
International Journal of Neutrosophic Science (IJNS)                                         Vol. 23, No. 04, PP. 386-394, 2024 
 
 

386 
Doi: https://doi.org/10.54216/IJNS.230431  
Received: November 12, 2023 Revised: January 22, 2024 Accepted: March 22, 2024 

 

 

 

 

 

 

 

An Effective Algorithm for Solving Weak Fuzzy Complex 

Diophantine Equations in Two Variables  

Mayada Abualhomos1, Wael Mahmoud M. Salameh2,*, Malik Bataineh3, Mowafaq Omar Al-Qadri4, 

Ayman Alahmade5, Abdallah Al-Husban6 

1.Applied Science Private University Amman,11931, Jordan,  

2Faculty of Information Technology, Abu Dhabi University, Abu Dhabi, UAE  

3Department of Mathematics and Statistics, Jordan University of Science and Technology, Irbid, Jordan  

4Department of Mathematics, Jerash University, Jerash 26150, Jordan  

5Department of Mathematics, College of Science and Art, AlUla branch, Taibah University, Medina, Saudi 

Arabia  

6Department of Mathematics, Faculty of Science and Technology, Irbid National University, P.O. Box: 2600 

Irbid, Jordan  

Emails: abuhomos@asu.edu.jo; wael.salameh@adu.ac.ae; msbataineh@just.edu.jo; m.alqadri@jpu.edu.jo; 

aaahmdi@taibahu.edu.sa; dralhosban@inu.edu.jo 

Abstract 

Weak fuzzy complex numbers are defined as 𝑎 + 𝑏𝜀, with 𝜀2𝑏𝑒𝑙𝑜𝑛𝑔𝑠 𝑡𝑜]0,1[ as an extension of real numbers 

with 𝑎, 𝑏 ∈ 𝑅. This paper is dedicated to studying weak fuzzy complex linear Diophantine equations in two weak 

fuzzy complex variables, by transforming the weak fuzzy complex Diophantine equation to a classical equivalent 

Diophantine system and going directly from the solutions of classical system into the desired equation. Algorithms 

for generating solutions of the previous equation will be presented in terms of theorems with many related 

examples that clarify the validity of our work. 

Keywords: Weak fuzzy complex integer; Diophantine system; Linear Diophantine equation. 

1. Introduction and Preliminaries. 

The main purpose of expanding the set of real numbers was the study of geometric extensions resulting from 

various kinds of algebraic extensions associated with real numbers. The generalization of real numbers has 

attracted the interest of many researchers and mathematicians, where we find many extended sets proposed by 

geometrical aspects such as: 

Complex numbers: {𝑎 + 𝑏𝑖; 𝑎, 𝑏 ∈ 𝑅; 𝑖2 = −1}, Dual numbers: {𝑎 + 𝑏𝐽; 𝑎, 𝑏 ∈ 𝑅; 𝐽2 = 0}, Split-Complex 

numbers: {𝑎 + 𝑏𝐽; 𝑎, 𝑏 ∈ 𝑅; 𝐽2 = 1}, Neutrosophic numbers: {𝑎 + 𝑏𝐼; 𝑎, 𝑏 ∈ 𝑅; 𝐼2 = 𝐼}, and Weak fuzzy 

Complex numbers: {𝑎 + 𝑏𝜀; 𝑎, 𝑏 ∈ 𝑅; 𝜀2 = 𝑡 ∈ ]0,1[}[1-5, 14]. 

The concept of weak fuzzy complex integers is considered a generalization of classical integers, with the difference 

that the set of weak fuzzy complex integers does not form a ring, which makes it harder to handle. 

This type of numbers has been used in the description of solutions of vector equations defined by norms in 

Euclidean spaces [11], and also in the study of Pythagorean triples and quaternions with many associated 

Diophantine equations [10,12]. And it is remarkable the rapid development in the study of these numbers, as they 

were used in the computer, and neutralized through the Python language [13], and Matrix theory [7].  
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A linear Diophantine equation in two variables is defined as follows 𝑎𝑥 + 𝑏𝑦 = 𝑐, where 𝑧, 𝑏, 𝑐 ∈ 𝑍, with 𝑥, 𝑦 as 

integer variables. This kind of Diophantine equation can be extended to the set of weak fuzzy complex integers 

and it remains an open research question is how can we solve such non-classical class Diophantine equations?. 

We find it appropriate here to note that many efforts were made to find algorithms for many types of Diophantine 

equations in many different rings, such as Pell's, Fermat's, and neutrosophic Diophantine equations [6, 8, 9]. 

The weak fuzzy complex Diophantine equations were studied for the first time in [10, 12], where many solutions 

for Pythagoras non-linear Diophantine equations were generated and handled. 

 

This motivates us to study the linear Diophantine equation in two weak fuzzy complex integer variables, where 

solutions and algorithms will be discussed and presented in terms of theorems and many related examples. 

Definition: [5] 

The set of Weak Fuzzy Complex numbers is defined as follows, where ‘𝐽’ is the Weak Fuzzy Complex operator 

( 𝐽 ∉ 𝑹 ): 

𝑭𝐽 = {𝑥0 + 𝑥1 𝐽 ;  𝑥0 , 𝑥1 ∈ 𝑹 , 𝐽
2 = 𝑡 ∈ ]0, 1[ }  

Let 𝑋 = 𝑥0 + 𝑥1 𝐽, 𝑌 = 𝑦0 + 𝑦1 𝐽∈ 𝑭𝐽, where 𝑥0 , 𝑥1, 𝑦0, 𝑦1 ∈ 𝑹  

 Addition: +𝑌 = (𝑥0 + 𝑦0) + (𝑥1 + 𝑦1)𝐽 .  
 Multiplication X. 𝑌 = (𝑥0𝑦0 + 𝑥1𝑦1𝑡) + (𝑥0𝑦1 + 𝑥1𝑦0)𝐽 . 

Definition: [3, 10] 

Let 𝐶𝑤 = {𝑎 + 𝑏𝜀; 𝑎, 𝑏 ∈ 𝑅; 𝜀
2 = 𝑡 ∈ ]0,1[} be the ring of the weak fuzzy complex numbers, we define: 

𝑍𝑤 = {𝑥 + 𝑦𝜀; 𝑥, 𝑦 ∈ 𝑍; 𝜀
2 = 𝑡 ∈ ]0,1[} to be the set of all weak fuzzy integers. 

