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Abstract

In order to balance uncertainty, a reasonable approximation of a crisp set that yields lower as well
as upper approximations of the set are done. Here, first, a special class of Fermatean Neutrosophic
Set by associating the Neutrosophic Set and Fermatean Fuzzy Set is devised. A relatively new
concept of Fermatean Neutrosophic Approximation Space and Fermatean Neutrosophic
approximation operators are introduced. In this context, a new class of Fermatean Neutrosophic
Rough set is established and a few of its characteristics are mentioned. Also, the cut sets of
Fermatean Neutrosophic Rough sets, which characterize Fermatean Neutrosophic rough

approximation operators are investigated.

Keywords: Fermatean Neutrosophic Set (FNS); Fermatean Neutrosophic Approximation Space
(FNAS); Fermatean Neutrosophic Rough Set (FNRS); Fermatean Neutrosophic relation (FN-r).

1.Introduction

Rough set theory is a mathematical approach used for dealing with uncertainty and
vagueness in data analysis and decision-making. It was introduced by Polish mathematician
Zdzistaw Pawlak [1] in the early 1980s as a tool for analyzing imprecise, incomplete, Or uncertain
information. The mathematical structure of rough sets comprises an equivalence couple of root
elements: the crisp entries and an equivalence algebraic relation. It extends to the features that
have distinct values. Therefore, before being employed, continuous-valued attributes must be
discretized. Forming equivalence classes within the presented data sets builds the rough set
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approximations [2]. All data attribute values that form an equivalence class are indistinct, meaning
the units are related to the characteristics that describe the data.

In 2015, C. Antony Crispin Sweety and |. Arockiarani [3] introduced a novel
approximation of neutrosophic sets and discussed the relations based on rough approximations and
neutrosophic sets. The work provided a rough approximation of neutrosophic sets. They also
introduced rough, fuzzy neutrosophic sublattices, ideals, and other concepts.

L. A. Zadeh introduced the concept of fuzzification in 1965 [4]. Atanassov proposed an
alternative intuitionistic set [5], which defines an element with the membership and non -
membership. From a logical perspective, the neutrosophic logic established by Florentin
Smarandache [6-7] is equipped to talk about uncertainty, imperfections, and missing and
inconsistent information in the actual world.

Said Broumi and Florentin Smarandache established some similarity measurements in
neutrosophic sets [8]. In 2013, Yager proposed a novel perception called Pythagorean fuzzy sets
[9], which are constrained to have the square sum of their grades as less than or equal to one.

Numerous methods and strategies have been suggested to address the unpredictable nature
of real-time situations. Neutrosophic sets and their combinations are one approach for handling
imprecision. With a broader range of applications, these sets generalize intuitionistic fuzzy sets,
fuzzy sets, and their extensions, inspiring the development of several theories. The notion of
Fermatean Neutrosophic Sets (FNS) and its algebraic features, as well as set theory, were first
presented by Antony Crispin Sweety in 2021 [10].

Fermatean neutrosophic graphs are defined by Broumi, S., Sundareswaran, R.,
Shanmugapriya, M., Bakali, A., & Talea, M. [11] Additionally, several operations on Fermatean
neutrosophic graphs are shown, and the notions of regular Fermatean neutrosophic graphs are
introduced.[12]

Pythagorean neutrosophic matrices, Fermatean fuzzy matrices, and intuitionistic fuzzy
matrices are generalizations of a specific instance of neutrosophic matrices defined by Broumi
[13] called Fermatean neutrosophic matrices.

Fermatean fuzzy sets are suggested by Senapati, T., and Yager, R. R. [14] Fermatean fuzzy
sets are contrasted with Pythagorean and intuitionistic fuzzy sets. Furthermore, pay attention to
the Fermatean fuzzy sets' complement operator. Subsequently, develop a Fermatean fuzzy TOPSIS
approach with an example to solve the multiple criterion choice task.

