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Abstract

The Mohand transform method, which has the benefit of unit preservation property over the well-established
Laplace transform method, is used in this study to solve the ordinary differential equation of second order with
neutrosophic numbers as initial conditions. Moreover, the solution obtained at different (a,8,y) —cut.
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1. Introduction

Fuzzy differential equations have seen recent decades use because of their numerous and important applications
in a range of domains. In order to keep up with the rapidly expanding and developing field of fuzzy differential
equations, this work presents a novel method for solving these kinds of problems.

Florentin Smarandache uses a new notion derived from the world of uncertainty known as "neutrosophic set
theory" to address a number of issues. Description, the reason, belongingness of fact values, false values, and
values of undetermined [1] are the underlined searchable fields. As a result , neutrosophic is a new logic in the
mathematical world which relies on the principle of indeterminacy , and this logic is considered as a
generalization of fuzzy logic [2] . In nearly every application area of engineering and research, neutrosophic
logic has shown to be one of the most valuable and significant modeling tools. The style may be applied to a
variety of real-world occurrences by utilizing differential equations to describe them (see [3], [4], [5], [6], and

[7D.

Mohand transform, which was introduced in 2017 by Mohand and Mahgoub [8], is used to solve fuzzy
differential equations. The scaling property and the unit-preserving feature are two crucial characteristics of this
transform. In this study, we use Mohand transform approach to solve a second-order ordinary differential
equation in a neutrosophic setting where the solution is computed at different levels of cut—points .

2. Fuzzy Mohand Transform For Second —Order Differential Equation (M-Transform)

In [9], we defined fuzzy Mohand transform (M -Transform) for first order differential equation by :
Let h(w) be a continuous fuzzy — valued function suppose that v2h(w)e ™" is an improper fuzzy Riemann —
integrable on [0,00), then

v? f0°° h(w)e™" dw is called fuzzy Mohand transform and it is denoted by:
M[h(w)] = v? fom h(w) e™dw, (v > 0 and integer). Thus ,
v? fom h(w)e ™ dw = (v? fooo h(w,m) e " dw,v? fow h(w,r) e ™ dw)
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Using the definition of classical Mohand transform:

M[h(w,7)]|=v? fomh(w,r)e‘”"" dw and M[h(w,7)]=v? foooﬁ(w,r)e‘”‘” dw then
M [h(w,1)] = (M[h(w, )], M [h(w,)]).

Theorem 1 [10]

Assume that h: [a, b] = [0,1] , be a function such that

h(w) = (h(w,7),h(w, 7)), V re [0,1], then :

1. If h is differentiable of the first form (i), then h(w,r) and h(w, r) are differentiable functions and
h'(w,r) = ( B W, ),k (W, r))-
2. If h is differentiable of the second form (ii), then h(w,r) and h(w,r) are differentiable function and

' (w,r) = (K w,r), k' (w,7).
In this paper we will define fuzzy Mohand for second order PDE as following :

Definition 2.1[11]

Let h be a continuous fuzzy —valued function , such that h(x,) : (a,b) - R and x, € (a, b).

We say that a mapping h is strongly generalized differentiable at x, if there exists an element A" (x,) €
Ry

such that :
(i For all T > 0 sufficiently small , 3 h'(x. + 7) © h'(x:), h(x:) © (h'x. — 1)

1 1 ’ Tey _
Where lim L0300 () 3, 1 (x")ef 70 = pr(a),

-0 T -0

or
(i) For all T > 0 sufficiently small , 3 h'(x,) © h'(x- + 1), h'(x, — 7) © h'(x,)
Where lim h' (x.)Oh' (x.41) = lim h' (x.—1)OR' (x.) - h"(x )
-0 -T 7-0 -T o

or
(iii) For all T > 0 sufficiently small , 3 h'(x- + 7) © h'(x-), h'(x, — ) © h'(x.),where
III%M = hr%%?h(x") = h”(xo)’
T (ad -
(iv) For all T > 0 sufficiently small , 3 h'(x,) © h'(x- + 1), h'(x,) © h'(x. — T) where

h'(x.)Oh' (xo+1) _ h (XO)G: (x,—T) - h”(xo).

lim——————= = lim
-0 -7 -0

Theorem 2 [12]
Let h(w) and h'(w) are two differentiable fuzzy — valued functions, such that

h(w) = (h(w,7), h(w, 7)) , V re [0,1], then:

1. Let h(w) and h'(w) are (i)-differentiable, or let h(w) and h'(w) are (ii)-differentiable then h(w, r)
and h(w, r) have derivatives in first and second order such that h"'(w) = [ﬁ” (w, r),E”(w, r)].
2. Let h(w) be (i)-differentiable, and h'(w) be (ii)-differentiable or let h(w) be (ii)-differentiable and

h'(w) be (i)-differentiable then h(w, ) and h(w,r) have derivatives in first and second order such that
Rw) =[R2 w,r), b (w,7)].

