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[bookmark: _gjdgxs]Abstract
[bookmark: _Hlk157458632]    In this research, it was proposed to use linear wavelet shrinkage to reduce the noise in the data of the Generalized Autoregressive Conditional Heteroskedasticity (GARCH) model, which relies on time series data that is not homogeneous in variance, through the use of several linear wavelets, specifically Daubechies, Coiflets, and Dmey of the first order, to maintain the same order as the classical GARCH model, which is suitable for those data by estimating the thresholding level using the Minimax method and applying the soft threshold rule to obtain de- noise data and then using it to estimate the parameters of the GARCH models and comparing it with classical GARCH models that rely on the original data and without adding any percentages of contamination to the data in simulation experiments or real data. Comparison of the efficiency of the estimated models is based on the Akaike and Bayes information criterion through a MATLAB program designed for this purpose. The research results revealed that the GARCH models estimated using the proposed method were more efficient than the GARCH models estimated using the classical method, in addition to the Dmey wavelet being superior to the rest of the linear wavelets used in the research.
Keywords: Time Series, GARCH Model, Linear Wavelet, Threshold, Soft Rule.
1. Introduction
     In recent years, there has been great interest in wave transforms as a modern filtering method, as their importance increases day after day through the increase in the number of applications and new fields that they introduce, which have been widely used in the field of time series in recent years, including autoregressive models conditional on the heterogeneity of variance. Studies have proven that they lead to significantly improved predictions instead of using raw data without processing, and it is not an exaggeration to say that wavelet transforms have brought about a real revolution in signal analysis because they have overcome many of the problems that researchers encounter and provided practical solutions to them.
The Generalized Autoregressive Conditional Heteroskedasticity (GARCH) model is a statistical model commonly used in finance and econometrics to analyze and forecast volatility in time series data. The model was introduced by Tim Bollerslev in 1986 and has since become a widely used tool for modelling and forecasting financial market volatility.
Wavelets are typically associated with signal processing and are used for analyzing and decomposing signals into different frequency components. A linear wavelet, as a term by itself, might not be well-defined without additional context (Ali et al. 2017; Kareem et al. 2020). In wavelet analysis, wavelets are mathematical functions that are used to transform and analyze signals. The wavelet transform provides a time-frequency representation of a signal, making it possible to analyze both high and low-frequency components simultaneously (Mustafa & Taha, 2013). If you are looking for information about wavelets, you might be interested in the concept of Continuous Wavelet Transform (CWT) or Discrete Wavelet Transform (DWT). These are mathematical techniques used for signal processing, time series analysis, image compression, and various other applications (Ali et al. 2023).
Linear wavelet shrinkage is a method used in signal and image processing for denoising or compressing signals. This technique is based on wavelet transforms and involves the application of a linear shrinkage function to the wavelet coefficients of a signal. In this research, it was proposed to use linear wavelet shrinkage to reduce the noise in the data of the GARCH model.
2. Theoretical Aspect
The theoretical aspect presented some basic concepts on the research subject from the statistical side, as shown in the following paragraphs.
[bookmark: _30j0zll]2.1. Time Series:
A time series is a sequence of observations typically ordered by a time unit (Mastrangelo, et al. 2013). This leads to unique problems during modelling and inference, as the assumption of independent observations is violated due to the time dependency (Shumway and Stoffer, 2017). Time series analysis aims to describe, model and forecast data points using methods which take the time dependency property of data points into account. A Trend (or trend-cycle) is the long-term overall increasing or decreasing value of the observed period (Hyndman and   Athanasopoulos, 2018) Seasonality refers to fluctuations of the values over time which are associated with the calendar (e.g., increased sales during holidays). A cycle in the data can be described as fluctuations of the values over time that are not associated with the calendar (e.g., external factors). A central property of a time series is called stationarity (Haydier et al. 2023).
Stationarity in Time Series Determining whether a time series is stationary or not is important as an exploration step before model selection (Mills, 2019) as some models assume stationary data, such as Auto-Regressive Moving Average (ARMA) or Ordinary Least Squares (OLS) models. A time series is considered stationary when the joint probability distributions are independent of shift time dependency (Shumway and Stoffer, 2017).
2.1.1. ARCH Model: 
     Heteroscedasticity of errors is usually an advantage of models using cross-sectional data, while autocorrelation of errors is an advantage of models using time series. The appearance of this dispersion may, in some cases, reflect irregular fluctuation over time of the dependent variables. The ARCH model gains its practical importance from the fact that the state of uncertainty, specifically the state of uncertainty associated with a particular investment, varies with time, and thus the uncertainty of prediction changes with changing time periods and not only with changing forecast horizons. Researcher Engel is considered the first to propose ARCH models.
     It is an abbreviation for Autoregression conditional on heterogeneity of variance. The first part consists of AR (Autoregressive) Autoregression of the mean, while the other part is CH (Conditional Heteroscedasticity), which is the non-stationarity of the variance, meaning that the variance has a dependence on the past of the series and it changes with time. This model means that the non-stationarity of the variance In the current period, it is linked to its instability in previous time periods and can be written with the following mathematical (Johatha & kung, 2008):


