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Abstract

The notion of neutrosophic N -deductive systems of Hilbert algebras is introduced, and several properties are
investigated. Conditions for neutrosophic A/ -structures to be neutrosophic A -deductive systems of Hilbert
algebras are provided. Relations between neutrosophic A -deductive systems and their level subsets are con-
sidered. The Cartesian product of neutrosophic A -structures is also supplied. Finally, we also find the property
of the homomorphic pre-image of neutrosophic N -deductive systems.
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1 Introduction

In 1965, Zadeh?? proposed the degree of membership/truth (t) and defined the fuzzy set. In 1986, Atanassov'
established the intuitionistic fuzzy set as an extension of fuzzy sets based on the degree of nonmember-
ship/falsehood (f). Smarandache proposed the term “neutrosophic” because “neutrosophic” etymologically
comes from ‘“neutrosophic” [French neuter, Latin neuter, neutral, and Greek Sophia, skill/wisdom] which
means knowledge of neutral thought, and this third/neutral represents the main distinction between “fuzzy/
intuitionistic” logic/set and “neutrosophic” logic/set, that is, the included middle component, that is, the neu-
tral/indeterminate/unknown part (besides the truth/membership and falsehood/non-membership components
that both appear in fuzzy logic/set). In 1995 (published in 1998), Smarandache introduced the degree of
indeterminacy/neutrality (i) as an independent component and characterized the neutrosophic set as (truth, in-
determinacy, falsehood). Smarandache!”!% invented the neutrosophic set notion, which expands on the classic
set and fuzzy set, intuitionistic fuzzy set, and interval-valued intuitionistic fuzzy set. Neutrosophic set theory
is utilized in several aspects (see http://fs.gallup.unm.edu/neutrosophy.htm).

The concept of Hilbert algebras was introduced in the early 1950s by Henkin®” for some investigations of im-
plication in intuitionistic and other non-classical logic. In the 1960s, these algebras were studied especially by
Diego” from an algebraic point of view. Diego® proved that Hilbert algebras form a locally finite variety. Bus-
neag?? and JunH' investigated Hilbert algebras and identified filters that construct deductive systems. Dudek®
investigated fuzzy subalgebras and deductive systems in Hilbert algebras.

The negative structure of sets is continually defined and investigated. Jun et al:'?
valued function and constructed A/ -structures in 2009. In 2017, Jun et all3°
N -structures for BCK/BCl-algebras and neutrosophic commutative A -ideals in BCK-algebras. Jun et a
investigated neutrosophic positive implicative A/-ideals in BCK-algebras in 2018. Rangsuk et al.1 introduced

introduced a new negative-

investigated neutrosophic
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the notions of (special) neutrosophic A/-UP-subalgebras, (special) neutrosophic N -near UP-filters, (special)
neutrosophic N -UP-filters, (special) neutrosophic A/-UP-ideals, and (special) neutrosophic N -strong UP-
ideals of UP-algebras in 2019. In 2024, Iampan and Rajesh!” introduced the notions of neutrosophic A/-
subalgebras and neutrosophic A -ideals of Hilbert algebras.

In this paper, the notion of neutrosophic N -deductive systems of Hilbert algebras is introduced, and several
properties are investigated. Conditions for neutrosophic A -structures to be neutrosophic A -deductive systems
of Hilbert algebras are provided. Relations between neutrosophic A -deductive systems and their level subsets
are considered. The Cartesian product of neutrosophic N -structures is also supplied. Finally, we also find the
property of the homomorphic pre-image of neutrosophic N -deductive systems.

2 Preliminaries

Before we get started, let’s define a Hilbert algebra.

Definition 2.1. ®' A Hilbert algebra is a triplet with the formula X = (X, %, 1x ), where X is a nonempty set,
* is a binary operation, and 1x is a fixed member of X that is true according to the axioms mentioned below:

(1) (Ve,y € X)(z*x(y*xx) =1x),

2) (Vo,y,z€ X)((x*(y*2))*((x*xy) *x(x*x2)) =1x),

3B) Vr,ye X)(zxy=1x,yxx=1x =z =y).

In,® the following conclusion was established.

Lemma 2.2. Let X = (X, *,1x) be a Hilbert algebra. Then
(1) (Ve e X)(z*xx=1x),
(2) (Vx e X)(1x xx = x),

(

(
(3) (Vr e X)(zxlx =1x),
(4) (Vo,y,z € X)(z (y*2) =y * (zx2)),
(

(5) (Va,y,z € X)((x 2) * ((z % y) * (z xy)) = 1x).