Remark. [10] 

𝑍𝑤 is not a subring of 𝐶𝑤. 

For example, for 𝜀2 = 𝑡 =
1

2
, we have: 

𝑋 = 3 + 5𝜀, 𝑌 = 1 + 𝜀 ∈ 𝑍𝑤, and 𝑋. 𝑌 = 3 + 3𝜀 + 5𝜀 + 5𝜀2 =
11

2
+ 8𝜀 ∉ 𝑍𝑤. 

The previous remark is what makes the Diophantine equations difficult to solve in weak fuzzy complex integer 

set, because they do not have the algebraic structure of the ring, and therefore classical methods cannot be used in 

the solution 

2. Main Results 

Definition.  

The weak fuzzy complex linear Diophantine equation with two variables is defined as follows: 

𝐴𝑋 + 𝐵𝑌 = 𝐶, where𝐴 = 𝑎1 + 𝑎2𝜀, 𝐵 = 𝑏1 + 𝑏2𝜀, 𝐶 = 𝑐1 + 𝑐2𝜀, 𝑋 = 𝑥1 + 𝑥2𝜀, 𝑌 = 𝑦1 + 𝑦2𝜀, with 

𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖 , 𝑥𝑖 , 𝑦𝑖 ∈ 𝑍 for 1 ≤ 𝑖 ≤ 2. 

Remark. 

The weak fuzzy complex linear Diophantine equation with two variables 𝐴𝑋 + 𝐵𝑌 = 𝐶 can be written as follows: 

{
𝑎1𝑥1 + 𝑎2𝑥2𝑡 + 𝑏1𝑦1 + 𝑏2𝑦2𝑡 = 𝑐1
𝑎1𝑥2 + 𝑎2𝑥1 + 𝑏1𝑦2 + 𝑏2𝑦1 = 𝑐2

 

Proof. 

𝐴𝑋 = (𝑎1 + 𝑎2𝜀)(𝑥1 + 𝑥2𝜀) = (𝑎1𝑥1 + 𝑎2𝑥2𝑡) + 𝜀(𝑎1𝑥2 + 𝑎2𝑥1); 𝜀
2 = 𝑡 ∈ ]0,1[ 

𝐵𝑌 = (𝑏1 + 𝑏2𝜀)(𝑦1 + 𝑦2𝜀) = (𝑏1𝑦1 + 𝑏2𝑦2𝑡) + 𝜀(𝑏1𝑦2 + 𝑏2𝑦1) 
So that, the equation 𝐴𝑋 + 𝐵𝑌 = 𝐶 is equivalent to: 

{
𝑎1𝑥1 + 𝑎2𝑥2𝑡 + 𝑏1𝑦1 + 𝑏2𝑦2𝑡 = 𝑐1
𝑎1𝑥2 + 𝑎2𝑥1 + 𝑏1𝑦2 + 𝑏2𝑦1 = 𝑐2

 

Why weak fuzzy complex linear Diophantine equations are harder than classical linear Diophantine equations? 

The weak fuzzy complex linear Diophantine equations with two variables 𝐴𝑋 + 𝐵𝑌 = 𝐶 is equivalent to two 

classical equations: 

{
𝑎1𝑥1 + 𝑎2𝑥2𝑡 + 𝑏1𝑦1 + 𝑏2𝑦2𝑡 = 𝑐1   (1)

𝑎1𝑥2 + 𝑎2𝑥1 + 𝑏1𝑦2 + 𝑏2𝑦1 = 𝑐2   (2)
 

 

3. The different types of weak fuzzy complex linear Diophantine equations with two variables. 
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The weak fuzzy complex linear Diophantine equations 𝐴𝑋 + 𝐵𝑌 = 𝐶 is called of type (1) if √𝑡 ∈ 𝑄. It is denoted 

by 𝑇1. 

The equation 𝐴𝑋 + 𝐵𝑌 = 𝐶 is called of type (2) if √𝑡 ∈ 𝑅 − 𝑄. It is denoted by 𝑇2. If 𝑡 ∈ 𝑄, √𝑡 ∈ 𝑅 − 𝑄, it is 

called of type (3). 

Theorem. 

Let 𝐴𝑋 + 𝐵𝑌 = 𝐶 be the weak fuzzy complex linear Diophantine equations defined previously, then it is 

equivalent to: 

{
(𝑎1 + 𝑎2√𝑡)(𝑥1 + 𝑥2√𝑡) + (𝑏1 + 𝑏2√𝑡)(𝑦1 + 𝑦2√𝑡) = 𝑐1 + 𝑐2√𝑡   (𝐼)

(𝑎1 − 𝑎2√𝑡)(𝑥1 − 𝑥2√𝑡) + (𝑏1 − 𝑏2√𝑡)(𝑦1 − 𝑦2√𝑡) = 𝑐1 − 𝑐2√𝑡   (𝐼𝐼)
 

Proof. 

The equation 𝐴𝑋 + 𝐵𝑌 = 𝐶 is equivalent to: 

{
𝑎1𝑥1 + 𝑎2𝑥2𝑡 + 𝑏1𝑦1 + 𝑏2𝑦2𝑡 = 𝑐1   (1)

𝑎1𝑥2 + 𝑎2𝑥1 + 𝑏1𝑦2 + 𝑏2𝑦1 = 𝑐2   (2)
 

We multiply equation (2) by √𝑡 and add it to (1): 

𝑎1𝑥1 + 𝑎2𝑥2𝑡 + 𝑏1𝑦1 + 𝑏2𝑦2𝑡 + √𝑡(𝑎1𝑥2 + 𝑎2𝑥1 + 𝑏1𝑦2 + 𝑏2𝑦1) = 𝑐1 + 𝑐2√𝑡 
So that: 

(𝑎1 + 𝑎2√𝑡)(𝑥1 + 𝑥2√𝑡) + (𝑏1 + 𝑏2√𝑡)(𝑦1 + 𝑦2√𝑡) = 𝑐1 + 𝑐2√𝑡 [equation(𝐼)]. 