Theorem 3

Let h(w) , h'(w) be continuous neutrosophic valued functions on [0, ] and h''(w) be a piecewise continuous
neutrosophic valued function on [0, o] then,

a) MR (w) ] = {v*M[h(w)] © v*h(0)} © v*h'(0) ,
where h(w) and h'(w) are (i)- differentiable .

b) MR W)] = —v3h(0) © {—v* M [h(W)]} — v*h'(0),
where h(w) is (i)- differentiable and h’'(w) is (ii) — differentiable
0 M W)]={-v*h©0) © {-v* M hW)]}} © v?H'(0),
where h(w) is (ii)- differentiable and h'(t) is (i) — differentiable
d) ML (w) ] = v2M[h(w)] © v3h(0) — v2h'(0)

where h(w) and h'(w) are (ii) — differentiable .
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Proof (a): h(w) and h'(w) are (i) — differentiable
(V23 [h(w)] © v*h(0)} © v2h'(0) =

@w*M[h(w,7)] — v*h(0,7) — v2R'(0,7), sz[E(w, ] - v3h(0,7) — v2 K'(0,7))

Since M [h (w,7) | = v2M [h(w, )] — v3R(0,7) — v2R'(0,7),

M [E”(w,r)] = sz[E(w, r)] —v3h(0,1) — UZEI(O, r)
Since h(w) and h'(w) are (i) — differentiable using Theorem (2) ,
W' (w,r) = ', ) R7=(w,7) =k (w,7)
Since h(w) is (i) — differentiable using Theorem (1)
R(0,7) =& (0,7) and & (0,r) = h'(0,7)
M[r"(w,7)]| = v2M[h(w,7)] — v*R(0,7) — v2R'(0,7)
M[r"(w, )] = v2M[h(w,1)] — v3h(0,7) — v2R'(0,7)
{(v2M[h(w)] © v3r(0)} © v2R'(0) = (M [n”(w, )], M[h" (w,1)]) = M[R" (W)].
MR (w)] = {(v>*M[h(w)] © v*r(0)} © vR'(0)

(b) Since h(w) is (i) — differentiable and since h’'(w) is (ii) — differentiable
-v3h(0) © {-v2M[h(W)]} — v2h'(0) =
(= v3h(0,7) + v2M [h(w, )] — v2R'(0,7),— v3R(0,7) + v2M [h(w,T)] — v2R'(0, 7))
since M [ (w,7)| = v2M [h(w, )] = v*h(0,7) — v?R (0, 7),
M[R"(w, )] = v2M[h(w,7)] — v*R(0,7) — v2R'(0,7)

Since h(w) is (i) — differentiable and since h'(w) is (ii) — differentiable
using theorem (2)
R (w,r) = h"(w,r), k" (w,r) =R (w,7),
Since h(w) is (i)-differentiable using theorem (1)
R(0,7) =k (0,r) and K'(0,7) = K'(0,7)
MR (w, )] = UZM[E(W, ] - v3h(0,7) — v2h'(0,1)
M[F(W, )= v2m[h(w, )] — v*h(0,7) — v2R'(0,7)

—v3h(0) © {—v2M [h(W)]} — v2h'(0) = (M[R"(w,r)], M[h"(w,T)]) = M[h" W)].
MR (w)] = —v3h(0) © {—v2M[h(W)]} — v2h'(0) =

(c) Since h(w) is (ii) — differentiable and A’ (w) is (i) — differentiable

{~v*h(0) © {~? M [hw)]}} © v?h'(0) =
(—v3h(0,7) + v2M [h(w, )] — v2h'(0,7), —v3h(0,7) + v2M[h(w,T)] — V2R’ (0, 1))
Since M [E”(W, r)] = UZM[E(W, ] - v3h(0,7) — ‘UZE’(O, T),

M[R"(w, )] = v2M[h(w,7)] — v*R(0,7) — v2R'(0,T)

Since h(w) is (ii) — differentiable and k' (w) is (i) — differentiable using theorem ( 2)
R w,r) = K (w,7), k" (w,r) =h (w,7)
Since h(w) is (ii) — differentiable using theorem (1)
R(0,7) = '(0,7) and R'(0,7) =& (0,7)
M [ (w,1)] = v2*M[h(w, )] — v3h(0,7) — v2h'(0,7)

M[F(W, )| = v2m[h(w,7)] — v*R(0,T) — v2h'(0,7)
{~v?h(0) © {(~v2 MW} © v2h'(0) = M[n" (w, 7], MR (w, )] = M [R" (W)].

