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Abstract

In this paper, we consider the notion of neutrosophic nil radicals of neutrosophic ideals in commutative rings
and some properties of such nil radicals. Finally, we study the properties of semiprime neutrosophic ideals of
rings.
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1 Introduction and preliminaries

The concept of fuzzy sets was proposed by Zadeh™® The theory of fuzzy sets has several applications in
real-life situations, and many scholars have researched fuzzy set theory. After the introduction of the concept
of fuzzy sets, several research studies were conducted on the generalizations of fuzzy sets. The integration
between fuzzy sets and some uncertainty approaches, such as soft sets and rough sets, has been discussed
in¥32 The idea of intuitionistic fuzzy sets suggested by Atanassov? is one of the extensions of fuzzy sets
with better applicability. Applications of intuitionistic fuzzy sets appear in various fields, including medical
diagnosis, optimization problems, and multicriteria decision-making1># The notion of neutrosophic sets was
introduced by Smarandachel” in 1999, which is a more general platform that extends the notions of classic
sets (intuitionistic) fuzzy sets and interval-valued (intuitionistic) fuzzy sets. Neutrosophic set theory is applied
to various parts, which is referred to on the site http://fs.unm.edu/neutrosophy.htm. Smaran-
dache!® has compiled the essentials of neutrosophic sets in this article, including the distinctions between
neutrosophic sets and intuitionistic fuzzy sets. There is a wide variety of studies and research on neutrosophic
sets in many domains. In 2018, Cetkin and Aygun!" introduced the two types of neutrosophic ideals of rings.
In 2019, Cetkin and Aygun'! introduced the notion of neutrosophic subrings.

Broumi et al. have explored the idea of an interval-valued Fermatean neutrosophic sets and applied it to graphs,
il
as seen in.

In this paper, we consider the notion of neutrosophic nil radicals of neutrosophic ideals in commutative rings
and some properties of such nil radicals. Finally, we study the properties of semiprime neutrosophic ideals of
rings.
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Let R be a non-empty set. The neutrosophic set” A on R is defined to be a structure

A= {{z,pn(2),1(2), () : « € R}, ()

where ¢4 : R — [0,1] is a truth membership function, v : R — [0, 1] is an indeterminate membership
function, and ¢ : R — [0, 1] is a false membership function. The neutrosophic set in (I)) is simply denoted by

A= (pa,va,%4).

Definition 1.1. 2/ A neutrosophic set A = (14,74,%4) on aring R is said to be a neutrosophic subring of R
if
pa(@ —y) > min{ua (@), paly)}
(Vo,y € R) | va(z —y) > min{ya(z),7a()} |, @)
Ya(z —y) < max{ya(z),Pa(y)}

Yy
pa(zy) > min{pa(z), pa(y)}

(Vz,y € R) | va(zy) > min{va(z),va(y)} : 3)
Pa(zy) < max{va(x),Ya(y)}

Definition 1.2. 9 A neutrosophic set A = (j14,v4,%4) on aring R is said to be a neutrosophic ideal of R if
it satisfies ([2)) and
pa(ry) = max{pa(x), pay)}
(Vo,y € R) | va(zy) = max{va(z),7a(y)} |- @
Ya(zy) < min{ya(z), Yaly)}

Sometimes the notation min{a, b} is denoted by a A b, and max{a, b} is denoted by a V b.

Definition 1.3. "2 Let A = (14,74, 24) be a neutrosophic ideal of a ring R. Then the neutrosophic nil radical
of A is defined to be a neutrosophic set /A = (yzVvm Yya) by nyg(@) = V pala™), v z(z) =
n>1

V va(2"),and ¢ z(z) = A a(a")forallz € R and forn € N.

n>1 n>1

Theorem 1.4. 2 [f A = (4,4, 4) is a neutrosophic ideal of a ring R, then VA is a neutrosophic ideal of
R.

Proposition 1.5. 2/ [f A = (jua,va,%4) and B = (up,vp,v ) are neutrosophic ideals of a ring R, then

(1) AC VA,

(2) if AC B, then VA C VB,
(3) VVA=VA

(4) VANB=vVANVB,
(5) VAUB =VAUVB.