In a Hilbert algebra X = (X, *, 1), the binary relation < is defined by
(Vr,ye X)(z <yeaxy=1x),
which is a partial order on X with 1x as the largest element.
Definition 2.3. 7 A nonempty subset D of a Hilbert algebra X = (X, x,1x) is called a deductive system of
X if
(1) 1x € D,
2) Ve,ye X)(zxye D,x € D=y e D).

A fuzzy seV in a nonempty set X is defined to be a function p : X — [0, 1], where [0, 1] is the unit closed
interval of real numbers.

Definition 2.4. A fuzzy set y in a Hilbert algebra X = (X, %, 1 x) is said to be a fuzzy deductive system of X
if
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(D) (Vo € X)(u(lx) > p(x)),
) (Va,y € X)(u(y) = min{pu(z «y), p(z)}).

Definition 2.5. ' A neutrosophic set in a nonempty set X is defined to be a structure
A= {(z, Ta(x), La(x), Fa(x)) | z € X}, ()

where Ty : X — [0,1] is a truth membership function, 4 : X — [0,1] is an indeterminate membership
function, and F4 : X — [0,1] is a false membership function. The neutrosophic set in (I} is simply denoted
by A= (X,TA,IA,FA).

Definition 2.6. "> We denote the family of all functions from a nonempty set X to the closed interval [—1, 0]
of the real line by (X, [-1,0]). An element of (X, [-1,0]) is called a negative-valued function from X to
[—1, 0] (briefly, N-function on X). An ordered pair of a nonempty set X and an A/-function on X is called
an N -fuzzy structure. A neutrosophic N -structure X s over a nonempty universe of discourse X is defined
to be the structure (X, Th, Iy, Fir), where Tpr, Iy, and Fs are N-functions on X, which are called the
negative truth membership function, the negative indeterminacy membership function and the negative falsity
membership function on X, respectively.

For simplicity, use X instead of the neutrosophic A/ -structure (X, T, Inr, Fir) 12

Definition 2.7. 16 Let X be a neutrosophic N -structure over a nonempty set X. The neutrosophic N -
structure X nr = (X, T, Iy, Fr) defined by

Ty () = —1 — T (2)
(Ve e X) | Iy(z)=-1-Iyv(z) 2

Fy(z) = -1 - Fy(z)

is called the complement of X s in X.

3 Main results

Unless otherwise indicated, X will refer to a Hilbert algebra (X, *, 1 x).

Definition 3.1. 'Y A neutrosophic A/ -structure X » over X is called a neutrosophic N -ideal of X if

Tn(1x) < Ty ()
(VzeX) | Iv(lx) = Iv(z) |, 3)
Fny(lx) < Fa(x)

Ty (z+y) < Twn(y)
(Vr,y € X) | In(zxy) > In(y) |, “4)
Fy(z*xy) < Fx(y)

T ((y1* (y2 * @) x 2) < max{Tn(y1), T (y2)}
(Vo,y1,y2 € X) | In((y1 * (y2 * 2)) x2) > min{In(y1), In(y2)} : (5)
Fn((y1 % (y2 * ) * 2) < max{Fn(y1), Fi(y2)}

Definition 3.2. A neutrosophic A -structure Xz over X is called a neutrosophic N -deductive system of X if
it satisfies (3) and

Ti(y) < max{Twn(z *y), Tn(2)}
(Vo,y € X) | In(y) = min{ly(z xy), Ly ()} : (©)
Fy(y) < max{Fn(z xy), Fx(z)}
Proposition 3.3. If {X}, | i € A} is a family of neutrosophic N'-deductive systems of X, then )\ X} is a
1€EA

neutrosophic N -deductive system of X.
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Proof. Let {X}, | i € A} be a family of neutrosophic N -deductive systems of X. Let z € X. Then

(A Twi)(1x) = sup{Ty(Lx)} < sup{Tvi(2)} = (A Twi) (=)

