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Abstract

In this paper, we introduce and study the concept of neutrosophic submodules and neutrosophic primary sub-
module with the help of the definition of a radical submodule, and we also study the properties of these
submodules. Furthermore, homomorphic image and preimage of neutrosophic primary submodule are inves-
tigated.
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1 introduction

One of the structures that play an important role in mathematics is the structure of fuzzy algebra, which has
been used extensively in many fields such as computer science, information technology, theoretical physics,
and control engineering. Since the introduction of fuzzy sets in 1965,2” researchers have done extensive
research on various concepts of abstract algebra in the space of fuzzy sets, such as Rosenfeld ™ who in 1971
was the first to define the concept of fuzzy subgroups of a group. Many extensions of this concept have
been proposed since then (especially in recent decades). In 1975, Relescu and Naegoita'? applied the concept
of fuzzy sets to the theory of modules.After presenting this definition, different types of fuzzy submodules
were examined in the last two decades. In 1986, Atanassov? introduced intuitionistic fuzzy sets based on the
degree of membership and degree of nonmembership, provided that the total membership and nonmembership
should not exceed one another. In 1989, Biswas® applied the concept of intuitionistic fuzzy sets to group
theory and studied the intuitionistic fuzzy subsets of a group. In the last few years a considerable number of
papers have been done on fuzzy and intuitionistic fuzzy submodules in general, and fuzzy and intuitionistic
fuzzy prime and primary submodules in particular. Hur et alZ introduced the notion of intuitionistic fuzzy
prime ideals and intuitionistic fuzzy weakly completely prime ideals in a ring. The concept of the fuzzy prime
submodule and fuzzy primary submodule was studied by Mashinchi and Zahedi in!' Also, intuitionistic fuzzy
submodules and their properties were studied by many mathematicians #!'#13' The notion of neutrosophic nil
radicals of neutrosophic ideals in rings is introduced, and related properties are investigated. In this paper, and
in the first step we define the neutrosophic radical of an intuitionistic fuzzy submodule of an R-module M
and so we present some of its properties similar to the studies in the module theory. Also and related to this
definition, we will define neutrosophic primary submodule and investigate their properties. We show that for
any neutrosophic primary submodule of an R-module M, with sup property its radical will be a neutrosophic
prime ideal of R.
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Throughout this paper, R is a commutative ring with unity and M is an unitary R-module. A proper submodule
P of M is called a prime submodule provided that for any » € R and m € M, rm € P implies that m € P
orr € (P:M)={reR:rM C P}. We use the symbol ¢ for the zero element of a R-module.

Let A be a nonempty set. The neutrosophic set'® on A is defined to be a structure

A= {{a, pla), (@), () | o € A}, (1)

where n : A — [0,1] is a truth membership function, v : A — [0,1] is an indeterminate membership
function, and ¢ : A — [0, 1] is a false membership function. The neutrosophic set in (I)) is simply denoted by

A= (Ya,v4,02).

Definition 1.1. © Let R be a ring. A neutrosophic set A = (y4,7v4,%4) of R is said to be a neutrosophic
ideal of R if it satisfies

pa(z —y) > min{pa(r), pa(y)},
(Vz,y € R) | va(z —y) > min{ya(z),va(y)}, |. 2)
Ya(r —y) <max{ya(x),aly)}

pa(ry) > max{pa(z), pa(y)},
(Vo,y € R) | valry) > max{ya(z),va(y)}, |- 3)
Ya(zy) < min{a(z),Ya(y)}

2 Properties of neutrosophic submodule
Definition 2.1. Let M be an R-module and A € A/(M). Then A is called a neutrosophic submodule if

Lopa(0) =1,7va(0) = 1,44(0) =0,

2. pa(z +y) > pal@) A paly), valz +y) > valz) Avaly), Yalz +y) < Ya(x) V aly) for all
x,y e M

3. palrz) > pa(x), valrz) > ya(z), Ya(re) < a(x) forallz € M andr € R.

We denote the class of all neutrosophic submodule of an R-module M, by N'M(M). Notice that, when
R = M, then A € NM(M) if and only if ua(6) = 1, v4(f) =1, ¢¥4(#) = 0 and A € NI(R). Now, for a
neutrosophic submodule, we define a neutrosophic radical.

Definition 2.2. Let M be an R-module and A € N/ (M). The neutrosophic subset v/A = (\/114, /74, V¥4)

of R is called the neutrosophic radical of A and is defined as follows: /ua(r) = V A pa(r™ -m),
neN meM

Viar) = NV va(@™-m)and Va(r) = /A ¢a(r™-m)forallr € R,me M,n e N. It

neN meM neN meM
is clear that when M = R, then the neutrosophic fuzzy radical of a neutrosophic ideal of R will be defined

by: VA = (\/fta, /74, V¥a), where \/fia(r) = yNﬂA(r"), Vaa(r) = XNVA(T”) and Ya(r) =
A pa(r™).

neN

Now we show that for any neutrosophic submodule A of M, v/A is a neutrosophic ideal of R.

Proposition 2.3. Let A = (114,74, 4) be a neutrosophic submodule of M, then A = (\/1i4, /74, V1)

is a neutrosophic ideal of R.