Introduce the Interval-Valued Fermatean Neutrosophic Set (IVFNS) in [15], which
addresses partial ignorance for multi-decision processes separately in true, false, or unsure regions.
Additionally, an example has been provided to illustrate the algebraic characteristics and set theory

between the interval-valued fuzzy neutrosophic [16-17].
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In this frame, the concept of indiscernibility or indistinguishability is imposed on FNSs.
The concepts of rough sets and FNSs are combined, and a new class of rough sets in FNAS is
introduced.

The structure of the paper is as follows:

(i) A FNS is defined as the truth, falsity, and indeterminacy membership function
satisfies.

(i) Fermatean neutrosophic rough relations and the FNAS are defined. The notion of
FNRSs is discussed. Further, Fermatean Neutrosophic Rough Approximation
Operators (FNRAO) and the properties of FNRS s are studied.

2. Preliminaries
Definition 2.1. [9]

Let X be a non-empty set, and 1 <[0,1]. A Pythagorean fuzzy set A is of the form
A={(X, 1,(X),vA(x))| x & X} where the degree of membership function is s, : X —[0,1] and
the degree of non-membership function is v, : X —[0,1] for each element x € X to the set A,

and (2, ()" +(va(x))" <1 for each xe X .

Definition 2.2. [6]

Let X be a non-empty set (universe). A is a neutrosophic seton X is of the form:
A={(X,T, (), 1,(x),F,(x))| x e X}

Where T,(X), 1,(x), F4(x) €[0,1], 0<T,(x)+1,(x) +F,(x) <2, for every xinX . T,(x) is the
degree of membership, 1,(x) is the degree of indeterminacy and F,(x) is the degree of non-

membership. Here T,(X) and F,(x)are dependent components and 1,(X) is an independent
component.

Definition 2.3. [18]

Consider X be a set that is not empty (universe). FNS with T and F are dependent
neutrosophic components A on X is an object of the form

A={(XT,(X), 1,09, Fy(¥)) [ x e X }

Where T, (x), 1,(X), Fo(x) €[0,2], 0< (T, ()" +(1,())° +(Fa(x))’ <2, for everyxe X The

degree of membership is T,(X), the degree of indeterminacy is 1,(x) and the degree of non-
3
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membership is F,(x). Here T,(xX) and F,(x)are dependent components and 1,(x) is an
independent.

3. Fermatean Neutrosophic Rough Set

In this section, we introduce Fermatean neutrosophic approximation space and Fermatean
neutrosophic approximation operators induced from the same. Further we define a new type of set
called Fermatean neutrosophic rough set and investigate some of its properties.

Definition 3.1

Let a non-empty set P be a universe. AFNS in A, on P is of the form

A ={{p:T, (P).1,, (P).Fy (P))/ PP}
where T, is truth, | , is indeterminate, F, is false degree membership. where
T, (0.1, (9, F, (91xe X >[01], 0<[T, (o) [ +[ 1, (M ] +[F, (W] <2.

Definition 3.2

A PN-ron P, is a Fermatean neutrosophic subset
R, ={(P.a).To, (P.a). 15, (P.4).Fy, (P.4)/P.d€PS}
T, :PuxR, —=[01];1, R xP, —>[01];F, R xR, —[01]
satisfies
OST:;N (p.q)+ I:PN (p.q)+ F:;N (p.q)<2 forall (X, y)e P, xPy .
then the family of all PN-r on By by P(R, xR,)
Definition 3.3 A FN-r on E; is a Fermatean neutrosophic subset

Re, ={<p,q>,TREP (p1Q),|REP ([Z),C]),FREP (p,q)/p,qe EP}

T tEpxEp —[01];15 :EpxE, ->[01];F,

Rep

{E, xE, —[0,1]

satisfies
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0<T? (p.a)+1> (p.a)+F} (p.q)<2 forall (p.a)eE, xE,.
then the family of all FN-r on E, by B, (E, xE,).

Definition 3.4 consider a not empty set P, . An arbitrary PN-r RPN (Satisfying Definition 3.2 or
3.3) over (B, x P, ) then the pair (PN Ry, ) is called FNAS. For any M e P(P, ), define the upper
and lower approximations with respect to (PN,RPN), denoted by Ry (X) and Re, (M)

respectively.