We multiply equation (2) by √𝑡 and subtract (2) from (1): 

𝑎1𝑥1 + 𝑎2𝑥2𝑡 + 𝑏1𝑦1 + 𝑏2𝑦2𝑡 − √𝑡(𝑎1𝑥2 + 𝑎2𝑥1 + 𝑏1𝑦2 + 𝑏2𝑦1) = 𝑐1 − 𝑐2√𝑡 
So that: 

(𝑎1 − 𝑎2√𝑡)(𝑥1 − 𝑥2√𝑡) + (𝑏1 − 𝑏2√𝑡)(𝑦1 − 𝑦2√𝑡) = 𝑐1 − 𝑐2√𝑡 [equation(𝐼)], so that the proof is complete. 

Example. 

For 𝜀2 = 𝑡 =
1

3
, the equation: 

(2 + 𝜀)𝑋 + (1 − 3𝜀)𝑌 = 4 + 5𝜀 is a weak fuzzy complex linear Diophantine of type (2), that is because √𝑡 ∉ 𝑄. 

It is equivalent to the following system: 

{
 
 

 
 (2 +

1

√3
) (𝑥1 +

𝑥2

√3
) + (1 −

3

√3
) (𝑦1 +

𝑦2

√3
) = 4 +

5

√3
    (𝐼)

(2 −
1

√3
) (𝑥1 −

𝑥2

√3
) + (1 +

3

√3
) (𝑦1 −

𝑦2

√3
) = 4 −

5

√3
    (𝐼𝐼)

 

Example. 

For 𝜀2 = 𝑡 =
1

16
, the equation: 

(3 + 5𝜀)𝑋 + (1 + 𝜀)𝑌 = 4 + 5𝜀 is a weak fuzzy complex linear Diophantine of type (1), that is because √𝑡 =
1

4
∈

𝑄. 

It is equivalent to the following system: 

{
(3 +

5

4
) (𝑥1 +

𝑥2
4
) + (1 +

1

4
) (𝑦1 +

𝑦2
4
) = 2 +

3

4
    (𝐼)

(3 −
5

4
) (𝑥1 −

𝑥2
4
) + (1 −

1

4
) (𝑦1 −

𝑦2
4
) = 2 −

3

4
    (𝐼𝐼)

 

Solving equations of type (1). 

Theorem. 

Let 𝐴𝑋 + 𝐵𝑌 = 𝐶 be a weak fuzzy complex linear Diophantine equation of type (1) with 𝜀2 = 𝑡 ∈ ]0,1[ and √𝑡 =
𝑚

𝑛
∈ 𝑄, 𝑔𝑐𝑑(𝑚, 𝑛) = 1, then 𝐴𝑋 + 𝐵𝑌 = 𝐶 is solvable if and only if: 

{
𝑔𝑐𝑑(𝑛𝑎1 +𝑚𝑎2, 𝑛𝑏1 +𝑚𝑏2) ∖ 𝑛

2𝑐1 +𝑚𝑐2
𝑔𝑐𝑑(𝑛𝑎1 −𝑚𝑎2, 𝑛𝑏1 −𝑚𝑏2) ∖ 𝑛

2𝑐1 −𝑚𝑐2
 

Proof. 

As we proved, 𝐴𝑋 + 𝐵𝑌 = 𝐶 is equivalent to: 

{
(𝑎1 + 𝑎2√𝑡)(𝑥1 + 𝑥2√𝑡) + (𝑏1 + 𝑏2√𝑡)(𝑦1 + 𝑦2√𝑡) = 𝑐1 + 𝑐2√𝑡  

(𝑎1 − 𝑎2√𝑡)(𝑥1 − 𝑥2√𝑡) + (𝑏1 − 𝑏2√𝑡)(𝑦1 − 𝑦2√𝑡) = 𝑐1 − 𝑐2√𝑡 
 

Since √𝑡 =
𝑚

𝑛
∈ 𝑄 with 𝑔𝑐𝑑(𝑚, 𝑛) = 1, we get: 

{
(𝑎1 +

𝑚

𝑛
𝑎2) (𝑥1 +

𝑚

𝑛
𝑥2) + (𝑏1 +

𝑚

𝑛
𝑏2) (𝑦1 +

𝑚

𝑛
𝑦2) = 𝑐1 +

𝑚

𝑛
𝑐2 (𝐼) 

(𝑎1 −
𝑚

𝑛
𝑎2) (𝑥1 −

𝑚

𝑛
𝑥2) + (𝑏1 −

𝑚

𝑛
𝑏2) (𝑦1 −

𝑚

𝑛
𝑦2) = 𝑐1 −

𝑚

𝑛
𝑐2 (𝐼𝐼) 
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We multiply both equations by 𝑛2 ≠ 0: 

{
(𝑛𝑎1 +𝑚𝑎2)(𝑛𝑥1 +𝑚𝑥2) + (𝑛𝑏1 +𝑚𝑏2)(𝑛𝑦1 +𝑚𝑦2) = 𝑛

2𝑐1 +𝑚𝑐2 (𝐼)́  

(𝑛𝑎1 −𝑚𝑎2)(𝑛𝑥1 −𝑚𝑥2) + (𝑛𝑏1 −𝑚𝑏2)(𝑛𝑦1 −𝑚𝑦2) = 𝑛
2𝑐1 −𝑚𝑐2 (𝐼𝐼)́  

 

The original equation 𝐴𝑋 + 𝐵𝑌 = 𝐶 is solvable if and only if the system (𝐼)́ , (𝐼𝐼)́  is solvable, which is equivalent 

to: 

{
𝑔𝑐𝑑(𝑛𝑎1 +𝑚𝑎2, 𝑛𝑏1 +𝑚𝑏2) ∖ 𝑛

2𝑐1 +𝑚𝑐2
𝑔𝑐𝑑(𝑛𝑎1 −𝑚𝑎2, 𝑛𝑏1 −𝑚𝑏2) ∖ 𝑛

2𝑐1 −𝑚𝑐2
 

Thus the proof is complete. 

Example. 