PI€EA [ASYAN
(A Invi)(1x) = iiélg{lf\/i(lx)} > Zlélg{INz(x)} = (\ Ivi)(x)
€A i€A
(A Fvi)(ix) = SUP{FNz(lx)} < SUP{FNZ 2)} = (N Fni)(x)
€A iEA
Letz,y € X. Then
("é\A Tni)ly) = SUP{TJ\M(Z‘/)}
< Sup{maX{TNz(ﬂf *y), Tai(z)}}
< maX{SUP{TNz(m «y)}, SUP{TNZ( )+
= max{(é\ATNz)(x*y) ( /\ TN’L)( )}7
(/\ Ini)(y) = 1££{IN1(Z/)}
1EA g
> iiélg{min{lj\/i(x *y), Invi(w)}}
> min{}gg{fj\/i(x *y)}, iiélg{INz'(l’)}}
= miﬂ{(_é\A Ini)(z *y), (lé\A Ini)(2)},
(lé\A Fyi)ly) = SUP{FNi(y)}
< ?gp{maX{FNz(x xy), Fai()}}
< maX{SUP{FNz(x «y)}, SHP{FNZ( )+

max{ /\ Fui)(z xy), (é\AFM)( )}

€A

Hence, A\ X}/ is a neutrosophic N -deductive system of X.
i€A

Proposition 3.4. Every neutrosophic N -ideal of X is a neutrosophic N -deductive system of X.

Proof. Let X be a neutrosophic N -ideal of X. Let z,y € X. Then, by (5), we have
In(y) =Tn(1x *y) = Tn(((z * y) * (z x y)) *y) < max{Ty(z *y), Ty(z)},

In(y) = In(Ix *y) = In(((z x y) * (2 x y)) *y) = min{Iy (2 * y), Iy ()},
Fy(y) = Exn(Ix xy) = Ex (2 x y) * (z xy)) * y) < max{F (2 *y), Fy(x)}.
Hence, X is a neutrosophic A/-deductive system of X.

Theorem 3.5. Let X be a neutrosophic N -deductive system of X. Then the following hold:

In(zxy) =Tn(1x) = Tn(z) = Tn(y)
Ve,ye X) | Inv(zxy)=Iv(lx) = Iv(x) < In(y) ,
Fy(z*y) =Fn(lx) = Fn(z) = Fx(y)
T (z) = T (y)
(Vz,ye X) | z<y=1¢ In(z) <Iv(y) :
Fy(z) > Fy(y)
Ty (2) < max{Tyn(x), T (y)}
(Ve,y,z€ X) | a<yxz=( In(z) > min{Iy(z), Ix(y)} ,
Fi(2) < max{Fy(z), Fx(y)}
Ty (z*y) <max{Ty(z*z2), Tn(2*y)}
(Vz,y,z € X) | In(z*y) > min{ly(z*2), (2 xy)}
Frn(zxy) <max{Fn(z*z2), Fx(zxy)}
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Proof. Letx,y € X be such that Tar(x * y) = Tar(1x), Inv(z xy) = In(1x), and Fir(x * y) = Far(lx).
Then, by (6) and (3), we have

Ti(y) < max{T(z * y), T(2)} = max{Ty(1x), T (2)} = Tar(a),

In(y) =2 min{ly(z *y), In(2)} = min{Iy(1x), Iy (2)} = Iy (2),
Fn(y) < max{Fn(z*y), Fx(z)} = max{Ty(1x), T ()} = Ta ().
Therefore, (/) is proved.

(B) is a direct result of (7).

Let z,y,z € X be such that x < y x z. By (@), we have T(x) > T (y * 2), In(z) < In(y * z), and
Fyx(z) > Fx(y * 2). By (6), we have

max{ Ty (x), Ta(y)} > max{Tn (y * 2), T (y)} > T (2),

min{Ix(x), Ix(y)} < min{ln(y * 2), In(y)} < In(2),
max{Fy(x), Far(y)} > max{Fn(y* z), Fx(y)} > Fa(2).
Therefore, (@) is proved.

Let z,y,z € X. By Lemma2.2][(5)l we have z * z < (z * y) * (z * y). By (), we have
Ty (zxy) <max{Ty(z*z), Tn(z*xy)},
In(zxy) = min{Iy (2 2), Iy (z *y)},
Fy(zxy) < max{Fy(z* z), Fxr(z *xy)}.
Therefore, (10) is proved. O

Theorem 3.6. Let X be an N -structure of X. Then Xy is a neutrosophic N -deductive system of X if and
only if

T (y) < max{Ti(z), Tn(2)}
(Vo,y,z€ X) | zxy>2z=1( In(y) > min{ly(z),] ( )} : (11)

Fy(y) < max{Fy(z), Fx(2)}

Proof. Assume that (TT)) is true. Let z € X. Since z x 1x = 1x > x, we have
Tn(1x) < max{Ty(z), Tn(2)} = T (),
In(1x) > min{In(x), In(2)} = In(2),
Fn(1x) < max{Fn (), Fx(7)} = Fx (7).

