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Abstract

The main goal of this work is to define for the first time the concept of the metric space of weak fuzzy complex
numbers, where we present a suitable metric defined over the ring of weak fuzzy complex numbers, and we study the
open balls, closed balls, and torus generated from its structure. On the other hand, we study the symbolic 2-plithogenic
and 3-plithogenic/4-plithogenic metric space and its ability to be generated from classical metrics, with many
interesting properties related to its analytical structure. Also, many examples will be illustrated to clarify and explain
the novelty of this work.
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1. Introduction and preliminaries

The weak fuzzy complex numbers are considered as two-dimensional generalizations of the real numbers and like
that by which the complex numbers are constructed or split-complex numbers. Weak fuzzy numbers were first
defined in [1], and many of their algebraic properties were studied. Then a weak fuzzy complex vector space was
constructed over these numbers [2] and connected these new numbers to the plithogenic numbers [5-9].

In [5], the researchers studied some Diophantine equations associated with weak fuzzy complex numbers, where
they found an efficient algorithm for calculating the triples and quadruples of the weak fuzzy complex Pythagorean
[10].

On the other hand, these humbers were used in Computer Science and were programmed by the MATLAB
environment [4], with an interesting application in representing some real vectorial equations [11].

As a generalization of fuzzy and neutrosophic sets, plithogenic sets have been widely used in the study of numerous
mathematical and algebraic structures. Where in [12,16-17] we see concepts such as plithogenic vector spaces and
plithogenic modules, and in [13-15] we see algebraic mappings defined in order to connect plithogenic rings with
their neutrosophic analogs with wide applications in the classification of groups of units.

All this prompted us to study the metric fuzzy aspect associated with this numerical ring, where we used the set of
weak fuzzy complex numbers to define a metric on it and then to construct a metric space whose elements are the
weak fuzzy complex numbers. This new concept has led us to study many metric properties of these spaces, such as
open balls, closed balls, and even their complements relative to the defined metric.

And also we studied the plithogenic metric spaces and compared them with weak fuzzy ones.

Definition ([1]). The set of Weak Fuzzy Complex numbers was defined as follows, where ‘J’ is the Weak Fuzzy
Complex operator (J € R ):

F]= {xo-l-xl];xo,xleR,]2=tE]0,1[}
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Properties of the Weak Fuzzy Complex numbers: ([1])

LetX =xo+x/,Y =y, +y,JE F;, where x,,x1,¥0,¥1 €ER

Addition is defined as follows: +Y = (x, + yo) + (x4 + y1)J .

Multiplication is defined as follows: .Y = (xyy, + x,y1t) + (Xoy1 + x1Y0)] -

2. Main discussion
Definition:
Let F; = {a +bj:a,b € R,J? = t €]0,1[ } be the ring of weak fuzzy complex numbers, we define:
d:F; X F; - [0, oo[ such that:
d(a+bj,c+d)=+(c—a)?+t(b—d)?
we call (d) a weak fuzzy complex metric, and (Fj, d) is called a weak fuzzy complex metric space.
Theorem:
Let (Fj, d) be the weak fuzzy complex metric space defined previously, then for X =a+b,Y =c+d;,,Z=m+
n; € F;, we have.
1d,x)=0, d(x,y)=0
2l d(x,y) = d(y,x)
3ld(x,y)+d(y,z) =d(x,2)
Proof:
1] d(x,x) =/(a—a)*> + t(b — b)2 = 0.
2] Also, d(x,y) = 0.
3ld(x,y) +d(,2) =/ (c—a)? +t(b—d)? +/(m—c)2+ (n—d)%t = /(m — a)? + t(n — b)? = d(x, 2).
Remark:
If d(x,y) = 0, then:
{C —a andx =y.
b=d
Example:
For J? =t=§,consider:x=3—4],y=2+],z=5+2]
We have:

d(x,y) = J(3 ~2)2 4 (-5)2.i= \[1 B0

d(x,z) = \[(—2)2 +§. (—6)2=V4+4=+8

d(y,2) = [9+1.(1) =\[892=§

itis clear that d(x,y) + d(y,z) = d(x,z)

Definition:

The weak fuzzy complex open ball with radius r > 0: and x = a + b; as a center is:
Wo={y=c+d; €F; d(yx)<r}.

The weak fuzzy complex closed ball with radius > 0 and x = a + b, as a center is:
W,={y=c+d;€F; d(y,x)<r}

The weak fuzzy complex torus of center X = a + b;and Wy = {y = c+ d; € F;; d(y,x) =1}
Theorem:

Consider the weak fuzzy complex metric space (Fj, d), then:

—\2 —h)2
11 W, = (a + by, r) is equivalent to the points that located inside the cartesian ellipse (xr—f) + % =1

t
(x-a)*
2

2] Wy = (a + by, 1) is equivalent to the points of the ellipse —— +

r

(J’;g)z -1
t

3]VVC = (a+b],7”) = VVO = (a+b],T)UWT = (a+b],7”)
Proof:
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Assume that M = x + y] € W, = (a + b;, 1), then:
d*(M,a + b)) = (x —a)? + t(y — b)? < r?, hence =~ (x a) FRCaD b) < 1, thus W, = (a + b;, ) represents the points

t

(x a) (-b)? -1

+
T

N2
2] 1f M = x + y] € Wy, then d2(M,a + b)) = r?, thus ==~ (x a) + % = 1, and the proof holds.