Proof. Letry,ry € R, then \/a(ry +12)

= VA pallri+r)"-m)

neN meM
= VA pallri+r2)> - m)v VA pal(re +r2)?"m).
neN meM neN meM
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Now, we have A pa((r1 +172)*" - m)
meM

A (35 CBrn=ing) o m)

meM =0
> A (Al m) Apa(rT oy m) A A
meM
pa(ry vy -m) Apa(ri ™t orgtom) A A pa(r3 - m))
> A\ (palri” )/\MA(Tf" Lem) A A
meM
HA(ry - m) Apa(ri ™ m) Ao Apa(ry - m))
= A (palri- )/\M (3™t -m))
meM
=z A (pa(r? -m) A pa(ry -m))
meM
= (A palr?-m)ANCA palry-m)).
meM meM
Also, A pa((ri +r2)*ttm)
meM
2n+
— /\ ,U'A(( Z 02n+1 2n+1—1 é)m)
meM =
> A (/M(?"f"+1 m) A pa(ry® vz -m) Ao A
meM
pa(r -5t m) A A (3 m))
= A (MA(?“?”+1 m) A pia(r? 'm>/\"'/\
meM
pa(rPT e m) A A pa(ry T m) A A pa (3t m))
= A (paGy™m) Apa(ry e -m))
meM
> /\M(uA(r? m) A pa(ry -m))
me
= A palrt-m)A A palry -m).
meM meM

Therefore, \/pa(r1 + 72)

= VA a4 m)V VA pal(r 4 ) m)
neN meM neN meM

= VACA palt-m)A A palry-m)V NV (A palr?-m) A A palry -m)))
neN meM meM neN meM meM
neN meM meM

= (V. VA palrf-m))A

(VA palry-m))

neEN neN meM neN meM
= ua(r) A /ma(re).
Also
Via(ri+rz) =V A va((ri+r2)"-m)
neN meM
= V. A vallri+r2)?-m)v VA yal(r +7r2)*" ! -m).
neN meM neN meM
Now, we have A va((r1 +72)*" - m)
meM
= A ((202” 7hrh) - m)
meM =0
> /E\M(WA(H m) Aya(ri™ Tt rg e m) A A
BT 78 ) Aa () A A3 m)
> /E\M(VA(H )AVA(H Them)AA
YAy -m) Aya(ri Tt m) A Aqa(r3t - m))
= /E\M(VA(H )/\'VA( gt m))
> /G\M(VA(T? -m) Aya(ry -m))
= (A valrf -m)A(C A yalry-m)).
meM meM
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Also, A va((ri+72)?" - m)

meM

2n+1
A ra(CX G - m)

meM =0
> A (al™em) Aqa(rdtre m) A A
meM 1 9 1
Ya(rP - ryThm) A Aya ( "Hom))
> A (m(rf"“ m) Aya(ri -m)/\“'A
meM 1 1
Ya(rPt m) A Aya(r "+1 m) A Aya(r;
= A (yalrPth- )/\’YA( 5+ om))
meM
> N (ya(r? -m) Aya(ry -m))
meM
= A valP-m)A A ya(rg -m).
meM meM

Therefore, /7 (r1 + 72)
VoA vallr +r2)?

m)V -\ N ya((ry+re)*

2n+1 m))

m)

neN meM neN meM
= V(A yalrf-m)) A /\ a(ry -m) V-V (A valrf-m) A A valry -m)))
neN meM eM neN meM meM
= \E/N( /G\MVA(H m) A /E\ Ya(rg - m))
= (V. VA yalt-m)ACV A yalrg-m))
neEN neN meM neN meM
= V7alr) A yya(rs).
Similarly, v/t 4 (r1 + 72)
= AV vallr+r)"-m)
neN meM n
= AV val(X CpriTirs) -m)
neN meM 1=0
< é\N \E/M(i/JA(T?'m)VwA(T “hergem) VeV a(r T m) Ve A pa(ry - m)
< é\N \E/M( (rf - m) V(i m) VeV a(ry T m) Ve A pa(rg - m)
= AV @alrf-m)Via(ry -m))
neN meM
= (A V @alrt-m) V(A V (@alry-m))
neN meM neN meM
= VPal(r1) VVia(ra).
And
Vira(rire) =V A (pa((rir2)” -m)
neN meM
= VA (uatrir) - m)
neN meM
> (ya(rf -m))
neN meM
= ra(ri).
Via(rire) =V A (pa((rir2)™ -m)
neN meM
= VA (pa(rirg)-m)
neN meM
=z VA (alry-m))
neN meM
= pa(rs).
Hence M(T‘ﬂ“g) Z \/M(Tl) V \/‘LTA(TQ).
And
Via(rir) =V A (va((rir)™-m)
neN meM
= A (va(riry)-m)
neN meM
> A (a(rf -m))

neN meM

Va(r).
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Vya(rrz) =V A (ya((rir2)™ - m)

neN meM

Il
)
S
—

=
—3
<
NS
=
g

neN meM

vV
)
N
-
[\v]
g

neN meM

VA(r2).

Hence \/7a(r17m2) > /Ya(r1) V \/7a(r2).

