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Abstract

The significance and influence of neutrosophic crisp set theory in numerous scientific domains, particularly
topology, led us to construct a new definition of topology based on neutrosophic crisp sets, allowing us to
regulate its key mathematical ideas. Therefore, we constructed this definition and dubbed it stable neutrosophic
crisp topology, where we went over the key idea which is the interior with the vital features.
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1. Introduction

Neutrosophic Science was first introduced by Smarandache[1,2]. It provided the groundwork for new
mathematical theories based on principles., Smarandache (Salama) present the concept of neutrosophic
sets[9,17,18]. A number of researchers who studied and researched in this field[10 — 16], for example, Al-
Swidi, L.A.A. conferment of a fresh conceptualization of sets called neutrosophic axial sets[3,4] and Al-
Obaidi, A. H. gave fresh insights into the concepts of crisp open functions and crisp closed functions that are
weakly neutrosophic[5 — 8]. Many researchers provided the ideas behind the neutrosophic set. in numerous
publications to provide a natural basis for developing new areas of neutrosophic mathematics and dealing
mathematically with large scale phenomena of our daily lives such as a fuzzy set that is intuitive.

Salama and Florentin (2012) defined three distinct kinds of the neutrosophic crisp set. The first type requires
the condition (K N K, =@ ,K; nK; =0 ,K, n K; = @), to which we give the symbol (NC; — set), while
the second type, symbolized (NC, — set), requires the condition (K; NK, =@ ,K; nK; =0 ,K, NK; =
Pand K; UK, UK; =X), and the third type (NC; —set) requires the condition (K; nK, nK; =
@ and K; UK, UK; = X). Moreover, through their research they defined types of empty sets, which are:
@Y =<0,0,X >0) =<0,X,0 >,0) =<0,X,X >0} =< ®,0,0 >) and synonymously, they defined
types of comprehensive sets and their forms, these are: (X =< X, 0,0 >, XY =< X, X,0 > XY =< X,0,X >
, XN =< X,X,X >). As for the complement of any neutrosophic crisp set, there are three types: (KV)¢! =<
K§, KS, KS >, (KV)C? =< K, K, K; >,(CM)C3 =< K3, KS, K, >), meanwhile, we defined equality (=, and
=,) on the basis of partial subsets. Hence, Salama and Florentin defined the first and second subsets as follows:
(LN g, KN e IL; €Ky, Ly, €K, Ly 2 K3),(LY €, KN L; €K, L, 2 K,, Ly 2 K3)), while the union and
intersection were defined as follows:(LY U; KN =< L; UK, L, UK,,L; N K3 >IN U, KN =< IL; U
K, L, NKy, Ly NKy > LN Ny KY =< L; nK;, L, NK,, L; UKy > LN n, K¥ =<, nK;, L, UK,, Ly U
K; >).

Finally, they defined three types of points that are: (PM' =< {P;},{P,},{P;} > {P,} # {P,} # {Ps}
whereP,, P,, P; € X,PN? =< {P},®,{P}¢ >,P"3 =< @,{P},{P}¢ >), but they do not cover a complete area
in relation to space. Therefore, we decided to add two additional definitions, namely P* =< {P}, 0,0 >
,PNS =< @,{P},® >, {P},is singleton [12] and we defined an additional sixth point as follows: (PV® =<
AL A,A; > A #0,i=1 or 2 or 3). As for the belonging of points to sets, they were used as
follows:(( PY* €, LY & {P;} € Ly, {P,} € Ly, {Ps} 2 LyorPN €' LN & {P,} € L, {P,} 2 L,,{P;} 2
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Ly,PV2 e, N o pe L, PP e lN opel, P e, N opel, PP e LN opel,, PN g LY &
Al c ]Ll'AZ c ]142,&3 2 ]L3)

A new type of topological space is defined based on neutrosophic crisp sets depending on an intersection of
the first type and a union of the second type. Thus, the belonging of sets to families will be normal, and equality
(=) is also considered a normal equality.