R @w)] = {~v*h(0) © (~v*Mhw)]}} © v2h'(0)

(d) Since h(w) and h'(w) are (ii) — differentiable
v2M[h(w)] © v3h(0) — v2h'(0) =
w2 M[h(w, )] — v3h(0,7) — v2h'(0,7), V2 M [E(W, | - v3h(0,7) — v2h'(0,7))
Since
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M[R"(w,7)]| = v2M[h(w,7)] — v*R(0,7) — V2R’ (0,T)

M [E”(W, r)] = v2M[h(w,7)] — v*h(0,7) — vzﬁl(O, )
Since h(w) and h'(w) are (ii) — differentiable using theorem (2)
R (w,r) = ' (w,r), R (w,7) =k (w,7)

Since h(w) is (ii) — differentiable using theorem (1)
R(0,7) = K'(0,7), K'(0,7) = & (0,7)
M[r"(w,7)]| = v2M[h(w,T)] — v*R(0,T) — v2h'(0,7),
M[F(w, )] = UZM[E(W, ] - v3h(0,7) — v2h'(0,7)
v2M[h(W)] © v3h(0) — v2R'(0) = (M [R" (w, )], M[h"(w,1)]) = M [ (W)] .
M [0 (W)] = v2M[h(w)] © v3h(0) — v?h'(0)
Theorem 4
Let h: R - G(R) be a continuous neutrosophic valued function and denotes by:

he(W) = [hyqe W), hre(w)] , foreach a € [0,1]

h W) = [hgW), hyp(w)] , for each g € [0,1]

hp(W) = [hp, W), hg,(W)] , foreach y € [0,1]

Then

1. If h; is (i) — differentiable, then h;, and hy, are differentiable function and h'(w) =
(1 ). e

2. If hy is (ii) — differentiable, then hg;, and hr, are differentiable function and h'(w) =
R W), )]

3 If h, is (i) — differentiable, then h;z(t) and E,B(t) are differentiable function and h'(w) =
[, )R (W),

4 If h, is (ii) — differentiable, then h;z(t) and h;z(t) are differentiable function and h'(w) =
7 s, (W)

5. If hg is (i) — differentiable, then hg,(t) and EFy(t) are differentiable function and h'(w) =
B, W) R gy w)].

6. If hp is (ii) — differentiable, then hg, (t) and EFy(t) are differentiable function and h'(w) =
7 ey, )],

Fy

Note : The proof is similar to the proof of Theorem ( 2) , so we skip it.

3. Neutrosophic Environment for second order ordinary Differential Equation

Let us consider a general ordinary differential equation of second order given as follows:

y'(@®) =fty©,y' () ......(])

With the initial conditions y(ty) = v, , y'(ty) = 2o , where f:[t,,P] XR > R .

Suppose that the initial values y, and z, ( neutrosophic number) are uncertain and are defined in terms of lower
and upper bound of truth , indeterminacy and falsity. Thus from equation (1) , we have the following fuzzy
initial value differential equations:

y"(t) = h(t,y(t),y'(t)) 0<t<P suchthat

Yr(te) = Yo = [yra (0, 7,,(0] ,0<a <1

yi(te) = zg = [274(0),Z74(0)] ,0<a<1 [ )
Yito) = o = [y1s 0.5,,0] .0< p=1 }
Vilte) = 2o = [25 (0),Z5(0)] ,O<B<1 ...l 3)
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ye(to) =yo = [XFy (0)'J7py(0)] 0=sy=1
yi(te) =z = [z, (0,25, (0)] ,O<y<1 ] 4)

By applying neutrosophic Mohand transform on given second order differential equation ,we have
M [y" ()] = M[h(t,y(©),y'®) ]