Also
Viba(rrs) = AV (al(rir)™-m)

neN meM

V (@a(riry) -m)
neN meM

AV (@alrt -m))

neN meM

Viba(r).
AV @a((rira)™-m)

neN meM

AV (@alriry)-m)

neN meM

V (4a(ry -m))

neN meM

Viba(rs).

v

Va(rira)

[AVZ |

Hence /1 A(r17m2) < V/Palry) AvVipa(rs).
Now letr € R,
Via(=r) =V A (pa((=r)"-m)

neN meM

= VA (pa(r)-m)

neN meM
= Vpa(r).
Vvia(=r) = VA (val(=r)"-m)

neN meM

= VA (valr")-m)
neN meM

= al(r).

Vial=r) = AV @a((=r)"-m)

neN meM

= AV @a(r™)-m)
neN meM

= RV4 w A (7") .
Therefore, \/Z is a neutrosophic ideal of R. O

In the following proposition, we will give some properties of neutrosophic radicals.

Proposition 2.4. Let A, B € NM (M), then

1. VA= VA

2. ACB=+ACWVB.
3. VANB=VANVB.
4. V/VA+VBCVATB.
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Proof. (1). Since VVA = (\/\/lta, /v/ 74,V V¥a), by Proposition 2.5, v/v/A is a neutrosophic ideal of
R. Then
Vvealr) =V (pa(rm)

neN

= V.V A (pal@™)™)-m)

neN n'eN meM

= V(V A (a(@™)-m)

neN n'eN meM

= VA (a((™)-m))

n'"€N meM

= VEa(r).
Valr) =V (ralm)

And

n’"eN meM

VAa(r).
A (Va(rm)

neN

ACA NV @al(r)™)-m))

neN n'eN meM

= ACA V @al(™) -m)

neN n'eN meM

(Wa((™") -m))

Also
Vipa(r)

I
>
<

Hence V/v/A = (VA /74, Va) = VA.

N

\
ng
=
N
>
=
&
3
3
2

A (pa(r™-m)ACV A (up(r™-m))

neN meM neN meM

= \é (a((r"") -m))

ViaAys(r) =

VPavyer) = AV @aVyp)i™-m)

neN meM

= AV @a(r™-m)Vip(r"-m))

neN meM

= (A V @al™-m)v(A V (p(r"-m))

neN meM neN meM

= AV @altr")-m)

n’”€e N meM

= Via(r) vV Vis(r).

Therefore, VAN B = (r, \/ita(r) A VEB(T), VYa(r) A VAB(1), V/Pa(r) VV/Yp(r) = VAN VB.
(4). We have

(pa+pp)(r) = +V (na(y) A ps(2))
y+z=x
> pa(z) App(0), where pp(0) =1
= pa(@).
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(va +78)(2) V' (va(y) As(2)

> ZH_ZE ;/\’yg( ), where vg(0) =1
and
(Ya+p)(x) = y+\z/=x(1/)A(y) Vp(2))
> Ya(z)Vyp(0), wherep(d) =0
= ’L/JA(CC)
We have
(na+pp)(z) = +\/: (1a(y) A pe(z))
> pa(z) App(8), where pp(0) =1
= pa(@).
(va+7B)(z) = +\/: (va(y) Ave(2))
> 'yA(x) ANvyg(0), whereyp(0) =1
= FYA(x)v
and
(Ga+vp)@) = A (als) Avs(:)
< a(x) ANpp(0), where pp(d) =0
= 1#,4(33)

Now /ita € pua+ pB,\/iB € Vpra + s = /lta + /il € /ppa + pp. Hence \/\/iia + /B C
VVia+pp = ia + pp. Similarly, \/\/7a + 78 € V74 +78 = V74 + 5. Andso /P4 D
VA + 0B, VOE 2 VA + U5 = VPa+Vids 2 Viba + ¥p. Hence /4 + VU5 2 VA + Up =
V¥a + ¢¥g. Therefore VA + VB C VA + B. O

Definition 2.5. If A € N(R), then A is said to have the sup property if for every §) # Y C R, there is a
Yo € Y such that sup 1a(y) = pa(yo), sup 7a(y) = va(vo). I0f Ya(y) = Ya(yo).
ye ye

Definition 2.6. Suppose that A € A'(X). Then the set X'**) = {z': # € X suchthat jus(2) > o, va(z) >
B,a(z) < w}, where o, f,w € [0,1] with o + 8 + w § 1, is called (v, 8, w)-cut set (crisp set).