Letz,y € X. Since x x y > x * y, we have

Ty (y) < max{Ty(z *y), Tn(x)},

In(y) = min{ly (2 * y), v (2)},
Fyx(y) < max{Fy(z *y), Fyx ()}
Hence, X is a neutrosophic A -deductive system of X.
Conversely, assume that X is a neutrosophic A/-deductive system of X. Let z,y,2z € X be such that
x xy > z. It follows from (8) that Thr(x x y) < T (2), In(z *y) > In(2), and Fx(z * y) < Fpr(2). By

(@), we have
T (y) < max{Ty(z *y), T (2)} < max{Tn(z), Tn(2)},

In(y) 2 min{Iy (2 *y), In(2)} = min{Iy(z), Iy (2)},
Fn(y) < max{Fp(z*xy), Fx(z)} < max{Fpn(x), Far(2)}.
Therefore, (TT) is proved. O
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Definition 3.7. Let X s be a neutrosophic N -structure over a nonempty set X. The neutrosophic N -structures
DX, ®X v, and © X are defined as ® X = (X, T, T, Fiv), @ Xn = (X, In, Iy, Fiv), and © X =
(X, v, v, In ).

Theorem 3.8. If X is a neutrosophic N -deductive system of X, then ®X 7, @ X nr, and ©X s are neutro-
sophic N -deductive systems of X.

Proof. Assume that X is a neutrosophic N -deductive system of X. Let # € X. Then Ty (1x) = —1 —
Ty(lx) > —1 - Tw(x) > Tae(x) and In(1x) = —1 - Iv(lx) < —1 - In(x) < In(2). Let 2,y € X.
Then L
Tn(y) = —1-Tx(y)
> —1-—max{Ty(z*y), Tn(z)}

min{—1 — Ty (2 xy), -1 — Ty (z)}
min{Ty (z *y), Tn(x)},

Ivly) = —1-1Ix(y)
< —1—min{Ix(z*y), In(y)}
= max{;l — IN(wiy), -1 IN(y)}
= max{In(zx*y),Ixn(y)}
Hence, ®X v/, X7, and ©®X v are neutrosophic A/-deductive systems of X . O

Theorem 3.9. If X is a neutrosophic N'-deductive system of X, then the sets X1, = {x € X | Tyr(x) =
Tn(1x)} Xy ={z € X | In(z) = In(1x)}, and X, = {x € X | Fx(z) = Fx(1x)} are deductive
systems of X.

Proof. Clearly, 1x € Xp,, N X;,, N Xp,. Let z,y € X be such that x x y,x € Xp,,. Then T (z) =
Ta(lx) = Ta(z * y). By (6 and (@), we have T (y) < max{Tn(z *y), Ty (x)} = T (1x) < T (y),
whence Th(y) = Th(lx). This means that y € Xp,,. Hence, X7, is a deductive system of X. Let
z,y € X be such that ¢ x y,x € Xr,. Then Ix(x) = In(lx) = Iyv(z x y). By (6) and (3), we have
In(y) > min{In(x*y), Inv(z)} = In(1x) > In(y), whence Inr(y) = In(1x). This means thaty € X7,,.
Hence, X7, is a deductive system of X. Let z,y € X be such that x x y,z € Xp,.. Then Fy(z) =
Fyx(1x) = Ex(z xy). By (@) and (@), we have Fjr(y) < max{Fy(z xy), Ex(2)} = Fx(1x) < Exn(y),
whence Fyr(y) = Far(1x). This means that y € Xp,,. Hence, Xf,, is a deductive system of X. O

For any numbers a*,a™,b7,07,¢T,¢™ € [~1,0] such that a™ > a~,b" > b~, ¢t > ¢~ and a nonempty
subset S of X, define a neutrosophic N -structure

sla=, b, s la” s [bF s |c”
el b o] (e ] e )

over X, where

s |a” _Jam ifzesS
T Lﬁ] () = {a+ otherwise,
bt bt ifxe S
S _
Iv {b‘] (x) = {b_ otherwise,
s lc” _Je ifzeS
En {04 () = {c+ otherwise.