Fe,, (mn)vF, (n)]

o1
2
=
—
3
~
I
>
[ —

The pair (Rp, (M),Rs, (M)) is called FNRS of M with respect to (R, R, ) and

Ry . Re, :P(P,)— P(P,) are referred to as upper and lower FNRA operators respectively.

Remark 3.4 If R, is a Fermatean fuzzy relation on P, then (PN , RPN) is a Fermatean fuzzy

approximation space, Fermatean neutrosophic rough operators are induced from a Fermatean
fuzzy approximation space that is
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To (M= A |70, (MA)VT, (n)]

nePy

A | (g, ()47, (o)) v 1, ()]

ne

IBFN(M)(m)Z
FRPN(M)(m)z v ['“RPN (m,n) A FM(n)]

= nePy

t, (MN)AT, (n)}

o 1
Z
=z
—
3
N—"
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<
—

Iﬁm(M)(m)z v [1_</‘Rm (m,n)+vRFN (m,n))/\ Ie,, (n)}

RPN(M)(m): s [7/RFN (m.n)vF, (n)}

Remark 3.5 let RpN is a crisp binary relation on P and (PN Re ) IS a crisp approximation space,

then FNRAOs are induced from crisp approximation space, such that X e P(PN)

R (M) ={<m,TRm(M)(m)v IBPN(M) (m), FBPN(M)(m)>/m € PN}
Re, (M):{<m’TRPN(M)(m)’ Lo (M) Fﬁm(M)(m)>/m < PN}
Where,

A Ty () (M= A () F L (m)= v Ry (n)

T m) = -
Rpy (M) ( ) ne[m]Rp, ne[m]RPN ne[m]Rp,

m)= v I,(n

TﬁpN(M)(m)zne[V TM (n) IEF’N(M)( ne[m]RPN M

m]RpN

FﬁpN(M) (m)= ne[n/ﬁRpN Fu (n)

Theorem 3.6 Let (PN Re ) be a FNAS. Then the lower and upper FNRAOs generated by



International Journal of Neutrosophic Science (IINS)

(RiRs) meet the following conditions. VABeP(P), vey,¢e[ov2] with
Eryt+P<2

(ELD)R, (A)=~R; (~ A) (EU1)Rs, (A)=~Rs, (~ A)

(EL2)R;, (AU(E08)) =Ry, (A)UEEWE)  (EU2)Rn (ANTEW.0))=Rn (ANTE W)
(EL3)R, (ANB)=R(A)NR(B) (EU3)Re, (AUB) =R, (A)URs, (B)
(EL4)AcB=R; (A)cR; (B) (EU4)Ac B = Rp, (A)cR(B)

(EL5)R, (AUB)2R; (A)UR, (B)  (EU5)Re, (ANB)<=Re, (A)NRs, (B)
(EL6)R, R, =R; (A)2R; (B) (EU6)R, =R, =Ry, (A)c= R, (B)
Proof.

Only the conditions of lower FNRAO R, (A) are shown. The upper FNRAO R, (A) can be
proven in a comparable way.

(EL1) By Definition 3.3,
~Rp (- A)= {<X Fan ) () 1= 1e, ) ()T, (X)>/X S }

:{< 'yeh, [T (%, y)/\F A)(Y)J oy [ =g, (x, y)vl (y):| [F (%, y)vT A)(y):|>}

:{<x, [T AT )] [, 09 A )], 4 [ (3 y)vT(A)(y)D}
(X T a0 () T oy (¥): Py () /x € By L = R(A)
(EL2)Rs, (AUB)={ (X Tygucn) (X): Vs (X): Fns) () x € P |

{04 T (900, i (9.3, Fc (0) xR
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{X A [TaWATe (V] A [ ATe (V)] v [Faly) v Fa( y)]>/XeP}

yePy yePy yePy

{ Teom (X)A BPN<B>(X)]’['BPN<A>(X) e () (X )} [ o, ()7 P o) (X )]>/XE P“}
=R(A)NR(B).

(EL3) By using the definition of R(A), it is simple to verify.

(EL4) Itis easy to understand.