2. Stable Neutrosophic Crisp Topological Space (SNCT-space)
Definition 2.1: Let X be a fixed set that is not empty, a (SNCT-space) is a family ¢ satisfies the following
condition:
1. NxNee
2. vAV, BN eg,akM €2, KN ¢, AV n, BY
3. vANe 2,3FVee 3 FN c,u, AY  i=12,..,n

Then(X, 2 )is a (SNCT-space). For any AN € ¢ is a stable neutrosophic crisp open set and its denoted by
(SNCO — set), the complement of type 2 for (SNCO — set) is stable neutrosophic crisp closed set and denoted
by (SNCC — set).

Example 2.2: Let X={a, b, ¢} be a nonempty fixed set , let AN, BY, CV, DV, EV, FNare a NC — sets, such that:

AN =< {a},{b,c,d}, {e} > DY =<{a},® 0>
BY =< {a},{e,f},{c} > EV =<{a},0 {e}>
cV =< {a},0,{e c d} > FN=<{a}0, {c}>

2 = {AY,BY,cN, DV, EN, FN, ¢, X{'}
Then (X, ¢ ) is (SNCT-space).

Example 2.3: Consider X={m, m, k, d, h} be a nonempty fixed set, let AN, BY,c¥, DV, EN, FV, GN, H" are a
NC — sets, such that:

AN =< {m}, {m, k}, {h} > DY =< {m},{m}, {h,k} >
BY =< {m}, {m, d, h}, {k} > EVN =<{m},0,{k}>

cV =<{n},0,0 > FN =<{m},0,{h} >

G" =< {m}, {m}, {k} > HY =<{m},0,{hk} >

s = {AY,B",cV, DY, EN, FY, GN, HY, oY, XN}
Then (X, 2 ) is (SNCT-space).

We will illustrate the definition of subset relation of both kinds and the inteior points of any NC-set with respect
to the (SNCT-space), which depends on the union of both types. The properties that are accomplished and
those that are not, which are equivalent to the properties of the internal points, will also be covered, along with
all the properties in connection to the first and second equality. Through examples, we shall show that in
classical topological spaces. For binary operations (N,U, =, S, €), when the index is not mentioned, it refer to
the classical relation.

Definition 2.4: Let(X, 2 ) be a (SNCT-space), AVis a NC- set, then the stable interior of AY denoted
by Si;;(A") and define as: Si;;(AV) =u; {S¥ € 2,S" <; A¥}  i,j = 1,2. It can be noted that the index i is
an indication of the type of union and the index j is an indication of the type of the subsets.

Example 2.5: In example (2.3) Let Z" =< {m}, {m}, {h} >
Si; (ZV) =u, {SY € 2,S" <, ZV} =< {m}, {m}, {h} >
Siy,(ZV) =u, {SY € 2,8V <, ZV} =< {m}, {m, k}, {h} >
Siy(ZV) =u, {SM € 2,SV <, ZV} =< {m},{m }, {h} >
Siy  (ZV) =u, {SM € 2,SV <, ZV} =< {n}, @, {h} >
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According to Definition (2.4), there are multiple properties of stable interior and their proof is simple and
direct, relying on the properties of NC-sets and some simple mathematical techniques. Therefore, the
researchers will prove some of them.

Preposition 2.6: Let (X, 2) be a SNCT-space, LY, K¥are a NC — set of any type, Then the properties hold
fori=1,2:

a) Sip (®:") =; 01", Sizy (X1V) = X"

b)  Sip(KY) ; KV

¢) LN, KN, Then Siy,(LV) S; Siy, (KM)
d) Sipy (LY N KY) =; Sipy (L) N Sipy (KY)
e) Sizr (L) U; Sipy (KY) < Sipy (LY U; KV)

Proof: We will prove this part in light of the NC- point p"*and belonging of first type (€,) and first type of
subset (S,).

b) Let KY =< K;, K,, K; > be a NC- set of any type, and p* =< {p,}, {p,}, {ps} > be a NC- point
Let pNt €, Si,,(KV) —there exista SNCO — set [V =< 1,,1,,13 >, suchthatp"* €, IV ¢, KV
Whichismean {p;} € I; S Ky, {p2} € 11 S Ky, {ps} 211 2 Ky {p1} € Ky, {p2} € Ky, {ps} 2 Ky
So we get pN! €; KM. Thus Si,;(KV) ¢, KV