For 𝜀2 = 𝑡 =
1

4
, √𝑡 =

1

2
∈ 𝑄, consider the following weak fuzzy linear Diophantine equation of type(1) 

(2 + 𝜀)𝑋 + (1 − 4𝜀)𝑌 = −1 + 4𝜀; 𝜀2 = 𝑡 =
1

4
 

We have 𝑎1 = 2, 𝑎2 = 1, 𝑏1 = 1, 𝑏2 = −4, 𝑐1 = −1, 𝑐2 = 4, √𝑡 =
1

2
=

𝑚

𝑛
, we can write the equation as follows: 

{
(2 +

1

2
) (𝑥1 +

1

2
𝑥2) + (1 − 2) (𝑦1 +

1

2
𝑦2) = −1 + 2 

(2 −
1

2
) (𝑥1 −

1

2
𝑥2) + (1 + 2) (𝑦1 −

1

2
𝑦2) = −1 − 2 

 

Hence: 

{

5

2
(𝑥1 +

1

2
𝑥2) − (𝑦1 +

1

2
𝑦2) = 1 

3

2
(𝑥1 −

1

2
𝑥2) + 3 (𝑦1 −

1

2
𝑦2) = −3 

 

Multiply each equation by 𝑛2 = 4: 

{
5(2𝑥1 + 𝑥2) − 2(2𝑦1 + 𝑦2) = 4   (1)

3(2𝑥1 − 𝑥2) + 6(2𝑦1 − 𝑦2) = −12  (2) 
 

𝑔𝑐𝑑(5, −2) = 1 ∖ 4, 𝑔𝑐𝑑(3,6) = 3 ∖ −12, thus it is solvable weak fuzzy complex liner Diophantine equation. 

Remark. 

Let 𝐴𝑋 + 𝐵𝑌 = 𝐶 be a weak fuzzy complex liner Diophantine equation with two variables, we put 𝑍1 = 𝑛𝑥1 +
𝑚𝑥2, 𝑍2 = 𝑛𝑥1 −𝑚𝑥2, 𝑇1 = 𝑛𝑦1 +𝑚𝑦2, 𝑇1 = 𝑛𝑦1 −𝑚𝑦2, then 𝐴𝑋 + 𝐵𝑌 = 𝐶 can be written as follows: 

{
(𝑛𝑎1 +𝑚𝑎2)𝑍1 + (𝑛𝑏1 +𝑚𝑏2)𝑇1 = 𝑛2𝑐1 +𝑚𝑐2(𝐼) 

(𝑛𝑎1 −𝑚𝑎2)𝑍2 + (𝑛𝑏1 −𝑚𝑏2)𝑇2 = 𝑛2𝑐1 −𝑚𝑐2 (𝐼𝐼) 
 

Let (𝑍1
∗, 𝑇1

∗), (𝑍2
∗, 𝑇2

∗) be solutions for (𝐼) and (𝐼𝐼) respectively. 

Then 𝑥1 =
𝑍1
∗+𝑍2

∗

2𝑛
, 𝑥2 =

𝑍1
∗−𝑍2

∗

2𝑚
, 𝑦1 =

𝑇1
∗+𝑇2

∗

2𝑛
, 𝑥1 =

𝑇1
∗−𝑇2

∗

2𝑚
  

So that, the solutions (𝑍1
∗, 𝑇1

∗), (𝑍2
∗, 𝑇2

∗) of the classical system (𝐼), (𝐼𝐼) give solutions to 𝐴𝑋 + 𝐵𝑌 = 𝐶 if and 

only if; 

2𝑛 ∖ 𝑍1
∗ + 𝑍2

∗, 2𝑚 ∖ 𝑍1
∗ − 𝑍2

∗, 2𝑛 ∖ 𝑇1
∗ + 𝑇2

∗, 2𝑚 ∖ 𝑇1
∗ − 𝑇2

∗ 

Algorithm for solving type (1) equations: 

To solve 𝐴𝑋 + 𝐵𝑌 = 𝐶 with √𝑡 ∈ 𝑄 and 𝑡 =
𝑚

𝑛
, 𝑔𝑐𝑑(𝑚, 𝑛) = 1, follow these steps: 

Step 1. 

Write the equivalent classical system: 

{
(𝑛𝑎1 +𝑚𝑎2)𝑍1 + (𝑛𝑏1 +𝑚𝑏2)𝑇1 = 𝑛2𝑐1 +𝑚𝑐2(𝐼) 

(𝑛𝑎1 −𝑚𝑎2)𝑍2 + (𝑛𝑏1 −𝑚𝑏2)𝑇2 = 𝑛2𝑐1 −𝑚𝑐2 (𝐼𝐼) 
 

Step 2. 

Find one solution (𝑍1
∗, 𝑇1

∗) for (𝐼), and one solution (𝑍2
∗, 𝑇2

∗) for (𝐼𝐼). 
Step 3. 

Find all solutions of (𝐼) as follows: 

{
 

 𝑍1 = 𝑍1
∗ + 𝑘1

𝑛𝑏1 +𝑚𝑏2
𝑔1

 

𝑇1 = 𝑇1
∗ − 𝑘1

𝑛𝑎1 +𝑚𝑎2
𝑔1

;  𝑘1 ∈ 𝑍, 𝑔1 = 𝑔𝑐𝑑(𝑛𝑎1 +𝑚𝑎2, 𝑛𝑏1 +𝑚𝑏2) 

Find all solutions of (𝐼𝐼) as follows: 

{
 

 𝑍2 = 𝑍2
∗ + 𝑘2

𝑛𝑏1 −𝑚𝑏2
𝑔1

 

𝑇2 = 𝑇2
∗ − 𝑘2

𝑛𝑎1 −𝑚𝑎2
𝑔1

;  𝑘2 ∈ 𝑍, 𝑔2 = 𝑔𝑐𝑑(𝑛𝑎1 −𝑚𝑎2, 𝑛𝑏1 −𝑚𝑏2) 
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Step 4. 

Find the solution of 𝐴𝑋 + 𝐵𝑌 = 𝐶 as follows: 

𝑥1 =
1

2𝑛
(𝑍1 + 𝑍2) =

1

2𝑛
(𝑍1

∗ + 𝑍2
∗ + 𝑘1

𝑛𝑏1 +𝑚𝑏2
𝑔1

+ 𝑘2
𝑛𝑏1 −𝑚𝑏2

𝑔1
) 

𝑥2 =
1

2𝑚
(𝑍1 − 𝑍2) =

1

2𝑚
(𝑍1

∗ − 𝑍2
∗ + 𝑘1

𝑛𝑏1 +𝑚𝑏2
𝑔1

− 𝑘2
𝑛𝑏1 −𝑚𝑏2

𝑔1
) 

𝑦1 =
1

2𝑛
(𝑇1 + 𝑇2) =

1

2𝑛
(𝑇1

∗ + 𝑇2
∗ − 𝑘1

𝑛𝑎1 +𝑚𝑎2
𝑔1

− 𝑘2
𝑛𝑎1 −𝑚𝑎2

𝑔1
) 

𝑦2 =
1

2𝑚
(𝑇1 − 𝑇2) =

1

2𝑚
(𝑇1

∗ − 𝑇2
∗ − 𝑘1

𝑛𝑎1 +𝑚𝑎2
𝑔1

+ 𝑘2
𝑛𝑎1 −𝑚𝑎2

𝑔1
) 

Where 𝑘1, 𝑘2 ∈ 𝑍, and 2𝑛 ∖ 𝑍1 + 𝑍2, 2𝑚 ∖ 𝑍1 − 𝑍2, 2𝑛 ∖ 𝑇1 + 𝑇2, 2𝑚 ∖ 𝑇1 − 𝑇2. 