Case 1: If y(t) and y'(t) are (i) — differentiable functions or let y(t) and y'(t) are (ii) — differentiable ,then
from theorem (4) , we have

y' (@) =[y"(©,5"©]
The differential equation is then reduced to the following :
v’ Ta(t) = hra(t,y(), ') , Y1a(to) = y7a(0) y_’Ta(tO) = 274(0)

Y 1a(®) = hra(6,y(0),Y'(©)) V7 (t) = V1 (0) ¥ 1 (t0) = Z1a(0)

YO =hipy©,y' ) yipto) = yip©®) ¥’ (t) = 25(0)
Flﬁ(t) _ E,ﬁ(t,y(t),y'(t)) , ylﬁ(to) = ylﬁ(o) ) Vlﬁ(to) = EIB(O)
Y’ ©) = hey (6 Y(O0,Y' ©), Yy (t0) = 9y (0) ¥’ () = 25,(0)
Yy (O = by (670, (©) T (80) = Ty (0 7y, (80) = 7y (0)

Using neutrosophic Mohand transform for solving , to get :
MR ()] = {v*M[h()] © v3h(ty)} © vZh' (L)
Using upper and lower functions , to have

Mlbre(6,y(©,y' ©)] = VM [y ©)] = vyre@ =y (©
M[hre(t,y(©),y'©)] = v* M7 (O] = v°5,,(0) = 1Y, (0)
Mg (6, y©, ' ©)] = 022 [y 0] = () = vy’ (©)
Mlhip (6 7@,y ©)] = viae [ylﬁ (t)] = VY50 ~ Uz?w(o)
[ty (8,70 ©)] = v*3 [y 0] = vy @ =0y’ (©)
Mhey (8705 ©)] = 22 |5, O] = v°5,,0) = v*57, ©)

To solve this, we will use the inverse neutrosophic Mohand transform to get the following:
Y1a(®) 2 Y1 (0, Y150, ¥, (1), Yy (8), ¥, ().

Case 2 : If y(t) be (i)- differentiable and y'(t) be (ii)-differentiable, or let y(t) be (ii)-differentiable and
y'(t)be (i)-differentiable then from theorem (4), we have :

'@ = [7"©,y"®)]
The differential equation is then reduced to the following :
Y’ (©) = hre(t, (0,5 () yra(to) = yra(0) ¥ (o) = 274(0)

V") = Ry (6,30, ), V7, (t0) =V (0) Y1, (t0) = Z7q(0)

Y_Hlﬁ(t) = ﬁlﬁ(t,J’(t),y’(t)) ,Xlﬁ(to) = XIB(O) ) y_’w(to) = ZI,B(O)
W’ﬁ ) = EIB ty(®),y' (), ylﬁ (to) = ylﬁ(o) , Vlﬁ(to) = 7;5(0)
Y= hey (60,7 ©), yry ) = Yy (0) 1y (t0) = 27,(0)

ey (O = Ry (£,Y(0,5' (), T (t0) =7, (0) 'y, (t) = Zgy (0)
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Using M (A" (6)] = {~v*h(ts) © (~v2M[A(ON}} © v?A'(t5)
Using upper and lower functions , to have
M[hra(t,y(®),y'(®))] = —v*y,,(0) + v* M [y, (O] - v?y' -0

M[hro(t,y®),y'®))] = —03y74(0) + v2M [}_’m(t)] —v?y7. (0)

Mhp(ty(@©,y' ©)] = —v5,,(0) + v’ M [ylﬁ(t)] _ vzy—’m(o)
Mlhp(ty(@©),y'®)] = —v2yp(0) +v>M [Xlﬂ(t)] — vy, (0)
M, (6,y@®),y' )] = —v?y,,(0) + v’ [yFy(t)] _ vzy_:Fy(O)

Mhe, (£,y(0),y' )] = —v2yp, (0) + v2M [XFy(t)] — 37, (0)

To solve this , we will use the inverse neutrosophic Mohand transform to get the following :

Yra(®) s Ty, Y150, 7,5 (0, Yoy (0. 5, (O,

4, llustrative Example

Consider the neutrosophic initial value problem :
y'(®) —ay(t) =0

yr(0) =[a-11-a] ,y7'(0)=[a—11—a]
y1(0) =[-B,8] ,y/'(0) =[-5,B]
yr(0) = [-0.5y,0.5y] ,yF'(0) = [-0.57,0.5v]

Using neutrosophic Mohand transform on given second order differential equation :
My" ()] - a*M[y(t)] =0
Case 1:
MR ()] = {v>*M[h(t)] © v*h(0)} © v?h'(0)
For a-cut
v2M [XT(t' a)] —v3yr(0,a) — vzy_’T(O, a) — a*M [XT(t' a)] =0
v2M [XTa(t)] —v3(a—1)— (a — Dv? —a*M [XTa(t)] =0
(W2 = )M [yra ()] = (@ = DV + (a = Dv?
_ (a-1)v3 (a-1)v?
M[XTa(t)] - (v2-a?2) + w2-a?)
Xm(f) = (a — 1)coshat + wa;l)sinh at .

