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Abstract
Feature selection is an important preprocessing step in many data science and machine learning ap-
plications. Although there exist several sophisticated feature selection algorithms, their benefits are
sometimes overshadowed by their complexity and slow execution. Therefore, in many cases, a more
simple algorithm may be better suited. In this paper, we demonstrate that a rudimentary forward
selection algorithm can achieve optimal performance with a low time complexity. Our study is based
on an extensive empirical evaluation of the forward feature selection algorithm in the context of lin-
ear regression. Concretely, we compare the forward selection algorithm against the gold standard
exhaustive search algorithm based on several datasets. The results show that the forward selection
algorithm achieves high performance with relatively fast execution. Given the simplicity, accuracy,
and speed of the forward feature selection algorithm, we recommend it as a primary feature selection
method for most regression applications. Our results are particularly pertinent in the case of big data
and real-time analysis.
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1 Introduction

Feature selection is an important preprocessing step in many machine learning applications particularly in the
case of high dimensional data. To learn effectively from high dimensional data requires a large amount of data
which is often unavailable. For instance, a dataset with only 10 binary attributes has 1024 possible feature
combinations. Assuming that each feature combination requires at least 10 samples to get a significant result,
we need a total of approximately 10,000 samples in the dataset. A dataset containing categorical features
with more than 2 classes or continuous features would require exponentially more data. Furthermore, feature
selection leads to a more simple model that is more interpretable. Therefore, identifying and selecting the most
relevant features in data plays an important role in data analysis.

Given the importance of feature selection, there exists a vast amount of literature devoted to the subject. The
majority of the existing algorithms involve multi-step heuristics that are both computationally expensive and
challenging to implement for a nonexpert. Although several proposed algorithms have shown robust results,
their benefits should be weighted against the issues related to implementation and time complexity. As a
result, in many cases, it may be advantageous to utilize a simple selection algorithm over a more complicated
alternative.

In this paper, we investigate the performance a simple forward feature selection algorithm against the bench-
mark exhaustive search selection algorithm in the context of linear regression. The forward selection algorithm
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iteratively adds a new feature to the optimal subset. As a result, the forward selection algorithm operates at
O(K2) time complexity. On the other hand, the exhaustive search method considers all the possible subsets of
size k which is prohibitively expensive.

To measure the performance of the forward selection method, we conduct a range of numerical experiments
based on several datasets. For the sake of efficiency, the experiments are done in the context of linear regression
though its outcomes can be reasonably extended to other statistical and machine learning models. The results
show that a basic forward selection algorithm is capable of achieving high performance at a comparatively
little time. In addition, the simplicity and ubiquity of the algorithm allows it to be quickly implemented in any
context. Our study indicates that the forward selection algorithm should be considered as a primary feature
selection method in regression tasks.

The paper is structured as follows. Section 2 presents a short overview of the existing literature on the topic
of feature selection. Section 3 provides the description of the feature selection algorithms considered in the
paper. Section 4 describes the methodology. In Section 5, we present and analyze the results of the numerical
experiments. And Section 6 concludes the paper with closing remarks. Identifying the relevant features in
data is a key part of machine learning tasks. As such, it has attracted a significant amount of attention from
research community [1]. Feature selection algorithms can be divided into three major categories: 1) filter
methods, 2) wrapper methods, and 3) embedded methods. Filter methods employ a uniform metric to evaluate
and rank individual features [2,3]. Wrapper methods such as recursive feature elimination utilize a base model
to compute feature coefficients which are used to evaluate feature importance [4, 5]. Embedded methods such
as Lasso regression perform automatic feature selection during the model training stage [6, 7].

Feature selection algorithms have steadily evolved in their complexity. Algorithm complexity has progressed
in two major directions: 1) hybrid methods and 2) novel optimization techniques. Hybrid methods attempt
to combine several techniques to achieve better performance. By leveraging the strengths of individual tech-
niques, hybrid approaches attempt to improve the overall performance. In hybrid approaches, different meth-
ods are combined either through a bagging procedure where the results of several individual methods are
combined into the final optimal subset via a voting system or a multi-stage procedure where several methods
are applied sequentially to produce the final subset. As an example of a bagging procedure, the authors in [8]
combined genetic algorithm and ReliefF to carry out feature selection for wheat yield prediction. Similarly,
information gain and Fisher score were used together to reduce the initial set of features [9]. In [10], the
authors ensembled 5 different filter methods in a bagging procedure to improve selection stability.