Example. 

Consider the equation (2 + 𝜀)𝑋 + (1 − 4𝜀)𝑌 = −1 + 4𝜀; 𝜀2 = 𝑡 =
1

4
, √𝑡 =

1

2
, 𝑚 = 1, 𝑛 = 2. 

The equivalent system is: 

{
5𝑍1 − 2𝑇1 = 4   (𝐼) 

3𝑍2 + 6𝑇2 = −12  (𝐼𝐼)
 

𝑍1
∗ = 2, 𝑇1

∗ = 3 is a solution of (𝐼). 
𝑍2

∗ = 0, 𝑇2
∗ = −2 is a solution of (𝐼𝐼). 

The solutions of (𝐼) are: 

{
𝑍1 = 2 + 𝑘1

−2

1
= 2 − 2𝑘1 

𝑇1 = 3 − 𝑘1
5

1
= 3 − 5𝑘1

; 𝑘1 ∈ 𝑍 

The solutions of (𝐼) are: 

{
𝑍2 = 0 + 𝑘2

6

3
= 2𝑘2 

𝑇1 = −2 − 𝑘2
3

3
= −2 − 𝑘2

; 𝑘2 ∈ 𝑍 

We have: 

 

{

𝑍1 + 𝑍2 = 2 − 2𝑘1 + 2𝑘2 
𝑍1 − 𝑍2 = 2 − 2𝑘1 − 2𝑘2
𝑇1 + 𝑇2 = 1 − 5𝑘1 − 𝑘2 
𝑇1 − 𝑇2 = 5 − 5𝑘1 + 𝑘2

; 𝑘1, 𝑘2 ∈ 𝑍 

𝑋 = 𝑥1 + 𝑥2𝜀 =
1

2𝑛
(2 − 2𝑘1 + 2𝑘2) +

1

2𝑚
(2 − 2𝑘1 − 2𝑘2)𝜀 =

1 − 𝑘1 + 𝑘2
𝑛

+ 𝜀
1 − 𝑘1 − 𝑘2

𝑚

=
1 − 𝑘1 + 𝑘2

2
+ 𝜀(1 − 𝑘1 − 𝑘2) ; 2 ∖ 1 − 𝑘1 + 𝑘2 

𝑌 = 𝑦1 + 𝑦2𝜀 =
1

4
(1 − 5𝑘1 − 𝑘2) +

1

2
(5 − 5𝑘1 + 𝑘2)𝜀 ; 4 ∖ 1 − 5𝑘1 − 𝑘2 and 2 ∖ 5 − 5𝑘1 + 𝑘2 

(𝑋, 𝑌) is the solutions of 𝐴𝑋 + 𝐵𝑌 = 𝐶 under the provided conditions. 

To get a special solution of 𝐴𝑋 + 𝐵𝑌 = 𝐶, we must give 𝑘1, 𝑘2 suitable values under conditions: 

{

2 ∖ 1 − 𝑘1 + 𝑘2 
2 ∖ 5 − 5𝑘1 + 𝑘2
4 ∖ 1 − 5𝑘1 − 𝑘2

 

For this goal, we can put 𝑘1 = −2, 𝑘2 = −1. 

We can see that 1 − 𝑘1 + 𝑘2 = 2, 5 − 5𝑘1 + 𝑘2 = 14, 1 − 5𝑘1 − 𝑘2 = 12. 

The corresponding solution is: 

𝑋 =
2

2
+ 𝜀(4) = 1 + 4𝜀, 𝑌 =

12

4
+
12

2
𝜀 = 3 + 7𝜀 

Another solution can be obtained by putting 𝑘1 = 4, 𝑘2 = 1, 1 − 𝑘1 + 𝑘2 = 1 − 4 + 1 = −2, 5 − 5𝑘1 + 𝑘2 =
5 − 10 + 1 = −14, 1 − 5𝑘1 − 𝑘2 = 1 − 20 − 1 = −20. 

The corresponding solution is: 

𝑋 =
−2

2
+ 𝜀(1 − 4 − 1) = −1 − 4𝜀, 𝑌 =

−20

4
+ (

−14

2
) 𝜀 = −5 − 7𝜀 

And so on. 

Solving equations of type (2). 

Theorem. 
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Let 𝐴𝑋 + 𝐵𝑌 = 𝐶 be weak fuzzy linear Diophantine equation in two variables with 𝐴 = 𝑎1 + 𝑎2𝜀, 𝐵 = 𝑏1 +

𝑏2𝜀, 𝐶 = 𝑐1 + 𝑐2𝜀, 𝑋 = 𝑥1 + 𝑥2𝜀, 𝑌 = 𝑦1 + 𝑦2𝜀, with 𝜀2 = 𝑡 ∈ ]0,1[, √𝑡 ∈ 𝑅 − 𝑄. 

Let 𝑑1 = 𝑔𝑐𝑑(𝑎1, 𝑏1), 𝑑2 = 𝑔𝑐𝑑(𝑎2, 𝑏2), then: 

𝐴𝑋 + 𝐵𝑌 = 𝐶 is solvable if and only if: 

1. 𝑑1 ∖ 𝑐1. 

2. 𝑔𝑐𝑑(𝑑2𝑎2𝑏1 − 𝑏2𝑎1𝑑2, 𝑎1𝑏2𝑑1 − 𝑑1𝑏1𝑎2) ∖ 𝑑1𝑑2(𝑐2 − 𝑎2𝑥1
∗ − 𝑏2𝑦1

∗), where (𝑥1
∗, 𝑦1

∗) is a solution 

of 𝑎1𝑥1 + 𝑏1𝑦1 = 𝑐1 

Proof. 