When , and based on the above equation, we obtain the mathematical formula for the ARCH model, which is as follows

It has the property of unconditional variance, defined by the following formula:

 2.1.2. GARCH Model:
     It is possible to expand the ARCH model, as researcher Bollerslev expanded the ARCH models with a more general model called the Autoregressive Conditional Generalized Heteroscedastic (GARCH) variance model, as the conditional variance in this model in period t does not depend only on the square of the error in the previous period, but also depends on the conditional variance in the previous period (Gebhard jurgen, 2007):

Equation (4) can be reformulated as follows:


2.1.3. Akaike Information Criterion AIC
    In the year 1974 AD, the researcher Akaike introduced an information standard known as (AIC). When time series models are fitted with k parameters to the time series data under study, the suitability of these models to the data is evaluated according to the AIC standard for each model, and the model that gives the lowest value for the standard is chosen. It can be written as follows (Yadkar Muhammad, 2015; Ali et al. 2022):

Where: : Sample volume,  : number of parameters,: Variance of the residuals of the fitted model.
2.1.4. Bayesian Information Criterion BIC
In the years (1978-1979), the researcher Akaike developed the AIC standard into a new standard that differs slightly from the old standard, which was called the Bayesian Information Standard, symbolized by the abbreviation BIC (Ali & Qadir, 2022). It is a standard for testing the model from among a specific group of models, and the model that contains the lowest symbol for a function is preferred. The criterion is defined by the following formula (Akaike, 1981):

Where:   is time series variance
2.2. Wavelets:
   Wavelet contraction is a method to remove noise and reduce noise in signals. Wavelet shrinkage is a signal noise reduction technique based on the idea of ​​thresholding wavelet coefficients. Donohue et al. (1995a) introduced the wavelet deflation method for generalized curve estimation problems. There are several good reasons to use wavelet contraction in the estimation function (Mustafa, and Taha, 2013)
2.2.1. Linear Wavelet:
During the past years, the wavelet has been applied in many different fields, such as physics, statistics, and engineering. The wavelet works on signal processing as well as image processing. The wavelet is known as a type of function that works to decompose the functions into components with different frequencies, and each component is then studied. They are defined mathematically as those real-valued functions defined on a complete real axis and oscillating up and down regularly around zero (Gunther,2001).
A. The first part is the scaling function, also called the father function, which can be obtained through the following formula (Ali & Saleh 2022)

Where  represent the Low-Poos Filter coefficients, and the above equation is called the Dilation equation.
B. The second part is the Wavelet Function, also called the Mather Function, which can be obtained from the following formula:

Where  represent the coefficients of the High-Poos Filter, and the above equation is called the Wavelet equation (Ali & Saleh, 2021).
There are types of waves transforms that are suitable for various practical applications, including:
A. Daubechies Wavelet
    In the year (1988, 1992), researcher Ingrid Daubechies (Db), who is famous for her work with wavelets, named this wavelet after her. It is generated from a group of wavelets to improve the properties of a frequency field. One of the features of this wavelet is the smoothness we have given it by using the smallest possible number of parameters, and it is symbolized by (dbLi). (or (DN).
Let the measurement function is (Daubechies, 1992; Ali & Mustafa, 2016):

