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ABSTRACT. The main results of these studies consisted in finding new spectral
properties of as bounded linear operators T and S defined on a Banach space,
such as TST = T2v/T and STS = S2+/S. The novelty of this work is to
extend the study of Christoph Schmoeger [10] where the spectral properties of
two operators T and S given as T'ST = T2 and ST'S = S? were addressed and
[5] in which the operators are taken T7S*T7 = T7+! and STT7S™ = S7+1,
T is a positive integer . These two works will be a special case of our results.

1. INTRODUCTION AND PRELIMINARY

In the mathematical literature there are various classifications of points and sub-
sets of the spectrum. This is due to the need for spectral theory to be used to solve
the corresponding problems. All these classifications either in one sense or another
reflect various properties of the operator; not having a bounded inverse throughout
the entire space, or are associated with certain stability properties of subsets of the
spectrum, for example, under certain perturbations, analytical mappings, see [0} [7].

The spectral theory of linear operators constitutes an essential section of the
general spectral theory of operators and occupies a prominent place in mathematical
studies of last centuries and applications of mathematics to physical theories and
much attention in further research is paid to common spectral properties of linear
operators. In almost every physical problem that can be formulated using linear
operators, what is the object of primary physical interest? spectrum of the operator
under consideration. Sufficient confirmation of this is the use of the term spectrum
in both the physical and mathematical sense, see [I].

Throughout this paper H denote a complex Banach space and B(H) the Banach
algebra of all bounded linear operators on H. For T € B(H), let N(T') denote the
null space of T', and R(T") denote the range of T'. It is well-known and useful when
T and S in B(H), then w(TS)\{0} = w(ST)\{0}, see [2, Prop. 6, p. 16], [1I}
Lemma 1.4.17]). We use @w(T), w,(T), wap(T), w.(T),w,(T) and p(T) to denote
spectrum, the point spectrum,the approximute spectrum, the continues spectrum,
the residucal spectrum and the resolvent set of T" respectively.

As in [I1], the operator T' € B(H) is semi-Fredholm if R(T) is closed, and either
a(T) = dim N(T) or B(T)= codim R(T) is finite. T € B(H) is Fredholm if T is
semi-Fredholm, a(T) < oo and 8(T") < oo.

The next result will be used later.
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Theorem 1.1. [I1] Let H be a Hilbert space and T and S be bounded linear operators
on H. Then their is an equivalence between the following:

(a) There is a unique bounded linear operator A on H such that A> = A and
T=AA" and S = A*A
(b) T and S are self adjoint and satisfy the relations TST = T? and STS = S2.

This Theorem was proved by Vidav with two manners, the first one is in geo-
metrical way and the second one is algebric.
Theorem 1.2. [9]
(a) If A,B€S(H), A2=A, B>=B, T=AB and S = BA, then

TST =T2,

and
STS = S2.

(b) Suppose that T,S € S(H) are Drazin invertible, ind(T) = ind(S) = 1,
TST =T? and STS = S%. Then there are A, B € S(H) such that A*> = A,
B?2=DB,T=AB and S = BA.

Let A, B € B(H) such that A> = A, B> = B. If T = AB and S = BA. Then
have the next properties
(1) @(T)\{0} = w(T9\{0} = =(ST)\{0} = =(5)\{0},
(2) @p(T)\{0} = @, (T'H\0 = @, (ST)\{0} = @, (5)\{0},
(3) @ap(T)\0 = @ap(T'S)\{0} = @ap (ST)\{0} = wap(5)\{0},
(4) @ (T)\{0} = @we(TS)\{0} = @ (ST)\{0} = w.(5)\{0},
If T and S are operators in S(H). Then

@p(T)\{0} = wp(TS\{0} = wp(ST)\{0} = @, (5)\ {0}
Let A # 0. Then, we have the next results ([3] [4])