Proposition 2.7. Let A € N'M (M) and suppose that A has sup property, then (/M )(@P) = Ml(fﬁ’w),
where M( ) ={z eM:pua(z) > a,va(x) > B, a(x) Cw,a++w < 1,(a,f,w) € Imua x

Imya X I ma}.
Proof. Let A be a neutrosophic submodule of M with sup property, then (y/M 4)(®5)

= {reR:ma(r) > a,7alr) > B, Va(r) < w}
= {reR: \V A pa(r™-m)>a, V A valr™-m)>5 A V valr™ -m)<w}

neEN meM neN meM neN meM
= {reR: A pa(r™ -m)=a, A ya(r™-m) =5, V Ya(r"s -m) <w,ni,n2,m3 € N}
meM meM
(1 € R (7 m) 2 09070 ) 2 8,0 (o™ m) < i € M)
= {reR:n"=ni+no,pa(r™ -m)>a,ya(r™ -m)>p,0a(r™ -m)<wVme M}

"

{reR:r" -me M@Psw) VmGMforsomen"GN}
{reR:m" - M C M@PF for somen” € N}
(a,8,w)
My ,

O

Definition 2.8. Let A = (44,74,%4) be a neutrosophic submodule of M. Then the neutrosophic subset
A = (pz, v, V7). is defined piz(r) = /\M pa(r-m), yz(r) = A yalr-m), dz(r) = VM Ya(r-m),
me me

meM
where A = (A, M).
Proposition 2.9. Let A be a neutrosophic submodule of M. Then, A is a neutrosophic ideal of R.
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Proof. Letry,ro € R. then

palry —ry) = A pa((ri —r2)-m)
meM
= /\ 'U,A(T’l'm_r2'm)
meM
> /E\M(NA(H -m) A pra(rz - m))
= (A palri-m)AC N pa(ry-m))
meM meM

pz(re) A pg(ra).

Yya(ri —re) = /E\M’YA((H —712) - m)
= A yalri-m—ry-m)
meM
> /E\M('YA(TI ~m) Aya(re - m))
= (A yalri- m)AC AN valra-m))
meM meM

Ya(r) Avz(ra).
Ya(ri—ra) =\ Ya((r1—r2)-m)

meM
=V vYalri-m—ry-m)
meM
> TV Wl m)Va(r-m))
me
= (V. gatem) V(Y (s m)
meM meM
= Yz(r1) V ¢z(ra).
Now suppose that 1,72 € R. Then we have
pg(rir) = A pal(rirz)-m)
meM
> A palri-m)
meM
= pz(r).
yz(rire) = A ~ya((rir2) -m)
meM
> A va(ri-m)
meM
= vz(r1).
Ya(rire) =V Ya((rire) -m)
meM
>V vYa(r1-m)
meM
= Pz(r).
Hence piz(rire) = pg(ri) V pg(re), va(rire) = vz(r1) V yz(re) and ¢z(rire) < ¢z(ri) A ¢z(r2).
Therefore, A is a neutrosophic ideal of R. O

Remark 2.10. If A € N M (M), then VA = /A.

Proof. We have

VA = {r, i), TR0, /O (r)}
= {7‘, \e/MIuZ(Tn)’ V 'YZ(rn)v 1/’2(”)]‘

meM meM
= {rn V. A pz(m-m), V ya(r™-m), AV ¢g(r™-m)}
meM meM meM meM meM meM
= {T, VA (’I“), VYA (T)a \% ¢A T)}'
= VA
O
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Proposition 2.11. Let M be an R-module and A € N'M(M). Then M%) = M%) \ohere M) =
{z € M:pa(z) > a,va(x) > B,Ya(r) < w}h

Proof. Consider Mﬁla’ﬁ )

= (M7 )

= AnniM(i\{B’w)
A

= {reR:r-(m+MP") =M v e My

= {reR:r-m+ M =M ym e M}

{reR:r-me M) vm e M}
{reR:pa(r-m)=a,yalr-m) = B,4a(r-

= {reR: A palr-m)za, A\ valr-m)=

m) <wVm e M}
B, V alr-m)<wVme M}

meM meM meM
{r(e é% :)MA(T) > a,va(r) > B,9a(r) <w}
MAO" )

O

Definition 2.12. (see [14]). Let M and N be modules over the same ring R and let f be a mapping from M
to N. Let A = (ua,7v4,%a) be a neutrosophic submodule of M and B = (up,vs, %) be a neutrosophic
submodule of N. Then, the image of the neutrosophic submodule A of M, f(A) = (f(1a), f(v4), f(¥a)) €
N can be defined for all y € N as follows:

flpa)(y) = {v{”"‘(x) cx €R, f(x)=y} iff1(y) #0

0 otherwise.

0 otherwise.

) = { VA 12 E R IR =0} T ) 20

fWa)ly) = {A{¢A($) cz€R, f(z)=y} iffHy) #0

1 otherwise.

and inverse image of a neutrosophic submodule B of N can be defined as x € M, f~1(B) = B(f(z)).

Theorem 2.13. Let f : M — M’ be an epimorphism of R-modules. If A € N'M (M), then A C f(A).

Proof. First we show that f(A) is a neutrosophi submodule of M’. let u,v € R, then there exist z,y € R
such that f(z) = u, f(y) = v; hence f(z — y) = u — v. Now we have

flpa)(u—v) = Vo pa(z)
z€f 1 (u—v)

v

pa(z —y)
z—yEf~(u—v)

v

(pa(x) A pa(y))
wef—1(u),yef ' (v)

C V. (pa@)AC Vo (naly)
A f(pa)

zef—1(u) yef=1(v)

f(pa)(u) ().

fra)(u—v) = Voo ral?)
z€f~1(u—v)

flua

Y

ya(z —y)
z—yEf~1(u—v)

v

(va(z) Ava(y))
z€f~1(u),yef~1(v)
= ( V (a@)r(C V (val))
zef~1(u) yef~1(v)

flya)(w) A f(ya)(v).
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fa)(u—v) =

