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Abstract 

 

In this research, we introduce the Interval Valued Temporal Neutrosophic Fuzzy Sets (IVTNFS) and some of its 

basic operations. Also, examine some of their properties. The Neutrosophic Fuzzy Sets of membership and non-

membership values are not always possible up to our satisfaction, but the IVTNFS part has a more important role 

here, because the time movement with an interval in NFS gave the best solution to making a decision, deciding their 

careers in our real-life situation. 
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1. Introduction  

Zadeh L has introduced fuzzy subset idea in the beginning instance, many authors have lately explained fuzzy subset 

directions, encompassing soft set, hazy set, rough set, etc. whereas the interval-valued fuzzy sets [6] were expanded 

the IVFS and IVFSs. The idea of IVFS was proposed by Pal and Shyamal with interval-valued fuzzy matrices and 

demonstrated several properties of it.  Intuitionistic fuzzy sets (IFSs) [1] were first described by Atanassov K. T, 

which are fuzzy subsets as well as a superior simplification of fuzzy sets. Since the initiation of IFS, plentiful 

researchers have shown their interest in the theory and utilized it in several domains, including model detection, 

apparatus learning, likeness processing, decision building and others. Lots of authors illustrate numerous 

consequences utilizing this intuitionistic fuzzy sets concept. Atanassov K.T. introduced the latest operations that 
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were defined on intuitionistic fuzzy sets. Supriya Kumar De, Ranjit Biswas along with Akhil Ranjan Roy [7] 

suggested certain operations over intuitionistic fuzzy sets, proposed medical diagnostics via intuitionistic fuzzy sets 

(IFS). The Temporal intuitionistic fuzzy sets orginated by Attanassov K. T [5]. 

Further, the notion of Interval-Valued Intuitionistic Fuzzy Sets [IVIFS] was first introduced by George Gargov and 

Krassimir T Atanasov, which is an oversimplification of the equality of IFS as well as IVFS. With the subsequent 

advance of IVIFS, many researchers expressed their attention to the theory and also used it in a diversity of domains. 

Later Krassimir T Atanassov introduced the operators over interval-valued intuitionistic fuzzy sets in 1994 [4]. 

Florentin Smarandache and Broumi, proposed a new operation of interval-valued intuitionistic hesitant fuzzy sets. 

Power harmonic weighted aggregation operator on single-valued trapezoidal neutrosophic numbers and interval-

valued neutrosophic sets introduced by Janani [8]. Interval-Valued Fermatean Neutrosophic Shortest Path Problem 

via Score Function studied, all these above are associated with temparal neutrosophic sets.  

Florentin Smarandache [12-13] introduced Neutrosophic Set (NS) and their extensions like, Neutrosophic 

probability, Neutrosophic set, Neutrosophic logic, the Multi-Moora method, Single valued neutrosophic sets and 

Bipolar neutrosophic sets. The NS uses hesitancy as an independent measure of the membership and non-

membership information. Hence the concept of NS is considered as a generalization of FS, IFS, and interval-valued 

sets. Interval Valued Neutrosophic Fuzzy Set was introduced by Florentin Smarandache, where the fuzzy 

membership grade of each part is connected with neutrosophic components, i.e., truth, indeterminacy, and falsity 

membership grades.  The assimilation of neutrosophic components to FS is required to manage the real life 

information which is both uncertain and unpredictable in the environment. Certain level operators over temporal 

intuitionistic fuzzy sets [11] and also established some of their properties. Solving shortest path problems using an 

ant colony algorithm with triangular neutrosophic arc weights [3], Complex fermatean neutrosophic graph and 

application to decision making. Decision Making [2] explained by Broumi.  

The neutrosophic fuzzy sets where proposed the fuzzy membership grade of each element is associated with 

neutrosophic mechanism, i.e., truth, indeterminacy, and falsity membership grades. The incorporation of 

neutrosophic components to Fuzzy Sets is necessary to handle the real life in turn which are both uncertain and 

inconsistent in nature. In various real life troubles, the membership degree of a FS cannot be totally assured due to 

the inaccurate and conflicting characteristic of human accomplishment. Therefore, it is more rational to engage 

neutrosophic fuzzy components to delegate the membership degree.  From this view point, the authors propose the 

interval valued temporal neutrosophic fuzzy set (IVTNFS), in additional; the membership position of the 

neutrosophic components can also be expressed with IVNFS.  The Interval Valued Neutrosophic Fuzzy Sets of 

membership and non-membership values are not always possible up to our satisfaction, but the IVTNFS part has a 

more important role here, because the time moment of IVNFS gives the best solution to finding the shortest distance 

in making a decision, decide their careers and so on. Particularly in the case of medical diagnosis, there is a fair 

chance of the existence of a non-zero hesitation part at each moment of evaluation by using this concept.   

The rest of the paper is designed as follows: Section 2 gives some basic definition’s. In Section 3, we define the 

Interval Valued Temporal Neutrosophic Fuzzy Sets. Also, we establish some relationships among the existing sets. 

This paper is concluded in section 4. 

 

2. Preliminaries 

Neutrosophic Fuzzy Sets is important in real life situation and its most important in decision making like career 

determination, image processing, medical diagnosis, etc. In our reality, we find things that cannot be precisely 

defined and that contain an indeterminacy part. This is the reason for studying neutrosophic fuzzy sets and their 

extensions. 

 

Definition 2.1[29] Let G be a non-empty set. A Fuzzy Set A in G is characterized by its membership function and 

μA(𝑟) is interpreted as the degree of membership of the element G in fuzzy set A, for each 𝑟 ∈ G. It is clear that A 

is completely determined by the set of tuples 

A =  {< 𝑟, μA(𝑟) > | 𝑟 ∈ G} 

 

Definition 2.2[1] Let G be a non-empty set. An intuitionistic fuzzy set (IFS) A in G is defined as an object of the 

following form.  

