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Abstract

Weak fuzzy complex numbers are defined as a + be, with e2belongs t0]0,1[ as an extension of real numbers
with a, b € R. This paper is dedicated to studying weak fuzzy complex linear Diophantine equations in two weak
fuzzy complex variables, by transforming the weak fuzzy complex Diophantine equation to a classical equivalent
Diophantine system and going directly from the solutions of classical system into the desired equation. Algorithms
for generating solutions of the previous equation will be presented in terms of theorems with many related
examples that clarify the validity of our work.
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1. Introduction and Preliminaries.

The main purpose of expanding the set of real numbers was the study of geometric extensions resulting from
various kinds of algebraic extensions associated with real numbers. The generalization of real numbers has
attracted the interest of many researchers and mathematicians, where we find many extended sets proposed by
geometrical aspects such as:

Complex numbers: {a + bi;a,b € R; i? = —1}, Dual numbers: {a + bJ;a,b € R; J* = 0}, Split-Complex
numbers: {a + bJ;a,b € R; J* = 1}, Neutrosophic numbers: {a + bl;a,b € R; I*> =1}, and Weak fuzzy
Complex numbers: {a + be;a,b € R; €2 =t €]0,1[}[1-5, 14].

The concept of weak fuzzy complex integers is considered a generalization of classical integers, with the difference
that the set of weak fuzzy complex integers does not form a ring, which makes it harder to handle.

This type of numbers has been used in the description of solutions of vector equations defined by norms in
Euclidean spaces [11], and also in the study of Pythagorean triples and quaternions with many associated
Diophantine equations [10,12]. And it is remarkable the rapid development in the study of these numbers, as they
were used in the computer, and neutralized through the Python language [13], and Matrix theory [7].
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A linear Diophantine equation in two variables is defined as follows ax + by = c, where z, b, c € Z, with x,y as
integer variables. This kind of Diophantine equation can be extended to the set of weak fuzzy complex integers
and it remains an open research question is how can we solve such non-classical class Diophantine equations?.
We find it appropriate here to note that many efforts were made to find algorithms for many types of Diophantine
equations in many different rings, such as Pell's, Fermat's, and neutrosophic Diophantine equations [6, 8, 9].

The weak fuzzy complex Diophantine equations were studied for the first time in [10, 12], where many solutions
for Pythagoras non-linear Diophantine equations were generated and handled.

This motivates us to study the linear Diophantine equation in two weak fuzzy complex integer variables, where
solutions and algorithms will be discussed and presented in terms of theorems and many related examples.
Definition: [5]
The set of Weak Fuzzy Complex numbers is defined as follows, where ‘J” is the Weak Fuzzy Complex operator
(JER):

F]= {xo +x1]; XO,XIER,]ZZtE]O,l[}
LetX=x0 +X1],Y=y0 +y1]EF],WhEI’ex0,x1,y0,y1 €ER

o Addition: +Y = (xo + yo) + (1 + y1)J -
+ Multiplication X.Y = (xo¥o + x,¥1t) + (Xoy1 + x1Y0)J -

Definition: [3, 10]

Let C, = {a + bs;a,b € R; €2 =t €]0,1[} be the ring of the weak fuzzy complex numbers, we define:
Z, =f{x+ye;x,y €Z; £ =t €]0,1[} to be the set of all weak fuzzy integers.

Remark. [10]

Z,, is not a subring of C,,.

1
For example, for e2 =t = o we have:

X=3+55Y=1+¢c€Z,andX.Y =3 +3c+56+562 =—+8c ¢ Z,.