Hence f(A) € NM(M').
Letr € R. Then

I IAIA

fQa)(r-

flya)(r-

f@a)(r-

Flua)Oa) =/
fa)Om) =/

f@a)Om) = N\

https://doi.org/10.54216/IJNS.220303
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v v

m) = V

g
I

g
I

A Ya(z)
z€f 1 (u—v)
Ya(r —y)
r—ye 1 (u=v)
(Ya(z) VYa(y))

wef =" (u)yef(v)
C A @a@)Vv( A ¥al)

z€f~1(u) ) yef~1(v)
J@Wa)(w) V f(4a)(v).

pra(m’)
m/€f~1(r-m)

Voo opa(r-m)
m/€f=1(m)

Voo (pa(m)

m/ef=1(m)

f(pa)(m).
V ya(m’)

m’€f~1(r-m)

Voo yalr-m!)
m'ef=1(m)

Voo (ya(m')

m/ef~1(m)

f(va)(m).
A Ya(m’)

m/€f~1(r-m)

A dalr-m')

m’ef=1(m)

A (da(m')

m/€f=1(m)

f(ha)(m).

pa(m) = pa(Onr),

AV AV}

AV AV

IN A

mef=1(0p)

ya(m) =v4(0n)-
mef=1(0p)

Ya(m) =1a(0nm).

mef=1(0p)

(f(pa) = f(M))(r)

(r-m’)

m/ef(M)

A\ fra(m)
m/€f(M)mef—1(r-m)

A palr-m)
m/'€f(M)mef—1(r-m)

pa(r-m)
m/’€f(M)mef—1(m’)
pwa(r-m)

m/€f(M),meUf-1(m’)

V- pa(r-m)

meM
pa(r),

45



International Journal of Neutrosophic Science (IJN)

Vol. 22, No. 03, PP. 36-52 2023

and

f(ra)(r) =

AV

%

AV AV

Hence A C f(A) = (f(pa), f(v4), f(¥a)).

(f (va) = f(M))(r)

(r-m)

m’ef(M)

A\ Ya(m)
m/'€f(M)mef—1(r-m)

A valr-m)
m'ef(M)mef—1(r-m)

Ya(r-m)
m/€f(M),mef-1(m’)
Ya(r-m)
m’ef(M)meuf—1(m’)
V' va(r-m)

meM
va(r)

(f(¥a) : F(M))(r)

(r-m)

m/ef(M)

V o a(m)
mI € F(M) mef -1 (r-m)

Vo da(r-m)
m/€f(M)mef—1(r-m)

1/JA(T . m)
Ya(r-m)

m/€f(M)meuf—1(m’)

N a(r-m)

meM

wA(T).

m/€f(M),mef=1(m’)

O

Theorem 2.14. Let f : M — M' be a homomorphism of R-modules. If B € NM(M'), then B C f~1(B).

Proof. Letr € R. Then

S~ (uB)(r)

f=1(yB)(r)

https://doi.org/10.54216/IJNS.220303
Received: April 26, 2023 Revised: July 08, 2023 Accepted: October 04, 2023

(fHus) : f7HM)(r)

= Vo N us)(r-m)
mef-1(M’)

= V  us(f(r-m))
mef—1(M')

= V  u(r- f(m))
mef-1(M’)

= V' ous(r- f(m))
f(m)eM’

=V pp(r-m)
m'eM’

= IU‘E(T)7

= (f7'OyB)  fTHM)(r

= Vo fos)r-m)
mef-1(M’)

= V. s(f(r-m))
mef-1(M’)

= V  as(r- f(m))
mef-1(M’)

= V' as(r- f(m))
f(m)yeMm’

=V s(r-m)
m'eM’

= (),
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and

[ @s)(r) = (f~'(Ws): fTH(M))(r)
= A T Ws)(r-m)
mef-1(M’)
= AN Ys(f(r-m))
mef-1(M")
= AN ¢(r-f(m)
mef-1(M’)
= A s(r-f(m))
f(m)eM’

= A dp(r-m)

m/eM’

= g(r).

Hence B C f~1(B). Furthermore, if f is an epimorphism, then B = f~1(B). O
Proposition 2.15. Let A, B € N'M(M). Then we have the following

Proof. (1). Letr € R. Since A is R-module, pi5(r) = A pz(r-r') =4, vz(r)= A ~vz(r-r') = Aand
TER TER

Y(r) = \ ¥g(r-1") = A Hence A = (g, v, Ug) = A.

r"ER
(2). Since A C B, jia C pip, ¥4 S ypand yq 2 Yp,

pz(r) = /\ pra(r-m) < /\ pp(r-m) = pg(r),

meM meM

va(r) = N qalr-m) < N\ vB(r-m) =v5(r),
meM meM

Va(r) =\ valr-m)> \/ vp(r-m)=1g(r).
meM meM
Hence A C B.
(3). We have AN B = (uanB, YanB, ¥aun). Then

parp(r) = A pans(r-m)

= A (pa(r-m)App(r-m))
meM

= (A (palr-m)ACA pp(r-m))

meM meM
= pa(r) Aps(r)
= (panup)(r),

Yars(r) = /E\M’YAOB(T'm)
= é\M(VA(r -m) Ayp(r-m))
= (A (alr-m)ANC A y(r-m))
meM meM

= ya(r) Aye(r)
= (yaNyp)(r),

https://doi.org/10.54216/IJNS.220303 47
Received: April 26, 2023 Revised: July 08, 2023 Accepted: October 04, 2023



International Journal of Neutrosophic Science (IJN) Vol. 22, No. 03, PP. 36-52 2023

Yaop(r) =V Yaup(r-m)

_ mgzm(r-m)vwg(r-m))

= UV @alr-m) V(Y gs(r-m)
meM meM

= Ya(r)Vip(r)

(b4 Utn)(r).