A =  {< 𝑥, μA(𝑥), νA(𝑥) > | 𝑥 ∈ X} 

where the functions μA: G → [0,1] and νA: G → [0,1] denote the degree of membership and the degree of non-

membership of the element 𝑟 ∈ G, respectively, and for every 𝑟 ∈ G. 

0 ≤ μA(𝑥) + νA(𝑥) ≤ 1 

https://doi.org/10.54216/IJNS.230129


International Journal of Neutrosophic Science (IJNS)                                             Vol. 23, No. 01, PP. 341-349, 2024 

343 
DOI: https://doi.org/10.54216/IJNS.230129  
Received: February 27, 2023 Revised: April 11, 2023 Accepted: May 13, 2023 

 

Definition 2.3[9] Let G be a non-empty set and A Temporal Intuitionistic Fuzzy Sets (TIFS) is defined as the 

following object of the form. 

A =  {< 𝑟, μA(r, t), νA(r, t) > | < r, t > ∈ 𝐺 × 𝑇} 

where  

i) A ⊂ G is a fixed set. 

ii) μA(r, t) + νA(r, t) ≤ 1 For every < 𝑟, 𝑡 > ∈ 𝐺 × 𝑇. 

μA(r, t) and νA(r, t) are the degree of membership and the degree of non-membership of the element 𝑟 ∈
G, respectively, and the time – moment 𝑡 ∈ T.  

 

Definition 2.4[4] An Interval Valued Intuitionistic Fuzzy Set (IVIFS) A in G is given by 

𝐴 =  {< 𝑟, 𝑀𝐴(𝑟, 𝑡), 𝑁𝐴(𝑟, 𝑡) > |𝑟 ∈ 𝐺} 

where MA: G → [0,1], NA: G → [0,1]. The intervals 𝑀𝐴(𝑟, 𝑡) and 𝑁𝐴(𝑟, 𝑡) denote the degree of membership and the 

degree of non-membership of the element G to the set A, where 𝑀𝐴(𝑟, 𝑡)  =  [𝑀𝐴𝐿(𝑟, 𝑡), 𝑀𝐴𝑈(𝑟, 𝑡)] and 𝑁𝐴(𝑟, 𝑡)  =
 [𝑁𝐴𝐿(𝑟, 𝑡), 𝑁𝐴𝑈(𝑟, 𝑡)] with the condition that 𝑀𝐴𝑈(𝑟, 𝑡)  + 𝑁𝐴𝑈(𝑟, 𝑡)  ≤  1 for all 𝑟 ∈ 𝐺.  

 

Definition 2.5[19] Let G be a universal set and 𝑟 ∈ 𝐺. A Neutrosophic Sets (NS) A in G is characterized by a truth, 

indeterminacy, and falsity membership function which are, respectively denoted as 𝑇𝐴 , 𝐼𝐴 and 𝐹𝐴 and it is denoted as 

the following form 

𝐴 =  {< 𝑟, 𝑇𝐴(𝑟), 𝐼𝐴(𝑟), 𝐹𝐴(𝑟) >| 𝑟 ∈ 𝐺} 

The functions 𝑇𝐴(𝑟), 𝐼𝐴(𝑟) and 𝐹𝐴(𝑟) are real standard or non-standard subsets of ]0−, 1+[, .i.e., 𝑇𝐴(𝑟) ∶  𝐺 →
]0−, 1+[, 𝐼𝐴(𝑟) ∶  𝐺 →]0−, 1+[ and 𝐹𝐴(𝑟) ∶  𝐺 →]0−, 1+[ No restriction is applied on the sum of 𝑇𝐴(𝑟), 𝐼𝐴(𝑟) and 

𝐹𝐴(𝑟), so 

0− ≤ sup 𝑇𝐴(𝑟) + sup 𝐼𝐴(𝑟) + sup 𝐹𝐴(𝑟) ≤ 3+ 

For a fixed 𝑟 ∈ 𝐺. 𝑇𝐴(𝑟), 𝐼𝐴(𝑟) and 𝐹𝐴(𝑟) is called neutrosophic number.  

 

Definition 2.6[22] Let G be a set of objects and 𝐴 = {𝑟, 𝜇𝐴(𝑟) | 𝑟 ∈ 𝐺 }, where 𝜇𝐴(𝑟) ∶ 𝐺 → [0, 1] be a fuzzy set. 

Then a Neutrosophic Fuzzy Sets (NFS) A in G defined by 

𝐴 =  {< 𝑟, 𝜇𝐴(𝑟), 𝑇𝐴(𝑟, 𝜇), 𝐼𝐴(𝑟, 𝜇), 𝐹𝐴(𝑟) >| 𝑟 ∈ 𝐺} 

where each membership value is expressed by a truth, indeterminacy, and falsity membership function which are 

respectively denoted as 𝑇𝐴(𝑟, 𝜇), 𝐼𝐴(𝑟, 𝜇) and 𝐹𝐴(𝑟, 𝜇). Moreover 𝑇𝐴, 𝐼𝐴 and 𝐹𝐴 are real standard or non-standard 

subsets of ]0−, 1+[, i.e., 𝑇𝐴(𝑟) ∶  𝐺 →]0−, 1+[, 𝐼𝐴(𝑟) ∶  𝐺 →]0−, 1+[ and 𝐹𝐴(𝑟) ∶  𝐺 →]0−, 1+[ No restriction is 

applied on the sum of 𝑇𝐴(𝑟), 𝐼𝐴(𝑟) and 𝐹𝐴(𝑟), so 

0− ≤ sup 𝑇𝐴(𝑟) + sup 𝐼𝐴(𝑟) + sup 𝐹𝐴(𝑟) ≤ 3+ 

For a fixed 𝑟 ∈ 𝐺. 𝜇𝐴(𝑟), 𝑇𝐴(𝑟), 𝐼𝐴(𝑟) and 𝐹𝐴(𝑟) is called neutrosophic fuzzy number(NFN).  