Lemma 3.10. @ If the constant 1x of X is in a nonempty subset S of X, then the neutrosophic N -structure
— b+ p— )
X5 {Z# b 24 over X satisfies (3).

b

— + —
Lemma 3.11. 2 [f the neutrosophic N -structure X° {a_,_’ br, e

a b ¢ +] over X satisfies @), then the constant
) )

1x of X is in a nonempty subset S of X.

_7 b+7 c

. a . . . .
Theorem 3.12. The neutrosophic N -structure X*° ot b | X is a neutrosophic N -deductive
)

)

system of X if and only if a nonempty subset S of X is a deductive system of X.
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— + —
Proof. Assume that X {CLJF’ b7, ¢

a b ¢ +] is a neutrosophic N -deductive system of X.
) Y

a”, bt

Since X L+ b= z+] satisfies (3), it follows from Lemma|3.11{that 1 x € S. Next, let z,y € X be such

that z * y, z € S. Then Tp” [Z;} () =a= =Tn" [Z;] (x x y). Hence, by (6)), we have

] < {ne G e e e [ @)

IN
~
z
19))
IS
|+—|
S

and so TNS {Zl] (y) = a~. Thus, y € S. Hence, S is a deductive system of X.

Conversely, assume that S is a deductive system of X. Since 1x € S, it follows from Lemma [3.10] that
gla=, bt ¢ .

X L+v b 04 satisfies (3). Next, let z,y € X.

Case 1: Suppose z xy € Sand y € S. Then

T [a; (zxy)=a" =Tn" [a;} (¥),

a 1 a
bt ] bt
e e [

| _ c
T L L
Since S is a deductive system of X, we have y € S and so

s 0] 0 =i [ o -0 ms [ 0 =

Then

1 [ ) = <0 = mafam, 0} = max {1 (1) o) 1% 1] 0},

Iv® [lﬂ (y) = bT > b* = min{b*, b} = min {INS [lﬂ (z%y), In° [ﬂ (x)} ,

e [ = <o mmate o) = man { B [ o 2 [ 0}

Case 2: Suppose 2 xy ¢ S orx ¢ S. Then

Tn® |:Z+ (zxy)=a’ or Tn* |:Z+] (x) =at,

+7 +
In® {2 (xxy)=0b" or Iy*® [H

(2) = b7,

FyS L+ (1) = c* or Fy® [‘;} (z) = ¢+,
Thus,

max {TNS {24 (@ * ), Tn'S BJ (a:)} —at,
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Therefore,

c c c
£ 6] W <t = ma {5 [ ot [ 0}
— —+ —
Hence, X* [Z 4 27’ Z +] is a neutrosophic \V-deductive system of X. O

Definition 3.13. Let f be an N-function on a nonempty set X. For any t € [—1,0], the sets U(f : t) = {z €
X | f(z) > t} is called an upper t-level subset of f, L(f : t) = {x € X | f(z) < t} is called a lower ¢-level
subset of f,and E(f : t) = {x € X | f(z) = t} is called an equal ¢-level subset of f.

Theorem 3.14. A neutrosophic N -structure X nr over X is a neutrosophic N -deductive system of X if and
only if for all a,b,c € [—1,0|, the sets L(Tx : a),U(Ix : b), and L(F) : ¢) are either empty or deductive
systems of X.

Proof. Assume that X is a neutrosophic N -deductive system of X. Let a,b,c € [—1,0] be such that
L(Ty :a),U(Iy : b),and L(Fy : ¢) are nonempty. Let x € L(T) : a),y € U(In : b),and z € L(Ey : ¢).
By (@), we have T(1x) < Tw(z) < a,In(1x) > In(y) > b, and Far(lx) < Far(z) < c. Thus,
1x € L(Ty : a) NUUIn : )N L(Fy : ¢). Letz,y € X be such that z x y,x € L(Tpr : a). Then
Ty (z *y) < aand Thr(z) < a, so a is an upper bound of {T(z * y), Tar(z)}. By (@), we have T (y) <
max{Th(x *y), Ta(z)} < a. Thus,y € L(Ty : a). Let z,y € X be such that x x y,x € U(In : b).
Then In(x xy) > b and Iy (x) > b, so b is a lower bound of {Ix(z * y), Ixn(z)}. By (6), we have
In(y) = min{In(z xy), Ix(z)} > 0. Thus,y € U(Iy : b). Letz,y € X be such that x xy, x € L(Fy : ¢).
Then Fy(z *y) < cand Fy(z) < ¢, so ¢ is an upper bound of {Far(x * y), Far(z)}. By (6), we have
Fn(y) < max{Fn(z*y), Fa(x)} <ec Thus,y € L(Fy : ¢). Hence, L(Ty : a), U(In : b), and L(F) : ¢)
are deductive systems of X.