As an example of a multi-stage procedure, the authors in [11] first combined information gain and random
forest to reduce the feature subset search space, and then utilized recursive feature elimination (RFE) to further
narrow down the optimal subset. Similarly in [5], the authors first employed a random forest-based filter to
reduce the initial feature set, then applied RFE to gradually eliminate the irrelevant features. In [12], the
authors initially ranked features using XGBoost, then utilized a genetic algorithm to search through a reduced
feature space.

Novel optimization techniques have been frequently employed to search through the space of feature subsets
to find the optimal subset [13]. Various optimization techniques such Gorilla Troops Optimizer [14], Dynamic
Butterfly Optimizer [15, 16], and others have been utilized in feature selection. Recently, feature selection
based on deep learning has gained popularity. The layered structure of neural networks facilitates the learning
of features during the training process. It enables both feature extraction and feature selection given the
appropriate activation functions [17–20]. Despite the effectiveness of deep learning-based feature selection
algorithms they are computationally intensive and require significant execution times.

2 Feature selection algorithms

In this section, we describe the feature selection methods considered in our study - forward selection, backward
selection, and the exhaustive search. We provide the details of the algorithms and discuss their time complexity.
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The basic forward feature selection algorithm is based on a greedy iterative feature selection process. Given a
subset Sk of k selected features, the next feature fk+1 ̸∈ Sk is chosen so that the set Sk+1 = Sk ∪ fk+1 achieves
the best performance. In the present context, the subset performance is measures by the accuracy of the linear
regression fit based on the data from the selected features. At each iteration, only K−k features are considered,
where K in the total number of features. It follows that the number of subsets required to evaluate in order to
obtain the optimal subset of size k is

K +(K −1)+ · · ·+(K − k+1) =
K(K +1)− (K − k)(K − k+1)

2
=

k(2K − k+1)
2

. (1)

It can be seen from the above equation that the algorithm complexity is quadratic in the number of selected
features k. However, note that the number of features in each subset is small which requires less computational
capacity. For instance, in the initial iteration only subsets of size 1 are evaluated. In the second iteration, only
the subsets of size 2 are considered. Calculating the linear regression model on 2 features is relatively fast.

In the exhaustive search algorithm - as the name suggests - all the subsets of a fixed size are considered.
The number of subsets of size k searched in the exhaustive algorithm is

(K
k

)
. Since the exhaustive algorithm

considers all the possible subsets it provides the gold standard. On the other hand, it is prohibitively expensive.
The number of subsets considered grows very quickly as k increases.

The backward feature selection iteratively removes features from the original set to obtain the optimal subset.
Given a subset Sk of k selected features, the next feature fk+1 ∈ Sk is chosen so that the set Sk+1 = Sk − fk+1
achieves the best performance. Thus, at each iteration, k features are considered. The number of subsets that is
required to evaluate to obtain the solution is similar to the forward selection. However, the number of features
in each subset is generally greater in backward selection. Since it is computationally less expensive to build
regression models with fewer features, forward selection is ultimately more efficient than backward selection.

It is important to note that both the forward and backward selection methods can potentially miss the best
overall subset. Since forward selection operates in a greedy fashion, the optimal feature combination may be
omitted. Nevertheless, in practice, the best subset produced by the forward selection is often very similar to the
one produced by the exhaustive search. Thus, given the speed of the forward selection, it provides a practical
tool for feature selection.

3 Methodology

Our evaluation of the forward selection algorithm is based on its performance against the benchmark selection
algorithms - exhaustive search and backward selection. The empirical evaluation is conducted using several
datasets. For each dataset, we perform a two-part experiment. In the first part, the entire dataset is utilized
for feature selection and the corresponding performance metrics are calculated. In the second part, we use
bootstrap cross-validation to calculate the test MSE for each selection algorithm at various subset sizes. The
two approaches combined provide a comprehensive analysis of the performances of feature selection methods.

The first part of the experiment involves employing the entire dataset to perform feature selection. For a
given subset size k, we determine the optimal subset using the feature selection algorithms considered in the
study. The subsets are evaluated based on the fit of the corresponding linear regression model. Once the
optimal subset of size k is identified by the selection algorithm we calculate three key metrics related to the
performance of the optimal subset.