 

Definition 2.7[26] Let G be a non empty set. Then an Interval Valued Neutrosophic Sets (IVNS) A is an object of 

the following form 

𝐴 =  {< 𝑟, [inf 𝑇𝐴(𝑟) , sup 𝑇𝐴(𝑟)] , [inf 𝐼𝐴(𝑟) , sup 𝐼𝐴(𝑟)] , [inf 𝐹𝐴(𝑟) , sup 𝐹𝐴(𝑟)] >| 𝑟 ∈ 𝐺} 

where the functions 𝑇𝐴(𝑟), 𝐼𝐴(𝑟) & 𝐹𝐴(𝑟) ∶ 𝐺 →]0−, 1+[ and 0 ≤ sup 𝑇𝐴(𝑟) + sup 𝐼𝐴(𝑟) + sup 𝐹𝐴(𝑟) ≤ 3 

We denote the class of all interval valued neutrosophic sets on G by IVNSG. 

 

Definition 2.8[6] Let A, B be two interval valued neutrosophic sets on G. Then 

 

(i) A is called a subset of B, denoted by 𝐴 ⊆ 𝐵 if  

inf  𝑇𝐴(𝑟) ≤ inf  𝑇𝐵(𝑟) , sup 𝑇𝐴(𝑟) ≤ sup 𝑇𝐵(𝑟) , inf 𝐼𝐴(𝑟) ≤ inf 𝐼𝐵(𝑟) , sup 𝐼𝐴(𝑟) ≤ sup 𝐼𝐵(𝑟), 
inf 𝐹𝐴(𝑟) ≤ inf 𝐹𝐵(𝑟) , sup 𝐹𝐴(𝑟) ≤ sup 𝐹𝐵(𝑟) ∀ 𝑟 ∈ 𝐺 

 

(ii) The intersection of A and B is denoted by 𝐴 ∩ 𝐵 and is defined by 

𝐴 ∩ 𝐵 = {𝑟, < [min[inf  𝑇𝐴(𝑟) , inf  𝑇𝐵(𝑟)] , min[sup 𝑇𝐴(𝑟) , sup 𝑇𝐵(𝑟)]], 
[max[inf 𝐼𝐴(𝑟) , inf  𝐼𝐵(𝑟)] , max[sup 𝐼𝐴(𝑟) , sup 𝐼𝐵(𝑟)]], 

 [max[inf 𝐹𝐴(𝑟) , inf  𝐹𝐵(𝑟)] , max[sup 𝐹𝐴(𝑟) , sup 𝐹𝐵(𝑟)]] > |𝑟 ∈ 𝐺 }   
 

(iii) The union of A and B is denoted by 𝐴 ∪ 𝐵 and is defined by 

𝐴 ∪ 𝐵 = {𝑟, < [max[inf  𝑇𝐴(𝑟) , inf  𝑇𝐵(𝑟)] , max[sup 𝑇𝐴(𝑟) , sup 𝑇𝐵(𝑟)]], 
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                         [min[inf 𝐼𝐴(𝑟) , inf  𝐼𝐵(𝑟)] , min[sup 𝐼𝐴(𝑟) , sup 𝐼𝐵(𝑟)]], 
                         [min[inf 𝐹𝐴(𝑟) , inf  𝐹𝐵(𝑟)] , min[sup 𝐹𝐴(𝑟) , sup 𝐹𝐵(𝑟)]] > |𝑟 ∈ 𝐺 }    

 

(iv) The complement of A is denoted by 𝐴𝑐  and is defined by 

𝐴𝑐 = { < [inf 𝐹𝐴(𝑟) , sup 𝐹𝐴(𝑟)] , [1 − sup 𝐼𝐴(𝑟) , 1 − inf 𝐼𝐴(𝑟)], [inf  𝑇𝐴(𝑟) , sup 𝑇𝐴(𝑟)] > |𝑟 ∈ 𝐺} 

 

3. Interval Valued Temporal Neutrosophic Fuzzy Sets 

 In this section, we define the Interval Valued Temporal Neutrosophic Fuzzy Sets and its fundamental 

operations in addition that, we establish some relation along with the existing sets. 

 

Definition 3.1 Let G be a non- empty set, then the Interval Valued Temporal Neutrosophic Fuzzy Sets (IVNFS) A 

in G is define in the following form 

 

𝐴 = { < (𝑟, 𝑡), [inf 𝜇𝐴(𝑟, 𝑡) , sup 𝜇𝐴(𝑟, 𝑡)] , [inf 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡)], 
[inf 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐴(𝑟, 𝑡)] , [inf 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

where the functions 𝜇𝐴(𝑟, 𝑡), 𝑇𝐴(𝑟, 𝑡), 𝐼𝐴(𝑟, 𝑡) & 𝐹𝐴(𝑟, 𝑡) ∶ 𝐺 →]0−, 1+[ and 

0 ≤ sup 𝜇𝐴(𝑟, 𝑡) + sup 𝑇𝐴(𝑟, 𝑡) + sup 𝐼𝐴(𝑟, 𝑡) + sup 𝐹𝐴(𝑟, 𝑡) ≤ 3 
 

Definition 3.2 Let A, B be two interval valued temporal neutrosophic fuzzy sets on G. Then A is called a subset of 