Conversely, assume that for all a,b,c € [—1,0], the sets L(Ty : a),U(Iy : b), and L(Fys : c) are either
empty or deductive systems of X. Let x € X. Then z € L(Ty : T (x)) # 0,z € U(Ly : In(z)) #
0, and x € L(Fy : Fy(z)) # 0. By the assumption, we have L(Tx : Tar(2)), U(Ix : In(2)), and
L(Fy : Fy(z)) are deductive systems of X. Then 1x € L(Ty : Tn(x)),1x € U(In : In(z)), and
1x € L(Fyx : Ex(2)). Thus, T (1x) < Twa(x), In(1x) > In(2), and Fy(1x) < Far(z). Letz,y € X.
Then Th(x * y), Tar(z) € [—1,0]. Choose a = max{Tn(z * y),Ta(z)}. Thus, Th(x *y) < a and
Tyn(z) < a,s0x*y,x € L(Ty : a) # 0. By the assumption, we have L(T) : a) is a deductive system
of X and soy € L(Ty : a). Thus, Th(y) < a = max{Th(x *y),Ty(z)}. Let z,y € X. Then
In(x xy), Inv(x) € [-1,0]. Choose b = min{In(z *y), In(2)}. Thus, In(z *xy) > band Iz (z) > b,
sox*xy,x € U(lp : b) # 0. By the assumption, we have U(Iy : b) is a deductive system of X and so
y € U(Iy : b). Thus, In(y) > b= min{Iy(z*y), [x(z)}. Letz,y € X. Then Fir(zxy), Far(z) € [—1,0].
Choose ¢ = max{Fy (z xy), Far(x)}. Thus, Far(z *y) < cand Fa(x) < c¢,sox*y,x € L(Fx : ¢) # 0.
By the assumption, we have L(Fs : ¢) is a deductive system of X and soy € L(F) : ¢). Thus, Fy(y) <
¢ = max{Fy(x *xy), Fr(x)}. Hence, X is a neutrosophic A -deductive system of X. O

Definition 3.15. 10 Let Xy = (X, Tvx, Inx, Fxx) and Y = (Y, Txy, Ivy, Fary) be neutrosophic
N -structures of X and Y, respectively. The Cartesian product X x Y = (X x Y, A, ©, A) defined by

Az, y) = max{Txx (), Tny (y)}
(V(.’E,y) € X x Y) @(:c,y) = min{INX(x)v INY(y)} ) (12)
Az, y) = max{Fy x (), Fxy (y)}

where A, ©, and A are A/-functions on X x Y.
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Remark 3.16. Let (X, *,1x) and (Y, *,1y) be Hilbert algebras. Then (X x Y,o0,(1x,1y)) is a Hilbert
algebra defined by (z,y) o (u,v) = (z *xu,y *v) forevery z,u € X andy,v € Y.

Proposition 3.17. If Xy = (X, T x, Inx, Fxx) and Y = (Y, Ty, Iny, Fary ) are neutrosophic N -
deductive systems of Hilbert algebras X and Y, respectively, then the Cartesian product Xnr X Y is a
neutrosophic N -deductive system of X x Y.

Proof. Assume that Xr = (X, Tvx, Invx,Fnvx) and Y = (Y, Ty, Iny, Fary) are neutrosophic N-
deductive systems of Hilbert algebras X and Y, respectively. Let (z,y) € X x Y. Then

A(lx,1ly) max{Tnx(1x), Tyy(1y)}
max{Tx x (), Txy (y)}
Az, y),

A

O(1x,1y) min{Iyx(1x), Iny(ly)}
min{ Iy x(z), Iny (y)}

O(z,y),

max{Fyxx(1x), Fxy(ly)}
max{Fyx(z), Fxy (y)}
Az, y).

