module
M , α ≤ µA(rm) = µA(m), β ≤ γA(rm) = γA(m), ω ≥ ψA(rm) = ψA(m) or α ≤ µA(r ·m) ≤ √

µA(r),
β ≤ γA(r · m) ≤ √

γA(r), ω ≥ ψA(r · m) ≥
√
ψA(r). Hence µA(m) ≥ α, γA(m) ≥ β, ψA(m) ≤ ω

or
√
µA(r) ≥ α,

√
γA(r) ≥ β,

√
ψA(r) ≤ ω. This means that m ∈ M

(α,β,ω)
A or r ∈ (

√
MA)

(α,β,ω). But

A has sup property and by Proposition 4 we have, (
√
MA)

(α,β,ω) =

√
M

(α,β,ω)
A . Hence m ∈ M

(α,β,ω)
A or

r ∈
√
M

(α,β,ω)
A . Therefore, M (α,β,ω)

A is a primary submodule of M .

Proposition 2.18. Let A be a neutrosophic submodule of M such that every level cut of A is a primary
submodule of M , then A is a neutrosophic primary submodule of M .

Proof. Let r ∈ R, m ∈ M and let µA(r · m) = α, γA(r · m) = β, ψA(r · m) = ω. Then µA(r1r2) =∧
m∈M

µA(r1r2) =
∧

m∈M

µA(r1(r2 · m)), γA(r1r2) =
∧

m∈M

γA(r1r2) =
∧

m∈M

γA(r1(r2 · m)), ψA(r1r2) =∨
m∈M

ψA(r1r2) =
∨

m∈M

ψA(r1(r2 ·m)). Now since A is a neutrosophic primary submodule, then

⇒ µA(m) ≥ α, γA(m) ≥ β, ψA(m) ≤ ω or
µA(r ·m) ≥ α, γA(r ·m) ≥ β, ψA(r ·m) ≤ ω ∀m ∈M

⇒ α = µA(r ·m) ≥ µA(m) ≥ α, β = γA(r ·m) ≥ γA(m) ≥ β,
ω = ψA(r ·m) ≤ ψA(m) ≤ ω or∧
m∈M

µA(r ·m) ≥ α,
∧

m∈M

γA(r ·m) ≥ β,
∨

m∈M

ψA(r ·m) ≤ ω

⇒ µA(r ·m) = µA(m), γA(r ·m) = γA(m), ψA(r ·m) = ψA(m), or∨
n∈N

∧
m∈M

µA(r ·m) ≥ α,
∨

n∈N

∧
m∈M

γA(r ·m) ≥ β,
∧

n∈N

∨
m∈M

ψA(r ·m) ≤ ω

⇒ µA(r ·m) = µA(m), γA(r ·m) = γA(m), ψA(r ·m) = ψA(m), or√
µA(r) ≥ α,

√
γA(r) ≥ β,

√
ψA(r) ≤ ω

⇒ µA(r ·m) = µA(m), γA(r ·m) = γA(m), ψA(r ·m) = ψA(m), or
µA(r ·m) ≤ √

µA(r), γA(r ·m) ≤ √
γA(r), ψA(r ·m) ≥

√
ψA(r).

Hence A is a neutrosophic primary submodule of M .

Definition 2.19. Let A be a neutrosophic submodule of the R-module M . The support of A is defined as
A∗ = {x ∈M : µA(x) > 0, γA(x) > 0, ψA(x) < 1}.

In the following, we investigated related between neutrosophic submodule A and support of A.
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Proposition 2.20. Let A be a neutrosophic primary submodule of the R-module M . Then A∗ is a primary
submodule of M .

Proof. Suppose that rm ∈ A∗ for r ∈ R, m ∈ M . Then, µA(x) > 0, γA(x) > 0, ψA(x) < 1. Since A
is a neutrosophic primary submodule, then µA(rm) = µA(m) or µA(r ·m) ≤ √

µA(r), γA(rm) = γA(m)
or γA(r · m) ≤ √

γA(r), ψA(rm) = ψA(m) or ψA(r · m) ≥
√
ψA(r). So µA(m) > 0 or

√
µA(r) > 0,

γA(m) > 0 or
√
γA(r) > 0, ψA(m) < 1 or

√
ψA(r) < 1. Hence m ∈ A∗ or r ∈

√
A∗. Therefore A∗ is a

primary submodule of M .