B, denoted by 𝐴 ⊆ 𝐵 if 

inf  𝑇𝐴(𝑟, 𝑡) ≤ inf  𝑇𝐵(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡) ≤ sup 𝑇𝐵(𝑟, 𝑡) , inf 𝐼𝐴(𝑟, 𝑡) ≤ inf 𝐼𝐵(𝑟, 𝑡) , sup 𝐼𝐴(𝑟, 𝑡) ≤ sup 𝐼𝐵(𝑟, 𝑡), 
inf 𝐹𝐴(𝑟, 𝑡) ≤ inf 𝐹𝐵(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡) ≤ sup 𝐹𝐵(𝑟, 𝑡) ∀ (𝑟, 𝑡) ∈ 𝐺 × 𝑇 

 

Definition 3.3 Let A, B be two interval valued temporal neutrosophic fuzzy sets on G. Then A is called the 

intersection of A and B is denoted by 𝐴 ∩ 𝐵 and the union of A and B is denoted by 𝐴 ∪ 𝐵 respectively and it is 

define by the following form 

𝐴 ∩ 𝐵 = {(𝑟, 𝑡), < [min[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , min[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)]],                
                         [max[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , max[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)]],         

                         [max[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , max[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇}   
𝐴 ∪ 𝐵 = {(𝑟, 𝑡), < [max[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , max[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)]],               

                         [min[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , min[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)]],          
                         [min[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , min[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇}    

 

Definition 3.4 Let A, B be two interval valued temporal neutrosophic fuzzy sets on G. Then A is called the 

complement of A is denoted by 𝐴𝑐  and it is define by the following form 

𝐴𝑐 = {(𝑟, 𝑡), < [inf 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡)] , [1 − sup 𝐼𝐴(𝑟, 𝑡) , 1 − inf 𝐼𝐴(𝑟, 𝑡)],  
[inf  𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

 

Proposition 3.5 Let A, B and C be two interval valued temporal neutrosophic fuzzy sets on G. Then for every 

IVTNFSs, we have the following 

i.A ∪ B = 𝐵 ∪ 𝐴 

ii.𝐴 ∩ 𝐵 = 𝐵 ∩ 𝐴 

iii.(A ∪ B) ∪ 𝐶 = A ∪ (𝐵 ∪ 𝐶) 

iv.(A ∩ B) ∩ 𝐶 = A ∩ (𝐵 ∩ 𝐶) 

v.(𝐴̅ ∪ 𝐵̅)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝐴 ∩ 𝐵 

vi.(𝐴̅ ∩ 𝐵̅)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝐴 ∪ 𝐵 
Proof: Let  

   𝐴 = { < (𝑟, 𝑡), [inf 𝜇𝐴(𝑟, 𝑡) , sup 𝜇𝐴(𝑟, 𝑡)] , [inf 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡)], 
[inf 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐴(𝑟, 𝑡)] , [inf 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

and  

   𝐵 = { < (𝑟, 𝑡), [inf 𝜇𝐵(𝑟, 𝑡) , sup 𝜇𝐵(𝑟, 𝑡)] , [inf 𝑇𝐵(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)], 
[inf 𝐼𝐵(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)] , [inf 𝐹𝐵(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

Then by the definition of union, 

𝐴 ∪ 𝐵 = {(𝑟, 𝑡), < [max[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , max[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)]],               
                         [min[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , min[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)]],          
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                                                     [min[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , min[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

            = {(𝑟, 𝑡), < [max[inf  𝑇𝐵(𝑟, 𝑡) , inf  𝑇𝐴(𝑟, 𝑡)] , max[sup 𝑇𝐵(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡)]],               
                         [min[inf 𝐼𝐵(𝑟, 𝑡) , inf  𝐼𝐴(𝑟, 𝑡)] , min[sup 𝐼𝐵(𝑟, 𝑡) , sup 𝐼𝐴(𝑟, 𝑡)]],          

                                                     [min[inf 𝐹𝐵(𝑟, 𝑡) , inf  𝐹𝐴(𝑟, 𝑡)] , min[sup 𝐹𝐵(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

 = 𝐵 ∪ 𝐴 

Which is proved (i). by the definition of intersection, 

 

𝐴 ∩ 𝐵 = {(𝑟, 𝑡), < [min[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , min[supe 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)]],                
                         [max[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , max[sup 𝐼ℎ𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)]],         
                         [max[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , max[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇}   

             = {(𝑟, 𝑡), < [min[inf  𝑇𝐵(𝑟, 𝑡) , inf  𝑇𝐴(𝑟, 𝑡)] , min[sup 𝑇𝐵(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡)]],                
                         [max[inf 𝐼𝐵(𝑟, 𝑡) , inf  𝐼𝐴(𝑟, 𝑡)] , max[sup 𝐼𝐵(𝑟, 𝑡) , sup 𝐼𝐴(𝑟, 𝑡)]],         

                                                       [max[inf 𝐹𝐵(𝑟, 𝑡) , inf  𝐹𝐴(𝑟, 𝑡)] , max[sup 𝐹𝐵(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

 = 𝐵 ∩ 𝐴 

hence its proved the part (ii) and the third part of the proof as follows 

 

(𝐴 ∪ 𝐵) ∪ 𝐶 = {(𝑟, 𝑡), < [max[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , max[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)]],                                        
                   [min[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , min[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)]],                        

                                          [min[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , min[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} ∪ 𝐶  
= {(𝑟, 𝑡),
< [max[max[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , inf 𝑇𝐶(𝑟, 𝑡)] , max[ max[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)] , sup𝑇𝐶(𝑟, 𝑡)], 