vl

A

Let (z1,22), (y1,y2) € X x Y. Then
Ayr,y2) = max{Tyx (1), Ty (y2)}

< max{max{Th x(z1 *y1), Tarx (1)}, max{Thy (z2 x y2), Tary (z2) } }

= max{max{Thx(z1 * 1), Tary (z2 x y2) }, max{Th x (z1), Ty (x2)}}

= max{A(x1 *y1, T2 *xy2), A(z1,22)}

= max{A((z1,22) o (y1,92)), A (331,1’2)}

O(y1,y2) = min{Ivx (1), Ivy(y2)}

> min{min{Ix x (1 *y1), Iv x (x1) }, min{Iaxry (22 x y2), Invy (22)}}

= min{min{Iyx (z1 * y1), Ivy (22 * y2) }, min{ Ly x (z1), Ivy (22) }}

= min{O(zy * y1,T2 *Y2),O(x1,z2)}

= min{O((z1,22) o (y1,%2)),© ($1»5E2)}

max{ Fi x (Y1), Fxy (y2)}

max{max{ Fi x (z1 * y1), Fy x (v1) }, max{Fyy (z2 * y2), Fxy (z2) }}
max{max{Fi x (z1 * Y1), Fxy (22 * y2) }, max{Fx x (1), Fxy (22)}}
= max{A(z1 * y1,22 *y2), A(x1,22)}

= max{A((z1,z2) o (y1,92)), A(z1,22)}.

Hence, X x Y) is a neutrosophic N -deductive system of X x Y. O

A(yla yz)

Al

The following theorem is a straightforward result of Proposition and Theorem 3.8}

Theorem 3.18. If Xy = (X, T x,Inx, Fxx) and Yy = (Y, Ty, Iny, Eny) are neutrosophic N -
deductive systems of Hilbert algebras X and'Y, respectively, then ®(Xn X Yr), @(Xn X Yar), and O (X nr x
Y)r) are neutrosophic N -deductive systems of X.

Let (X,*,1x) and (Y, *,1y) be Hilbert algebras. A mapping f : X — Y of Hilbert algebras is called
a homomorphism if f(x xy) = f(z)x f(y) for all z,y € X. Note that if f : X — Y is a homo-
morphism of Hilbert algebras, then f(1x) = 1ly. Let f : X — Y be a homomorphism of Hilbert alge-
bras. For any neutrosophic N -structure Y over Y, we define a new neutrosophic N -structure f~1(Yy/) =
(X, Tf—l(YN), If—l(YN.), Ff—l(YN)) over X by

Ty (vp)(7) = TNY( (2))
(Ve e X) | Ij-1iv)(x) = Iny (f(2))
1 (Yn) (z) = F/\/Y(f(af))
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Theorem 3.19. Let (X, *,1x) and (Y, *, 1y) be Hilbert algebras. Let f : X — Y be a homomorphism and
Y be a neutrosophic N -structure over Y. If Yy is a neutrosophic N -deductive system of Y, then f~1(Yyr)
is a neutrosophic N -deductive system of X.

Proof. Assume that Y)y is a neutrosophic A -deductive system of Y. Let z € X. Then
Ti-1(vp)(1x) = Ty (f(1x)) = Iny (ly) < vy (f(2) = Ti-1(vy) (2),

I vy (Ix) = Iny (f(1x)) = Iny (1y) = Iny (f(2)) = Tp-1(vp) (2),
Frayv(x) = Fxyy(f(1x)) = Exy(ly) < Fyy (f(2) = Fp-1v,) (%)
Letz,y € X. Then

Ty (f(y))

max{Tyy (f () x f(y)), Tny (f ()}
max{Txy (f(z *y)), Tny (f(2))}
= maX{Tffl(yN)(:r*y),Tf (Y, )(Ji)},

Iny (f(y))

min{ Iy (f(z) x f(y)), Ivy (f(2))}
min{Ixy (f(z *y)), Ivy (f(2))}
min{7 -1y, (T * y), Li-1(vp) () },

Tny (f(y))

max{Tny (f(z) x f(v)), Tny (f(2))}
max{Tyy (f(z*y)), Tny(f(z))}
max{Ty-1(yy) (@ *y), T-1(vy) (@)}

Hence, f~1(Y)y) is a neutrosophic N -deductive system of X. O

Ty-1(vy) ()

A

Tr-1(vy) ()

vl

Ty-1(vy) (W)

Al

4 Conclusion

In this paper, we have introduced the notion of neutrosophic A/-deductive systems of Hilbert algebras. Neu-
trosophic N\ -deductive systems and their level subsets have an interesting, straightforward relationship. From
our study, we found that the Cartesian product of neutrosophic A -deductive systems of a Hilbert algebra is
a neutrosophic N -deductive system. Finally, we found that the homomorphic pre-image of a neutrosophic
N -deductive system of a Hilbert algebra is a neutrosophic NV -deductive system.