The second part of the experiment is based on bootstrap cross-validation. In particular, we sample a training
set of size n from the original dataset (with replacement). Then, a feature selection method is used to identify
the optimal subset of size k based on the training set. Finally, the test MSE is calculated as the average of the
squared difference between the actual and predicted values of the unselected samples. The bootstrap simulation
is carried out 50 times for each dataset. The results are presented in the form of a boxplot.
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3.1 Data

The details of the datasets employed in the experiments are provided in Table 1. The fundraising dataset con-
tains information from a direct-mail fundraising campaign by a non-profit organization. The two wine quality
datasets contain physicochemical features of red and white wines. The student datasets contain information
related to student characteristics and performance in mathematics and Portuguese language courses. The su-
perconductor dataset contains features of superconductors and the critical temperature. All the dataset have
potentially irrelevant variables. So feature selection is advisable to improve performance.

Table 1: Datasets used in the numerical experiments.

name samples features
fundraising [21] 3470 12
winequality-red [22] 1599 12
winequality-white [22] 4898 12
student-mat [23] 395 14
student-por [23] 649 14
superconductor [24] 10000 41

3.2 Performance metrics

The performance criteria for the optimal subset include the adjusted R2, Bayesian information criterion (BIC),
and the theoretical test MSE (Cp). The adjusted R2 is a modification of the traditional R2 with additional
penalty for extra model parameters. It is given by the following equation

Adjusted R2 = 1− (n−1)SSR
(n− k)SST

, (2)

where SSR is the sum squared residuals, SST is the sum squared total, and n is the number of samples in the
dataset. The BIC is another popular metric that is used to measure the predictive error and thereby the quality
of a model. It uses information theory to evaluate the goodness of a model. The BIC is given by the following
equation:

BIC =−2ln(L(θ |D))+ k ln(n), (3)

where L(θ |D) is the maximized likelihood function. Finally, Cp is the asymptotic test MSE of the model. It
represents the performance of the model on unseen data. The Cp is given by the following equation

Cp =
1
n
(SSR+2kσ̂). (4)

4 Results and analysis

In this section, we discuss the results of the numerical experiments to compare the forward selection algorithm
against the exhaustive search and backward selection. The results show the forward selection algorithm per-
forms just as well as the exhaustive and backward selection methods. The forward selection algorithm shows
robust performance as measured by the adjusted R2, BIC, and Cp. In addition, bootstrap cross-validation
reveals that forward selection is robust against sample variations. The performance of forward selection is
comparable to exhaustive search across the range of all datasets considered in this study.
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4.1 Fundraising dataset

This dataset presents the problem of predicting dollar amount of donors’ contributions from a direct mail cam-
paign based on their demographics and history of past contributions. In Figure 1, we present the adjusted R2,
BIC, and Cp for the regression models that were fitted based on the selected subsets using the fundraising
dataset. In particular, for each subset size k, the optimal subset was selected using 3 selection methods: back-
ward, exhaustive, and forward. The subsets were selected based on all the samples corresponding to the subset
features. As shown in Figure 1, the forward selection algorithm produces exactly the same performance as
the exhaustive search method across all three evaluation criteria. Furthermore, the results are consistent across
different number of features selected. In the adjusted R2 plot, both forward selection and exhaustive search
produce the same values and reaching the maximum performance at k = 7. Similarly, BIC and Cp graphs for
forward selection and exhaustive search are identical with optimal values achieved at k = 7. Backward selec-
tion produces the same results except at k = 4 where it slightly underperforms. The results in Figure 1 show
that the forward selection algorithm is capable of providing the same results as the gold standard exhaustive
search method at a fraction of time complexity.
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Figure 1: The results of feature selection using the entire fundraising dataset.

In Figure 2, we present the results of bootstrap cross-validation. In particular, we first select the optimal subset
of features using the sampled train set and then calculate the corresponding regression MSE on the test set.
The training and test subsets are selected via bootstrap method that is repeated 50 times. As shown in Figure
2, the MSE for forward selection is exactly the same as exhaustive search. The values are the same across
different number of selected features with the lowest MSE achieved at k = 7 by both methods. It shows that
over 50 repeated bootstrap samples forward selection and exhaustive search yield the same subsets. The results
demonstrate the robustness of forward selection against different random samples.
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Figure 2: The results of feature selection using bootstrap cross-validation (fundraising).
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4.2 Wine quality datasets

We consider two datasets related to the Portuguese ”Vinho Verde” wine. The datasets contain physicochem-
ical input and sensory output variables. In Figure 3, we present the results of the experiment using the
winequality-red dataset. The results show that forward selection and exhaustive search produce identical
values for all the evaluation criteria.
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Figure 3: The results of feature selection using the entire winequality-red dataset.