                  [min[min[inf  𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , inf 𝐼𝐶(𝑟, 𝑡)] , min[ min[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)] , sup 𝐼𝐶(𝑟, 𝑡)], 
                     [min[min[inf  𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , inf 𝐹𝐶(𝑟, 𝑡)] , min[ min[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)] , sup𝐹𝐶(𝑟, 𝑡)]

>} 

= {(𝑟, 𝑡), < [max[inf TA(r, t), max[inf  𝑇𝐵(𝑟, 𝑡), inf 𝑇𝐶(𝑟, 𝑡)]] , max[ sup𝑇𝐴(𝑟, 𝑡), max[sup 𝑇𝐵(𝑟, 𝑡) , sup 𝑇𝐶(𝑟, 𝑡)]], 
[min[inf IA(r, t), min[inf  𝐼𝐵(𝑟, 𝑡), inf 𝐼𝐶(𝑟, 𝑡)]] , min[ sup𝐼𝐴(𝑟, 𝑡), min[sup 𝐼𝐵(𝑟, 𝑡) , sup 𝐼𝐶 (𝑟, 𝑡)]],           

[min[inf FA(r, t), min[inf  𝐹𝐵(𝑟, 𝑡), inf 𝐹𝐶(𝑟, 𝑡)]] , min[ sup𝐹𝐴(𝑟, 𝑡), min[sup 𝐹𝐵(𝑟, 𝑡) , sup 𝐹𝐶(𝑟, 𝑡)]] >}   
= 𝐴 ∪ {(𝑟, 𝑡), < [max[inf  𝑇𝐵(𝑟, 𝑡) , inf  𝑇𝐶(𝑟, 𝑡)] , max[sup 𝑇𝐵(𝑟, 𝑡) , sup 𝑇𝐶(𝑟, 𝑡)]],   
                              [min[inf 𝐼𝐵(𝑟, 𝑡) , inf  𝐼𝐶(𝑟, 𝑡)] , min[sup 𝐼𝐵(𝑟, 𝑡) , sup 𝐼𝐶(𝑟, 𝑡)]],                        

[min[inf 𝐹𝐵(𝑟, 𝑡) , inf  𝐹𝐶(𝑟, 𝑡)] , min[sup 𝐹𝐵(𝑟, 𝑡) , sup 𝐹𝐶(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

= 𝐴 ∪ (𝐵 ∪ 𝐶) 

hence its proved the part (iii) and the fourth part of the proof as follows 

 

(𝐴 ∩ 𝐵) ∩ 𝐶 = {(𝑟, 𝑡), < [min[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , min[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)]],                                        
                   [max[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , max[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)]],                        

                                          [max[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , max[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} ∪ 𝐶  
= {(𝑟, 𝑡), < [min[min[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , inf 𝑇𝐶(𝑟, 𝑡)] , min[ min[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)] , sup𝑇𝐶(𝑟, 𝑡)], 

                  [max[max[inf  𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , inf 𝐼𝐶(𝑟, 𝑡)] , max[ max[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)] , sup 𝐼𝐶(𝑟, 𝑡)], 
                  [max[max[inf  𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , inf 𝐹𝐶(𝑟, 𝑡)] , max[ max[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)] , sup𝐹𝐶(𝑟, 𝑡)]

>} 

= {(𝑟, 𝑡), < [min[inf TA(r, t), min[inf  𝑇𝐵(𝑟, 𝑡), inf 𝑇𝐶(𝑟, 𝑡)]] , min[ sup𝑇𝐴(𝑟, 𝑡), min[sup 𝑇𝐵(𝑟, 𝑡) , sup 𝑇𝐶(𝑟, 𝑡)]], 
[max[inf IA(r, t), max[inf  𝐼𝐵(𝑟, 𝑡), inf 𝐼𝐶(𝑟, 𝑡)]] , max[ sup𝐼𝐴(𝑟, 𝑡), max[sup 𝐼𝐵(𝑟, 𝑡) , sup 𝐼𝐶(𝑟, 𝑡)]],             
[max[inf FA(r, t), max[inf  𝐹𝐵(𝑟, 𝑡), inf 𝐹𝐶(𝑟, 𝑡)]] , max[ sup𝐹𝐴(𝑟, 𝑡), max[sup 𝐹𝐵(𝑟, 𝑡) , sup 𝐹𝐶(𝑟, 𝑡)]] >} 

= 𝐴 ∩ {(𝑟, 𝑡), < [min[inf  𝑇𝐵(𝑟, 𝑡) , inf  𝑇𝐶(𝑟, 𝑡)] , min[sup 𝑇𝐵(𝑟, 𝑡) , sup 𝑇𝐶(𝑟, 𝑡)]], 
                              [max[inf 𝐼𝐵(𝑟, 𝑡) , inf  𝐼𝐶(𝑟, 𝑡)] , max[sup 𝐼𝐵(𝑟, 𝑡) , sup 𝐼𝐶(𝑟, 𝑡)]],                        

[max[inf 𝐹𝐵(𝑟, 𝑡) , inf  𝐹𝐶(𝑟, 𝑡)] , max[sup 𝐹𝐵(𝑟, 𝑡) , sup 𝐹𝐶(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

= 𝐴 ∩ (𝐵 ∩ 𝐶) 

Which is proved (iv). by the definition of complement, 

 

𝐴̅ = {(𝑟, 𝑡), < [inf 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡)] , [1 − sup 𝐼𝐴(𝑟, 𝑡) , 1 − inf 𝐼𝐴(𝑟, 𝑡)],  
[inf  𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