Hence ANB = ANB.

(4). Itis clear that pua C pa + pp, pp C pa + pp, 74 Sva +v8. 78 S V4 + 7B, Ya 2 Ya +¥B, Y5 2
Ya +¢p. Then ugx C pugrp. 75 € Yarp and Y5 2 Yarp. Hence g + ug € g ¥4 + 75 € Y455
and {5 + Vg 2 Y7 Therefore, A+ B2 A+ B. O

In this part of the paper, we define the neutrosophic primary submodule.

Definition 2.16. Let A be a neutrosophic submodule of R-module M, then A is called neutrosophic primary
submodule of M if for r € R, m € M pa(r-m) = pa(m), ya(r-m) = va(m), Ya(r - m) = a(m) or
pa(r-m) < /pa(r), ya(r-m) < /ya(r), valr-m) = Va(r).

Proposition 2.17. Let M be an R-module and A be a neutrosophic primary submodule of M with sup prop-
erty. Then, M/Sf"ﬁ “) s a primary submodule of M.

Proof. Since A € NM (M), MI(4 #4) is a submodule of M. Now letr € R, m € M and rm € M((’ﬁw)
Then pa(rm) > a, ya(rm) > B, ¥a(rm) < w. Since A is a neutrosophic primary submodule of R- module
M, o < pa(rm) = pa(m), B < yalrm) = ya(m), w > Ya(rm) = Ya(m) ora < pa(r-m) < /pa(r),
B < yalr-m) < \Aalr), w = Ya(r-m) = va(r). Hence pa(m) > a, ya(m) = B, pa(m) < w

pa(r) > o, /7a(r) > B, Va(r) < w. This means that m € Mx(f’ﬁ’w) or r € (v/My)(®P«), But

A has sup property and by Proposition 4 we have, (/M)(®5«) = \/W Hence m € M( Bw)
€ \/W . Therefore, Mj(f’ﬂ “) isa primary submodule of M. |

Proposition 2.18. Ler A be a neutrosophic submodule of M such that every level cut of A is a primary
submodule of M, then A is a neutrosophic primary submodule of M.

Proof. Letr € R,m € M and let pa(r-m) = a, ya(r -m) = B, ¥a(r -m) = w. Then pa(rire) =
A pa(rira) = A pa(ri(re-m)), ya(rirz) = A\ qa(rire) = A 7a(ri(rz - m)), Ya(rire) =
meM meM me meM
\V Ya(rire) = V 9a(ri(ra - m)). Now since A is a neutrosophic primary submodule, then
meM meM

pa

(m) <wor
Bypa(r-m) <wVmeM

= MA(m)ZCY,’YA(WEZﬂ
r-m) >

pa(m) > a, B =~a(r-m)>~vya(m) > p,
<

= a=palr-
(

A palr-m)>a, A\ yalr-m) =B, V da(r-m)<w
meM meM meM
= pa(r-m) = pa(m),ya(r-m) =ya(m),Ya(r-m) =pa(m), or
Vo AN palr-m)>a, VA yalr-m) =8, AV dalr-m)<w
neN meM nGN meM neN meM
= pa(r-m)=pa(m),ya(r-m) =~ya(m),a(r-m)=pa(m), o

VEA(T) = a,Aa(r) = B,/Pa(r) <w
A

= pa(r-m) = pa(m),ya(r-m) =ya(m), Ya(r-m) = va(m), or
pa(r-m) < /pa(r),ya(r-m) < /Aalr), ga(r-m) = Va(r).
Hence A is a neutrosophic primary submodule of M. [

Definition 2.19. Let A be a neutrosophic submodule of the R-module M. The support of A is defined as
A*={z e M :pa(z)>0,v4(x) > 0,94(x) < 1}.
In the following, we investigated related between neutrosophic submodule A and support of A.
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Proposition 2.20. Let A be a neutrosophic primary submodule of the R-module M. Then A* is a primary
submodule of M.

Proof. Suppose that rm € A* forr € R, m € M. Then, pua(z) > 0, ya(z) > 0, a(x) < 1. Since A
is a neutrosophic primary submodule, then pa(rm) = pa(m) or pa(r-m) < /pa(r), ya(rm) = ya(m)
or Ya(r - m) < JAA(), Ga(rm) = a(m) of Ya(r-m) > \ba(r). So pa(m) > 0 or Via(r) > 0
ya(m) > 0or \/7a(r) > 0,9a(m) < Lor /P4(r) < 1. Hence m € A* or r € \/A*. Therefore A* is a
primary submodule of M. O

Definition 2.21. An neutrosophic ideal A is said to be a neutrosophic weakly primary ideal if for any z,y € R

pa(-y) = pa(®),va(z-y) = va(@), Ya(z-y) = Ya(z) or pa(z-y) < pa(y™), va(x-y) < yay"),vYa(z:
y) > Ya(y™) for some n € N.