Definition 2.21. An neutrosophic idealA is said to be a neutrosophic weakly primary ideal if for any x, y ∈ R
µA(x·y) = µA(x), γA(x·y) = γA(x), ψA(x·y) = ψA(x) or µA(x·y) ≤ µA(y

n), γA(x·y) ≤ γA(y
n), ψA(x·

y) ≥ ψA(y
n) for some n ∈ N .

Proposition 2.22. Let A be a neutrosophic primary submodule of M with sup property, then
√
A is a neutro-

sophic weakly primary submodule of R and
√
A is the neutrosophic prime ideal of R.

Proof. Let r1, r2 ∈ R. Then µA(r1r2) =
∧

m∈M

µA(r1r2·m) =
∧

m∈M

µA(r1(r2·m)), γA(r1r2) =
∧

m∈M

γA(r1r2·

m) =
∧

m∈M

γA(r1(r2 ·m)), ψA(r1r2) =
∨

m∈M

ψA(r1r2 ·m) =
∨

m∈M

ψA(r1(r2 ·m)). Now since A is a neu-

trosophic primary submodule, then

⇒ µA(r1(r2 ·m)) = µA(r1 ·m) or µA(r1(r2 ·m)) =
√
µA(r2)

⇒ µA(r1r2) =
∧

m∈M

µA(r1 ·m) or µA(r1r2) =
∧

m∈M

√
µA(r2) =

√
µA(r2)

⇒ µA(r1r2) = µA(r1) or µA(r1r2) ≤
√
µA(r2) =

∨
n∈N

∧
m∈M

µA(r
n
2 ·m)

⇒ µA(r1r2) = µA(r1) or µA(r1r2) ≤
∧

m∈M

µA(r
n
2 ·m) for some n ∈ N

⇒ µA(r1r2) = µA(r1) or µA(r1r2) ≤
∧

m∈M

µA(r
n2
2 ·m) ≤

∧
m∈M

µA(r
n2
1 rn2

2 ·m), n1, n2 ∈ N,

⇒ γA(r1(r2 ·m)) = γA(r1 ·m) or γA(r1(r2 ·m)) =
√
γA(r2)

⇒ γA(r1r2) =
∧

m∈M

γA(r1 ·m) or γA(r1r2) =
∧

m∈M

√
γA(r2) =

√
γA(r2)

⇒ γA(r1r2) = γA(r1) or γA(r1r2) ≤
√
γA(r2) =

∨
n∈N

∧
m∈M

γA(r
n
2 ·m)

⇒ γA(r1r2) = γA(r1) or γA(r1r2) ≤
∧

m∈M

γA(r
n
2 ·m) for some n ∈ N

⇒ γA(r1r2) = γA(r1) or γA(r1r2) ≤
∧

m∈M

γA(r
n2
2 ·m) ≤

∧
m∈M

γA(r
n2
1 rn2

2 ·m), n1, n2 ∈ N,

and

⇒ ψA(r1(r2 ·m)) = ψA(r1 ·m) or ψA(r1(r2 ·m)) =
√
ψA(r2)

⇒ ψA(r1r2) =
∨

m∈M

ψA(r1 ·m) or ψA(r1r2) =
∨

m∈M

√
ψA(r2) =

√
ψA(r2)

⇒ ψA(r1r2) = ψA(r1) or ψA(r1r2) ≥
√
ψA(r2) =

∧
n∈N

∨
m∈M

ψA(r
n
2 ·m)

⇒ ψA(r1r2) = ψA(r1) or ψA(r1r2) ≥
∨

m∈M

ψA(r
n
2 ·m) for some n ∈ N

⇒ ψA(r1r2) = ψA(r1) or ψA(r1r2) ≥
∨

m∈M

ψA(r
n2
2 ·m) ≥

∨
m∈M

ψA(r
n2
1 rn2

2 ·m), n1, n2 ∈ N.

If we consider n′ = n1 + n2, then we have µA(r1r2) = µA(r1), γA(r1r2) = γA(r1), ψA(r1r2) = ψA(r1) or
µA(r1r2) ≤ µA(r

n
1 ), γA(r1r2) ≤ γA(r

n
1 ), ψA(r1r2) ≥ ψA(r

n
1 ). This proves that A is a neutrosophic weakly

primary ideal of R. Next, by Remark 1 we have
√
A =

√
A and since

√
A is neutrosophic prime ideal then√

A is a neutrosophic prime ideal of R.

