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Abstract

The objective of this paper is to study for the first time the concept of symbolic 5-plithogenic vector space
defined over symbolic 5-plithogenic field. Many results about the algebraic properties of this class of spaces will
be obtained, where we define AH-subspaces, AH-linear transformations, and kernels. Also, we study the inner
products defined over symbolic 5-plithogenic vector spaces and determine the conditions of orthogonality in
these spaces with many interesting examples.
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1. Introduction

The study of algebraic structures is one of the most important branches in theoretical mathematics, due to the
effective applications it provides in many other sciences [1-3]. In previous years, many types of groups have
been used in the definition and study of algebraic structures and their generalizations, where we find that fuzzy
and neutrosophic sets have been used by many researchers around the world in the study of more complex
patterns of algebraic structures, for example vector spaces, matrices, and algebraic rings [4-9, 15-19].

The theory of plithogenic sets appeared in [10] and has aroused interest because of its possible use in
generalizing classical algebraic structures similarly to refined neutrosophic algebraic structures, see [11-14].

Plithogenic sets have been widely used, by which plithogenic rings, plithogenic matrices, spaces and modules of
the same type are defined [20-31].

This is such a motivation for us to make a comprehensive study on symbolic 5-plithogenic vector spaces, and
their inner products to present many good results about orthogonality, functions, and AH-substructures.

2. Main Results

Definition:

Let V a vector space over the field F, and let 5 — SP, be the corresponding symbolic 5-plithogenic field defined
as follows:

5—-SP = {ao +Y¥> ,a;P;;a; € F}, we define the symbolic 5-plithogenic vector space as follows:

5
S_SPV={tO+ZtLPLItLEV}

i=1
Example.

For V = R?, we have:
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5
5-5pP, = {(xo,y'o) + Z(xi.}’i)Pi:xi.)’i € R]

i=1

For example, V; = (2,0) + (1,1)P; + (—3,2)P, + (0,4)P; + (4,0)P, + (1,1)Ps is an element of 5 — SP,,.

Definition.

The addition on 5 — SPy, is defined as follows:

(tO + Zi5:1 tiPi) + (SO + Zi5:1 SiPi) = (tO + SO) + Z?ﬂ(ti + Si)PL' N tj, Sj ev.

External multiplication on 5 — SP, is defined as follows:

(ao + Zi5=1 aiPi) X (tO + Zi5=1 tiPi) = aoto + Zis,jzl aitijax(i,j), Where a; € F, ti ev.

Example.

For 5— SPg2, consider X = (1,1) + (1,—1)P, + (2,0)P, + (0,2)P; + (1,1)P, + (0,1)P;, A=1+P, — P, +

2P, — P, + P5, Y = (0,0) + (0,0)P; + (0,0)P, + (1,5)P; + (2,4)P, + (1,3)Ps

We have:

X+Y=>0,1)+@,-1DP, + (2,0P, + (1,7)P; + (3,5)P, + (1,4)P

AX=QD+[Q,-D+Q,1D)+ @A, -D]IP, +[(2,0) + (2,0) — (2,00 — (1,1) — (1,-D)]P,
+[(0,2) + (0,2) — (0,2) + 2(0,2) + 2(1,1) + 2(1,—1) + 2(2,0)]P,
+[(LD+QD-CD+2(L,)-(1,1)-1,1) - (1,-1) = (2,00 — (0,2)]P,
+[(0,1) + (0,1) — (0,1) + 2(0,1) — (0,1) + (0,1) + (1,1) + (1,—-1) + (0,2) + (2,0)
+ (1,1)]Ps = (1,1) + (3, —1)P;, + (0,0)P, + (8,6)P; + (—2,2)P, + (5,6)Ps

Theorem1.

(5 —SP,,+,.) Ismodule over 5 — SP;.

Definition.

Let w;; 0 < j < 5 be subspaces of V, then:

W = {x, + Xi_; x;P;; x; € w;} is called symbolic 5-plithogenic AH-subspace.