VM [y, O] - vy, 0) - vy —a*M[y, ©]=0
vZM[yTa(t)] -1-a)v® -1 -a)v? - azM[ym(t)] =0
(v? - aZ)M[ym(t)] =1 -a)(w? +v?)

(1-a)vd3 = (1-a)v?

M[?Ta(t)] = (vz_aZ) + (vz_aZ)
V@ = (1 —a)coshat + -

a

sinhat m

For B-cut

vIM [y (0] = vy = vy (©) = a?M [y ()] = 0
VM [y15(0)] = v° (=B) — v2 (=) — &M [yip(D)] = 0
W2 = a®)M [yip(0)] = —pv® — pv?
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M [Xlﬁ (t)] _ B Bv2

w?-a?) (v2-a?)

Yip(t) = —p coshat — gsinh at.

VM [7,,(0)] = v37,5(0) = v?y = a?M [7,,(0)] = 0
viM [ylﬁ(t)] — B3 — Bv? —a’M [?Iﬁ(t)] =0

W2 — )M [7,,(0)] = pv° + pv?

M3, 0] = %Jr%

ilﬁ(t) = B coshat + £

=sinhat m
a

For y-cut
v2M [XFV(t)] —v3yp, (0) — vzy_’Fy(O) —a*M [)_/Fy(t)] =0
v2M [XFV(t)] — (—0.5y)v® — (—0.5y)v? — a*M [XFV(t)] =0

v?* —a®)M [Xpy(t)] = (—0.5y)v*® — (0.5)yv?
_ (o598 _ (0.5y)v?
M [Xpy(t)] T w?-a?) (v%-a?)

Xpy(t) = —0.5y coshat — % sinh at .

VM [7,, (0] - v3,,0) - v?y", (0) —a®M [7,, ()] = 0
VM [7,, (0] - 0570 —0.5yv? — > M [5,,(®)] =0

w? —a® )M [yFy(t)] = 0.5yv3 + 0.5yv?

— _ 05y 0.5yv?
M7, 0] = G + o

_ _ 05y .
yFy(t) = 0.5y coshat + - sinhat m

Case 2 :

Since M[h"(t)] = {—v3h(0) &) {—vZJV[[h(t)]}} © v?h'(0)

For a-cut

07T, (0) + V2 [7,, (O] = v2y (0) = a*M [yro(D)] = 0

~03Y14(0) + V2 M [yra(6)] = 2571, (0) = M [, (£)] = 0

—v3(1 = @) + +v?M[F,, (0] - v2(a = 1) = &M [yra(8)] = 0

—v3(a—1) +v*M [XT“(t)] -v¥(1—a) - aZM[yTa(t)] =0

Xm(f) = (a—1)cosat + @D sinat v Yo (®) = (1 — a)cosat + %a)sinat .

a

For B-cut
- _ _B v - B
Xlﬁ(t) = —fB cosat -sinat : ylﬁ(t) = fcosat + _ sinat .
Also, for y-cut
Yy (t) = —0.5y cosat — ?sin at , ypy(t) = 0.5ycosat + %sinat .

6. Conclusion

Due to their diverse and significant applications across a variety of areas, fuzzy differential equations have
become increasingly popular in recent years. This paper proposes a novel method to solve such problems,
keeping up with the fast expanding and developing field of fuzzy differential equations. The ordinary differential
equation of second order with neutrosophic numbers as initial conditions is solved in this work using the
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Mohand transform method, which has the advantage of unit preservation property over the well-known Laplace
transform approach. An illustrative example is discussed to show the accuracy of this approach. By solving the
ordinary differential equation of third order till n™- order with neutrosophic numbers as initial conditions, we will
continue to stay current with the rapidly growing and developing subject of fuzzy differential equations.
Additionally, this method was used to solve difficulties in real life.
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