{ J]\\ff((g _ )/\\1{)) _ zjygg _ AA;)) _ gﬁ(g: AAf)). (1.1)
@ap(T)\{0} = @ap(T'S)\{0} = @ap (ST)\{0} = @ap(5)\{0}. (1.2)
@ (T)\{0} = @ (T'9\{0} = @ (ST)\{0} = =, (5)\{0}. (1.3)
@ (T)\{0} = @, (S)\{0}. (1.4)

@e(T)\{0} = @ (T'S)\{0} = @ (ST)\{0} = w(5)\{0}. (1.5)

@(T)\{0} = @w(TS)\{0} = w(ST)\{0} = w(5)\{0}. (1.6)



2. MAIN RESULTS

By weakening the conditions for invertibility of an operator, we arrive at the
concepts of normally solvable operators which can be applied to solving specific
problems in the theory of differential equations.

Proposition 2.1. Let A,B € B(H) such that A2 = A, B2 = B. If T = (AB)?
and S = (BA)?. Then

TS*T =T3VT,
and
ST?S = S3VS.
Proof. We have
TS?A = ABABBABABABAABAB
= ABABABABABABAB
= (AB)*(AB)*(AB)’AB
= T3T
Similarly we get
ST?S = S3V/S.

O

Proposition 2.2. Let A, B € B(H) such that A> = A,B?> = B. If T = (AB)? and
S = (BA)?, then TB=T and SA=S.

Proof.

TB = ABABB
= ABAB
= (4AB)?
= T7

and

SA = BABAA
BABA
(BA)?

S.

O
Proposition 2.3. Let T,S € B(H) Drazin-invertibles. If ind(T) = ind(S) = k
and TP, SP the Drazn inverses of T, S respectivly. Then
(TD)ka-i-l _ T7 (SD)kSk+1
= S,
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and
(TD)k+1Tk _ TD (SD)k+1sk
= sP.
Proof.
(TD)ka+1 (TD)k—l(TDTQ)Tk—l
_ (TD)k—lTk
— (TD)]C72T]€71
T,
and
(SD)ksk-i-l — (SD)k—l(SDs2)Sk—l _ (SD)k—lsk
— (SD)k72sk71
= 5’352
then
(TD)k+1Tk (TD)kfl(T(TD)2)Tk71
— (TD)kafl
— (TP)k-ipk2
= T(TP)?
= 7P
and

(SD)k+15k

(SD)kfl(S(SD)2)Sk71
(SD)kSk_l
(SD)k—ISk—Q

S(SD)2
SP.

Theorem 2.4. Let A, B € B(H) such that A?> = A, B> = B, we have
(a) If T = (AB)? and S = (BA)?, then

TST =T?VT,

and

STS = S2V/S.



(b) suppose that T, S € B(H) are Drazin invertible. If ind(T) = ind(S)

TST = T*NT and STS = S*\/S. Then,
A, B € B(H),
such that
A%*=A,B*=B,
and

T = (AB)?S = (BA)%.

Proof. (a) For the first point, we have

TST = ABABBABAABAB
= ABAB?ABA’BAB
— ABABABABAB
= (AB)*(AB)’AB

= T2JT.

Similarly we get

STS = BABAABABBABA
= $2V8.

(b) Since ind(T') = ind(S) = k. Suppose that

and

then,

A= (TP*TVTS,

B = STVT(TP)?,

A% = (TPY’TVTS(TP)*TVTS
= (TP)>VTTST(T)*VTS
= (TPY2TT*VT(TP)*VTS
= (TP)’T*(TP)*TVTS

= (TP)VTTS = A,

5

:k’
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B2

= STVT(TP)2STVT(TP)?

= SVT(TP)*TSTVT(T")?

= SVT(TPPT*VTVT(TP)?

= SVT(TP)*13(TP)?