2 Some properties of neutrosophic ideals

Definition 2.1. Let A = (114,74, % 4) be a neutrosophic set on a set X. The neutrosophic sets P A, ® A, and
©A are defined as follows: ©®A = {(z, pa(x),va(x), Fa(z)) : z € X}, ®A = {(z, pa(z),va(z), 7a(2)) :
RS X}7 and ®A = {<$7¢A(x)a ¢A($)7¢A($)> HEES X}

Theorem 2.2. If A = (ya,va,4) is a neutrosophic ideal of a ring R, then &V A = (T VA ByZ)s
VA = (x> VA Vo) and OVA = (Y7, ¥ 7, ¥ z) are neutrosophic ideals of R.
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Proof. Let A = (1a,7v4,%4) be a neutrosophic ideal of a ring R. Let z,y € R. By Theorem we have
V/A is a neutrosophic ideal of R. Thus

pya(e —y) = min{p z(2), nyz(y)}
(Vz,y € R) | vyalz —y) =2 min{y z(2), vz} |,
Yoa(e —y) <max{y z(z), v, z(v)}

pyz(wy) = max{p (), pyz(y)}
(Vz,y € R) | vy za(zy) > max{y z(x),v,z(y)}
Yyza(zy) < min{y z(z), ¥ z(y)}

It is sufficient to show that v 7 satisfies the conditions

Al —y) <max{m_Z(z), 7z (y)}
o€ 1) (Tl ) S0 Bt )

For z,y € R, we have

tyz(T —y) > min{p (@), 1)}
l—pyzl—y) < 1- mm{uf(x), Vi)t
(T —y) < max{l —p z(2),1—p,zu)}
ryz(—y) < max{zz(z), iyz(y)}-
Also, for z,y € R, we have
nyz(xy) > max{p,z(2), 1z ()}
L—pz(y) < 1-max{uz(), 1,71}
fyz(zy) < mindl = pz(2). 1= pz(y)}
fyz(zy) < min{Ez(2), 7))}
Hence, &V A is a neutrosophic ideal of R. The proof for ®@+v/ A and ®+/A are similar. O

Theorem 2.3. If A = (pa,va,%4) and B = (up,vB,¥p) are neutrosophic ideals of a ring R, then /AN B
is a neutrosophic ideal of R.

Proof. Let A = (1a,v4,%4) and B = (up,vp, %) be neutrosophic ideals of a ring R. By Theorem [I.4]
we have v/A and /B are neutrosophic ideals of R. Thus

tyz( —y) > min{p 4 (2), 1, z(v)}
(Vz,y € R) | vyalz—y) = mln{vf( ), VA
A

a(z

> z)

(Vz,y € R) | vyalzy) = maX{vm(x)),
< mi

(Vaz,y € R) | vyglr —y) > min{y 5(z),v/5 y))% 7

pyg(ry) > max{p 5(2), n,5Y)}
(Vz,y € R) | v p(zy) > max{y 5(x),7,51)}
Y p(ry) < min{y 5(z),% 5)}
Then
min{u z75(), pyareW)} = min{min{y (), pz(x)} min{p, 5©), n,5H)}H}
< min{pz(@-y),pnypE—y)}
= /l\/m(x -v),
min{y/z55(*), Vvans()} = min{min{y z(z),v z(z)}, min{y 5),v/5v)}}
< min{yz(= - y), vz -y}
= Yyanp(®
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max{¢ 755(*), ¥ ar5 W)} max{min{¢y (), ¥, z(z)}, min{y 5(y), ¥, 5}

> max{iy(e - )0y p( - 1)}
— ¢\/M—B(x
Also, we have
max{p,/ 475(2), byarp(¥)} = max{min{p z(z),p z5(x)} min{u z (), n,5W)}H
= min{max{p 5(2), puz(y)} max{p 5(2), n,5)}}
< mln{uf@y) M\/E(ij)}
= wyang(Ty)
max{y z75(*), Vvarg®)} = max{min{y z(z),v g}, min{y, z(y),v/5W)}}
= min{max{y,z(z),v,z(y)}, max{v, 5(x),v,5v)}}
< min{y z(2y),vy5(Y)}
min{y 552), Y an5w)} = min{min{y z(z),¥ z(@)},min{y 7)., 50)}}
> min{y z(zy), Y 5(2y)}
= Y ang(Ty).
Hence, v A N B is a neutrosophic ideal of R. O

Example 2.4. Let A = 27Z and R = Z. Define a neutrosophic set A on Z as follows:

0.2 ifxe2Z
0.4 otherwise.