The opposite of the above proposition is true if A is an ideal.

Theorem 2.23. Let A ∈ N I(R) with sup property. Then, A is a neutrosophic primary submodule if and only
if A is an neutrosophic weakly primary ideal of R.
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Proof. Suppose that A is a neutrosophic primary submodule of R, then A is a neutrosophic primary ideal of
R. Now since A is a neutrosophic primary submodule, then for r1, r2 ∈ R µA(r1r2) = µA(r1), γA(r1r2) =
γA(r1), ψA(r1r2) = ψA(r1) or µA(r1r2) ≤

√
µA(r2), γA(r1r2) ≤

√
γA(r2), ψA(r1r2) ≥

√
ψA(r2)

⇒ µA(r1r2) ≤
∨

n∈N

µA(r
n
2 ), γA(r1r2) ≤

∨
n∈N

γA(r
n
2 ), ψA(r1r2) ≥

∧
n∈N

ψA(r
n
2 )

⇒ µA(r1r2) ≤ µA(r
n1
2 ), γA(r1r2) ≤ γA(r

n2
2 ), ψA(r1r2) ≥ ψA(r

n3
2 ), n1, n2, n3 ∈ N

⇒ µA(r1r2) ≤ µA(r
n1
2 ) ≤ µA(r

n1
1 rn1

2 ), γA(r1r2) ≤ γA(r
n1
2 ) ≤ γA(r

n1
1 rn1

2 ),
ψA(r1r2) ≥ ψA(r

n1
2 ) ≥ ψA(r

n1
1 rn1

2 )

⇒ µA(r1r2) ≤ µA(r
n′

2 ), γA(r1r2) ≤ γA(r
n′

2 ), ψA(r1r2) ≥ ψA(r
n′

2 ).

Hence µA(r1r2) = µA(r1), γA(r1r2) = γA(r1), ψA(r1r2) = ψA(r1) or µA(r1r2) ≤ µA(r
n′

2 ), γA(r1r2) ≤
γA(r

n′

2 ), ψA(r1r2) ≥ ψA(r
n′

2 ). Hence A is a neutrosophic weakly primary ideal of R. Conversely, let A be a
neutrosophic weakly primary ideal of R, then µA(r1r2) = µA(r1), γA(r1r2) = γA(r1), ψA(r1r2) = ψA(r1)
or µA(r1r2) ≤ µA(r

n
2 ), γA(r1r2) ≤ γA(r

n
2 ), ψA(r1r2) ≥ ψA(r

n
2 ) for some n ∈ N . Hence µA(r1r2) =

µA(r1), γA(r1r2) = γA(r1), ψA(r1r2) = ψA(r1) or µA(r1r2) ≤
∨

n∈N

µA(r
n
2 ), γA(r1r2) ≤

∨
n∈N

γA(r
n
2 ),

ψA(r1r2) ≥
∧

n∈N

ψA(r
n
2 ). Therefore, µA(r1r2) = µA(r1), γA(r1r2) = γA(r1), ψA(r1r2) = ψA(r1) or

µA(r1r2) ≤
√
µA(r2), γA(r1r2) ≤

∨
n∈N

√
γA(r2), ψA(r1r2) ≥

∧
n∈N

√
ψA(r2) for all r1, r2 ∈ R. Hence A is

a neutrosophic primary submodule of R.

Proposition 2.24. Let f : M → M ′ be an epimorphism of R-module M to R-module M ′. If A ∈ NM(M),
then

√
A ⊆

√
f(A). Equality holds if A is constant on kernel f .

Proof. We have A ⊆ f(A),
√
A ⊆

√
f(A) and hence

√
A ⊆

√
f(A). Also A = f(A) if A is constant on

kernal f , hence
√
A =

√
f(A) and hence

√
A =

√
f(A).

Proposition 2.25. Let f : M → M ′ be a homomorphism of R-modules. If B ∈ NM(M ′), then
√
B ⊆√

f−1(B). Equality holds if f is an epimorphism.

Proof. We have B ⊆ f−1(B), hence
√
B ⊆

√
f−1(B) and hence

√
B ⊆

√
f−1(B). If f is epimorphism,

then f−1(B) = B. Therefore,
√
B =

√
f−1(B).