= STVT(TP)? = B, (2.2)
(TP TVTSSTVT(TP ) (TP TVTSSTVT(TP)?
(TPVTTS*TVT(TP)X(TP)*VTTS*TVT(TP)?
(TP VTTNTVT(TP)X(TP ) NTTVIVT(TP)?
(TP)*1°

T, (2.3)

STVT(TP)Y (TP *NTTS*TVT(TP)(TP)*TVTS
STVT (TP (TP VTT*VTVT(TP)(TP)?AVTS
STT(TPEVTS

STTS(TP)'TPVTS

ST(TP)VTS

SA=8. (2.4)

Theorem 2.5. Let A, B € B(H) such that A> = A, B?> = B. If

and

Then

T = (AB)?,

S = (BA)2.

(1) @p(TVI)\{0} = wp(TS)\{0} = @, (SVS)\{0}.



2) @ap(TVT)\{0} = wap(TS)\{0} = wap (SVS)\{0}.
3) @ (TVT)\{0} = @, (T'S)\{0} = w,(SVS)\{0}.

4) w(TVT)\{0} = @(T'S)\{0} = =(SVS)\{0}.

5) we(TVT)\{0} = w(TS)\{0} = @e(SVS)\{0}.

The proof of Theorem is based on proofs of the next Lemmas.

(
(
(
(

Lemma 2.6. Let

T,S € B(H),
such that

TST = T*VT,
and

STS = S*VS.
Then we have

@p(TVT)\{0} = @,(TS)\{0}
= @, (SVI)\{0}.

Proof. We have
@p(TVI)\{0}  C @, (T5)\{0}

C wp(S\/g)\{O}.
@ (TVT)\{0}  C @, (T5)\{0}

C @, (SVS)\{0}.
Now, let A € @, (Tv/T)\{0} which implies that Tv/Tz = Az. Then
STNTxz = \Dz,

and
TSTVTxz = TSz,

SO

T?°VTVTz = AT Sz
TVT(\x) = TSz,
AAz) = AT'Sx,
Ax =TSz
A € w,(TS)\0.
Thus
@p(TVT)\{0} C w,(T'5)\{0},

then
A € wp(T'S)\{0},
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this implies that
Ax =TSx.

Other hand, we have
S(SVSz) = S2VSxc STSx

= S(TSz)
= S(\z), (2.7)
which implies that
S(8VSz) = S(\x), (2.8)
and then
SVSx = Az, A € w,(SVS)\{0}.
Then
@p(T'S)\{0} = w, (SV5)\{0}. (2.9)
Conversely
@y (TS)\{0} C @, (TVT)\{0}, A € @, (TS)\{0},
and

TSx =Xe, TSTz = \Tz,
which implies
TTz = Nz,

T(TVTz) = ATz,
(TVTz) = Az,

X € w,(TVT)\{0}.
Then
@p(TS)\{0} C @, (TVT)\{0} (2.10)

From and , we have
@p(TS)\{0} = @, (TVT)\{0},

and
@p(SVS)\{0} C @, (TS)\{0}, A € @, (SVS)\{0},

and

(8VSz) = Az,
then

S(SV'Sx) = ASt,
2V Sz = ASzx,
STSx = A\Sx,
TSz = Az, X € w,(TS)\{0}.

Then

@, (SVS)\{0} C @, (TS)\{0}. (2.11)



From and (2.11)), we have
@, (SVI)\{0} = @, (T'5)\{0}.

Lemma 2.7. Let T, S € B(H) such that
TST = T?*VT,

STS = S*V'S,
and if A\ # 0. Then

N(TVT — X) = N(T'S — M) = TN(SV'S — \I),

N(SV'S —X) = N(ST — X) = SN(TVT — ).
Proof. (1) The proof of this corollary shows that
N(TVT — M) € N(TS — \I).
Let x € N(T'S — AI) and T'Sx = Az, then
T*NTSx = \TVTzx

TSTSz = A\TVTx
TT(TSz) = \TVTx
TS(A\z) = X[VTx
Nz = ATVTz
Mz =TVTx
z € N(TVT — ),

hence, we have
N(SVS — XI) = N(T'S — \I).