Acknowledgments: This research was supported by University of Phayao and Thailand Science Research and
Innovation Fund (Fundamental Fund 2024).

Conflicts of Interest: The authors declare no conflict of interest.

References

[1] K. T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets Syst., 20(1), (1986), 87-96.
[2] D. Busneag, A note on deductive systems of a Hilbert algebra, Kobe J. Math., 2, (1985), 29-35.

[3] D. Busneag, Hilbert algebras of fractions and maximal Hilbert algebras of quotients, Kobe J. Math., 5,
(1988), 161-172.

[4] I. Chajda and R. Halas, Congruences and ideals in Hilbert algebras, Kyungpook Math. J., 39(2), (1999),

429-429.
[5] A. Diego, Sur les algébres de Hilbert, Collection de Logique Math. Ser. A (Ed. Hermann, Paris), 21,
(1966), 1-52.
https://doi.org/10.54216/IJNS.230429 367

Received: June 17, 2023 Revised: January 05, 2024 Accepted: February 28, 2024



International Journal of Neutrosophic Science (IJNS) Vol. 23, No. 04, PP. 358-368, 2024

[6] W. A. Dudek, On fuzzification in Hilbert algebras, Contrib. Gen. Algebra, 11, (1999), 77-83.

[7] W. A. Dudek, On ideals in Hilbert algebras, Acta Universitatis Palackianae Olomuciensis Fac. rer. nat.
ser. Math., 38, (1999), 31-34.

[8] W. A.Dudek and Y. B. Jun, On fuzzy ideals in Hilbert algebra, Novi Sad J. Math., 29(2), (1999), 193-207.
[9] L. Henkin, An algebraic characterization of quantifiers, Fund. Math., 37, (1950), 63-74.

[10] A. Iampan and N. Rajesh, Neutrosophic A/ -structures over Hilbert algebras, Int. J. Neutrosophic Sci.,
23(3), (2024), 208-219.

[11] Y. B. Jun, Deductive systems of Hilbert algebras, Math. Japon., 43, (1996), 51-54.

[12] Y. B. Jun, K. Lee, and S.-Z. Song, N -ideals of BCK/BCl-algebras, J. Chungcheong Math. Soc., 22,
(2009), 417-437.

[13] Y. B. Jun, F. Smarandache, and H. Bordbar, Neutrosophic N -structures applied to BCK/BClI-algebras,
Information, 8, (2017), 128.

[14] Y. B. Jun, F. Smarandache, S.-Z. Song, and M. Khan, Neutrosophic positive implicative N -ideals in
BCK-algebras, Axioms, 7(1), (2018), 3.

[15] M. Khan, S. Anis, F. Smarandache, and Y. B. Jun, Neutrosophic N\ -structures and their applications in
semigroups, Ann. Fuzzy Math. Inform., 14(6), (2017), 583-598.

[16] P. Rangsuk, P. Huana, and A. Iampan, Neutrosophic A -structures over UP-algebras, Neutrosophic Sets
Syst., 28, (2019), 87-127.

[17] F. Smarandache, A unifying field in logics: neutrosophic logic. Neutrosophy, neutrosophic set, neutro-
sophic probability (fourth edition), Rehoboth American Research Press, 2008.

[18] F. Smarandache, Neutrosophic set-a generalization of the intuitionistic fuzzy set, Int. J. Pure Appl. Math.,
24(3), (2005), 287-297.

[19] S.-Z. Song, F. Smarandache, and Y. B. Jun, Neutrosophic commutative A/-ideals in BCK-algebras, In-
formation, 8, (2017), 130.

[20] L. A. Zadeh, Fuzzy sets, Inf. Control, 8(3), (1965), 338-353.

https://doi.org/10.54216/IJNS.230429 368
Received: June 17, 2023 Revised: January 05, 2024 Accepted: February 28, 2024



	1 Introduction
	2 Preliminaries
	3 Main results
	4 Conclusion