Where  is Low-pass filter coefficients (Burrus et al. 1998).
B. Coiflets Wavelet

The Coiflets Wavelet (Coif) are discrete wavelets designed by Ingrid Daubechies, at the request of Ronald Coifman, to have scaling functions with vanishing moments. The wavelet is near symmetric, their wavelet functions have   vanishing moments and scaling functions , and has been used in many applications using Calderón–Zygmund operators (Beylkin et al.1991), (Ingrid ,1992)
C. Dmey Wavelet
    The dmey wavelet is part of the Daubechies wavelet family and is commonly used in signal processing compression. Daubechies wavelets, including dmey, are known for their ability to provide a good balance between time and frequency localization (Ali & Mardin, 2019).
The dmey wavelet is specifically designed to have a linear phase, which is beneficial in applications where phase preservation is important. It is often used in scenarios where linear phase characteristics are required, such as in filter banks for signal processing
2.2.2. Threshold Method:
Thresholding is the simplest method of non-linear wavelet de-noising, in which sub-dividing the wavelet coefficient into two sets, one of which represents signal while the other represents noise. There are different rules to apply the thresholds of the wavelet coefficients, and several different methods for choosing a threshold value exist such as Minimax Threshold Method 
	The optimal minimax threshold method submitted by Donoho and Johonstone, (1994) as an improvement to the universal threshold method, Minimax is based on an estimator   that attains to the minimax risk, as: 

Where: 



	Where  and , denote the vectors of true and estimated sample values. The threshold minimax estimator is different from universal counter parts, in which the minimax threshold method is concentration on reducing the overall mean square error (MSE) but the estimates are not over-smoothing. 
2.2.3. Thresholding Rule:
There are many rules for the thresholding. The one type used in this research will be discussed. Soft Thresholding. The other standard technique for wavelet de-noising is soft thresholding of the wavelet coefficient, also proposed by Donoho and Johnostone, which is defined as follows (Jeena, 2013):


Where: 


and 


[bookmark: _1fob9te]Coefficients smaller than threshold are set to zero, and additionally all coefficients greater than threshold are reduced by the amount of threshold. Thus, the Soft thresholding is a continuous mapping.  
2.3. Proposed Method:
[bookmark: _3znysh7]The proposed method is to use a linear wavelet (Db (1), Coif (1), and (Dmey (1)) to reduce the noise of the data (even if it does not include adding contamination to it) with a minimax thresholding type and a soft threshold rule to obtain the filtered time series data that will be used in estimating GARCH models. Then compare it with the classical method for the same order model. 
3. The Applied Aspect
[bookmark: _2et92p0]The applied aspect dealt with two types of data: the first type represents simulated data while the second type represents real data.
[bookmark: _tyjcwt]3.1. Simulation Study 
The simulation aspect dealt with generating CARCH model data and analysing the model in detail for the first experiment using the classical and proposed method, and then repeating the simulation experiments 1000 times for several cases of CARCH models and with different sample sizes.
3.1.1. Classical Method for First Experiment Simulation
[bookmark: _3dy6vkm]The sample unconditional variances of the Monte Carlo simulations approximate the theoretical GARCH unconditional variance. Specify a GARCH (1,1) model  where the distribution of    is Gaussian for sample size 100, and

[bookmark: _4d34og8]The conditional variances are shown in Figure 1 (All figures in the Appendix). The simulated unconditional variances fluctuate around the theoretical unconditional variance. Figure .2 shows the heterogeneity of the random error variance of the time series of observations, which indicates a decrease in variance over time. The sample ACF and PACF (Figure 3-4) show significant autocorrelation in the squared time series. This indicates that volatility clustering is present in the residual series.
[bookmark: _2s8eyo1]The Ljung-Box Q-test for autocorrelation of the generated observations was used to test the null hypothesis: The first m autocorrelations of y are jointly 0. For lags (5, 10, and 15) at significance level (0.05/3 = 0.0166). The test was done and the results are summarised in Table 1.
[bookmark: _17dp8vu]Table 1. Ljung-Box Q-test for autocorrelation for the first experiment data 
	Null Rejected
	p-value
	Test Statistic
	Critical Value
	Lags
	significance level