Theorem 2.26. Let f : M → M ′ be an epimorphism of R-module M to R-module M ′, and let A be a
neutrosophic primary submodule ofM , which is constant on kernel f , then the image f , f(A) is a neutrosophic
primary submodule of M ′.

Proof. We have f(A) is a neutrosophic submodule of M ′. Let r ∈ R, m′ ∈M ′, then

f(µA)(rm
′) =

∨
m∈f−1(rm′)

µA(rm
′),

f(γA)(rm
′) =

∨
m∈f−1(rm′)

γA(rm
′),

f(ψA)(rm
′) =

∧
m∈f−1(rm′)

ψA(rm
′).

Since A constant on kernel f ,

m ∈ f−1(rm′) ⇒ f(m) = rm′ = rf(m1)
⇒ f(m)− f(rm1) = 0
⇒ m− rm1 ∈ kerf.

Then µA(m) = µA(rm1), γA(m) = γA(rm1), ψA(m) = ψA(rm1). So f(µA)(rm
′) =

∨
m∈f−1(rm′)

µA(rm1),

f(γA)(rm
′) =

∨
m∈f−1(rm′)

γA(rm1), f(ψA)(rm
′) =

∧
m∈f−1(rm′)

ψA(rm1), but A is a neutrosophic fuzzy

primary submodule of M and hence µA(rm1) = µA(m1), γA(rm1) = γA(m1), ψA(rm1) = ψA(m1) or
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µA(rm1) ≤
√
µA(r), γA(rm1) ≤

√
γA(r), ψA(rm1) ≥

√
ψA(r). Now if µA(rm1) = µA(m1), γA(rm1) =

γA(m1), ψA(rm1) = ψA(m1), then f(µA)(rm
′) =

∨
m∈f−1(rm′)

µA(m
′), f(γA)(rm′) =

∨
m∈f−1(rm′)

γA(m
′),

f(ψA)(rm
′) =

∧
m∈f−1(rm′)

ψA(m
′). And if µA(rm1) ≤ √

µA(r), γA(rm1) ≤ √
γA(r), ψA(rm1) ≥

√
ψA(r), then

∨
m∈f−1(rm′)

µA(rm1) ≤
∨

m∈f−1(rm′)

µA(rm1)
√
µA(r1)⇒ f(µA)(rm

′) ≤
∨

m∈f−1(m′)

√
µA(r) =

√
µA(r) ≤

√
f(µA)(r), and

∨
m∈f−1(rm′)

γA(rm1) ≤
∨

m∈f−1(rm′)

γA(rm1)
√
γA(r1) ⇒ f(γA)(rm

′) ≤∨
m∈f−1(m′)

√
γA(r) =

√
γA(r) ≤

√
f(γA)(r) and

∧
m∈f−1(rm′)

ψA(rm1) ≥
∧

m∈f−1(rm′)

ψA(rm1)
√
ψA(r1)

⇒ f(ψA)(rm
′) ≥

∧
m∈f−1(m′)

√
ψA(r) =

√
ψA(r) ≥

√
f(ψA)(r). Then f(µA)(rm

′) = f(µA)(m
′),

f(γA)(rm
′) = f(γA)(m

′), f(ψA)(rm
′) = f(ψA)(m

′) or f(µA)(rm
′) ≤

√
f(µA)(r), f(γA)(rm′) ≤√

f(γA)(r), f(ψA)(rm
′) ≥

√
f(ψA)(r). Hence f(A) is a neutrosophic primary submodule of M ′.

Theorem 2.27. Let f : M → M ′ be a homomorphism of R-module M to R-module M ′. If B is a neutro-
sophic primary submodule of M ′, then f−1(B) is a neutrosophic primary submodule of M .

Proof. Let r ∈ R,m ∈ M , then f−1(rm) = µB(f(rm)) = µB(rf(m)), f−1(rm) = γB(f(rm)) =
γB(rf(m)), f−1(rm) = ψB(f(rm)) = ψB(rf(m)). Then µB(rf(m)) = µB(f(m)) = µB(rf(m)),
γB(rf(m)) = γB(f(m)) = γB(rf(m)), ψB(rf(m)) = ψB(f(m)) = ψB(rf(m)) or µB(rf(m)) ≤√
µB(r) ≤

√
f−1(µB)(r), γB(rf(m)) ≤ √

γB(r) ≤
√
f−1(γB)(r), ψB(rf(m)) ≥

√
ψB(r) ≥

√
f−1(ψB)(r).