And 

𝐵̅ = {(𝑟, 𝑡), < [inf 𝐹𝐵(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)] , [1 − sup 𝐼𝐵(𝑟, 𝑡) , 1 − inf 𝐼𝐵(𝑟, 𝑡)],  
[inf  𝑇𝐵(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

Take the union operation, we have 
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𝐴̅ ∪ 𝐵̅ = {(𝑟, 𝑡), < [inf 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡)] , [1 − sup 𝐼𝐴(𝑟, 𝑡) , 1 − inf 𝐼𝐴(𝑟, 𝑡)],  
           [inf  𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} ∪ {(𝑟, 𝑡), < [inf 𝐹𝐵(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)], 

[1 − sup 𝐼𝐵(𝑟, 𝑡) , 1 − inf 𝐼𝐵(𝑟, 𝑡)], [inf  𝑇𝐵(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

            = {(𝑟, 𝑡), < [max[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , max[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)]],                                        
   [min[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , min[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)]],                                 

[min[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , min[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

(𝐴̅ ∪ 𝐵̅)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = {(𝑟, 𝑡), < [min[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , min[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)]],                                        
   [max[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , max[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)]],                        

                              [max[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , max[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

              = 𝐴 ∩ 𝐵 

Hence proved (v). Appl the intersection operation, we have 

 

𝐴̅ ∩ 𝐵̅ = {(𝑟, 𝑡), < [inf 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡)] , [1 − sup 𝐼𝐴(𝑟, 𝑡) , 1 − inf 𝐼𝐴(𝑟, 𝑡)],  
           [inf  𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} ∩ {(𝑟, 𝑡), < [inf 𝐹𝐵(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)], 

[1 − sup 𝐼𝐵(𝑟, 𝑡) , 1 − inf 𝐼𝐵(𝑟, 𝑡)], [inf  𝑇𝐵(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

            = {(𝑟, 𝑡), < [min[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , min[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)]],                                        
   [max[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , max[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)]],                                 

[max[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , max[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

(𝐴̅ ∩ 𝐵̅)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = {(𝑟, 𝑡), < [max[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , max[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)]],                                        
   [min[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , min[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)]],                        

                              [min[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , min[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

              = 𝐴 ∪ 𝐵 

Hence, this completes the proofs of the proposition. 

 

Proposition 3.6 The following law holds good for every IVTNFS A: 

i.A ∪ A =  A 

ii.A ∩ A = A 

Proof: Let  

𝐴 = { < (𝑟, 𝑡), [inf 𝜇𝐴(𝑟, 𝑡) , sup 𝜇𝐴(𝑟, 𝑡)] , [inf 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡)], 
[inf 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐴(𝑟, 𝑡)] , [inf 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

Take the union operation for the same set A, we have 

 

= { < (𝑟, 𝑡), [inf 𝜇𝐴(𝑟, 𝑡) , sup 𝜇𝐴(𝑟, 𝑡)] , [inf 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡)] , [inf 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐴(𝑟, 𝑡)], 
[inf 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} ∪ { < (𝑟, 𝑡), [inf 𝜇𝐴(𝑟, 𝑡) , sup 𝜇𝐴(𝑟, 𝑡)] , [inf 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡)], 

[inf 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐴(𝑟, 𝑡)] , [inf 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

= {(𝑟, 𝑡), < [max[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐴(𝑟, 𝑡)] , max[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡)]],               
[min[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐴(𝑟, 𝑡)] , min[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐴(𝑟, 𝑡)]],          

                            [min[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐴(𝑟, 𝑡)] , min[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

= { < (𝑟, 𝑡), [inf 𝜇𝐴(𝑟, 𝑡) , sup 𝜇𝐴(𝑟, 𝑡)] , [inf 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡)], 
[inf 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐴(𝑟, 𝑡)] , [inf 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

= 𝐴 

Take the intersection operation for the same set A, we have 

 

= { < (𝑟, 𝑡), [inf 𝜇𝐴(𝑟, 𝑡) , sup 𝜇𝐴(𝑟, 𝑡)] , [inf 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡)] , [inf 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐴(𝑟, 𝑡)], 
[inf 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} ∩ { < (𝑟, 𝑡), [inf 𝜇𝐴(𝑟, 𝑡) , sup 𝜇𝐴(𝑟, 𝑡)] , [inf 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡)], 

[inf 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐴(𝑟, 𝑡)] , [inf 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

= {(𝑟, 𝑡), < [min[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐴(𝑟, 𝑡)] , min[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡)]],               
[max[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐴(𝑟, 𝑡)] , max[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐴(𝑟, 𝑡)]],          

                            [max[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐴(𝑟, 𝑡)] , max[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

= { < (𝑟, 𝑡), [inf 𝜇𝐴(𝑟, 𝑡) , sup 𝜇𝐴(𝑟, 𝑡)] , [inf 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡)], 
[inf 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐴(𝑟, 𝑡)] , [inf 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

= 𝐴. 