	True
	0.0371
	11.8379
	11.0705
	5
	0.0166

	True
	0.0192
	21.279
	18.3070
	10
	0.0166

	True
	0.0260
	27.358
	24.9958
	15
	0.0166


[bookmark: _3rdcrjn]The p-value for all tests is close to zero. Thus, not all of the autocorrelations up to lag 5, 10, and 15 are zero, indicating volatility clustering in the residual series.
[bookmark: _26in1rg]GARCH (1,1) Conditional Variance Model (Gaussian Distribution), GARCH model of time series Y with the following equation:

[bookmark: _lnxbz9]The estimated GARCH (1,1) model with the test results of the estimated parameters, the covariance matrix of the estimated parameters, and some criteria for the efficiency of the estimated model are summarized in Tables 2-4.
[bookmark: _35nkun2]Table 2. GARCH (1,1) Conditional Variance Model (First experiment data)
	[bookmark: _1ksv4uv]Parameter
	Value
	Standard Error
	Z-Statistic
	p-value

	Constant
	6.7671
	4.5899
	1.4743
	0.14039

	GRACH {1}
	0.40321
	0.087215
	4.6232
	3.7784e-06

	ARCH {1}
	0.59679
	0.14263
	4.1842
	2.8611e-05


[bookmark: _44sinio]Table 3. The Covariance Matrix for estimated parameters (First experiment data)
	Covariance
	Constant
	GRACH {1}
	ARCH {1}

	Constant
	21.067546
	-0.253977
	-0.019950

	GRACH {1}
	-0.253977
	0.007606
	-0.007158

	ARCH {1}
	-0.019950
	-0.007158
	0.020342


[bookmark: _2jxsxqh]Table 4. The Model Criteria (First experiment data)
	The Criteria
	The Value

	Log Likelihood
	-356.6026

	AIC
	719.2052

	BIC
	726.9906


[bookmark: _z337ya]The basic GARCH (1,1) results are given in Table 2. The three coefficients in the variance equation are listed as, constant, GARCH (1), the first lag of the conditional variance and ARCH (1) the first lag of the squared return. Notice that the coefficients sum up to a number less than one which is required to have a mean reverting variance process. Standard Errors, Z-statistics (which are simply the ratio of coefficients and standard errors), and p-values complete the table, which indicates the significance of the estimated model parameters (except constant) because the p-values are less than the significance level (005). Table 3 shows the covariance matrix for estimated parameters, while Table 4 shows the values of the estimated model efficiency criteria.
[bookmark: _3j2qqm3]The conditional variances and standard errors for the estimated GARCH (1,1) model are shown in Figure 5. The residuals ACF (Figure 6) show non-significant autocorrelation in the squared residual series. This indicates to goodness of fit for the estimated model GARCH (1,1) of the data generated for the simulation first experiment. 
[bookmark: _1y810tw]The Ljung-Box Q-test for residual autocorrelations of the GARCH (1,1) model was used to test the null hypothesis: The first m autocorrelations of the residual are jointly 0. For lags (5, 10, and 15) at significance level (0.05/3 = 0.0166). The test was done and the results are summarised in Table 5.
[bookmark: _4i7ojhp]Table 5. Ljung-Box Q-test for residual autocorrelations (First experiment data)
	Null Rejected
	p-value
	Test Statistic
	Critical Value
	Lags
	significance level

	False
	0.4354
	4.8422
	13.8486
	5
	0.0166

	False
	0.3405
	11.2224
	21.7193
	10
	0.0166

	False
	0.7114
	11.5677
	28.8935
	15
	0.0166


The p-value for all tests is greater than (0.0166). Thus, all of the autocorrelations up to lag 5, 10, and 15 are zero, which indicates the goodness of fit for the estimated mode GARCH (1,1) of the data generated for the simulation's first experiment.
3.1.2. Proposed Method for First Experiment Simulation
[bookmark: _2xcytpi]The discrete wavelet transformation of the first-order (linear) Daubechies wavelet was used to transform the data generated for the first experiment, estimate the threshold level using the minimax method, then apply the soft threshold rule, and finally calculate the inverse of the discrete wavelet transformation to obtain de-noise data Yw, as in Figure 7 which shows that heterogeneity of random error variance still exists for de-noise data, which indicates a decrease in variance over time. The sample ACF and PACF (Figure 8-9) show significant autocorrelation in the squared time series. This indicates that volatility clustering is present in the residual series. The Ljung-Box Q-test for autocorrelation of the de-noise data was used to test the null hypothesis: The first m autocorrelations of y are jointly 0. For lags (5, 10, and 15) at significance level (0.05/3 = 0.0166). The test was done and the results are summarised in Table 6.
Table 6. Ljung-Box Q-test for autocorrelation of de-noise data 
	Null Rejected
	p-value
	Test Statistic
	Critical Value
	Lags
	significance level