0.3 ifxe€2Z 0.4 ifxe2Z
pa(r) = Alr) =

0.1 otherwise, 7 0.2 otherwise,

Yalz) = {

Then A = (pa,va,%a4) is a neutrosophic ideal of R, also by Theorem , we have v/A is a neutrosophic
ideal of R.

Definition 2.5. For any ¢ € [0,1] and a fuzzy set y in a set X, the set U(u,t) = {z € X : p(x) > t}
(respectively, L(u,t) = {x € X : pu(x) < t}) is called an upper (respectively, lower) ¢-level cut of p.

Definition 2.6. A fuzzy set y in a set X is said to have sup property (respectively, inf property) if for every
non-empty subset .S of X, there exists xg € S (respectively, z1 € S) such that u(xg) = sup u(x) (respectively,
€S

plar) = inf p(z)).

Theorem 2.7. Ler f : R — S be a ring epimorphism. Let A = (a,7v4,%a) be a neutrosophic ideal of R
such that ju sz, 7. /z ¥ yz Ha, and ya have sup property and 1) o has inf property, then for every t € [0, 1],

(1) U(f(bya)st) € f(UWa, 1)),

(f(Wya
(2) L(f(pyz)t) € f(L(pa,t)),
(3) L(f(vya):t) € f(L(va,t)).
(4) U(f(pyz)t) 2 f(U(pa,t)),
(5) U(f(vym) 1) 2 fF(U(ya, 1)),
(6) L(f(¥yz),t) 2 f(L(¥a,t)).

Proof. (1) Now,

yeU(f(Wyz)t) = fyz)y) >t

= sup Y g(w) >t
zef~H(y)
= Jxo € [ (y), ¥ a(z0) >t
= flwo) =y, inf Yalzg) >t
= f(xo) =y,Ing € N,pa(zg°) >t
= f(xo) =y, Yalwo) >t
= f(wo) =y, w0 € U(a,t)
= y € f(U(¥a,t)).
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Hence, U(f(¢/z):t) € f(U(¢a,1)).

y € L(f(nyz):t)

(2) Now,

Hence, L(f(:u\/ﬁ)at) c f(L(H’Avt))'

y € L(f(vya):t)

(3) Now,

Hence, L(f(’)ﬂ/ﬁ)? ) - f( (’YA7 ))
(4) Now,

y € f(U(pa,t))

Hence, U(f(1/7),t) 2 f(U(pa,t)).

y € f(U(va,1))

(5) Now,

Hence, U(f(v,4),t) 2 f(U(7a,1)).

y € f(L(Ya,t))

(6) Now,

Hence, L(f(¢/2), 1) 2 f(L(¥a,1)).
https://doi.org/10.54216/IJNS.230108

R R R e A 2 R O | A Py vy Ul

R

z€f~1(y)
Vo e f~H(y), nyz(x) <t
Vo e f‘l(y),sgliuA(wS) <t
Vz € f‘l(y),\fn €N, pa(a") <t
Ve e f~Hy), palz) <t
Vx € f_l(y)7x c L(:UA7t)
A

y,x0 € U(ua,t)
Y, pa(wo) >t

f(x0)
f(x0)
f(xo) = y,3n0 € N, pa(xg®) >t
f(wo) =y, inf uA(Io) >t

S0 € 11 (9)o 1y 3(a0) >

sup  (pyz)(y) >t
vef~1(y)

fleyz)(y) >t
y € U(f(nyz)t).

f(xo) =y, 20 € U(va,t)
f(@o) = y Ya(zo) >t
f(zo) =y,3Ing € N;va(x

(z0°) >t
f(xo) = Z/,TILl;%VA(CUo) >t
Jwo € 1Y), vya(zo) > t
sup  (vyz)(y) >t

zef~1(y)
flryay) >t
y e U(f(vya)t)-

f(z0) =y, 20 € L(Ya, 1)
f(xo) = y Ya(zo) <t
f(xo) =y,3Ing € N,pa(ap°) <t

f(zo) = y» nf Ya(zg) < t

Jwo € 1Y), v ya(zo) <t
sup (Y a)(y) <t

z€f~1(y)
fWya)y) <t
y € L(f(¢yz),t).
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Theorem 2.8. Let f : R — S be a ring homomorphism. Let B = (up, VB, ¥5) be a neutrosophic ideal of S
such that ji sz, . /2 ¥ /z Ha, and ya have sup property and 1) o has inf property, then for every t € [0, 1],