If w; = w;, forall 0 < j,s <5, then W is called AHS-subspace.

Theorem2.

Let W = w,y + X7_, w; P; be an AHS-subspace of 5 — SP,,, hence W is submodule of 5 — SP,.

Definition.

Let L;:V — T be linear transformation between V,T;0 < j <5, we define the AH-linear transformation s

follows:

L=Ly+Y,LP;:5—SP, > 5— SP; such that:

L(xo + =1 %:P,) = Lo(xo) + Xy Li(x)P,.

If L; = L forall 0 < j,k <5, then L is called AHS-linear transformation.

Definition.

LetL = Lo+ Y}, L;P;:5— SP, > 5 — SP; be an AHS-linear transformation, we define:

1). AH — ker(L) = ker(Lo) + X;_, ker(L;)P;.

2). AH — Im(L) = Im(Ly) + X7, Im(L;)P;

If L is an AHS-liner transformation, then we get the AHS-kernel and AHS image.

Theorem3.

Let L be an AHS-liner transformation such that L: 5 — SP, - 5 — SP;, then L is a module homomorphism.

Theorem4.

Let L be an AH-liner transformation, then:

1). AH — ker(L) is n AH-subspace of 5 — SP,,.

2). AH — Im(L) is n AH-subspace of 5 — SP;.

Theoremb.

Let L be an AHS-liner transformation, then:

1). AHS — ker(L) is n AH-submodule of 5 — SP,,.

2). AH — Im(L) is n AH-submodule of 5 — SPy.

Definition.

Let g:V x V — R be a real inner product defined on V, we define the corresponding symbolic 5-plithogenic real

inner product as follows:

G:5—SP, X5 —SP, » 5 — SPg such that:
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5 5
G (xo + Z xiPi>.<YO + Z%ﬂ')
i=1 i=1
1 1
g (Z xuz yl> — g(x0,¥0) | Py

i=0 1=

= g(x0,¥0) +

2 01 1 3 3 2 2
+ g( x“Zyl g(Z%Zm) P, g(Z%Z%)—;;(Z%Z%) P
i=0 i=0 i=0 i=0 i=0 i=0 i=0 i=0
4 4 3 3 5 5 4 4
+ g( X, yi>—g< X, yl> P+ g( X, yi>—g< X, yl>]Ps
i=0 i=0 i=0 i=0 i=0 i=0 i=0 i=0

Definition.
Let X = xo + Y7, x;P; € 5 — SP,, then we define:
D.XL1LYifandonlyif G(X,Y) =0
2). IX1I? = G(X, X)
Theorem6.
Let G:5—SP, x5 —SP, - 5 — SPg be a symbolic 5-plithogenic real inner product, then:
1).X LYifandonly ifx, L yo, ¥ x; L 5 v,
2). |IX]| = 0, and
X1l = IIonI +[IZ i o xill = 1o l11Py + X Fo xill = X iso x:ll1P; + [[|ZF0 xi|| — I1XFo0 %] P5 +
[”Zl Oxl ||Zl 0x1||]P4+ [“Zz Oxl” ”Zl Oxl”]PS
3). For A =ay + Y7, a;P;, we have G(X,Y) = AG(X,Y) and A. || X|| = |A]. || X]l.
A IX + YN < IXI + Y]]
Theorem?.
Let G:5—SP, x5 —SP, - 5 — SPg be a symbolic 5-plithogenic real inner product, then:
1).1fX LY, then [|IX +Y|I% = |IX]I> + |IV]|2.
2). 1V < IXI- Yl
Now, we show the proofs of theorems.
Proof of theorem1.
LetX = xo + X5 x;P,Y = yo + X1 ViPi, Z = 2o + 2§~ z;P, €5 — SPy.
5 5

XY = Cio+y0) + ) G+ Y0P = 0o+ %) + ) (i +x)P = ¥ +X
i=1 i=1

X1=X,-X=—xy+ X;,(—x;)P; such that X + (—X) =

X+0=0+X=X.