	True 
	0.0009
	20.8640
	13.8486
	5
	0.0166

	True
	0.0006
	30.8178
	21.7193
	10
	0.0166

	True 
	0.0010
	37.5646
	28.8935
	15
	0.0166


The p-value for all tests is close to zero. Thus, not all of the autocorrelations up to lag 5, 10, and 15 are zero, indicating volatility clustering in the residual series for de-noise data.
The estimated GARCH (1,1) model with the test results of the estimated parameters, the covariance matrix of the estimated parameters, and some criteria for the efficiency of the estimated model for de-noise data are summarized in Tables 7-9.
Table 7. GARCH (1,1) Conditional Variance Model for de-noise data
	Parameter
	Value
	Standard Error
	T-Statistic
	p-value

	Constant
	1.3407
	0.15741
	8.5171
	1.6361e-17

	GRACH {1}
	0.11494
	0.05731
	2.0056
	0.044903

	ARCH {1}
	0.88506
	0.081778
	10.8227
	2.6877e-27


Table 8. The Covariance Matrix for estimated parameters for de-noise data
	Covariance
	Constant
	GRACH {1}
	ARCH {1}

	Constant
	0.024778
	-0.005181
	0.002450

	GRACH {1}
	-0.005181
	0.003284
	-0.003121

	ARCH {1}
	0.002450
	-0.003121
	0.006688


Table 9. The Model Criteria for the proposed model
	The Criteria
	The Value

	Log Likelihood
	-266.1419

	AIC
	538.2839

	BIC
	546.0692


[bookmark: _1ci93xb]The basic GARCH (1,1) results are given in Table 7. Notice that the coefficients sum up to a number less than one which is required to have a mean reverting variance process. Standard errors, Z-statistics (which are simply the ratio of coefficients and standard errors), and p-values complete the table, which indicates the significance of the estimated model parameters because the p-values are less than the significance level (0.05) for the proposed model. Table 8 shows the covariance matrix for estimated parameters and it is less than the covariance values of the parameters in the classical method. Table 9 shows the values of the proposed estimated model efficiency criteria and it is less than the criteria values in the classical model.
The conditional variances and standard errors for the estimated GARCH (1,1) model for de-noise data (Y_w) are shown in Figure 10. The residuals ACF (Figure 11) show non-significant autocorrelation in the squared residual series for de-noise data. This indicates to goodness of fit for the estimated model GARCH (1,1) of the de-noise data for the simulation first experiment. 
The Ljung-Box Q-test for residual autocorrelations of the GARCH (1,1) model for de-noise data was used to test the null hypothesis: The first m autocorrelations of the residual are jointly 0. For lags (15, 20, and 25) at significance level (0.05/3 = 0.0166). The test was done and the results are summarised in Table 10.
Table 10. Ljung-Box Q-test for residual autocorrelations (de-noise data)
	Null Rejected
	p-value
	Test Statistic
	Critical Value
	Lags
	significance level

	False
	0.0686
	23.7961
	28.8935
	15
	0.0166

	False
	0.1594
	26.1978
	35.7174
	20
	0.0166

	False
	0.1284
	33.1090
	42.3200
	25
	0.0166


The p-value for all tests is greater than (0.0166). Thus, all of the autocorrelations up to lag 15, 20, and 25 are zero, which indicates the goodness of fit for the estimated model GARCH (1,1) of the de-noise data for the simulation's first experiment.
[bookmark: _3whwml4]3.1.3. Repeat the simulation for several different cases
Data generation was repeated (1000) times in simulating the GARCH models for several different sample sizes (100, 300, 500, and 1000), and for several different parameter values of GARCH (1:3) and ARCH (1:3), and the GARCH models were estimated using the classical method and then the proposed method using three linear wavelets, specifically (Daubechies, Coiflets, and Dmey) estimated the threshold level using the Minimax method and applied the Soft threshold rule to obtain de-noise data that will be used in estimating GARCH models. Calculate the AIC and BIC criterion average for all models and summarize the results in the following tables:
[bookmark: _2bn6wsx]Case 1. When Constant = 5, GARCH = 0.4, ARCH = 0.5 
[bookmark: _qsh70q]Table 11. The Criteria Average of the estimated models for the classical and proposed method (GARCH (1,1))
	Sample Size
	Criterion
	Classical
	Db1
	Coif
	Dmey