The previous remark is what makes the Diophantine equations difficult to solve in weak fuzzy complex integer
set, because they do not have the algebraic structure of the ring, and therefore classical methods cannot be used in
the solution

2. Main Results

Definition.
The weak fuzzy complex linear Diophantine equation with two variables is defined as follows:
AX + BY = C,whereA = a; + a,&,B = b; + bye,C =c; + c,6,X = x; + %56, Y = y; + y,¢€, with
a;, by, ci,x;,y; €EZfor1 <i<2.
Remark.
The weak fuzzy complex linear Diophantine equation with two variables AX + BY = C can be written as follows:
{alxl +a,x,t + by, + byt =¢
a1x; + ayx; + b1y, + boys = ¢,
Proof.
AX = (a; + a,€)(x1 + x,8) = (a;x1 + a,x,t) + e(ax, + a,x,);e2 =t €]0,1]
BY = (by + bye)(y1 + y2€) = (b1y1 + byy,t) + e(byy, + byyq)
So that, the equation AX 4+ BY = C is equivalent to:
{alx1 + a,x;t + by, + byy,t = ¢
a1%; + ayxy + by, + by, = ¢
Why weak fuzzy complex linear Diophantine equations are harder than classical linear Diophantine equations?
The weak fuzzy complex linear Diophantine equations with two variables AX + BY = C is equivalent to two
classical equations:
{a1x1 + azxt + biy; + byt = ¢ (1)
a;x; + ax; + by, + by, = ¢, (2)

3. The different types of weak fuzzy complex linear Diophantine equations with two variables.
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The weak fuzzy complex linear Diophantine equations AX + BY = C is called of type (1) if v/t € Q. It is denoted
by T,.
The equation AX + BY = C is called of type (2) if /t € R — Q. It is denoted by T,. If t € Q,v/t E R — Q, it is
called of type (3).
Theorem.
Let AX + BY = C be the weak fuzzy complex linear Diophantine equations defined previously, then it is
equivalent to:
{(al + az\/?)(xl + xz\/?) + (bl + bz\/f)(yl + yz\/z) = Cl + Cz\/z (I)

(a1 = axVt)(xy = x,VE) + (by = bpVE) (1 — ¥2VE) = ¢ — eVt (1)
Proof.
The equation AX + BY = C is equivalent to:
{alxl + azxzt + blyl + bzyzt = Cl (1)

a;x, + ax; + by, + by, = ¢, (2)
We multiply equation (2) by +/t and add it to (1):
X, + ayx,t + byy; + byt +Vt(ax, + ayx; + by, + byyy) = ¢; + o/t
So that:
(ay + aVt)(x; + x2Vt) + (by + bovE) (y1 + ¥2VE) = ¢4 + ¢Vt [equation(D)].
We multiply equation (2) by v/t and subtract (2) from (1):
A%y + x5t + byyy + byt —Vt(ax, + ayxy + byy, + byy;) = ¢ — eVt
So that:
(ay — aVt)(x; — x2Vt) + (by — bpvt)(y1 — ¥2VE) = ¢ — ¢/t [equation(1)], so that the proof is complete.
Example.
Fore? =t = % the equation:
(2 + &)X + (1 — 3¢)Y = 4 + 5¢ is a weak fuzzy complex linear Diophantine of type (2), that is because vt & Q.
It is equivalent to the following system:

1 X2 3 V2

!(“ﬁ)(xﬁﬁp(l_ﬁ)(yﬁﬁ):4% 0
1 2 3 A 5
- DB DB

Example.
Fore? =t = i the equation:

(34 58)X + (1 + €)Y = 4 + 5¢ is a weak fuzzy complex linear Diophantine of type (1), that is because vt = i €
Q

It is equivalent to the following system:

(3 +Z)(x1+%)+(1 +%)(y1+%2)

5 X2 1 V2
(3-3) (=) +(1-3) 0 -7%) =2~
Solving equations of type (1).
Theorem.
Let AX + BY = C be a weak fuzzy complex linear Diophantine equation of type (1) with £2 = t € ]0,1[ and vVt =
% € Q, gcd(m,n) = 1, then AX + BY = C is solvable if and only if:
gcd(na, + may,nb; + mb,) \ nc; + mc,
{gcd(na1 — ma,,nb; — mb,) \ n%c; — mc,
Proof.
As we proved, AX + BY = C is equivalent to:

{(a1 + apVt)(xy + 2x2VE) + (by + boVE) (31 + y2VE) = ¢ + oVt
(a1 - azﬁ)(xi - xz\/f) + (b1 - bz\/z)(% - YZ\/E) =0C — Cz\/E
Since vt = ™ € Q with ged(m,n) = 1, we get:

(a1 +%a2) (x1 +%x2) + (b1 +%b2) (y1 + %yz) =q +%c2 )]

(a1 —%az) (xl _%xz) + (b1 _%bz) (Y1 - %)’2) =0 _%CZ (an

Il
N
+
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We multiply both equations by n? = 0:
{(na1 +ma,)(nx; + mx,) + (nby + mb,)(ny, + my,) = n?c, + mc, (I)
(na, —may)(nx; —mx,;) + (nby — mb,)(ny, — my,) = n’c; —mc, (,1,1) i
The original equation AX + BY = C is solvable if and only if the system (1), (II) is solvable, which is equivalent
to:
{gcd(na1 + ma,, nb; + mb,) \ n?c; + mc,
ged(na; — may, nb; — mb,) \ n%c; — mc,
Thus the proof is complete.
Example.

For 2=t = i,\/? = % € Q, consider the following weak fuzzy linear Diophantine equation of type(1)
Q+X+(1—4e)Y =—1+4ge2 =t =1

Wehavea; =2,a, =1,b; =1,b, = —4,¢; !

—1,c, =4,\t= 5= % we can write the equation as follows:
1 1 1

1 1 1
(2-3) (=) 2 ) =12
Hence:

5 1 1
z("l +§"2) - (” +§y2> =1

3 1 1

3 (1 —g%) +3(n—57) = -3
Multiply each equation by n? = 4:
{ 5Qx; +x) — 2@y +y,) =4 (1

3(2x1 —x3) + 6(2y; —y,) = —12 (2)
gcd(5,—2) =1\ 4,gcd(3,6) = 3\ —12, thus it is solvable weak fuzzy complex liner Diophantine equation.
Remark.
Let AX + BY = C be a weak fuzzy complex liner Diophantine equation with two variables, we put Z; = nx; +
mx,, Z, = nx; —mx,, T; = ny, + my,, T; = ny, — my,, then AX + BY = C can be written as follows:
{ (na; + may)Z; + (nb; + mb,)T; = nc; + mcy(I)

(na, — may)Z, + (nb; — mby)T, = n’c; — mc, (II)
Let (Z,",T,"), (Z,", T,") be solutions for (I) and (II) respectively.
Then X, = Z1*+ZZ*’x2 _ Zl*—Zz*’ = T1*+T2*’ L= T -Ty*

2n 2m 2n 2m

So that, the solutions (Z,%, T, "), (Z,", T,*) of the classical system (I), (II) give solutions to AX + BY = C if and
only if;
2n\Z +Z,5,2m\ Z," = Z,5,2n\ T, + T,", 2m\ T, — Ty,"
Algorithm for solving type (1) equations:
Tosolve AX + BY = C with+/t € Qand t = %,gcd(m, n) = 1, follow these steps:

Step 1.

Write the equivalent classical system:

{ (na; + may)Z; + (nb; + mb,)T; = nc; + mcy(I)
(na, — may)Z, + (nb; — mby)T, = n’c; — mc, (II)

Il ]

Step 2.
Find one solution (Z,*, T,") for (I), and one solution (Z,", T,*) for (II).
Step 3.
Find all solutions of (I) as follows:
. nb, + mb,
Zl = Zl + kl —_—
* na, g—lmaz; ki € Z, g, = gcd(na, + may, nby + mb,)
Tl = Tl - kl -
91
Find all solutions of (II) as follows:
% nb1 - mbz
Zz = Zz + kz —_—
) nay glmaz; k, € Z, g, = gcd(na, — ma,,nb; — mb,)
T, =T, —k, —
1
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Step 4.
Find the solution of AX + BY = C as follows:

xl_zn 1 2) =5\ 4 2 1 7 2 7
1 1 % ¥ nbl + mbz lel - mbz
xzzﬁ(%_zz):ﬁ(% —Zy; +ky r =k, o )
—1(T+T)—1<T*+T* kna1+ma2 knal—maz)
J/1—2n 1 2) =5\ 2 1 % 2 7
1 1 na; + ma, na,; —ma,
=—((T,-T,)=—I|T"-T," -k k )
Y2 Zm(1 2) 2m<1 2 1 7 + K3 7
Wherekl,kzEZ,andZn\Zl+Zz,2m\Zl_Zz,2n\T1+T2,2m\Tl_Tz.