(D) U (Wyp)it) € fTHUW@B ),
(2) L(f~(u cf
(3) L(f(vym)st) C FH (LB, 1)),
@) U(fuyg)it) 2 f
(5) U(fvym)rt) 2 F1(U(s, 1)),
6) L(f'(Yyp)it) 2 f

3
~—
E:

Proof. (1) Now,
f Y(Wyp)(x0) >
vlf(@ ))Zt
mf z/JB(f"( 0)) =t
wB(f"(xo)) >t, VneN
f
0) € t)

Yp(f(zo)) >t
B,
VB,t))-

flx
xo € f~H(U

N 2 2

>
U(y
(

Hence, U(f~ (¢ 5),t) € f~H(U(¥B,1)).
(2) Now,
F g (o) <t
nyg(f(zo)) <t
sup ns(f"(zo))
ps(f™(x0)) <t
pe(f(zo)) <t
L(u t)
(L

f(xo) €
o € f7 ,UB»t))-

zo € L(f~H(pyp),t)

t

<
,Vn €N

S A O

Hence, L(f~'(1,/5),t) € f~'(L(us,1)).
(3) Now,

@0 € L(f~H(1yp5)1)

vB(f(w0)) <t
f(x0) € L(vB,1t)
zo € fH(L(vB, 1))

Hence, L(f_l('y\/g)7 t) C f~Y(L(yp,t)). The proofs of (4), (5), and (6) are similar to those of (1), (2), and
3). ]

J4ed 4l
)
®
3
E)
"

3 Neutrosophic nil radicals of neutrosophic ideals

Definition 3.1. "Y' Let A = (ua,v4,%4) and B = (up,vs,%s) be neutrosophic sets on a ring R (not
necessarily commutative). The neutrosophic product of A = (14,7v4,%4) and B = (up, VB, ¥p) is defined
to be the neutrosophic set AB = (uap,vaB,%¥ap) on R given by

MAB(JJ)Z\/ /\ palai) A pp(bi Zazb =x,keNj,

1<i<k i=1
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yaB(r) = \/ /\ yalai) Ayg(bi) Zaibi =x,keN},

1<i<k i=1

dap(z)= N\ \/ vala)Vipb): > abi=zkeNy,

1<i<k i=1

if we can express x = Y a;b; for some a;,b; € R, where each a;b; # 0 and k € N. Otherwise, we define
=1

AB = 0, that is, uAB(x;: 0,vap(z) =0,and Yap(x) = 1.
Obviously, the product AB is commutative if R is a commutative ring.

Theorem 3.2. If A = (ua,va,%a) and B = (up,vB,¥5) are neutrosophic ideals of a ring R, then AB is
a neutrosophic ideal of R.

Proof. Let A = (ua,va,%4) and B = (up, B, ¥p) be neutrosophic ideals of a ring R. For any =,y € R
and k, m,n € N, we have

pap(z —y) = % { A ,UA(ai)/\ﬂB(bi)}
:I:—y:iéla bi =
> ) V ) {<1</\ palas) A/J13(bz')> A < AN pa(—ci) AMB(C’Z))}
2=3" aibi—y=3" —cid; i<m 1<i<n

Yap(r —y) = \% { A VA(az‘)/WB(bi)}
wiy:é b, 1<i<k
> ) V i {<1</\< va(as) /\vg(bi)> A ( </\< ya(—cs) /\'YB(dz)>}
w:_;laibh—y:i; —c;d; Sesm Isisn

= V {<1</\< va(a;) /\'YB(bi)> A <1</\< va(ei) /\'VB(di)>}

m:i:l aibi7y:-§1 cid;
= V <1</\< va(a;) A 73(@')) AV ( A vale) A ’YB(di)>
e=3 aiby N cid;