	100
	AIC
	614.5369
	431.8633
	413.5603
	402.8534

	
	BIC
	622.3524
	439.6789
	421.3758
	410.6689

	300
	AIC
	1836.0179
	1061.7826
	946.3853
	911.2647

	
	BIC
	1847.1292
	1072.8940
	957.4966
	922.3761

	500
	AIC
	3054.6912
	1633.0494
	1392.3367
	1328.2714

	
	BIC
	3067.3350
	1645.6932
	1404.9805
	1340.9152

	1000
	AIC
	6105.8594
	3026.9512
	2348.6226
	2278.5140

	
	BIC
	6120.5826
	3041.6744
	2363.3459
	2293.2373


Case 2. When Constant = 5, GARCH = 0.4, ARCH = {0.25 0.25}
Table 12. The Criteria Average of the estimated models for the classical and proposed method (GARCH (1,2))
	Sample Size
	Criterion
	Classical
	Db1
	Coif
	Dmey

	100
	AIC
	624.21
	428.18
	413.89
	403.82

	
	BIC
	634.63
	438.60
	424.31
	414.24

	300
	AIC
	1863.3
	1008.8
	914.37
	882.63

	
	BIC
	1878.1
	1023.6
	929.19
	897.44

	500
	AIC
	3098.1
	1520.8
	1317.0
	1257.8

	
	BIC
	3115.0
	1537.6
	1333.8
	1274.6

	1000
	AIC
	6192.2
	2750.5
	2182.5
	2098.1

	
	BIC
	6211.8
	2770.1
	2202.2
	2117.7


[bookmark: _3as4poj]Case 3. When Constant = 5, GARCH = {0.25 0.25}, ARCH = 0.4
Table 13. The Criteria Average of the estimated models for the classical and proposed method (GARCH (2,1))
	Sample Size
	Criterion
	Classical
	Db1
	Coif
	Dmey

	100
	AIC
	638.27
	443.65
	426.53
	412.80

	
	BIC
	648.69
	454.07
	436.95
	423.22

	300
	AIC
	1906.1
	1056.5
	948.14
	904.29

	
	BIC
	1920.9
	1071.3
	962.96
	919.10

	500
	AIC
	3170.6
	1601.3
	1361.9
	1283.6

	
	BIC
	3187.4
	1618.2
	1378.8
	1300.5

	1000
	AIC
	6338.6
	2912.3
	2251.7
	2124.6

	
	BIC
	6358.2
	2931.9
	2271.4
	2144.2


[bookmark: _1pxezwc]Case 4. When Constant = 5, GARCH = {0.20 0.20}, ARCH = {0.20 0.20}
Table 14. The Criteria Average of the estimated models for the classical and proposed method (GARCH (2,2))
	Sample Size
	Criterion
	Classical
	Db1
	Coif
	Dmey

	100
	AIC
	590.91
	384.35
	371.10
	355.45

	
	BIC
	603.94
	397.37
	384.13
	368.48

	300
	AIC
	1763.2
	830.87
	741.31
	689.53

	
	BIC
	1781.7
	849.39
	759.83
	708.05

	500
	AIC
	2932.8
	1180.4
	987.13
	892.64

	
	BIC
	2953.9
	1201.4
	1008.2
	913.71

	1000
	AIC
	5861.4
	1977.6
	1425.9
	1262.6

	
	BIC
	5885.9
	2002.1
	1450.4
	1287.2


[bookmark: _49x2ik5]Case 5. When Constant = 5, GARCH = {0.20 0.20}, ARCH = {0.15 0.15 0.15}

Table 15. The Criteria Average of the estimated models for the classical and proposed method (GARCH (2,3))
	Sample Size
	Criterion
	Classical
	Db1
	Coif
	Dmey