The properties of the upper FNRAO can also be demonstrated.

Remark 3.7

The properties (EL1) and (EU1) prove that FNRAOs R and Re, are complementary to one
another, and the characteristics (EL2) and (EU2) imply, following characteristics (EL2) and
(EU2)

(EL2) Ry, (R) =Py
(EU2) =Rp, (¢)=9¢

Example 3.8 Let (P, R, ) be a FNRAS where P, ={p;, p,, p;} and R, € FNRA(P xB,) is

defined as

((pyr p,)1.0,0.6,0.4),((p,. p,)0.9,1,0.4),((p, p,)1.0,0.7,0.2)
Re, =4((P, p,)1.0,05,0.1),((p,. p,)0.6,08,1),((Pp,. p,)0.9,0.9,0.6)
((ps 1,)0.7,1.0,0.2),((ps, p,)0.8,0.6,1),((p,, ;)1.0,0.7,0.5)

If a FNS
={(p,,0.7,0.9,0.8),(p,,0.8,1,0.6),(p,,1.3,0.4,0.3)}
Then,

Re, ={(p,,1.0,1.0,03),(p,,0.9,0.8,0.6),(p;,1.0,0.9,05)}
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Rs ={(p,,0.7,0.7,0.8),(p,,0.7,05,0.8),(p,,0.7,0.7,0.7)}
upper and lower approximations of X respectively.

Definition 3.9 Let X € P(P,) and &, ¢ <[0,1] with E+y*+°<2 and (&,w.¢) level set of
X denoted by X “*¢) is defined as

XD ={xe P, [T, (X) =&, 1, (X) 2w, Fy (x) <)
We define
X, ={xeP /Ty (x)2&}and X,, ={xeP /T, (x)>&}the & level cut and
strong & level cut of truth value function generated by A and
w={xeP /Iy (x)2y}and X, ={xeP/I,(x)>w}the ¥ level cutand

strong ¥ level cut of truth value function generated by A and

X< ={xeP[F(X)<{}and X" ={xeP,/F, (x)<{}the ¢ level cut and
strong ¢ level cut of truth value function generated by X .

Similarly, we can define the level cuts sets, such as
XEre) 2 Ix e By [T (X) > &1, (X) > w, F (x) <&} is (Ehp+d+),

XD = fxe B T (x)> &, L, (X) 2y, F (X) <&} is (E+,p.0)

X (Ew+0)

Xe R /Ty (X)2 &, 1, (x)>w.Fy (x) <&} is (L)
XEE) (X € By T, (X)2 £, 0 ()20, Fy (x) < £} s (£, 4 )

level cut set of X respectively. Likewise, other level cuts can also be defined.

Theorem 3.10 The level cut sets of FNSs meet the following criteria:VA,BeP(PN),
e cefoa] with E+pP+0<2 2 se[0a] with 4yt <2 and
&y, e[04] with &+ +£7 <2,
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(1) A€ _ A, N Ay N A

@ (A),=A" :(A‘)y/ = A(l-y+);(A) =A,

(3)(ﬂA)§ N
(0A) =,
n )

(tU A)w= U(A)y

ted

(UA] =u(ay

ted

(Ew$)
) S U (A)(é"”’g)

ted

® (UA

@ (A" =)

(7) For 51 2 52 W2, 51 2 gz
A§1 c A§2;A1/11 - Al//z, Aé'l c Aé’g , A(éx‘/’ly?l) - A(é’zv‘/’zyé'z)

Proof: (1) and (3) follow directly from Definition 3.9

(2) Since A" ={(x, F,(x),1—=1,(x),To(x))/x € R}

(A), ={xeR/R(x)2¢)

By definition,
A ={x6 PN/FA(X)<§}
AT ={xeP/F,(x)=¢&}

10
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= (A, =(A%)
Similarly, we can prove,
(A)y =(A(1-v+)) and (A) =(A):
@ A (X ATa (0 5 14 (X0, Fy (X)) /x € En