LetA=a, + Y7 1aPl,B—b0+Z b;P, €5 — SPR,then

(A+B).X = (a0+b0)+2(al+b)P <xo+zxp> = (ag + by)xy + Z(a, + b))% Prmax(i)
i=1 i,j=1
= AX + BX
A(X+Y)—<a0 +ZaP> (x0+y0)+2(xz+yl)P —ao(x0+y0)+z (x]+y])Pmax(L])
=1 i,j=
= A. X +AY
(A.B)X = agby + Z a;bj Praxi j) (xo +le L) = agboxy + Z a;b; Xk Pmaxijy = A(B.X)
i,j=1 i=1 i,j,k=1
Thus, the proof is complete.
Proof of theorem2.

LetX =xo + X7 %P, Y =y + Yo viP, EW,and A = ay + X5_, a;P; € 5 — SPg, then:
X—=Y=(x—y) +Xi1(i —¥) P;xj—y; Ew;;0<j <5 hence X —Y e W.

A X = agxo + X7 j=1 ;% Py, € W, that is because a;x; € w;.

Example on theorem2.

Let V = R?, thenV;, = {(0,a); a € R} is a subspace of V.

This means that:
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W =V, + V,P, + VP, + V,Ps + V,P, + V,Ps = {(0,a,) + (0,a,)P, + (0,a,)P, + (0,as)Ps + (0,a,)P, +
(0,a5)Ps; a; € R} isasubmodule of 5 — SPp2.
Proof of theorem3.
Let L =1,+Y?_,[;P; be an AHS-linear transformation, let X = x, + X7, x;P;,Y = yo + Xi, ViPi €5 —
SPy,A=ag+Y; ,a;P; €5— SPg, then:

5
LX+Y)=1 =L0(x0+y0)+ZL0(xi+yi)Pi

i=1

5
G0+ Y0) + ) G+ y) P,

i=1

5 5
=%@&+Z%@m1+%@a+2%@mﬂ=um+un

5
L(A.X) = L|(apx,) + Z a;Xj Prax(ij) | = Lo(aoxo) + Z Lo(@iX;) Prmax(ij)

ij=1 i=1

5
5
= aplo(0) + )" ailo(%) Pmax = A- LX)
i=1

Proof of theorem4.
1). Since ker(L;) is a subspace of V/, then:
AH — ker(L) = ker(Ly) + Y3_, ker(L;) P; is an AH-subspace of 5 — SP,.
2). Since Im(L;) is a subspace of T, then:
AH — Im(L) = Im(L,) + X3_, Im(L;) P; is an AH-subspace of 5 — SP;.
Proof of theorem5.
It holds directly from theorem4 and theorema2.
Example.
LetV = R?,T = R%,5— SP,,5 — SP; are the corresponding symbolic 5-plithogenic spaces.

Lo:V > T;Ly(x,y) = (3x,—x)
{L1: V- T; Ll(x'y) = (X =Y 0)
Hence L:5 — SP, = 5 — SP; such that:

5
L [(XO,YO) + Z(xi'yi) p;
=1

= Lo (x0,¥0) + Lo(x1, ¥1)Py + Ly (X2, ¥2) Py + Ly (x3,¥3)P3 + Lo (x4, Ya)Py + Ly (X5, ¥5)Ps
= (3x0, =x0) + Lo(3x1, =x1 )Py + L1 (x5 — ¥2,0)P; + L1(x3 — y3,0)P3 + Lo(3x4, —X4) Py
+ Ly (x5 — ¥5,0)P5

L is an AH-linear transformation.

ker(Ly) = {(0,t);t € R}, ker(L,) = {(s,s); s € R}.

AH — ker(L) = {(0,t5) + (0,t)P; + (5, t2)P;, + (t5,t3)P; + (0,t4) P, + (ts, ts)Ps; t; € R}

Remark.

Wesaythat A =ay+ Y7 ,a; P, =B =by+ Yi,b; P;a;,b; € Rifand only if ay > bo, ¥¥ ya; =Y b;;1 <

k<5

Proof of theoremé.