	100
	AIC
	614.58
	405.52
	393.11
	377.77

	
	BIC
	630.21
	421.15
	408.74
	393.41

	300
	AIC
	1829.2
	887.73
	805.49
	751.47

	
	BIC
	1851.5
	909.96
	827.71
	773.69

	500
	AIC
	3041.6
	1275.8
	1103.6
	998.52

	
	BIC
	3066.8
	1301.1
	1128.9
	1023.8

	1000
	AIC
	6077.3
	2170.2
	1655.9
	1511.3

	
	BIC
	6106.8
	2199.6
	1685.3
	1540.8


[bookmark: _2p2csry]Case 6. When Constant = 5, GARCH = {0.15 0.15 0.15}, ARCH = {0.20 0.20}
Table 16. The Criteria Average of the estimated models for the classical and proposed method (GARCH (3,2))
	Sample Size
	Criterion
	Classical
	Db1
	Coif
	Dmey

	100
	AIC
	618.93
	411.77
	396.77
	380.87

	
	BIC
	634.56
	427.40
	412.40
	396.50

	300
	AIC
	1842.1
	907.52
	819.15
	726.82

	
	BIC
	1864.3
	929.74
	841.37
	785.04

	500
	AIC
	3062.5
	1311.7
	1122.4
	1007.3

	
	BIC
	3087.8
	1337.0
	1147.7
	1032.6

	1000
	AIC
	6119.4
	2228.2
	1684.3
	1518.9

	
	BIC
	6148.8
	2257.6
	1713.7
	1548.3


Case 7. When Constant = 5, GARCH = {0.15 0.15 0.15}, ARCH = {0.15 0.15 0.15}
Table 17. The Criteria Average of the estimated models for the classical and proposed method (GARCH (3,3))
	Sample Size
	Criterion
	Classical
	Db1
	Coif
	Dmey

	100
	AIC
	649.99
	440.49
	427.23
	411.97

	
	BIC
	668.23
	458.73
	445.47
	430.20

	300
	AIC
	1929.8
	984.42
	904.53
	851.20

	
	BIC
	1955.8
	1010.4
	930.46
	877.13

	500
	AIC
	3206.5
	1440.3
	1274.2
	1166.6

	
	BIC
	3236.0
	1469.8
	1303.7
	1196.1

	1000
	AIC
	6404.7
	2511.8
	2011.4
	1861.0

	
	BIC
	6439.0
	2546.1
	2045.7
	1895.4


[bookmark: _147n2zr]Tables (11-17) show that the proposed method was better than the classical method for all simulation cases because the model criteria values (AIC and BIC) for the proposed method are less than the classical method. It was also shown that the Dmey linear wavelet was better compared to other linear wavelets (Daubechies and Coiflets).
[bookmark: _3o7alnk]3.2. Real Data
This example shows how to specify and fit classical and proposed GARCH model to foreign exchange rate returns (daily Deutschmark/British pound foreign exchange rates) observed from 31-December-1979 to 24-Jan-1993 (4774 observations) in Figure 12. 
[bookmark: _23ckvvd]The estimated GARCH (1,1) model with the test results of the estimated parameters, and some criteria for the efficiency of the estimated model are summarized in Tables 18-19.
Table 18. GARCH (1,1) Conditional Variance Model (Real data)
	Parameter
	Value
	Standard Error
	Z-Statistic
	p-value