This completes the proposition. 
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Proposition 3.7 Let A, B and C be the interval valued temporal neutrosophic fuzzy sets on G. Then for every IVTNFS, 

we have the following 

i.(𝐴 ∪ 𝐵) ∩ 𝐶 = (𝐴 ∩ 𝐶) ∪ (𝐵 ∩ 𝐶) 

ii.(𝐴 ∩ 𝐵) ∪ 𝐶 = (𝐴 ∪ 𝐶) ∩ (𝐵 ∪ 𝐶) 

Proof: Let  

𝐴 = { < (𝑟, 𝑡), [inf 𝜇𝐴(𝑟, 𝑡) , sup 𝜇𝐴(𝑟, 𝑡)] , [inf 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐴(𝑟, 𝑡)], 
[inf 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐴(𝑟, 𝑡)] , [inf 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐴(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

and  

𝐵 = { < (𝑟, 𝑡), [inf 𝜇𝐵(𝑟, 𝑡) , sup 𝜇𝐵(𝑟, 𝑡)] , [inf 𝑇𝐵(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)], 
[inf 𝐼𝐵(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)] , [inf 𝐹𝐵(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

 

By the definition of union, 

𝐴 ∪ 𝐵 = {(𝑟, 𝑡), < [max[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , max[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)]],               
                         [min[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , min[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)]],          

                                                     [min[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , min[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

By the definition of intersection, 

𝐴 ∩ 𝐵 = {(𝑟, 𝑡), < [min[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , min[supe 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)]],                
                         [max[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , max[sup 𝐼ℎ𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)]],         
                         [max[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , max[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇}   

i. LHS: (𝐴 ∪ 𝐵) ∩ 𝐶 

= {(𝑟, 𝑡), < [max[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , max[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)]],                                        
                       [min[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , min[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)]],                        

                          [min[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , min[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} ∩ 𝐶 

 

= {(𝑟, 𝑡),
< [min[max[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , inf 𝑇𝐶(𝑟, 𝑡)] , min[ max[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)] , sup𝑇𝐶(𝑟, 𝑡)], 

               [max[min[inf  𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , inf 𝐼𝐶(𝑟, 𝑡)] , max[ min[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)] , sup 𝐼𝐶(𝑟, 𝑡)], 
                    [max[min[inf  𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , inf 𝐹𝐶(𝑟, 𝑡)] , max[ min[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)] , sup𝐹𝐶(𝑟, 𝑡)]

>} 
 

= {(𝑟, 𝑡),
< [max[min[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , inf 𝑇𝐶(𝑟, 𝑡)] , max[ min[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)] , sup𝑇𝐶(𝑟, 𝑡)], 

               [min[max[inf  𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , inf 𝐼𝐶(𝑟, 𝑡)] , min[ max[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)] , sup 𝐼𝐶(𝑟, 𝑡)], 
                    [min[max[inf  𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , inf 𝐹𝐶(𝑟, 𝑡)] , min[ max[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)] , sup𝐹𝐶(𝑟, 𝑡)]

>} 

 

Now, 

𝐴 ∩ 𝐶 = {(𝑟, 𝑡), < [min[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐶(𝑟, 𝑡)] , min[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐶(𝑟, 𝑡)]],                                        
                       [max[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐶(𝑟, 𝑡)] , max[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐶(𝑟, 𝑡)]],                                   

                          [max[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐶(𝑟, 𝑡)] , max[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐶(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

𝐵 ∩ 𝐶 = {(𝑟, 𝑡), < [min[inf  𝑇𝐵(𝑟, 𝑡) , inf  𝑇𝐶(𝑟, 𝑡)] , min[sup 𝑇𝐵(𝑟, 𝑡) , sup 𝑇𝐶(𝑟, 𝑡)]],                                        
                       [max[inf 𝐼𝐵(𝑟, 𝑡) , inf  𝐼𝐶(𝑟, 𝑡)] , max[sup 𝐼𝐵(𝑟, 𝑡) , sup 𝐼𝐶(𝑟, 𝑡)]],                                   

                          [max[inf 𝐹𝐵(𝑟, 𝑡) , inf  𝐹𝐶(𝑟, 𝑡)] , max[sup 𝐹𝐵(𝑟, 𝑡) , sup 𝐹𝐶(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

RHS: (𝐴 ∩ 𝐶) ∪ (𝐵 ∩ 𝐶) 

= {(𝑟, 𝑡), < [min[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐶 (𝑟, 𝑡)] , min[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐶(𝑟, 𝑡)]],                                        
[max[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐶(𝑟, 𝑡)] , max[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐶(𝑟, 𝑡)]],                                   

[max[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐶(𝑟, 𝑡)] , max[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐶(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} ∪ 

     {(𝑟, 𝑡), < [min[inf  𝑇𝐵(𝑟, 𝑡) , inf  𝑇𝐶(𝑟, 𝑡)] , min[sup 𝑇𝐵(𝑟, 𝑡) , sup 𝑇𝐶(𝑟, 𝑡)]],                                        
                       [max[inf 𝐼𝐵(𝑟, 𝑡) , inf  𝐼𝐶(𝑟, 𝑡)] , max[sup 𝐼𝐵(𝑟, 𝑡) , sup 𝐼𝐶(𝑟, 𝑡)]],                                   

                          [max[inf 𝐹𝐵(𝑟, 𝑡) , inf  𝐹𝐶(𝑟, 𝑡)] , max[sup 𝐹𝐵(𝑟, 𝑡) , sup 𝐹𝐶(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

= {(𝑟, 𝑡),
< [max[min[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , inf 𝑇𝐶(𝑟, 𝑡)] , max[ min[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)] , sup𝑇𝐶(𝑟, 𝑡)], 

               [min[max[inf  𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , inf 𝐼𝐶(𝑟, 𝑡)] , min[ max[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)] , sup 𝐼𝐶(𝑟, 𝑡)], 
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                    [min[max[inf  𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , inf 𝐹𝐶(𝑟, 𝑡)] , min[ max[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)] , sup𝐹𝐶(𝑟, 𝑡)]
>} 

 

Hence,(𝐴 ∪ 𝐵) ∩ 𝐶 = (𝐴 ∩ 𝐶) ∪ (𝐵 ∩ 𝐶). 
 

ii. LHS: (𝐴 ∩ 𝐵) ∪ 𝐶 

= {(𝑟, 𝑡), < [min[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , min[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)]],                                        
                       [max[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , max[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)]],                        

                          [max[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , max[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} ∪ 𝐶 