The equation 𝐴𝑋 + 𝐵𝑌 = 𝐶 is equivalent to: 

{
𝑎1𝑥1 + 𝑏1𝑦1 + 𝑡(𝑎2𝑥2 + 𝑏2𝑦2) = 𝑐1   (1) 

𝑎1𝑥2 + 𝑎2𝑥1 + 𝑏1𝑦2 + 𝑏2𝑦1 = 𝑐2  (2)
 

Since 𝑡 ∈ 𝑅 − 𝑄 and 𝑎2𝑥2 + 𝑏2𝑦2 ∈ 𝑍, we get 𝑎2𝑥2 + 𝑏2𝑦2 = 0 and 𝑎1𝑥1 + 𝑏1𝑦1 = 𝑐1. 

The equation 𝑎1𝑥1 + 𝑏1𝑦1 = 𝑐1 is solvable if and only if 𝑑1 = 𝑔𝑐𝑑(𝑎1, 𝑏1) ∖ 𝑐1. 

The solution of the system {
𝑎1𝑥1 + 𝑏1𝑦1 = 𝑐1
𝑎2𝑥2 + 𝑏2𝑦2 = 0

 are: 

{
  
 

  
 𝑥1 = 𝑥1

∗ + 𝑘1
𝑏1

𝑑1
 

𝑦1 = 𝑦1
∗ − 𝑘1

𝑎1

𝑑1

𝑥2 = 𝑘2
𝑏2

𝑑2
 

𝑦2 = −𝑘2
𝑎2

𝑑2

 with 𝑘1, 𝑘2 ∈ 𝑍, (𝑥1
∗, 𝑦1

∗) is a solution of 𝑎1𝑥1 + 𝑏1𝑦1 = 𝑐1. 

For 𝑥𝑖
∗, 𝑦𝑖

∗; 1 ≤ 𝑖 ≤ 2 to represent a solution of the original Diophantine equation, they should be a solution to 

equation (2). 
Thus, 

𝑎1 (𝑘2
𝑏2
𝑑2
) + 𝑎2 (𝑥1

∗ + 𝑘1
𝑏1
𝑑1
) + 𝑏1 (−𝑘2

𝑎2
𝑑2
) + 𝑏2 (𝑦1

∗ − 𝑘1
𝑎1
𝑑1
) = 𝑐2 

By multiplying both side with 𝑑1𝑑2, we get: 

𝑘1(𝑎2𝑏1𝑑2 − 𝑏2𝑎1𝑑2) + 𝑘2(𝑎1𝑏2𝑑1 − 𝑏1𝑎2𝑑1) = 𝑑1𝑑2(𝑐2 − 𝑎2𝑥1
∗ − 𝑏2𝑦1

∗), which is a linear Diophantine 

equation in two variables 𝑘1, 𝑘2. 

This equation has solutions if and only if: 

𝑔𝑐𝑑(𝑎2𝑏1𝑑2 − 𝑏2𝑎1𝑑2, 𝑎1𝑏2𝑑1 − 𝑑1𝑏1𝑎2) ∖ 𝑑1𝑑2(𝑐2 − 𝑎2𝑥1
∗ − 𝑏2𝑦1

∗) 
Thus, our proof is complete. 

Algorithm for solving type (2) equation: 

Follow these steps: 

Step1. 

Write the equivalent system: 

{
𝑎1𝑥1 + 𝑏1𝑦1 = 𝑐1
𝑎2𝑥2 + 𝑏2𝑦2 = 0

 

Step2. 

Find 𝑑1 = 𝑔𝑐𝑑(𝑎1, 𝑏1), 𝑑2 = 𝑔𝑐𝑑(𝑎2, 𝑏2), then check if 𝑑1 ∖ 𝑐1, 
𝑔𝑐𝑑(𝑎2𝑏1𝑑2 − 𝑏2𝑎1𝑑2, 𝑎1𝑏2𝑑1 − 𝑑1𝑏1𝑎2) ∖ 𝑑1𝑑2(𝑐2 − 𝑎2𝑥1

∗ − 𝑏2𝑦1
∗) 

Step 3. 

Find all solutions of linear Diophantine equation in two variables 𝑘1, 𝑘2: 

(𝑎2𝑏1𝑑2 − 𝑏2𝑎1𝑑2)𝑘1 + (𝑎1𝑏2𝑑1 − 𝑑1𝑏1𝑎2)𝑘2 = 𝑑1𝑑2(𝑐2 − 𝑎2𝑥1
∗ − 𝑏2𝑦1

∗) 
Step4. 

Get 𝑥1 = 𝑥1
∗ + 𝑘1

𝑏1

𝑑1
, 𝑦1 = 𝑦1

∗ − 𝑘1
𝑎1

𝑑1
, 𝑥2 = 𝑘2

𝑏2

𝑑2
, 𝑦2 = −𝑘2

𝑎2

𝑑2
. 

Example. 

Consider the following weak fuzzy complex linear Diophantine equation in two variables of type (2). 

(3 + 𝜀)𝑋 + (1 − 𝜀)𝑌 = 7 + 5𝜀; 𝜀2 =
1

𝜋
= 𝑡. 

We have: 

𝑎1 = 3, 𝑎2 = 1, 𝑏1 = 1, 𝑏2 = −1, 𝑐1 = 7, 𝑐2 = 5 

The equivalent system is: 

{
3𝑥1 + 𝑦1 = 7
𝑥2 − 𝑦2 = 0

 

𝑑1 = 𝑔𝑐𝑑(𝑎1, 𝑏1) = 1 ∖ 7, 𝑥1
∗ = 2, 𝑦1

∗ = 1, 𝑑2 = 𝑔𝑐𝑑(𝑎2, 𝑏2) = 1 

𝑎2𝑏1𝑑2 − 𝑏2𝑎1𝑑2 = (1)(1)(1) − (−1)(3)(1) = 1 + 3 = 4 
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𝑎1𝑏2𝑑1 − 𝑑1𝑏1𝑎2 = (3)(−1)(1) − (1)(1)(1) = −3 − 1 = −4 

𝑔𝑐𝑑(𝑎2𝑏1𝑑2 − 𝑏2𝑎1𝑑2, 𝑎1𝑏2𝑑1 − 𝑑1𝑏1𝑎2) = 𝑔𝑐𝑑(4, −4) = 4 

𝑑1𝑑2(𝑐2 − 𝑎2𝑥1
∗ − 𝑏2𝑦1

∗) = 1(5 − (1)(2) − (−1)(1)) = 4 

It is clear that 4 ∖ 4, so that we can find solutions for the original equation. 