= yap(®) AvaB(Y),
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Yap(r —y) A { V' valai) Vi/JB(bi)}

k 1<i<k
m—yzz a;b;
i=

IN
=>

{ <1<\/< Yalai) Vv ¢B(bi)> \ <1<\/< Ya(—ci)V wB(di)> }

i " {< X M“i)v%(m) V( v wA(ci)va(d»)}
& an aibi,y:é: cid; I<ism 1<i<n

i=1 i=1

= A ( V ¢A(ai)\/7/13(bi)>\/
>

1<i<m
=) a;b; - Y=
i=1 i=1
= Yap(x)Vap(y).
Also, we have
pap(r) = V { A palai) A uB(bz‘)}
= i a;b;,meN Sism
i=1
< V { </_\< palas) A:“B(biy)}
xy:;l a;(b;y),meN 1sism
< V { A palai) A MB([?Z')}
k 1<i<k
zy=>_ a;Bi,kEN -
i=1
= pap(zy),
yap(z) = V { A valai) A’YB(bi)}
m 1<i<m
z=3 a;b;,meN - =
i=1
< V { </_\< va(a;) /\’YB(biy)}
my:_glai(biy),mEN 1sizm
< V { A ’YA(Oéi)/\VB(ﬁi)}
K 1<i<k
zy=> a;Bi,kEN -
i=1
= vaB(zy),
Yap(x) = A { A Yalai) A ?/JB(bi)}
z:% a;b;,meN Isism
i=1
< N { </_\< Yala;) /\?/JB(biy)}
a:y:vg1 a;(b;y),meN 1sism
< A { N alas) A lﬁB(ﬁi)}
k 1<i<k
zy=3y, a;Bi,kEN T
i=1
= ap(ry).
Hence, pap(z) < pap(zy), yap(x) < vap(x), and Yap(z) > Yap(x). Similarly, we get pap(y) <
wan(zy), va () < vap(xy), and Y ap(y) > Yap(x). Therefore, AB is a neutrosophic ideal of R. O

Theorem 3.3. If A = (ua,va,%4) and B = (up, VB, ¥ p) are neutrosophic ideals of a ring R, then vV AB =
VAN B.

Proof. Let A = (ua,va,%a) and B = (up,7vB,¥ns) be neutrosophic ideals of a ring R. Let € R and

https://doi.org/10.54216/IJNS.230108 104
Received: May 13, 2023 Revised: August 12, 2023 Accepted: November 09, 2023



International Journal of Neutrosophic Science (IJNS) Vol. 23, No. 01, PP. 97-111, 2024

n

x =Y a;b; (x), where a;,b; # 0in R. Then for 1 < i < m,
i=1

palai) App(bi) < pala;) < palaib),
Yalai) Nye(bi) < yalai) < valaib),
alai) Vp(bi) > Yala:) > alaibs).

Hence,

A pala) Apslb) < A palaibi) < pa (Z a; z) = pa(),

A nala) Ayp(b) < N valaibi) <va (Z aibi> =7a(z),
1<i<m 1<i<m i=1
LV dala)vest) =V walab) > b (z b) — Yala).

Taking the supremum and infimum, respectively, overall expressions like (x), we have pap(z) < pa(z),
vag(z) < va(x), and Yap(z) > a(z). Similarly, we get pap(r) < up(x), yap(z) < vp(x), and

Yap(r) = ¢¥p(x). Hence, pap(x) < pa(x) A pp(x), yap(z) < valx) Ays(x), and pap(x) > Ya(z) V
vp(x) for all # € R, thatis, AB C AN B. Using Proposition [1.5/(2), we obtain v/AB C v/A N B. Now for

any z € R, we have

nyag(e) = \k/MAB(xk) > pap(x®) > pa(™) A pp (") = panp (™),
v/ap() = \k/vAB(x’“) > yap(x®") = ya(@") Ayp(e™) = yanp(z™),
VY ag(T) = /k\wAB(ﬂUk) < hap(®) < ha(a™) Vpp(a") = hanp(a"),

for all n > 1. Taking the supremum and infimum, respectively, over all n > 1, we get ;1 m(z) <pu m(x),
Vvane (@) < vyap@), and ¢ aeg() = ¢ ap().

Definition 3.4. 2 Let A = (ua,74,%a) and B = (up,7vB,%¥n) be neutrosophic sets in a ring R (not
necessarily commutative). The neutrosophic sum A = (pa,v4,%4) and B = (up,v5, ¥ ) is defined to be
the neutrosophic set A + B = (a+B,Y4+5,%a+5) in R given by

V (paly) ANpp(z) ifz=y+z
pa+p(x) = o=tz

0 otherwise,

V. (valy) Aye(2) ifzx=y+=z
Ya+B(T) = { 7=y+=

0 otherwise,

A @aly) Vie(z) ifz=y+2
Yarp(x) = § 7=yt

0 otherwise.

Theorem 3.5. If A = (ua,va,%4) and B = (up, VB, ¥p) are neutrosophic ideals of a ring R, then A + B
is a neutrosophic ideal of R.