 

= {(𝑟, 𝑡),
< [max[min[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , inf 𝑇𝐶(𝑟, 𝑡)] , max[ min[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)] , sup𝑇𝐶(𝑟, 𝑡)], 

               [min[max[inf  𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , inf 𝐼𝐶(𝑟, 𝑡)] , min[ max[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)] , sup 𝐼𝐶(𝑟, 𝑡)], 
                    [min[max[inf  𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , inf 𝐹𝐶(𝑟, 𝑡)] , min[ max[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)] , sup𝐹𝐶(𝑟, 𝑡)]

>} 

 

Now, 

𝐴 ∪ 𝐶 = {(𝑟, 𝑡), < [max[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐶(𝑟, 𝑡)] , max[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐶(𝑟, 𝑡)]],                                        
                       [min[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐶(𝑟, 𝑡)] , min[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐶 (𝑟, 𝑡)]],                                   

                          [min[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐶(𝑟, 𝑡)] , min[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐶(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

 

𝐵 ∪ 𝐶 = {(𝑟, 𝑡), < [max[inf  𝑇𝐵(𝑟, 𝑡) , inf  𝑇𝐶(𝑟, 𝑡)] , max[sup 𝑇𝐵(𝑟, 𝑡) , sup 𝑇𝐶(𝑟, 𝑡)]],                                        
                       [min[inf 𝐼𝐵(𝑟, 𝑡) , inf  𝐼𝐶(𝑟, 𝑡)] , min[sup 𝐼𝐵(𝑟, 𝑡) , sup 𝐼𝐶 (𝑟, 𝑡)]],                                   

                          [min[inf 𝐹𝐵(𝑟, 𝑡) , inf  𝐹𝐶(𝑟, 𝑡)] , min[sup 𝐹𝐵(𝑟, 𝑡) , sup 𝐹𝐶(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

 

RHS: (A ∪ C) ∩ (B ∪ C) 

= {(𝑟, 𝑡), < [max[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐶(𝑟, 𝑡)] , max[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐶(𝑟, 𝑡)]],                                        
                       [min[inf 𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐶(𝑟, 𝑡)] , min[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐶 (𝑟, 𝑡)]],                                   

  [min[inf 𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐶(𝑟, 𝑡)] , min[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐶(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} ∩   
{(𝑟, 𝑡), < [max[inf  𝑇𝐵(𝑟, 𝑡) , inf  𝑇𝐶(𝑟, 𝑡)] , max[sup 𝑇𝐵(𝑟, 𝑡) , sup 𝑇𝐶(𝑟, 𝑡)]],                                        

                       [min[inf 𝐼𝐵(𝑟, 𝑡) , inf  𝐼𝐶(𝑟, 𝑡)] , min[sup 𝐼𝐵(𝑟, 𝑡) , sup 𝐼𝐶 (𝑟, 𝑡)]],                                   
                          [min[inf 𝐹𝐵(𝑟, 𝑡) , inf  𝐹𝐶(𝑟, 𝑡)] , min[sup 𝐹𝐵(𝑟, 𝑡) , sup 𝐹𝐶(𝑟, 𝑡)]] > |(𝑟, 𝑡) ∈ 𝐺 × 𝑇} 

 

= {(𝑟, 𝑡),
< [min[max[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , inf 𝑇𝐶(𝑟, 𝑡)] , min[ max[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)] , sup𝑇𝐶(𝑟, 𝑡)], 

               [max[min[inf  𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , inf 𝐼𝐶(𝑟, 𝑡)] , max[ min[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)] , sup 𝐼𝐶(𝑟, 𝑡)], 
                    [max[min[inf  𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , inf 𝐹𝐶(𝑟, 𝑡)] , max[ min[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)] , sup𝐹𝐶(𝑟, 𝑡)]

>} 

 

= {(𝑟, 𝑡),
< [max[min[inf  𝑇𝐴(𝑟, 𝑡) , inf  𝑇𝐵(𝑟, 𝑡)] , inf 𝑇𝐶(𝑟, 𝑡)] , max[ min[sup 𝑇𝐴(𝑟, 𝑡) , sup 𝑇𝐵(𝑟, 𝑡)] , sup𝑇𝐶(𝑟, 𝑡)], 

               [min[max[inf  𝐼𝐴(𝑟, 𝑡) , inf  𝐼𝐵(𝑟, 𝑡)] , inf 𝐼𝐶(𝑟, 𝑡)] , min[ max[sup 𝐼𝐴(𝑟, 𝑡) , sup 𝐼𝐵(𝑟, 𝑡)] , sup 𝐼𝐶(𝑟, 𝑡)], 
                    [min[max[inf  𝐹𝐴(𝑟, 𝑡) , inf  𝐹𝐵(𝑟, 𝑡)] , inf 𝐹𝐶(𝑟, 𝑡)] , min[ max[sup 𝐹𝐴(𝑟, 𝑡) , sup 𝐹𝐵(𝑟, 𝑡)] , sup𝐹𝐶(𝑟, 𝑡)]

>} 
 

Hence, (A ∩ B) ∪ C = (A ∪ C) ∩ (B ∪ C). 

 

4. Conclusion 

 We have defined a new extension of Intuitionistic Fuzzy Sets, namely, Interval Valued Temporal 

Intuitionistic Fuzzy Sets and studied various basic operations like combination, connection, separation and 

complement. We have proved the commutatively and Associative of union and intersections and the distributive law 

of one over the other. Also, we have proved the idempotence law and demorgan’s law. The defined IVTIFS is useful 

in many applications. It is open to check the newly defined IVTIFS in the real time applications such as medical 

diagnosis, electrol system, career determination and pattern recognition and so on. 
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