Let
x € N(TS — M),
then
TSz = Az,
and

TSSV Sz = \SV/ Sz,
TSV Sz = \SV/ Sz,
TSTSz = \SV/ Sz,

TS(TSxz) = \SV/Sz,
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TS(\x) = ASV/ Sz,

Az = A\SV Sz

A\ = SVSz

z € N(SVS — AI).

Hence, we have

N(SVS —\I) =

N(TS — \I)

For all x € N(ST — AI), thus STz = Az, hence
Sz = ST(Sz) = ST Sz = §?V/Sx
AS(VSz) = 52VS(V/Sx)
ASV Sz = (SV'S)2x

\Sz = SV Sz,
this gives © € N(Sv/S — AI) and we deduce that

N(ST — \I) C N(SV'S — \I).
On the other hand, let z € N(SV'S — AI) thus Sv/Sz = Az, hence

ASr =

Then
ANSTx =

SvV'S
STSx

STSTzx
S%V/ Sz
STSz.

Thus A\x = STz and we deduce that € N(ST — AI) Which implies that
N(SV'S — XI) € N(ST — \I).

(2) From [I], Proposition 2], we see that

N(TS — AI) = TN(ST — ).

Thus

N(TS — X) = TN(TVT — ).

On the other hand

N(ST — XI) = SN(AB — ).

Thus

N(ST — X) = SN(TVT — ).

This complets the proof.



Lemma 2.8. Let T,S € B(H) such that

TST = T%VT,
STS = SV,
and if A # 0. Then we have
@ap(TVT\{0} = @4, (TS)\{0}
= way(SVS)\{0}.

Proof. 1t suffices to show that
wap(T\/T)\{O} C  wap(T'S)\{0}
C  @ap(SVS)\{0}.

11

To this end let A\ € @,,(TVT)\{0}, then there exist a sequence (x,) in H, with

|zn|l = 1 for all n € N, (M — TV/T)x,, — 0 when n — co.

Let z, = (M — T\/T)xn, hence TVTx, = A&, — 2z, and 2z, — 0 when n — oo,

which give us

2
VT Ty = ATﬁxn — T\/fzn,

and there
(TVT)?z, = MOz, —2,) — TVT2,
= A, — Az, — T\/Tzm

and
T\/Tzn =\, — Z,
STVTx, = S\ty, — SZy
TSTVTzx, = TS\, — TSZ,
(TVT)*xz, = TS\, — TSZ,
(TVT)*z, — TS\, = —TSZ,
Az, — Az — T\/Tzn —TS\x, =TSz,
A, — TS\, = Az + TVT 2, — TSz,
=M +TVT —T8S)z, — 0 as n — co.

This gives (AI — T'S)x,, — 0 as n — 00).
Hence

A € @ap(T'9)\{0},
and

@ap(TS)\{0} C wap(SVS)\{0}.
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For A € we,(T'S)\{0}, there exist a sequence (z,) in X,with ||z,| = 1 for all
neN (A —TS)z, — 0 when n — oco.
Let Z, = (M — TS)z,, hence T'Sx,, = \z,, — Z,, and Z,, — 0 when n — oo, which
implies

STSx, = S\x, — SZ,,

and
(8)*V/ S, = SAap — SZn,
and
SVSz, = \t, — L,
then

NS wap(S\/E)\{O}7
hence, we have

@ap(T'S)\{0} = @ap(SVS)\{0}.

(Il

Lemma 2.9. Let T = (AB)?, S = (BA)? and

TST = T*VT,

TS = S?VS.
Then we have

@ (TVT)\{0} = @ (T5)\{0}

Proof. Let

A € @, (TVT)\{0},
hence

A ¢ @y (AVT)\{0},
and

(M - TVT)(X) # X.