¢) We will prove this part in light of the NC- point (p"*, €,, S;)and (p"?, €,, S;)

LetKY =< K;,K,,K; >, LN =< L, L,, L; > are a NC-set of any type,

Letp"* €; Sipy (LY), p™* =< {p1}. {p2}. {ps} >

- there exist [N =<1,1,,1; >€ ¢, such that p"* €; 1N ¢, LN

So{p} el CKy{p} S L, S Ky {ps} 2L 2K,

= {p1} € Ky, {p2} € Ky, {p3} 2 Ky

- p"! €, Sip (KY)

If we take pV? =<, {p}, 8, {p}° > be NC- point

Now let p"2 €, Si,; (V)

there exist SNCO — set, [N =< 1;,1,,13 > suchthat p"? €, N c, LN ¢, KV,

Thismeanp € |; € K; - p € K;, So we get p'? €, Si,; (K")

Thus Si,, (LV) S, Siy, (K.

Remark 2.7: If AN isa SNCO — set, then not necessary the following:

Siyy (AN =, AV =12

In example 2.3 Si,; (DV) =; Siy, (< {m}, {m}, {hh, k} >) =;< {m}, @, {Ih, k} > this show that
DNis SNCO — set but Si,; (DV) =, DY fori=1o0r2
il. SL21(5121(AN)) =i 5121(AN)

Remark 2.8: a) All the parts of the preposition (2.6) as well approved with respect to the definition of interior's
dependence on the union of the first type and the subset relation of the first type.

(Siy; (AN) =u, {SV € 2,SY <, AMD.In this case, we also found that ifA is SNCO — set, then
Siy; (AV) =; AN and Si11(5i11(AN)) =; Siy1 (AY)

b) Only p™1, p"2, and p™* are satisfied when the definition of the stable interior depends on the second type's
subset relation. p™3 and p™> have not been validated.
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c) All parts of the preposition (2.6) is confirmed with the points that operate with the fractional of the second
type  when the definition of interior relies on the union of the second kind and the fractional of the second
type(Si,, (AN) =u, {SM € 2,S" <, AV}). Additionally ,we also found that if AN is SNCO — set,then
Siz (AN) =; AN and Si,, (Sip, (AV)) =; Siy, (AN).

d) All parts of the preposition (2.6) are approved with the points that operate with the fractional of the second
kind when the definition of interior relies on the union of the first kind and the fractional of the second kind

(Si, (AV) =u, {S" € ¢,S" <, AY})
This remark is directed to all the following theorems via their proof.

Preposition 2.9: Let(X,2) be SNCT-space , LV, KNare NC- sets, then the following two conditions are
equivalent

a) Siij((ILN)CZ U KV) = Siij((lLN)CZ) U Sty (KY) 4,k = 1,2
B (Sip (@)% ny (i M) =4 (Sig(@ ng (Y2 i)k = 1,2
Proof: we will prove this preposition for i = 2,j = 1,and k = 1 .First, we assume that LY and K" satisfy the
condition (@), (Si,, (LY)2)%2 n, (5‘1'21(11(1\]))62 =1 (Siz1 ((LN)2) U, Sipy (KV))
=1 (Siz1 (LN)2 U, KV))2 =1 (Sipg (LY Ny (KY)2)%))e
Now suppose that LY andK" satisfy the condition (b)

C2

St ()5 0y ) = (5 (2 0y 0619%)))

= ((Sia (@) 1, (St (1))

=1 Si; (LV)%2) Uy Siyy (KY)
Preposition 2.10: Let(X,2 ) be SNCT-space, LY be NC- set,

then Si;;(LN)%) =, @," if VKY€ 2 9LV n; KN #, @,"  fori,j, k=12

Proof: we will prove this preposition in light of the first type of equal and the definition of (Si,, (LV))

Let Siy; (LMYS) =, ¢,V if30," #KV € 251V n, KN =, ¢," = KN ¢, (LVN)¢

and we have Si;; (KV) = KM <, Si;, (LN)%) =, 0,"