	Constant
	0.0000016
	4.3753e(-0.07)
	3.7241
	0.0002

	GRACH {1}
	0.9137300
	0.0068843
	132.7263
	0.0000

	ARCH {1}
	0.0585120
	0.0050003
	11.7018
	0.0000


Table 19. The Model Criteria (Real data)
	The Criteria
	The Value

	AIC
	-33328.6682

	BIC
	-33309.2566


[bookmark: _ihv636]The basic GARCH (1,1) results are given in Table 18. Notice that the coefficients sum up to a number less than one which is required to have a mean reverting variance process. Standard Errors, Z-statistics, and p-values complete the table, which indicates the significance of the estimated model parameters because the p-values are less than the significance level (005). While Table 19 shows the values of the estimated model efficiency criteria. The conditional variances and standard errors for the estimated GARCH (1,1) model are shown in Figure 13. The square residuals ACF (Figure 14) show non-significant autocorrelation in the squared residual series. This indicates to goodness of fit for the estimated model GARCH (1,1) for the real data. 
The discrete wavelet transformation of the first-order (linear) Dmey wavelet was used to transform the data generated for the real data, estimate the threshold level using the minimax method, then apply the soft threshold rule, and finally calculate the inverse of the discrete wavelet transformation to obtain de-noise data Yw, as in Figure 15 which shows that heterogeneity of random error variance still exists for de-noise data, which indicates a decrease in variance over time. 
The estimated GARCH (1,1) model with the test results of the estimated parameters, and some criteria for the efficiency of the estimated model are summarized in Tables 20-21.
Table 20. GARCH (1,1) Conditional Variance Model (de-noise real data)
	Parameter
	Value
	Standard Error
	Z-Statistic
	p-value

	Constant
	4.3753e(-0.07)
	4.3753e(-0.07)
	3.6773
	0.00023575

	GRACH {1}
	0.15471
	0.0052786
	29.3097
	4.3753e(-189)

	ARCH {1}
	0.74407
	0.027554
	27.0039
	4.3753e(-160)


Table 21. The Model Criteria (de-noise real data)
	The Criteria
	The Value

	AIC
	-56648.3835

	BIC
	-56628.9720


The basic GARCH (1,1) results are given in Table 20. Notice that the coefficients sum up to a number less than one which is required to have a mean reverting variance process. Standard Errors, Z-statistics (which are simply the ratio of coefficients and standard errors), and p-values complete the table, which indicates the significance of the estimated model parameters because the p-values are less than the significance level (005). While Table 21 shows the values of the estimated model efficiency criteria.
[bookmark: _32hioqz]Using AIC and BIC, the proposed GARCH (1,1) model has slightly smaller (more negative) AIC and BIC values. Thus, the proposed GARCH (1,1) model is the preferred model according to these criteria.
The conditional variances and standard errors for the proposed estimated GARCH (1,1) model are shown in Figure 16. The square residuals ACF (Figure 17) show non-significant autocorrelation in the squared residual series. This indicates to goodness of fit for the proposed estimated model GARCH (1,1) for the real data. 
4. Conclusion & Recommendations
Through the study of simulation and real data, the following main conclusions and recommendations were summarized:
4.1. Conclusions
1. [bookmark: _1hmsyys]All the proposed methods are better than the classical method for all simulation cases depending on criteria AIC and BIC.
2. [bookmark: _41mghml]The third proposed method (Linear Demy wavelet) was compared to other linear wavelets (Daubechies and Coiflets). 
3. The proposed GARCH (1,1) model for Linear Demy wavelet is the preferred model according to these criteria for real data.
4.2. Recommendations
1. Use the proposed method even if there is no contamination in the data.
2. Conduct future studies using higher order (non-linear) wavelets.
3. Comparison between GARCH and ARMA models after using wavelets.
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Appendix
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Figure 1. The conditional variances for the generated data (First experiment data)
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[bookmark: _4f1mdlm]Figure 2. Time series for the generated data y (First experiment data)
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[bookmark: _2u6wntf]Figure 3. ACF for the generated data (First experiment data)
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[bookmark: _19c6y18]Figure 4. PACF for the generated data (First experiment data)
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[bookmark: _3tbugp1]Figure 5. The conditional variances and standardized residuals for the estimated GARCH (1,1) model (First experiment data)
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[bookmark: _28h4qwu]Figure 6. Residuals ACF for the GARCH (1,1) model (First experiment data)
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Figure 7. De-noise time series for the first experiment simulation 
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Figure 8. ACF for the de-noise data (First experiment data)
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Figure 9. ACF for the de-noise data (First experiment data)
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Figure 10. The conditional variances and standardized residuals for the estimated GARCH (1,1) model (de-noise data)
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Figure 11. Residuals ACF for the GARCH (1,1) model (de-noise data)
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Figure 12. Time series for real data
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[bookmark: _nmf14n]Figure 13. Plot the fit of model GARCH (1, 1) for real data
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Figure 14. Plot of the Square residuals ACF of model GARCH (1, 1) for real data
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Figure 15. Time series for real data after de-noise
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Figure 16. Plot the fit of proposed model GARCH (1, 1) for real data
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Figure 17. Plot of the Square residuals ACF of model Proposed GARCH (1, 1) for real data
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