Proof. Let A = (ua,va,%4) and B = (up,v5, ¥ ) be neutrosophic ideals of a ring R. Let a,b € R. Then

parB(@) Aparsly) = :V+b(uA(a) A pp(b)) A :V+d(uA(C) A pp(d))

= :\/H)((MA(G) A (b)) A (pale) A pp(d)))
y=c+d

= :V+b ((nala) Apup(d)) A (pa(=c) A pp(=d)))
—y=—c—d

= =V+b (((ma(a) A pa(=c)) A (pp(b) A pp(—d)))
—y=—c—d

<V (uale-9npnb-)
(a—c)+(b—d)

= pass(T—y),
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YayB(x) NyarBy) =

IN

YarB(x)Vibaysly) =

Also, we have

Hence, piayp(r) < pars(xy), va+5(®) < varp(zy), and Yayp(x) > Paip(z).
pa+B(Y) < pars(xy), ya+B(Y) < yatrs(xy), and a4 p(y) > ayp(x). Therefore, A + B is a neutro-
sophic ideal of R.

Theorem 3.6. If A = (ia,74,%4) and B = (up, V5,1V p) are neutrosophic ideals of a ring R, then /A +

IN

pays(r)

Yat+B(T)

YayB(T)

VB C VVA+VB=VA+B.

Proof. The first inclusion follows from Proposition (1). Since A C VAand BC VB (by Proposition

https://doi.org/10.54216/IJNS.230108
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V (val@) Ays@) AV (yale) Avs(d))
x=a+b y=c+d

:\/+b((7A(a) AB(0)) A (vale) Ays(d)))
y=c+d
=V+b ((va(a) AvB(0)) A (va(=¢) Ayp(=d)))
—y=—c—d
:V+b (((vala) Ava(=e)) A (vB(0) Ave(=d)))
—y=—c—d

Vo (rala—o)Ap(b—d)
(a—c)+(b—d)
Yat+B(T —Y),
N Wala)Ves®)V A (Yale)Ves(d)
rz=a+b y=c+d

A (($ala) Vp(b)V ($ale) v p(d))

r=a+b
y=c+d

A (ala) v 0p(8) v (5a(=0) Y (=)
—y=—c—d

:/\+b ((Yala) Vpa(=0) V (¥5(b) V ¢5(=d)))
—y=—c—d

_/\z (Yala—c)Vip(b—d))

(a—c)+(b—d)
Yayp(z—y).

V' (na(a) Apug(b))

r=a-+b

Vo (palay) A ps(by))
zy=ay+by

Vo (pale) Aup(B))

zy=a+p
pa+p(zy),

V' (vala) Avp(b))

r=a-+b

:\/H} (va(ay) Ave(by))

V  (vala) Avs(8))

zy=a+pf
Ya+B(TY),
N (ba(a) vV yp(d))

r=a+b

A (Walay) Vv yp(by))

zy=ay+by

A (@al@) Vp(8))

rzy=a+p
Yatp(zy).

I IA IA

A A | VAN VA
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Similarly, we get
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(1)), it follows from Proposition(Z) that VA + B C VVA + VB. Let x € R. Then

tyarve@) = xz\!+b{ﬂm(a)Aﬂ¢§(b)}

- (i) (o)

= V[V V {uA(am)AuA(b")}>,

rz=a+b \m>1n>1

VasrvB®) = :\/H){wz(a)Awg(b)}

= Vg (o) ()

=V (V V{WA(am)AvA(b")}>,

r=a+b \m>1n>1

Vyarve(®) = :/\+b{1/&/z(a)\/”(/&/§(b)}

() ()

= AN | A AA{va(a™) vm(b”)}) :
rz=a+b \m>1n>1
Now, let zx = a + b for a,b € R and m,n € N. Since R is commutative, we have 2" = ta™ + rb" for
some t,r € R. Hence,
pa(a™) A pa(b™) pa(ta™) A pa(rd™)
pavp(ta™ + ")
MA+B($77L+7L)

V MA+B($k)
E>1

tyars(@),
va(ta™) Ava(rb™)
Ya+p(ta™ +1b")

Yayp (™)

\/ ’YA+B(93k)
E>1

VW(x),
Ya(ta™)Va(rb")
VA+B (tam + ’I“bn)
Yapp(a™")

A bayp(ah)

E>1
Y ars(T).