Proposition 2.22. Let A be a neutrosophic primary submodule of M with sup property, then /A is a neutro-
sophic weakly primary submodule of R and \/'A is the neutrosophic prime ideal of R.

Proof. Letri,rg € R. Then pug(rira) = A pa(rirem)= A pa(ri(ram)), yz(rire) = A ya(rire:
meM meM meM
m) = N ya(ri(ra-m)), Yz(rire) = V va(rira-m) =\ a(ri(r2-m)). Now since A is a neu-
meM meM meM

trosophic primary submodule, then

= pa(ri(ra-m)) = pa(ry-m)or pa(ri(rz -m)) = \/a(r2)
= pa(rirz) = /\MNA(Tl ~m)or pa(rire) = /\ \/MA(T2) VEA(r2)
me
= pa(rire) = pa(ry) or pa(rire) < \/#A(T2) V /\M pa(ry -m)
neN me
= pa(rira) = pa(ry) or pa(rire) < /\MMA( -m) for somen € N
me
= pa(rira) = pa(ry) or pa(rire) < A pa(ry? -m) < N pa(ri®ry? -m),ni,ng € N,
meM meM
= ya(ri(ra-m)) =ya(ry-m) or ya(ri(ra - m)) = \/ya(r2)
= va(rirz) = /\M ya(ry -m) or ya(rirz) = /\M VA(re) = /7a(r2)
me me
= ya(rirz) = ya(r1) or ya(rire) < /ya(rz) = VN /\MVA(TS -m)
neN me
= ya(rirz) = ya(ri) or ya(rirz) < /\M va(ry -m) for somen € N
me
= ya(rirz) =va(r) or ya(rira) < A yalry? -m) < A ya(ri?ry® -m),ni,ng € N,
meM meM
and
= Ya(ri(rz-m)) = Ya(ry-m)or Ya(ri(re -m)) = /ha(rs)
= Ya(rire) = \/M Ya(ry-m)orYa(riry) = \/ Va(ra) = Va(rs)
me
= Ya(rire) =va(ry) or Ya(rire) > \/wA(rz) /\N VM Ya(ry -m)
neN me
= Ya(rira) = va(ry) or a(rire) > \/MwA(TS -m) for somen € N
me
= pa(rire) = va(ri) or a(rirs) > \/Ml/JA(TSL2 “m) > VN[¢A(T?2T§2 ~m),n1,n2 € N.
me M me

If we consider n’ = nj + no, then we have pa(r1r2) = pa(r1), ya(rire) = va(ri), Ya(rire) = v a(ry) or
wa(rire) < pa(ry), valrire) < va(r}), va(rire) > ¥ a(r}). This proves that A is a neutrosophic weakly
primary ideal of R. Next, by Remark 1 we have VA = /A and since V4 is neutrosophic prime ideal then
V/A is a neutrosophic prime ideal of R. O

The opposite of the above proposition is true if A is an ideal.

Theorem 2.23. Let A € N'I(R) with sup property. Then, A is a neutrosophic primary submodule if and only
if A is an neutrosophic weakly primary ideal of R.
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Proof. Suppose that A is a neutrosophic primary submodule of R, then A is a neutrosophic primary ideal of
R. Now since A is a neutrosophic primary submodule, then for 71,72 € R pa(r17m2) = pa(ri), ya(rire) =

Ya(r1)s Ya(rire) = Ya(ri) or pa(rire) < /pa(re), ya(rire) < /ya(rz), va(rirz) > Viba(ra)

= pa(rire) < VNNA(T 5)sva(rire) < \/NWA(TQ) Yal(rire) > /\N‘/’A(Tz)
ne ne ne
= pa(rire) < pa(ry),ya(rire) < va(ry?),va(rire) > Ya(ry?),ni,na,nz € N
= pa(rira) <pa(ry?) <pa(ritry?),val(rire) <ya(ry') <ya(ri'ry'),
Ya(rira) > ¥a (7“5“) > Palry'ryt) , ,
= palrir) < palry),va(rire) < va(rd),va(rire) > ba(rsy).

Hence p1a(ri72) = pa(ry), WA(T17‘2) = ya(r1), Ya(rirs) = $a(ri) or pa(rire) < pa(ry’),va(rirs) <
a(rd), Ya(rirs) > ¥a(ry). Hence A is a neutrosophic weakly primary ideal of R. Conversely, let A be a
neutrosophic weakly primary ideal of R, then pa(r172) = pa(r1), va(rire) = va(ry), Ya(rire) = ¥ a(r)
or pa(rire) < pa(rd),valrire) < va(ry), va(rire) > ¥a(ry) for some n € N. Hence pa(rira) =

pa(r), ya(rire) = va(ri), Ya(rire) = Pa(ry) or pa(rire) < VN#A(TQ)WA(H?@) < \/NVA(TS)’
ne

(
ne
Ya(rirs) > AN%bA(TS)- Therefore, pa(rir2) = pa(ri), va(rire) = va(r1), Ya(rirs) = a(r) or
ne
wa(rire) < /pa(re),ya(rire) < V /va(ra), va(rire) > A\ V@a(re) forall r1,79 € R. Hence A is

neN neN
a neutrosophic primary submodule of R. O

Proposition 2.24. Ler f : M — M’ be an epimorphism of R-module M to R-module M'. If A € N M (M),
then /A C \/f(A). Equality holds if A is constant on kernel f.