1).G(X,Y) = 0ifand only if:

G(x0,¥0) =0

k
Z(xo,yo) —0,1<k<5
i=0

Hence xo L yo, XK ox; LY¥ y,;1 <k <5.
2). IXI12 = 6(X, %) = lIxo 1% + 25, (180 ]|” = 1Tt )" ) Pi1 <k <5

Hence:
1 2 1 3
2. 2.7 =217+ |2
i=0 i=0 i=0 i=0
4 5
:E: X [a,i‘ :E: X F% >0
i=0 i=0

X1 = llxoll + Py +

3
i=0

4
i=0

— |lxoll

2
i=0

|r

_l_
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3). G(AX,Y) = G[(aoxo + Z?,jzl ;X Prax(ijy Yo + Zis,j=1 Vi Pi)] = g(apxo,yo) + [g(apxo + asxy,yo) —
9(aox0, y)1Py + [g(Xioo aix; , Yo ¥i) — 9(Bioo aixi , Do yD1P + [gCio aixi , Xio v —

9 oxi, Yo y)IPs + [g X o aixi, o yi) — 9o aixi, Yo y)IPs + [9(Zi-0 aixi, Ximo vi) —

9o aixi, i y)]Ps = A.G(X,Y)

|A. X112 = G(AX,AX) = A*G (X, X) = A?||X||?, thus ||A. X]|| = |A]. || X]|, where

1 2 1 3 4 3
Al = laol + || ai| = laol [ P + || a| = [ ai| [ P2 + || | - > e - Z
i=0 i=0 i=0 i=0 = i=0 i=0
5 4
Zal - Zai lPs
i=0 i=0
1 2 1
I + Y1 = Il + yoll + Z(xi+yi)‘—||xo+y0u P ([ Gty = [ e+ 0
i=0 i=0 i=0
3 2 4 3
Z(xi +y)| - ‘ Z(xi + i) Z(xi +y)| - Z(Xi + i)
i=0 i=0 i=0
5
'+yi) ‘Z(xl-l_yl PS

< Nlxoll + llyoll +

1
Z + Zyt ~ lxoll - ||yo||] P
=0 i=0 .

2 2 1 1

+ Z Xi + z Yill — z Xi|| — Z Yi P2
L0 i=0 i=0 i=o |l
3 3 2 2 :

+ xi|| + zyi - xi|| — Z yi|l| Ps

ol
RS
wll
<)
ol
<)

i=0 i=0 i=0 i=0 i
ryp S5 5 4 4 1
D+ (D= 1D | = 1D || P = e+ v
LIli=0 i=0 i=0 i=0 i
Proof of theorem?.

1). LetX 1Y, then:
IX+Y|II?P=6GX+Y,X+Y)=GX,X)+G(,Y)+2G(X,Y) = ||X||?> + |[YII?

2).
1 1
|G(X,Y)| = |g(x0,¥0)| + g(Z%Z%) =g (xo, yo) || Py
i=0 i=0
2 2 1 1
+ g(in, yill—19 zquyl P,
L i=0 i=0 i=0 i=0
r 3 2 2

wll
=}
wll
=}

|
Q

+
Q
Z ~
o
=
i wll
o
< = <
N NG NG
|
Q

55
53|
55

2

i i

o

4

waYi) PS

I nequality, We can write:

-PII

+ 9( xi'zyi>_
i=0  i=0

On the other hand, accordlng to Cauchy-Shwa
lg (%0, ¥l < lIxoll + llyoll

k k k k
9<in,zyl'> < + Z)’i
i=0  i=0

i=0

Xi ;1Sk$5

i=0
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Hence |G(X, V)|IXI]- 1IY]].

Example on theorem6 and theorem?.

LetX =(1,2)+ (0, -DP, +(1,-DP, + (—1,1)P; + (-1, 1)P, + (1,—2)P;
Y =(02,-1)+ (-3,2)P, + (1,2)P, + (1,—4)P; + (3,1)P, + (—4,—3)P;

We have:
xO = (LZ)
Zilzo xi = (111)
< Yioxi = (2,0)
Yiox = (1)
?:0 X; = (0,2)
21:5:0 xi = (110)

oY Yon) -0

i=0 i=0

This means that GX,Y)=0andX 1Y.