Weha\,e[g/\] ={xeR /AT, (X)2 €| ={xe BT, (x)2 £ 913} =()(A)

ted

Similarly,

[QAJI/IZ{XEPN/IQ\J Ly () 2y} ={xeR /1, (x)zwvte I} =(A)yw

ted

And

ted

[QAT :{XEPN/I\E/J FA(x)zg}z{XEPN/FA(x)gg,VteJ}:ﬂ(A)‘f

hence

0] (0] (nalen(na) -le.newney)
(A

ted

(5) Consider | J(A)={(x. Ty (x)., 15 (). A Fy (x)) /x< P, |

ted

then

(QAJ {xEP VT, (X)2 5}:{XGPN/TA(X)Zé,VteJ}:U(A)

ted

Similarly,

11
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(UA)V/:{XG PN/t\E/JIAt(X)Zl//}:{XePN/IA(X)Zl//,‘v’teJ}zLJ(A)l//

ted ted

And

(UAJ {XEP/teJ A 4/} {XEP/F <4”vt€J}:U(A)C

ted ted

then conclude

Ua] ~{Ua) [Uaeu{ua ) -Umuawuay

ted ted ted ted

_ U( A )(5%5)

(6) Forany Xe Aé, according to Definition 3.9 we have for T, ( p) > & > ¢&,, we obtain Aé1 - Afz

Similarly, for ¥,2¥,and ¢, 2¢, we obtain Ay, C Ay, and AS < A% Hence,
A(élv'//lvgl) - A(fz#’z@z).

Corollary 3.11 Assume that R, isa FN-rin P,

(R ), = {(x¥) € Pu xR/ Ty, (x0¥) 2 (R, ), () = {y & R/ Te, (x,¥) 2 2]
(Re,).. —{(xy) R xRy /To, (x¥)> &} (R, )§+(x):{y € Py /Te, (x.y)> &}
(Re, )w ={(x¥) e P xRy /1e, (x¥) 2w} (Re ) (X) ={y € Ry /1s, (. ¥) = w]
(Ro ) = {(%,Y) € PuxPo /1, (63) >} (Re o + () ={y € Py /1, (%,¥) > v}
(80 ) ={0x9)<RxBu R, (9)<2] (8 ) 0=[y R () <€)
(R, )“:{(x,y)ePNxPN/FRPN (x,y)<§},(RPN )§+(x):{yePN/FRpN (x,y)<§}

(R, )" =l ) ePxPy e, (Y)2E 1, (6Y)2w, Ry (xY)<(]

12
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(R, ) (x)= {yeR /T, (xY)2 &0, (xY)2w F (xY)<(]

+

Then for all (RPN )5 ,(RPN )(§+ ,(RPN )y/,(RPN )z//+,(RPN )4 ,(RFN ); ,(RPN )(M) are crisp relation in Py

and

1) Let Ry s reflexive, then the above level cuts are reflexive.
2) If RF,N IS symmetric, then the above level cuts are symmetric.
3) If RPN is transitive, then the above level cuts are transitive.

Theorem 3.12 Consider (PN , RPN) be a FNAS and AeP(P,), then the upper FNAO can be

shown as a few things below VX e P, .

D Toy (0= 30 £7(Re), (A)00 =y [ £4(Re), (AL) (0]
[ NCON <x>}=ﬂvm[ A(Re),(A)(9)]
2 )= vl EA(Ra)E(A)(0)] =y [£a(Ra)E(As+)(x)]
[m[ A(Re, )f+<A¢> )=, %, [EA (R )£+ (AZ4) ()]
3 B (9= 4, [ £V (Re) (A)00] =, [ £V (Rn) (A7)0
— £V (R )T (A0 = [ £ (Ra )T (A7) (0]

And more over for any & <[0,1]

[Re(W)], =Ras (A ) Rac(A)=[Ra (A)],
I:ﬁpN (A):|§+C§P §+(A§+) gﬁpNé(Aé) < |:§PNS (A):lsg
[Re (A)]" <R (A7) <R (A%) <[ Rus (A) |
[ﬁPN (A)}§+ - RPN§+ (A§+) c EPNé (A{:) - [ﬁpNs (A)L