Hence f−1(µB)(rm) = f−1(µB)(m), f−1(γB)(rm) = f−1(γB)(m), f−1(ψB)(rm) = f−1(ψB)(m) or
f−1(µB)(rm) ≤

√
f−1(µB)(r), f−1(γB)(rm) ≤

√
f−1(γB)(r), f−1(ψB)(rm) ≥

√
f−1(ψB)(r). Hence

f−1(B) is a neutrosophic primary submodule of M .

References

[1] J. M. Abulebda Lamis, Uniformly primal submodule over noncommutative ring, Journal of Mathematics,
vol. 2020, Article ID 1593253, 4 pages, 2020.

[2] K. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 197, 1986.

[3] M. Behboodi and H. Koohy, Weakly prime modules, Vietnam Journal of Mathematics, 32 (2) (2004),
185-195.

[4] B. Davvaz, W. A. Dudek, and Y. B. Jun, Intuitionistic fuzzy submodules, Information Sciences, 176 (3)
(2006), 285-300.

[5] R. Biswas, Intuitionistic fuzzy subgroups, Mathematical Forum, 10 (1989), 37-46.

[6] J. Goswami and H. K. Saikia, On the spectrum of weakly prime submodule, Thai Journal of Mathematics,
19 (1) (2019), 51-58.

[7] K. Hur, S.Y. Jang, and H.W. Kang, Intuitionistic fuzzy ideals of a ring, The Pure and Applied Mathemat-
ics, 12 (3) (2005), 193-209.

[8] K. Hur, S.Y. Jang, and H.W. Kang, Intuitionistic fuzzy subgroupoids, International Journal of Fuzzy
Logic and Intelligent Systems, 3 (1) (2003), 72-77.

[9] A. Iampan, S. R. Vidhya and N. Rajesh, Polynomial ideals of a ring based on neutrosophic sets (under
preparation).

[10] D. S. Lee and C. H. Park, On intuitionistic fuzzy w-primary submodules, Honam Mathematical Journal,
29 (4) (2007), 631-640.

[11] M. Mashinchi and M. M. Zahedi, On L-fuzzy primary submodules, Fuzzy Sets and Systems, 49 (2)
(1992), 231-236.

https://doi.org/10.54216/IJNS.220303
Received: April 26, 2023 Revised: July 08, 2023 Accepted: October 04, 2023

51



International Journal of Neutrosophic Science (IJN) Vol. 22, No. 03, PP. 36-52 2023

[12] C. V. Negoita and D. A. Ralescu, Applications of Fuzzy Sets to Systems Analysis, Springer, Berlin,
Germany, 1975.

[13] N. D. H. Nghiem, S. Baupradist, and R. Chinram, On nearly prime submodules of unitary modules,
Journal of Mathematics, vol. 2018, pp. 1-4, 2018.

[14] S. Rahman and H. K. Saikia, Some aspects of Atanassov’s intuitionistic fuzzy submodule, International
Journal of Pure and Applied Mathematics, 77 (2012), 369-383.

[15] A. Rosenfeld, Fuzzy groups, Journal of Mathematical Analysis and Applications, 35 (1971), 512–517.

[16] P. Sharma, Translates of intuitionistic fuzzy subring, International Review of Fuzzy Mathematics, 6
(2011), 77-84.

[17] P. K. Sharma and K. Gagandeep, Residual quotient and annihilator of intuitionistic fuzzy sets of ring and
module, International Journal of Computer Science and Information Technology, 9 (2017), 1-15.

[18] P. K. Sharma and G. Kaur, Intuitionistic fuzzy prime spectrum of a ring, International Journal of Fuzzy
Systems, 9 (2017), 167–175.

[19] F. Smarandache, Neutrosophic set-a generalization of the intuitionistic fuzzy set, Int. J. Pure Appl. Math.,
24(3) (2005), 287-297.

[20] L. A. Zadeh, Fuzzy sets, Information and Control, 8 (3) (1965), 338-353.

https://doi.org/10.54216/IJNS.220303
Received: April 26, 2023 Revised: July 08, 2023 Accepted: October 04, 2023

52


	1 introduction
	2 Properties of neutrosophic submodule