Example.
Consider the equation (2 + &)X + (1 —4e)Y = -1+ 42 =t = i,\/f = %,m =1n=2.
The equivalent system is:
3Z, + 6T, = —12 (II)
Z," =2,T," = 3 isasolution of (I).
Z," =0,T," = —2 is asolution of (II).
The solutions of (1) are:

-2
Zy =24k =2-2k

T1=3_k11=3_5k1

The solutions of (I) are:
6

22=0+k2_:2k2
T1:_2_k2§=_2_k2
We have:
Zl+22:2_2k1+2k2
Z,—Zy,=2—2k; —2k

1 2 1 z;kl,kZEZ

T, +T,=1—-5k; —k,
T, —T,=5—5k +k,
X =x; +x5¢ =%(2 — 2k, + 2k;) +%(2 — 2k, — 2ky)e =
1—k,+k,
=f+e(1—k1—k2);2\1—k1+k2
Y =y + Y26 =2 (1= 5ky — k) +5 (5 — Sky + kp)e ;4\ 1= 5ky —k; and 2\ 5 — 5k + ky
(X,Y) is the solutions of AX + BY = C under the provided conditions.
To get a special solution of AX + BY = C, we must give k4, k, suitable values under conditions:
2\1—k, +k,
2\ 5—5k; +k,
4\1—5k; —k,
For this goal, we can put k;, = —2,k, = —1.
Wecanseethat1 —k, + k, =2, 5—5k; + k, =14, 1 —5k; — k, = 12.
The corresponding solution is:

1_k1+k2 1_k1_k2
+e&
n m

2 12 12
X:§+8(4):1+48'Y:T+7£=3+7£

Another solution can be obtained by putting k; =4,k, =1,1—k; +k, =1—-4+4+1=-2,5—-5k; +k, =
5-104+1=-14,1—-5k; -k, =1—-20—-1 = —-20.
The corresponding solution is:

X= 2 e(—4-1)=—1-4 Y—_20+<_14) =-5-7
== g( ) = &Y =— 5 )= I3
And so on.

Solving equations of type (2).

Theorem.
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Let AX + BY = C be weak fuzzy linear Diophantine equation in two variables with A = a; + a,&,B = b; +
bye,C =c; + c6,X = x; + X6, Y = y; + y,¢, with e2 =t € ]0,1[,\/t € R — Q.
Let d, = gcd(ay, by),d, = gcd(ay, by), then:
AX + BY = C is solvable if and only if:
1. di\c.
2. gcd(d,aby — byayd,, a;b,d; — dibiay) \ did,(c; — ayxy™ — by, ), where (x,*, ¥, *) is a solution
of ayx; + b1y, = ¢4
Proof.
The equation AX + BY = C is equivalent to:
{a1x1 + byyy + tazx, + byy,) = ¢ (1)
aix; + azx; + by, + by = ¢; (2)
Sincet e R — Q and a,x, + b,y, € Z, we get a,x, + b,y, = 0and a;x; + by, = ¢y.
The equation a;x; + b;y; = ¢, is solvable if and only if d; = gcd(ay, by) \ ¢;.
: arxy +biyr =¢
The solution of the system {azxz +byy, = 0 are:
(x1=x"+k, Z_l
1

yi=y— k1% . ] .
2 b with ky, k, € Z, (x,*,y,%) is a solution of a;x; + byy, = ¢;.
, =k, 2