It follows that /L\/m(,@) Z M\/Z+\/§($),’Y\/m($) Z 7\/Z+ B(.’L‘), and ’(/J\/m(a?) S 1/1\/2+\/§($L‘) for all
z € R. Thus VA + B D vV A++V/B, it follows from Proposition(2) and (3)that vVA+ B =+v+VA+BD
VV/A+ v/B. Hence, VA+ VB C VVA++VB=+VA+B. O

Theorem 3.7. Let f : R — S be a ring homomorphism. If A = (ua,va,%a) and B = (up,vB,¥B) are
neutrosophic ideals of rings R and S, respectively, then

IA I IAIA

va(@™) Aya(0")

IN I INIA

wA(a’HL) \Vi wA(bn)

AVAR I AVAY]

(1) \/f~H(B) = f~1(vVB),

(2) V/f(A) = f(\/Z) provided A = (pa,va,0a) is f-invariant, that is, f(x) = f(y) implies pa(x) =
pa(y), ya(z) = va(y), and a(x) = Yaly), and f is onto.
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Proof. (1) For any x € R, we have

rm ) = Yﬂffl(B)(fn)
= Vus(f(a"))
= VMB(( (x))")

= pyp(f(a))
“f 1<f>(“’)

Tm®) = YVf*l(B)(xn)
= Vas(f(@"))
- \%B« F)m)
= vy8(f(2)
’Yf 1(VB) (z),
iﬂm(l‘) = {l\i/)ffl(B)(l" ")
= QwB(f(w")>
= /\wB(( ()")
= Y,p(f(z))
wf 1<W>(x)-

Hence, /f~1(B) = f~!

(2) Lety € S. Since f is onto, there exists # € R such that f(x) = y. Furthermore, f~1(f(A)) = A, that
is, fr—1(r(ay) = Has V-1(5(A)) = VA, and Yg-1(5ay) = a, as Ais f-invariant. Let (¢,6,5) > 0~, that is,
€>0,60>0,and § < 1. Then there exists m € N such that

1 f(A)(y)_E < Mf(A)(ym)
tpcay(f(@™))
pg=r(p(ay(@™)
pa(z™)
M\/z(x)
tyz(t)
tef=1(y)
/’[’f(\/Z)(y)a

IANIAC

A

Yray(y™)
Yray(f(z™))
Vi-1(sap(@™)
Ya(z™)
m(x)

vva(t)
tef~1(y)

Vr(vA) (y),
Yray(y™)
Yray(f(@™))
Yr-1(p(ay (™)
Ya(z™)
Y z(T)

AN bz
tef~1(y)
= Yrvn®)-

Since (g, 0, ) is arbitrary, we have um(y) < Wy (), ’ym(y) < Yy (¥), and wm(y) >

Vm(y) — 0

IANIA

V

wm(y) +4

VIV I
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0 F(VA) (y) forall y € S. On the other hand, there exists 29 € R such that f(z() = y. Thus

r W) — e <nya(zo) =V palzg),

7 r W) =0 <vyalo) = Vaalag),

Y sy y) +0 > b ya(ze) = Aalg).
Also, there exists £ € N such that

nmW) —e<palee) =V pal®) =) < Vi) = m sz ).

tef~H(y*)
W =0 <) = V9l =250 <V w6 =7,
Ny n
by /raa W)+ 0> dalef) = D = bia ") 2 Asay (") = /5o ®)-

Since (¢,0,0) is arbitrary, we have 17 (y) < um(y), Vi W) < v f(A(y), and ;) (y) =
wm(y) forall y € S. Hence, \/f(A) = f(V/A). O

Definition 3.8. A neutrosophic ideal A = (114,74,%4) of aring R is said to be semiprime if /A = A.

One can verify that an arbitrary intersection of semiprime neutrosophic ideals of a ring R is a semiprime
neutrosophic ideal of R.

Example 3.9. Let S be a semiprime ideal of a ring R. Define a neutrosophic set A = (p4,7v4,%4) on R by

9 . 1 . .

_J ifzesS _J ifres _Jo ifzresS _

pa(x) { % otherwise, Ya(2) % otherwise, Va(z) % otherwise. Then A = (14,74, ¥a)
is a semiprime neutrosophic ideal of R.