8) [Re (A)]&+=Rr&+(AL+)=Ra&(AS) <[ Re, (A)]E
o) [Fo (A)] <R’ (A < (A) <[ (4]

Proof:

N

4

N

5

N

6

N

7

N

p—

13
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1) For Xe By, we have
ol £7(Fn), (4 ><x>}=sup{fe[°’l1/pe<ﬁp~L(
_Sup{ge[o

1/ (Re,
—Sup{ c[0.1 /EIyeP(y
/3

ﬂA ;tgo}
( ) (x),yeAg)}
(xy)2ETu(y)2€])

_Sup{ge 0,1]/3y e R[Te,
y)=Tg, (%)

= v [T, (0Y) ATy
2) 55\[{),1][§A( P) (

A;

)

)
AZ)(x) |=sup{¢ e[0.1]/x e(Re, )£(A2)}

14
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= v [en(Ra)E+(A) ()]
Sl (R )+ (Asn()]
RMA)( )=l € (Re) (A0
_ &M[g v(Re )" (A0 )(x)]
_ ge@,l][‘f v(Ra )" (Af+)(x)}
4) Since Rp,c:(A., )= Res (A) = Res(A.) we prove only
=

R
[ﬁpN (A)] (;ﬁPN&(Ag ) and RPNf(A |:RPN (A)Lfor any

= v [T, (VAT |23y R [Ty, (0Y)AT (V)] ¢
=Y €Ry . (x) and Y e A SR, . (X)NA, %9

according to the definition of upper crisp approximation operator,XEﬁpN¢+(A

.. ). Hence
[ﬁpN (A)L cRee(A)

Next, to prove ﬁPNg(Ag)g[ﬁpN (A)Lfor any xeRe: (A )Ry (A )(x)=1,if 3y, then

Te ) (X)= V/E[Xﬁ][l//A(RPN )W (AV)(X)] > &A(Re, )W (A, )(x)=¢&- We obtain
xe|Re (A)] Res(A)c|Rn (A)]

(5) Similar to (4) It is enough to prove [ﬁPN§+(A§ +)L

CRe&+(AZ)c[Re E(AL)]
Hence,
L [Re (A) &+ Ra&+(AL+)
i [Rag(AS)|<[Ra (A) e
i) For x&[Re, (A) &1, (X )>§:>y€vp[ (V)AL (Y) ][> ¢
By eRaly (XY)AL(Y)>&.(8) 1 (xy)¢ and | A(Y)E=Y eR, E+(x) and
q e A&+, Y eR(X)NAE+ = RE+(X)NAE+# .

15
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according to the definition of crisp approximation operator, XGﬁpN§+(A§+) therefore
[Re, (A)]&+ < Re&+(AE+). Let xe[ R &(AE) ], [Ra&(AS) ](x) =1.
If there exists y then T (x)= |:l///\RPNy/ (Ay)(x) ]>§/\RPN¢(A~§)( )=¢&- We
obtain x e[ Rs, (A) & therefore RPN§(A§)Q[RPN (A)]s-

(6) Like with (4) and (5), the evidence of (6) only needs to be proven once

[Re (A)] " <Re (A7) and Re ()| <[Ra ()]

&+

For any XE[ﬁPN(A)] Fe (X)<E (i) yQ[FRm(x,y)vFA(y)}<§ and
W' eRsR(XY)VF(Y)<& Hence R (xy)<&Tu(y)<&@e) yeR7(x) and

y' e AT, Re, S (X)N AT = g.therefore, x e R, <" (Ag*) and [R»N (A)T+ - Iif; (A&)'

Next for any xe R, < (A7) note R, *(A%)(x)=1 then
Fe. s (¥) = [y/vR"’(A"’)( )]<§v§¢(Af)(x):g

o]
Thus XE[EPN (A)T. Hence ﬁPNg(Ag)g[ﬁpN (A)T.The proof of (7), (8), (9) can be obtained
similar to (4), (5), (6).