Thus

NA* = (TVT)")\{0} # {0}.
By , we have
NI = (TS)") = NOT* = $*T*)\{0} # {0},
hence
(= TS)(X) £ X.
Since A & @, (T'S)\{0} and owing to (L.3), we have

A€ wr(T\/T)\{O}.
Now let
A € @ (T'S)\{0},
hence
A & @p(TS)\{0},
and

(A =TS)(X) # X),



it follows that
NI — (TS)*) = N(AI* — S*T*)\{0} # {0}.

From , we get
N = (TVT)*)\{0} # {0},

thus
(= TVE)(X) # X.
Since
A ¢ @p(TVT)\{0}.
Using (L.1))), we have
A€ w (TVT)\{0},

and by (1.4)), we have
@, (TVT)\{0} = @, (SV'S)\{0}.
The proof is now completed.

Lemma 2.10. Let
T = (AB),S = (BA,

and
TST = T?VT,STS = S*VS.

Then

@(TVI\{0} = =(TS)\{0}

= w(SVS)\{0}.
Proof. Let A € w(T)\{0} and assume to the contrary that A € p(T'S) then
a(A\ - TS) =0,
and
X ¢ wep(TS).

By Lemma [2.6]and Lemma [2.8] we deduce that
a(\ - TVT) =0,
and
A € @ap(TVT).

Therefore

XA = T) = inf{|(M - TVT)z|, z € H, ||z|| =1} >0,

13

hence (A —T+/T)z = 0 is closed. Thus we have show that A\ —T is semi-Fredholm.

Since
X e p((TS)) = p(S°T),
it follows from [3| Proposition 5.3] that A € p(S*T™*), since
T*S*T* — (TQﬁ)*,
and
S*T*8* = (S2VS)*,
the same arguments as above show that

a(AI* — (TVT)*) =0,
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and that
I* - (T\/f)*a

is semi-Fredholm.
It follows now that

B — TVT) = a(AI* — (TVT)*),

thus
0 € p(TVT),
is a contradiction. Hence
@(TVT)\{0} C w(T'5)\{0}.
The converse
@(TS)\{0} € w(TVT)\{0},

goes similarly.
Use arguments similar to those in above, we can prove

@(TVT)\{0} = w(SVS)\{0}.

O
Lemma 2.11. Let
T = (AB)? S = (BA)?,
and
TST = T?NT,STS = S*VS.
Then
@ (TVTI\{0} = @e(TS)\{0}
= w(SVS)\{0}.
Proof. By Lemma [2.9) and Lemma [2.10] we have
@ (TVT)\{0} = @(TVT) \ {w,(TVT) U, (TVT) U {0}}
= @(TS) \ {w,(TS) U, (T'S) U{0}}
= w(T'5)\{0}.
On the other hand using arguments similar to those above we find
@e(TS)\{0} = w.(SVS)\{0}
O

Proof. (Of Theorem [2.5)) By Lemma Lemma one can easily established
the proof of Theorem O
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3. CONCLUSION

The paper is devoted to the modern mathematical problem of spectral analysis -
the theory of essential spectra of bounded linear operators. It studies the structure
of the spectrum and essential spectra determined by properties of operators. This
problem is of a fundamental nature, since its solution, on the one hand, allows
us to obtain qualitative characteristics of the essential spectra of specific classes of
linear operators, and on the other hand, indicates algorithms and exact formulas for
finding the spectrum and essential spectra of these operators. The paper contains
new scientifically substantiated theoretical results in the spectral of various classes
of bounded and linear operators in Banach spaces. A variety of techniques are
known to achieve the desired result including the algebraic techniques which is
used in our work. We have also obtained new results related to the qualitative
aspect of the operators. This field of research is very important for researchers who
are interested in modern science; engineers and new physical principles. In many
practical applications it is possible to formulate extremely important problems,
the solution of which requires newly derived methods such as geometrical way (se
[8 12]).
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