Theorem 3.10. If A = (1a,7v4,%4) is a neutrosophic ideal of a ring R, then the following assertions are
equivalent:

(1) A is a semiprime neutrosophic ideal of R,

(2) pa(z™) = pa(x), va(a™) = ya(z), and Y a(x™) = Ya(x) forallz € Randn > 1,
(3) pa(@™) = pa(z), va(@™) = va(z), and Y a(x™) = Ya(zx) forall x € R and m > 2.

Proof. (1) = (2) Letz € Randn € N. Then

pa(z) < pa(z™) <Vpale") = pz() = palz),

ya(z) <va(@™) < Vya(@™) =y z(x) = va(®),

Ya(z) > Pa(a™) > /n\?/JA(fE”) =Y z(@) = pa(z).
Hence, pa(z™) = pa(x), ya(z™) = va(z), and Ya(z") = ha(x).

(2) = (3) Obvious.
(3) = (1) Let z € R and m < n. Then m* > n for some k € N. Hence,

pa@) = pa@@™) = pa@™) =... = pa(@™) > pa(a") = pa(e),
7a(2) = 7a(@™) =7a(@™) = ... = qa@™) 2 a(@") = 7a(@),
Pa(x) =1pa(x™) =va(@™ ) = ... =Ya(a™ ) > Pa(z") = Ya(x),

and so, pa (™) = pa(x), ya(x™) = ya(x), and 14 (z™) = Y a(x). It follows that
pya(e) =limpa(z™) = pa(@),
Vva(@) =limya(z") = ya(@),
bya(r) =limya (@) = a(z),
so that VA = A. Hence, Aisa semiprime neutrosophic ideal of R. O
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Theorem 3.11. Let A = (uua,7v4,%4) be a neutrosophic set on R such that ,uA(O) a, v4(0) = 8, and
Ya(0) = 6. If A is a semiprime neutrosophic ideal of R, then 1" ([8a,al), 71" ([05,8]), and 11 ([6, 5g])
are semiprime neutrosophic ideal of R for all §,, € (0,a], 63 € (0, 8], and §g € [ 1).

Proof. Assume that A is a semiprime neutrosophic ideal of R. Let d,, € (0, ], s € (0, 3], and dg € [0, 1).
2,9 € bz (). Then pa(z)eay) € G, and 0 o < pia (@) A pia(y) < sl ) < pa(0) =
and 0, < pa(r) < pa(rz) < pa(0) = aforallr € R. Hence, x —y € py ' ([0a, a]) and ra € 113" ([0u, o).
Similarly, zr € ;" ([0a,]). Therefore, u,'([0n,]) is an ideal of R. Let 2,y € v, '([0,]). Then
va(z),74(y) € [05,B], and s0 65 < va(x) Ava(y) < va(z —y) < 74(0) = B and 55 < ya(z) <
Ya(rz) < pa(0) = Bforallr € R. Hence, x —y € v, ([65,0]) and rz € v, '([05,/]). Similarly,
xr € v;([0s, B]). Therefore, v, *([65, 4]) is an ideal of R. Let x,y € v, "([0,5]) and r € R. Then

0 =1a(0) <valr —y) <va(x)Vealy) < o,
0=1940) <a(rz) <ya(x) < dg,
0 =1a(0) <Ya(ar) <a(z) < dp.

Then = — y,xr,rz € ;" ([0,06]). Therefore, 1, '([0,J¢]) is an ideal of R. Now assume that a" €
13" ([0, @]) for some a € R. It follows from Theorem that 0, < pa(a™) = pa(a) < «, and so
a € 3" ([6a;al). Consequently, p ;" ([6a;al), 74 ([0, 8]), and ¥ ;' ([0, 56]) are semiprime neutrosophic
ideals of R. O

Theorem 3.12. If R is a regular ring, then every neutrosophic ideal of R is semiprime.

Proof. Let A = (ua,7va,%a) be a neutrosophic ideal of a regular ring R. Given z € R, there exists a € R
such that z = waz = z2a. Repeatedly, we get z = x™a™ ! for all n > 2. Then

pra(z) = pa(a"a™" 1) > pa(z™) > pa(z),
va(x) =~a(z"a™ 1) > ya(z™) > ya(x),
pa(z) =1palz" a” D> pa(a™) > a(z),

and so pa(z™) = pa(x), va(z™) = ya(x), and Y4 (™) = Ya(z) forall z € R and n > 1. It follows from
Theorem that A is a semiprime neutrosophic ideal of R. O
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