Theorem 3.13 Let (P, R, ) beaFNASand AcP(R, ) then VX e PR,

D T (0=, 4, 6V (1R )(AL)(0) |- ggl[fv(l—RpN)g(Ag)(X)}
= eV R (A)0]= [ eV R (A
2) Moo ()=, [V ([L-Re ) L) (AS+)(x)]= & [ £ (1R, )(1-&)(AS)(x) ]
= A6V (AR JA-g 1) (A ) (0)]= n [ &V (1-Re (1-£+)(A2)(x)) ]
3) Fam (0= Ol[gA(l R, (Ag*)(x))]=§6\[611][§/\(1—§p,q)5(A‘5)(x)}
= %l 6 AR ) (M) (0] = gy [ €7 (2-Re ). (A)(0)]

And more over for any & <[0,1]
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4)
5)
6)
7)
8)

9)

Re, (A)]
[Rp, (A)]&+ =Ry, (1-&)(AS+) = Ry, (1-&+)(AS+) = Re, (1-£+)(AS) <[ Ry, (A) £
Re, (A)]
_BPN (A):§
[Re, (A)]é+ SR, (1-&)(AZ+) =Ry £(AE) = Re, (1-£+)(AS) =[Re, (A) ]
Re, (A)]

ngNé(A§+)gBPN§+(A§+)§BPN§+(A§)§|:BPN (A):LK

QBPN (A§+) QBPN§+ (A§+) QBPN5+ (Ag) Q[BPN (A)]‘§

“(A.)<Re (A )Ry (A) (R, (A)]é

QBPN

¢

"R (A7) <Ry (A) <Ry .. (A) <[ Ry (A)]

Proof. (1) and (2). For any X € P by the duality of upper and lower crisp approximation operators

and in terms of Theorem, we have

TﬁpN (A) (X) = 56\[(/)’1]
IﬁpN (A) (X) - gte\[{),l]

FﬁPN (A) (X) - gefa,l]

:gA(ﬁpN )é(Ag)(x)}

n(Ra)e(A)()]

v (Re, )“'E(Ag)(x)]

then T -n) (p)=.¥ [gA(ﬁF’N ) (~ A§)(X)J

£e[0,]]

S

17
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— V(R (- AL (0]

- 543,1] gV(BPN )§ (A§+)(X)}

B 5;[3,1]:§V(BPN ) (- A¢+)(X)}

Thus, by fixing R, (A)=~R, (~A),
Hence TBPN(A)(X)zTﬁ ) (x)_ A [(fv(l R, )( A§+)(X)J

&

'Bmw(x):'ﬁm<~A>(X):§f31][§ 1-Rp, )E(~ AQ—£+))(x) |
Fonin (0= Fa n (0= _y [ EA(1-Re ) (- AL)(0) |

Likewise

T i () =Ta (o (X) = ﬂm[fv(l Re, ). (= A7) (X) | =Tap i (%)

(
)
4 )
Lo (9= Ty (0= gy [V (1= Re )E(= AQ=£))(0) = T, Ly (%)
)&+ (= A=) ()] =15, (1 ()
)

It is easy to prove that Rp*(A.)cRe“(A.)<Rs™(A). To show that
[Re, (A)]. =Re " (A). B, (A)<[R

Te,, (A)(x)>¢ then we have yQ:N[FRFN (x, y)vTA(y)J>§ then [FRPN (X, y)vTA(y)] > & forany
yePRy, thatisif K, (xy)<¢&,then T, (y)>¢.

b A)L Forany xeR, “(A.).

18
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Alternatively, for any y e B, if yeR: (x) then ye A, . Therefore, R*(x) < A,

then

40

by the definition of lower approximation operator we have xeR®(A.,).Thus we conclude

[BPN (A)L+ - Bpf (A§+). Also, for any xeR*" (A, ), we have R (A.)=1.

Then,

Hence é‘e[BPN (A)L and BPN§+(A§)Q[BPN (A)] .

T, (%)= ’Ayl][é:'vBij(Ag,)(X)]
B 5'6\[/0,1][5' AR (A)(0)]

>EART(A)(x)=¢

s

Similarly, we can prove (5) and (6) and hence (7), (8) and (9) can be concluded.
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