k V2 = _kzd_
2
For x;*,y;;1 < i < 2 to represent a solution of the original Diophantine equation, they should be a solution to
equation (2).
Thus,
b, N by a, N a;
a1 (kz d_2> + a2 <X1 + k1 d_l) + bl <_k2 d_z) + b2 <y1 - k1 d_l) = C2
By multiplying both side with d,d,, we get:
kl(azbldz - bzaldz) + kz(albzdl - blazdl) = dldz (CZ - ale* - bzyl*), WhiCh iS a Ilnear DiOphantine
equation in two variables k4, k,.
This equation has solutions if and only if:
ged(azbid; — byaydy, a1b,dy — dibiay) \ didy(c; — azxy™ — byys ")
Thus, our proof is complete.
Algorithm for solving type (2) equation:
Follow these steps:
Stepl.
Write the equivalent system:
{a1x1 + by =¢
azxz + beZ = 0
Step2.
Find d, = gcd(aq, by),d, = gcd(ay, b,), then check if d; \ ¢,
gcd(azbid; — byaqdy, a1body — dibiag) \ didy(c; — azxy™ — byys ™)
Step 3.
Find all solutions of linear Diophantine equation in two variables k,, k,:
(azbid; — byaidy)ky + (a1body — dibyag)k, = didy(c; — azxy™ — byys ™)
Step4.
* b * b

Getx; = x," + kld_i'}ﬁ =¥ - k1z—i;x2 = kzd_z,yZ = _kzg_z-
Example.
Consider the following weak fuzzy complex linear Diophantine equation in two variables of type (2).
B+e)X+(1—e)Y =7+5¢¢e? =%=t.
We have:
a,=3,a,=1,b;,=1,b,=-1,¢,=7,¢c,=5
The equivalent system is:
{3x1 + yl = 7

X2 =Y, =0
dl = gcd(al, bl) = 1 \ 7,x1* = Z,yl* = 1, dz = gcd(az, bz) = 1
azbyd; — byayd, = (DA -(DBR)(D) =1+3=4
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a bydy —dybya, = B)(-D(M) - (DMA)=-3-1=—4
gcd(a,bd, — bya,d,, a;b,d; — dybya,) = ged(4,—4) =4

didy(c; — axy” — byyi™) = 1(5 -2 - (—1)(1)) =4

Itis clear that 4 \ 4, so that we can find solutions for the original equation.
Consider the equation 4k, — 4k, = 4, it is equivalent to:

ki —k, =1, hence:

1
k1=1+51T=1_51
;81 €Z

k2=0_51I=_S]_

Thus, x =x1*+k12—i=2+(1—51)%=3_51,y1 Z}’1*_k1z_1= 1—(1—51)§=—2+3S1'Xz =k22—z=

—$1 (Tl) =5,Y2 =~k Z_z =51 G) =51

Hence,

X=x1+xe=0B-s)+es;, Y=y, +y,e=(-2+3s)) + €855, €Z

is the solution of (3 + &)X + (1 — €)Y = 7 + 5¢.

Solving equations of type (3).

Let AX + BY = C be a weak fuzzy complex linear Diophantine equation with two variables, where €2 =t €
10,1[,t = % € Q,gcd(m,n) = 1,4/t ¢ Q.

To solve the type (3) equation, we follow these steps:

Stepl.

We write the equivalent system:

{a1x1 + biy; +t(azx; + byy) = ¢ (1) = m

a;x; + ax; + by, + by, = ¢, (2) n

Multiply (1) by n, and put Z, = a,x; + byy,,Z, = ayx, + byy,, Ty = ayx, + byy,, T, = a,x, + byy,, hence:
nZ, + mZ, =nc; (I)

{ T, +T,=c, (I

Since gcd(m,n) = 1\ ncy, then (I) and (II) are solvable.

Step2.

Find the solutions of (I) as follows:

Zy=72"+kmZ,=2,"—kn;k, €Z

Find the solutions of (I)I as follows:

T, =T +kyt, =T, —ky;k, €Z

Step3.