We get K =, @, which is contradiction

Conversely, if possible Siy; ((ILV)¢2) #, @," This mean 3p"* €, Siy;((LV)%2) fork=1...6,

and KNis (SNCO — set) containing p"* 3 KV <, (L)%, Thus LN n; KV =, @," which is contradiction.
Preposition 2.11: Let LN be NC- set of SNCT-space( X, 2 ), p"* is NC- point,

then p* &, Siy;((LV)%) iff v KN € 2 3 p"* ¢, K'and LY n; KN =; @," for i,j=12andk=1..6

Proof: we will prove this preposition in light of the second type of equal and the definition of (Si,,(L"))and
the point p™V*

Letp"* &, Sip((LY)%2) =, U {K" € 2, K" <, (LV)%}
If and only if p"* ¢,U, {KN € 2,K" n, LN =, 9,"}
If and only if p* ¢, KV,VK" € 2,KN n, LN =, ¢,".
Corollary 2.12: Let LN be NC- set of SNCT-space( X, ), then the following statement are equivalent :
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D SN =0, k=12

2) The only SNCC — set containing LVis X,V

3) The only SNCO — set disjoint from LNis @,"

4) VKN € 2, KN #, ¢,"wehave LN n; K" =, ¢," i,j =12

Preposition 2.13: Let LY be a NC- set of a SNCT-space (X,2 ), such that Si;; (LY)%2) =, o,V
then for any K¥ € 2, K n; Si;; (LY n; KY)2) =; 9," fori,j=1,2

Proof: we will prove this preposition in light of the second type of equal and the definition of (Si;, (LV))and
the point p™2

Let Siy, (LV)%2) =, ,"

and if possible

3pN? €, KVand p"? €, Sij, (LN N, KV)¢2),503 VN € 23 VW n, LN n, KN =, ¢,"
This implies that Si;, ((LV)%2) #, @," ,which is contradiction

Corollary 2.14: Let LN be NC- set of SNCT-space (X, 2) ,such that Si;; (LV)¢2) =; ¢,
then forany KV € 2 , Si;; (LN n; KV)¢2) =; Sip (KM)®2) =12

Preposition 2.15: For any NC-set LV of SNCT-space

and forany KN € 2 , K" n; (Si;;(LN)2)% n; Sig; (LY n; KN)©2) =, o,"  ij=12
Proof: Let KN n, (Siy; (LY)2)C2 N, Siy, (LY n; KNS %, ¢,Y

This mean 3 p"* €, KNandp™* €, (Siy; (LN)2))C2,pNt €, Siy (LN n; KNV)2) k=1...6
SovWNe 2 svNn, LN %, ¢,V 1)

But p"* €, Si;, (LN n; KV)¢2

If aHY € 2 3 LN n; KV n, HY =, @,", Then K" n; (Siy; ((KY)%2))C2 Ny Siy; (LN 0y KV)C2) =, ¢,V
Which contradiction with (1)

Thus KY Ny (Siyy (KN)S2) 0y Sigy (LY 0y KNS =, @,

Corollary 2.16: Si;; ((Si;; (LN)%2))%2) #; 0,"

Ifand only if 3KN € 2, K #; 8," Si;;((L" n; KM)=) <, KV i,j=1,2

Corollary 2.17: For any NC- set LY of SNCT-space (X, 2 ) ,the following statement equivalent:
1) Sig; ((Si;j (LN)42))C2) #, ,"

2) (Siy1 ((LM)€2))C2contain no SNCO- set.

3)  Si(MM2) =, X,V

3. Conclusion

Considering the new topology(SNCT-space), we defined the interior, which is synonymous with Salama's
definition from 2012. However, it is evident from the discussions above that, while the stable interior of the
SNCO- set is equal to the same set in the case of Si,; and Si,,, it is not always equal to the same set in the
case of Si;, and Si,,. We changed the definition of stable interior to the one below:

Sn(AY) =u; {S" € 2,S; € A,S, S A, S NA; #B}  j=12
and saw that this property was also not met.
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