Consider the equation 4𝑘1 − 4𝑘2 = 4, it is equivalent to: 

𝑘1 − 𝑘2 = 1, hence:  

{
𝑘1 = 1 + 𝑠1

−1

1
= 1 − 𝑠1

𝑘2 = 0 − 𝑠1
1

1
= −𝑠1

; 𝑠1 ∈ 𝑍 

Thus, 𝑥1 = 𝑥1
∗ + 𝑘1

𝑏1

𝑑1
= 2 + (1 − 𝑠1)

1

1
= 3 − 𝑠1, 𝑦1 = 𝑦1

∗ − 𝑘1
𝑎1

𝑑1
= 1 − (1 − 𝑠1)

3

1
= −2 + 3𝑠1, 𝑥2 = 𝑘2

𝑏2

𝑑2
=

−𝑠1 (
−1

1
) = 𝑠1, 𝑦2 = −𝑘2

𝑎2

𝑑2
= 𝑠1 (

1

1
) = 𝑠1 

Hence, 

𝑋 = 𝑥1 + 𝑥2𝜀 = (3 − 𝑠1) + 𝜀𝑠1, 𝑌 = 𝑦1 + 𝑦2𝜀 = (−2 + 3𝑠1) + 𝜀𝑠1; 𝑠1 ∈ 𝑍  

is the solution of(3 + 𝜀)𝑋 + (1 − 𝜀)𝑌 = 7 + 5𝜀. 
Solving equations of type (3). 

Let 𝐴𝑋 + 𝐵𝑌 = 𝐶 be a weak fuzzy complex linear Diophantine equation with two variables, where 𝜀2 = 𝑡 ∈

]0,1[, 𝑡 =
𝑚

𝑛
∈ 𝑄, 𝑔𝑐𝑑(𝑚, 𝑛) = 1, √𝑡 ∉ 𝑄. 

To solve the type (3) equation, we follow these steps: 

Step1. 

We write the equivalent system: 

{
𝑎1𝑥1 + 𝑏1𝑦1 + 𝑡(𝑎2𝑥2 + 𝑏2𝑦2) = 𝑐1   (1) 

𝑎1𝑥2 + 𝑎2𝑥1 + 𝑏1𝑦2 + 𝑏2𝑦1 = 𝑐2  (2)
; 𝑡 =

𝑚

𝑛
 

Multiply (1) by 𝑛, and put 𝑍1 = 𝑎1𝑥1 + 𝑏1𝑦1, 𝑍2 = 𝑎2𝑥2 + 𝑏2𝑦2, 𝑇1 = 𝑎2𝑥1 + 𝑏2𝑦2, 𝑇2 = 𝑎1𝑥2 + 𝑏1𝑦2, hence: 

{
𝑛𝑍1 +𝑚𝑍2 = 𝑛𝑐1   (𝐼) 

𝑇1 + 𝑇2 = 𝑐2  (𝐼𝐼)
 

Since  𝑔𝑐𝑑(𝑚, 𝑛) = 1 ∖ 𝑛𝑐1, then (𝐼) and (𝐼𝐼) are solvable. 

Step2. 

Find the solutions of (𝐼) as follows: 

𝑍1 = 𝑍1
∗ + 𝑘1𝑚, 𝑍2 = 𝑍2

∗ − 𝑘1𝑛; 𝑘1 ∈ 𝑍 

Find the solutions of (𝐼)𝐼 as follows: 

𝑇1 = 𝑇1
∗ + 𝑘2, 𝑡2 = 𝑇2

∗ − 𝑘2; 𝑘2 ∈ 𝑍 

Step3. 

Write the second equivalent Diophantine system: 

{
𝑎1𝑥1 + 𝑏1𝑦1 = 𝑍1    
𝑎2𝑥1 + 𝑏2𝑦1 = 𝑇1  

(𝑆1) 

And, 

{
𝑎2𝑥2 + 𝑏2𝑦2 = 𝑍2    
𝑎1𝑥2 + 𝑏1𝑦2 = 𝑇2  

(𝑆2) 

To solve system (𝑆1): 

∆= |
𝑎1 𝑏1
𝑎2 𝑏2

| = 𝑎1𝑏2 − 𝑏1𝑎2 

∆𝑥1= |
𝑍1 𝑏1
𝑇1 𝑏2

| = 𝑍1𝑏2 − 𝑏1𝑇1 = (𝑍1
∗ + 𝑘1𝑚)𝑏2 − 𝑏1(𝑇1

∗ + 𝑘2) = 𝑍1
∗𝑏2 + 𝑘1𝑏2𝑚− 𝑏1𝑇1

∗ − 𝑏1𝑘2; 𝑘1, 𝑘2 ∈ 𝑍 

∆𝑦1= |
𝑎1 𝑍1
𝑎2 𝑇1

| = 𝑎1𝑇1 − 𝑎2𝑍1 = 𝑎1(𝑇1
∗ + 𝑘2) − 𝑎2(𝑍1

∗ + 𝑘1𝑚) = 𝑎1𝑇1
∗ + 𝑎1𝑘2 − 𝑎2𝑍1

∗ − 𝑎2𝑘1𝑚;𝑘1, 𝑘2

∈ 𝑍 

To get an accepted solution, it should has the following properties ∆ ∖ ∆𝑥1 , ∆ ∖ ∆𝑦1 . 