Write the second equivalent Diophantine system:

1%, + biy; = Z4
S
{ale + by =T QY
And,
ax, + byy, =2,
S.
{a1x2 + by, =T, 52)
To solve system (S;):
a, b
A: a; bz = a1b2 - b1a2
Z b * * * *
AX1= T;‘: b; = Zle - b1T1 = (Z]_ + klm)bz - bl(Tl + kz) = Zl bz + klbzm - blT]_ - b1k2; kl' k2 €EZ
a Z * * * *
v, = ai Ti =a.Ty —ayZy =a (T, + ky) —a,(Z," + kym) = a Ty + a1k, — ayZ," —a,kym; ky, k,

€EZ
To get an accepted solution, it should has the following properties A\ A, ,A\ 4, .

On the other hand. x. = Ayy _ Z1"by+kib;m—b1T1" —b1k, _ Ay, _ aiTy" +arkz—aZ; " —azkim
1 A a;b,—bia; 24 A aib,—bia,
To solve system (S,):
. lag b
= a; bi = b1a2 - a1b2 = _A
Z b * * * *
Ax2= Tz bi =Zyby — b1 T, = (Z;" — kyn)by — by(T," — ky) = Z,"by — kybyn — by Ty" + bykos ki, ky, €Z
a Z * * * *
Ay,= ai Tj =a,Ty — a1Z; = a, (15" — k) — ay(Zy" — kyn) = a; Ty — agky — a1 25" + arkyn;ky, ky € Z
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To get an accepted solution, it should has the following properties —A\ A,,, —A\ A,,.

sz Zz*bl—klbln—b2T2*+b2k2 Ayz asz*—azkz—a122*+a1k1n
On the other hand, x, = —% = — Y =22 = E
A biaz—a.1b;, A biaz—aqby

Example.

Consider the following weak fuzzy complex linear Diophantine equation in two variables of type (3):

Q43X+ (1 —e)Y =3+ 7¢; 2 =t=§eQ,\/EeQ.

We have:

a,=2,a,=3by=1,b,=-1,¢c,=3,c,=7m=1n=5

The equivalent system:

5Z,+Z, =15 (I)

{ T,+T,=7 ()

Z,"=3,2,"=0T,"=3T, =4

Also,
Z,=3+k,
Z, = =5k,
T,=3+k,
t,=4—k,

The system (§;) is:
2x1+y; =3+ Kk

{le—yl =3+k,

s ki, k, €Z

_|12 1)|_ _IB+ks 1] ~

A_|3 —1|__5'A"1_ 3+k, —1|__3_k1—3—k2——6—k1—k2
2 34k

Aylz 3 34k, =6+2k,—9—-3k; = -3 -3k, + 2k,;k,k, €EZ

The accepted values of k4, k, are exactly the values that have the property:
—6 — ky — k, = 0(mod 5),—3 — 3k, + 2k, = 0(mod 5),

So that: —k, — k, = 1(mod 5), —3k, + 2k, = 3(mod 5)

_6_k1_k2 6+k1+k2

S 5
—3 -3k, + 2k, 3+ 3k, — 2k,
V1= 5 = 5

The system (S,) is:

3x; =y, = =5k,

{sz +y2 = 4‘_k2

.13 -1 —5k; -1

A= |2 1 | =54,= 4—k12 1 |=_5k1+4_k2

Ay, = 3 4__5";;2 =12 — 3k, + 10ky; ky, ko € Z
_5k1+4_k2

x2:

12 — 3%2 + 10k,

Yo

Under the conditions:

—5k; +4 — k, = 0(mod 5),12 — 3k, + 10k, = 0(mod 5),

So that: k, = 4(mod 5)

For example, if we take k; = 5, k, = 4, then:

2k, — 3k, = -7 = 3(mod 5), -k, — k, = —9 = 1(mod 5), k, = 4(mod 5)
6+9 3—8+15

I A

_ —25+4-4 12-12+50

xz—f——S, Y2 =——— =

Thus X = 3 — 5¢,Y = 2 4+ 10¢ is a solution of the original equation.

4. Conclusion

In this paper, we have studied the linear Diophantine equation in two weak fuzzy complex integer variables, where
we have presented algorithms for generating possible solutions by transforming it into a classical equivalent
Diophantine system. Also, we illustrated many related examples to clarify how algorithms work in each possible
case.
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