On the other hand:

Dot: https://doi.org/10.54216/1]NS.230430

Received: June 25, 2023 Revised: January 28, 2024 Accepted: March 17, 2024
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in‘:l

i=0

Thus IXIl =V5+ (V2 —V5)P, + (2 =V2)P, + (V2 — 2)P; + (2 = V2)P, — P;
And

lyoll = V5

> -2

1
Vi
=0
2
Z}’i ‘ =3
i=0

3
<
‘ Z il = V2
i=0
4
ZJ’L' ‘ =4
i=0
5
ZJ’L' ‘ =3
i=0
So that:

¥l =\/§+(ﬁ_\/§)P1 +(3_‘/§)P2 +(\/E_5)P3 +(4—\/E)P4—Ps
= ||Y||]2=5—3P, + 7P, — 7P; + 14P, — 7Ps
X1 + ||Y]|? = 10 — 6P, + 9P, — 9P, + 16P, — 10P;

%o + yoll = 131 = V10
Y+ =102l =2
Y+ =13 = Vi3
Y+ =1eol=2
> e+ = @2l = V2o
L§0
|2+ 0] = a3l =0

Hence [IX + Y||2 = 10 + (4 — 10)P, + (13 — 4)P, + (4 — 13)P; + (20 — 4)P, + (10 — 20)Ps = 10 — 6P, +
9P, — 9P, + 16P, — 10P; = || X||% + ||V ||?
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Itis clear that || X + Y|| < ||X]| + |IY]l. That is because:
V10 < 25
2<2V2
Vi3 <5
2<2V2
V20 <6
V10 < 4

Example on theorem3.
LetX = (1,00 + (0,1)P, + (1,-1)P, + (2,-1)P; + (1,1)P, + (—3,0) P
Y =(0,2)+ (1,1)P, + (2,1)P, + (1,2)P; + (—2,0)P, + (0,—3)Ps

We have:
xo = (1,0), [lxoll = 1 Yo = (0,2), llyoll = 2
Zilzoxl = (LD, llxoll = V5 z'1=03’z =(1,3), ”Zz oYill = V10
Foxi = (2,0, I x]l = 2 oy = B IIZEowill =5
%o = (4 =1, |8 ]| = vI7 " ) oy = 46), [ S]] = V52
fox; = (5,0), [IX{ox:ll =5 oy = (2,6), 11X yill = V40
im0 X = (2,0), |20 x| = 2 oy = (23),||Z5, vl = V13

Xl =1+ (VZ=1)P, + (2 = V2)P, + (V17 = 2)P;s + (5 — V17)P, — 3P;
Y|l = 2 + (V10 — 2)P, + (5 = V10)P, + (V52 — 5)P; + (V40 — V52)P, + (V13 — vV40)P;
X1 Y1l = 2 + (V20 — 2)P, + (10 — V20)P, + (V854 — 10)P; + (V200 — V854)P, + (2v/13 — V200)P;

[ 19(x0,¥0) =0
1 1
9(29@'2%) =4
i=0 i=0
2 2
9(29&"2}’1‘) =6
i=0 i=0
3 3
g(in'zyL) =10
i=0 i=0
4 4
g(Z%Z%) =10
i=0 i=0
5 5
g (2 Xi) yl> =4
i=0 i=0
|G(X,Y)| = 4P, + 2P, + 4P; — 6P5 < || X||. ||Y]].

3. Conclusion

In this paper, we have studied for the first time the concept of symbolic 5-plithogenic vector spaces, where many
results about the algebraic properties of this class of spaces will be obtained, where we defined AH-subspaces,
AH-linear transformations, and kernels. Also, we study the inner products defined over symbolic 5-plithogenic
vector spaces and determine the conditions of orthogonality in these spaces with many interesting examples.
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