On the other hand, 𝑥1 =
∆𝑥1

∆
=

𝑍1
∗𝑏2+𝑘1𝑏2𝑚−𝑏1𝑇1

∗−𝑏1𝑘2

𝑎1𝑏2−𝑏1𝑎2
, 𝑦1 =

∆𝑦1

∆
=

𝑎1𝑇1
∗+𝑎1𝑘2−𝑎2𝑍1

∗−𝑎2𝑘1𝑚

𝑎1𝑏2−𝑏1𝑎2
 

To solve system (𝑆2): 

∆́= |
𝑎1 𝑏1
𝑎2 𝑏2

| = 𝑏1𝑎2 − 𝑎1𝑏2 = −∆ 

∆𝑥2= |
𝑍2 𝑏2
𝑇2 𝑏1

| = 𝑍2𝑏1 − 𝑏1𝑇2 = (𝑍2
∗ − 𝑘1𝑛)𝑏1 − 𝑏2(𝑇2

∗ − 𝑘2) = 𝑍2
∗𝑏1 − 𝑘1𝑏1𝑛 − 𝑏2𝑇2

∗ + 𝑏2𝑘2; 𝑘1, 𝑘2 ∈ 𝑍 

∆𝑦2= |
𝑎2 𝑍2
𝑎1 𝑇2

| = 𝑎2𝑇2 − 𝑎1𝑍2 = 𝑎2(𝑇2
∗ − 𝑘2) − 𝑎1(𝑍2

∗ − 𝑘1𝑛) = 𝑎2𝑇2
∗ − 𝑎2𝑘2 − 𝑎1𝑍2

∗ + 𝑎1𝑘1𝑛; 𝑘1, 𝑘2 ∈ 𝑍 
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To get an accepted solution, it should has the following properties −∆ ∖ ∆𝑥2 , −∆ ∖ ∆𝑦2 . 

On the other hand, 𝑥2 =
∆𝑥2

−∆
=

𝑍2
∗𝑏1−𝑘1𝑏1𝑛−𝑏2𝑇2

∗+𝑏2𝑘2

𝑏1𝑎2−𝑎1𝑏2
, 𝑦1 =

∆𝑦2

∆
=

𝑎2𝑇2
∗−𝑎2𝑘2−𝑎1𝑍2

∗+𝑎1𝑘1𝑛

𝑏1𝑎2−𝑎1𝑏2
 

Example. 

Consider the following weak fuzzy complex linear Diophantine equation in two variables of type (3): 

(2 + 3𝜀)𝑋 + (1 − 𝜀)𝑌 = 3 + 7𝜀; 𝜀2 = 𝑡 =
1

5
∈ 𝑄, √𝑡 ∉ 𝑄. 

We have: 

𝑎1 = 2, 𝑎2 = 3, 𝑏1 = 1, 𝑏2 = −1, 𝑐1 = 3, 𝑐2 = 7,𝑚 = 1, 𝑛 = 5 

The equivalent system: 

{
5𝑍1 + 𝑍2 = 15    (𝐼) 

𝑇1 + 𝑇2 = 7    (𝐼𝐼)
 

𝑍1
∗ = 3, 𝑍2

∗ = 0, 𝑇1
∗ = 3, 𝑇2

∗ = 4 

Also,  

{

𝑍1 = 3 + 𝑘1   
𝑍2 = −5𝑘1
𝑇1 = 3 + 𝑘2   
𝑡2 = 4 − 𝑘2

; 𝑘1, 𝑘2 ∈ 𝑍 

The system (𝑆1) is: 

{
2𝑥1 + 𝑦1 = 3 + 𝑘1    
3𝑥1 − 𝑦1 = 3 + 𝑘2  

 

∆= |
2 1
3 −1

| = −5, ∆𝑥1= |
3 + 𝑘1 1
3 + 𝑘2 −1

| = −3 − 𝑘1 − 3 − 𝑘2 = −6 − 𝑘1 − 𝑘2 

∆𝑦1= |
2 3 + 𝑘1
3 3 + 𝑘2

| = 6 + 2𝑘2 − 9 − 3𝑘1 = −3 − 3𝑘1 + 2𝑘2; 𝑘1, 𝑘2 ∈ 𝑍 

The accepted values of 𝑘1, 𝑘2 are exactly the values that have the property: 

−6 − 𝑘1 − 𝑘2 ≡ 0(𝑚𝑜𝑑 5), −3 − 3𝑘1 + 2𝑘2 ≡ 0(𝑚𝑜𝑑 5), 
So that: −𝑘1 − 𝑘2 ≡ 1(𝑚𝑜𝑑 5), −3𝑘1 + 2𝑘2 ≡ 3(𝑚𝑜𝑑 5) 

𝑥1 =
−6 − 𝑘1 − 𝑘2

−5
=
6 + 𝑘1 + 𝑘2

5
 

𝑦1 =
−3 − 3𝑘1 + 2𝑘2

−5
=
3 + 3𝑘1 − 2𝑘2

5
 

The system (𝑆2) is: 

{
3𝑥2 − 𝑦2 = −5𝑘1    
2𝑥2 + 𝑦2 = 4 − 𝑘2  

 

∆́= |
3 −1
2 1

| = 5, ∆𝑥2= |
−5𝑘1 −1
4 − 𝑘2 1

| = −5𝑘1 + 4 − 𝑘2 

∆𝑦2= |
3 −5𝑘1
2 4 − 𝑘2

| = 12 − 3𝑘2 + 10𝑘1; 𝑘1, 𝑘2 ∈ 𝑍 

𝑥2 =
−5𝑘1 + 4 − 𝑘2

5
 

𝑦2 =
12 − 3𝑘2 + 10𝑘1

5
 

Under the conditions:  
−5𝑘1 + 4 − 𝑘2 ≡ 0(𝑚𝑜𝑑 5), 12 − 3𝑘2 + 10𝑘1 ≡ 0(𝑚𝑜𝑑 5), 
So that: 𝑘2 ≡ 4(𝑚𝑜𝑑 5) 
For example, if we take 𝑘1 = 5, 𝑘2 = 4, then: 

2𝑘1 − 3𝑘2 = −7 ≡ 3(𝑚𝑜𝑑 5), −𝑘1 − 𝑘2 = −9 ≡ 1(𝑚𝑜𝑑 5), 𝑘2 ≡ 4(𝑚𝑜𝑑 5) 

{
𝑥1 =

6 + 9

5
= 3, 𝑦1 =

3 − 8 + 15

5
= 2    

𝑥2 =
−25 + 4 − 4

5
= −5, 𝑦2 =

12 − 12 + 50

5
= 10

 

Thus 𝑋 = 3 − 5𝜀, 𝑌 = 2 + 10𝜀 is a solution of the original equation. 

4. Conclusion 

In this paper, we have studied the linear Diophantine equation in two weak fuzzy complex integer variables, where 

we have presented algorithms for generating possible solutions by transforming it into a classical equivalent 

Diophantine system. Also, we illustrated many related examples to clarify how algorithms work in each possible 

case. 
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