Proof. We have 4 C f(A), VA C 1/ f(A) and hence VA C /f(A). Also A = f(A) if A is constant on
kernal f, hence VA = 1/ f(A) and hence VA = \/f(A). O

Proposition 2.25. Let f : M — M’ be a homomorphism of R-modules. If B € N'M (M), then VB C
\/ [~Y(B). Equality holds if f is an epimorphism.

Proof. We have B C f~1(B), hence \/> B C \/ f~1(B) and hence VB C \/f~1(B). If f is epimorphism,
then f—1(B) = B. Therefore, vV B = \/f . O

Theorem 2.26. Let f : M — M’ be an epimorphism of R-module M to R-module M’, and let A be a
neutrosophic primary submodule of M, which is constant on kernel f, then the image f, f(A) is a neutrosophic
primary submodule of M.

Proof. We have f(A) is a neutrosophic submodule of M’. Letr € R, m' € M’, then

flpa)rm’)y =\ palrm’),
mef—1(rm’)

fra)(rm’) = Ya(rm’),
mef-1(rm’)

f@Wa)(rm/) = Ya(rm’)
mef—1(rm’)

Since A constant on kernel f,

me f~rm') = f(m)=rm' =rf(my)
= f(m)— f(rm1) =0
= m—rmy € kerf.
Then pia(m) = pa(rma),ya(m) = ya(rma),Ya(m) = a(rma). So f(pa)(rm’) = V( )MA(Tml)a
mef-1(rm’
fya)(rm/) = V ya(rma), f(ia)(rm’) = A Ya(rmy), but A is a neutrosophic fuzzy
mef~1(rm’) mef—1(rm’)

primary submodule of M and hence p4(rm1) = pa(my),va(rmi) = ya(my),va(rmy) = Ya(my) or
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(rm1) < \Aa(r), Ya(rma) = Va(r). Nowif pa(rm

pa(rmy) < \/iwa(r), va )
=Pa(mi), then f(ua)(rm’) =\  pa(m'), f(va)(rm’) V ya(m'),
A <

Ya(mi),a(rma) ) Lo
mef—1(rm’/ mEf !
fpa)(rm’) = \ )¢A(m’)- And if pa(rmy) < /pa(r), yalrmi) < /ya(r), valrmy) >
mef=1(rm/

Via(r)then Vo patrm) < NV palrma)ypa(r) = f(pa)rm’) <V ia(r) =

mef-1(rm’) mef-1(rm’) mef-1(m’)

Via(r) < /f(pa)(r), and V' qa(rmi) < Voo yalrma)yAa(r) = fya)(rm’) <

mef=1(rm’) mef=1(rm’)

VIA(r) = alr) < V/f(ra)(r)and - A da(rm) = A alrmy)Va(r)

mef-t(m’) mef=1(rm’) mef-1(rm’)

= f@a)rm) = N Valr) = Via(r) = V/f(@a)(r). Then f(ua)(rm’) = f(ua)(m’),

mef=1(m?)
fa)(rm’) = f(ya)(m'), f(a)(rm/) = f(pa)(m') or f(pa)(rm’) < \/f(pa)(r), f(ya)(rm') <
f(ya)(r), f(Wa)(rm’) > /f(¥a)(r). Hence f(A) is a neutrosophic primary submodule of M’. O

Theorem 2.27. Let f : M — M’ be a homomorphism of R-module M to R-module M'. If B is a neutro-
sophic primary submodule of M', then f~1(B) is a neutrosophic primary submodule of M.

Proof. Letr € Rym € M, then f~1(rm) = up(f(rm)) = pup(rf(m)), f~1rm) = yp(f(rm)) =
vp(rf(m)), f~H(rm) = ¥p(f(rm)) = ¢¥p(rf(m)). Then up(rf(m)) = up(f(m)) = pp(rf(m)),
v(rf(m)) = vB(f(m)) ve(rf(m)), ve(rf(m)) = ¥p(f(m)) = ¥p(rf(m)) or up(rf(m)) <
VEB(r) <\ fHue)(r), ’YB(Tf( ) < \/TB(T) SV ) (), Ye(rf(m) = Vibs(r) = /-1 ($e)(r).
Hence f~'(u )(Tm) = f'(u )( ), [ ve)(rm) = = (vp)(m), f~ (¥B)(rm) = [~ (¢p)(m) or
F up)(rm) < N/ f~Hus)(r), f~H(vp)(rm) </ f1(y)(r), ' (¥B)(rm) > \/f~1(¢p)(r). Hence
f~1(B) is a neutrosophic primary submodule of M. O
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