In Figure 4, we present the outcome of bootstrap cross-validation. The optimal subset of features are se-
lected based on the sampled train set and the MSE is calculated on the test set. As before, the bootstrap
cross-validation is repeated 50 times. The results show that forward selection achieves the same or better per-
formance than exhaustive search and backward selection. For instance, for k = 8 and k = 9 forward selection
achieves lower MSE than the benchmark methods. Given that exhaustive search is the gold standard of feature
selection, the performance of forward selection is remarkable.
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Figure 4: The results of feature selection using bootstrap cross-validation (winequality-red).

In Figure 5, we present the outcome of the experiment using the winequality-white dataset. The results
show that forward selection produces the same results as exhaustive search except at k = 5 and k = 6. The
optimal number of selected features is k = 8. The performance metrics at k = 8 are the same for all three
selection methods. The results indicate that while forward selection slightly underperforms exhaustive search,
it achieves overall similar results as the benchmark methods.

In Figure 6, we present the outcome of bootstrap cross-validation using the winequality-white dataset.
The results show that in most cases forward selection performs identically to exhaustive search with exception
of k = 5 and k = 7. At k = 5, forward selection underperforms exhaustive search, while at k = 7 it outperforms
exhaustive search. We also note, as shown in Figure 6, that forward selection outperforms backward selection
in several instances.
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Figure 5: The results of feature selection using the entire winequality-white dataset.
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Figure 6: The results of feature selection using bootstrap cross-validation (winequality-white).

4.3 Mathematics dataset

The dataset is related to student performance in high school mathematics. The data attributes include student
grades, demographic, social and school related features. In Figure 7, we present the outcome of the experi-
ment using the student-mat dataset. The results show that forward selection achieves the same results as
exhaustive search with only a few exceptions. We note that the optimal result is achieved at different values
of k for different performance metrics. However, the corresponding metric values are the same for forward
selection and exhaustive search. Similar to above, the experiments on the student-mat dataset demonstrate
that while forward selection slightly underperforms exhaustive search, it achieves overall the same results.
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Figure 7: The results of feature selection using the entire student-mat dataset.

In Figure 8, we present the outcome of bootstrap cross-validation using the student-mat dataset. The
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results show that forward selection slightly outperforms exhaustive search. In particular, for values k =
4,6,7,8,10, and 11, the MSE for forward selection is lower than that of exhaustive search. It demonstrates
that, over repeated sampling of the dataset, forward selection is capable of achieving higher accuracy than the
benchmark methods.
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Figure 8: The results of feature selection using bootstrap cross-validation (student-mat).

4.4 Portugese dataset

This dataset is related to student performance in Portuguese language course. The data attributes are the
same as in the mathematics dataset above. In Figure 9, we present the outcome of the experiment using the
student-por dataset. The results show that forward selection achieves identical results as the benchmark
methods.
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Figure 9: The results of feature selection using the entire student-por dataset.

In Figure 10, we present the outcome of bootstrap cross-validation using the student-por dataset. The re-
sults show that forward selection slightly outperforms the benchmark methods. In particular, at k= 6,7,8, and 9,
forward selection achieves the lowest MSE. However, we note that at k = 4 forward selection produces slightly
higher MSE than the benchmarks. The experiment shows that on average forward selection achieves compa-
rable, if not better, results than benchmark methods.

4.5 Superconductor dataset

This dataset contains features extracted from superconductors together with the critical temperature. The
results of the experiments based on the superconductor dataset are presented in Figure 11. The results
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Figure 10: The results of feature selection using bootstrap cross-validation (student-por).
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Figure 11: The results of feature selection using the entire superconductor dataset.

are mixed. The performance of forward selection compared to exhaustive search varies depending the subset
size (nvars). However, the overall performance of all three feature selection algorithms is very similar.

In Figure 12, we present the outcome of bootstrap cross-validation using the superconductor dataset. The
results show that while the exhaustive search produces the lowest MSE for values k = 6 to k = 10, forward
selection produces the lowest MSE for values k = 11 to k = 17. For larger values of k the MSE is similar for
all three methods.
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Figure 12: The results of feature selection using bootstrap cross-validation (superconductor).
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5 Conclusion

Many existing feature selection methods are based on complex algorithms that require expert knowledge and
significant computing power. In this study, we find that simple forward selection algorithm can achieve robust
results at a fraction of the time required by more complex algorithms. We compare forward selection to
exhaustive search and backward selection. The results show that the features identified by the forward selection
algorithm produce the same accuracy as the exhaustive search.

Forward selection is simple to implement and requires minimal computing resources. Given its performance
against the gold standard exhaustive search algorithm, it should be considered as a viable tool in feature
selection. Our findings are particularly relevant in the case of big data and real-time analysis, where execution
time plays a significant role.
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