inside ——

t
3llety € Wy U W, thend(y,a+ b)) =rord(y,a+ b]) <7, hencey e W,.
Conversely, if y € W,, then d(y,a + b;) < r, so that y € W, U W;, which implies that W, U W, = W..
Example:
Forj2=t= % let's consider A = 4 + 6], v = 2, then
_ a2 _£\2
Wo(4,2) = {(x,y) € R% E2 4 = = 1,
_ a2 _ /2
Wi(4,2) = {(x,y) e R, X+ 20 = 3
Theorem:
Let W;(a + b;, ) be a weak fuzzy complex tours, then it can be represented by the following parameters:
{x =r.cosf+a
r .
y =7 sin 6+b
Proof:

_ N2
We(a + by, 7) = {(x,y) € R?; “r—§)+@_ 1}, put

t

xX—a
- =cost x=rcosf+a
YD _ sine , then {y— sin@ +b
NG
Example:
Let's find the parametric representation of the following weak fuzzy complex torus Wy (3 + 2J,4),J> =t = %
Wr(B+2/,4) ={(x,y) ER% x=4cos0+3,y=4V2sin 6 + 2,0 € R?}
Theorem:
Let Wy(a + by, 11), Wy(a + by, 1) be two weak fuzzy complex open balls. Wr(a + by, 11), Wr(a + by, 13), W.(a +
b;,11), W(a + b, 1) be the corresponding weak fuzzy complex toruses and closed balls, hence
Wo(a + by, 13) < Wo(a + by, 1)

If ;, > ry, then Wy(a+ b, 1) <W,(a+by,1)

Wr(a+b;,r) N Wr(a+by,1) =0
Proof:
Letc +d; € Wo(a + by, 1), thend(a + by, c +d;) <1, <y, hencec+d; € Wo(a + by, 1), and Wy(a + by, 1) <
Wo(a + by, 1p).
Also if ¢ + d; € W (a + b, 1), then:
d(a+bj,c+d) <r,<r,thusc+d; € W.(a+ bj,r),and W,(a + b}, 15) < W.(a+ b, 1)
on the other hand, if c +d; € Wr(a + b;,11) N Wr(a + by, 13), then: d(a+ b;,c+d;) =7 =1, which is a
contradiction.
Let (F;,d) be a weak fuzzy complex metric space with J* = t €]0,1[, then if m + n; € Wr(a + b, 11) N Wr(c +

d],rl).
n=n

We gt {(. _ o) am—a— o)+ t(d — b)@n — b —d) = 0

Proof:

Assume thatr;, 7, € R?, a + by,c + d; € Fj,and Wr(a + b, ) N Wr(c + d;, my) # @, then there exists m +n; € F,
such that:

d(a+b,m+mn)) =r =d(c+d;,m+n;),so that:

(a—=m)? +t(b—n)? = (c —m)? + t(d — n)?, hence

(a=c)2m—-a—-c)+t(d—-b)2n—b—-d)=0.

Remark:
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If r;, # ry, then:
(a—m)?+t(b—n)? =n?
{(c —-m)?+t(d —n)? =12
Thus: (a—c)2m—a—-c)+t(d—b)2n—b—d) = (1, — 1)1, +12).
Definition:
Let (F), d) be the weak fuzzy complex metric space, we defined
W,'(@a+by,r) ={c+d; €F; dla+bj,c+dj) =>r}
W.'(@a+by,r) ={c+d; € F; d(a+bjc+d)) >r}.
Theorem:
Let (F;, d) be a weak fuzzy complex metric space, then:
W, nW,'(@a+by,r) =9
QW nW/ (@+by,r)=0
3] If W,(a+bj,1) < W,(a+ by,1), then:
W,'(a+ by, ) < W, (a+ by, ).
41 If W.(a+ by, 1) < W.(a+ by,13), then:
W.'(@a+ by, 1) < W,/ (@+by,n).
Proof:
1] Assume that ¢ + d; € W, n W,’, then:
d@@+bj,c+d) <n
{d(a +b,c+d)=n
Which is a contradiction:
2] Assume that ¢ + d; € W, n W/, then:
d@@a+bj,c+d)=n
{d(a + b], c+ d]) >n
Which is another contradiction:
3] If W, (ry) < W, (1), then r; < 1y, thus for any ¢ + d; € W,,'(a + by, ), we get:
d(a+bjc+d)=r,2r,thusc +dy € W,'(a+ b, 7).
4] It can be proved by a similar argument.
Example:
Consider J> =t = % 2+ 3/ € F}, hence:
W, (243/,2) ={c+d; €F;d2+3],c+d)) =2} ={(c,d) € R% (c —2)* +%(d -3)2>4}
W/'(2+3J,2) ={c+d; € F;d(2+3],c+d;) > 2} ={(c,d) € R} (c — 2)? +§(d -3)2>4}
Remark:
Inany (Fj, d), we have the following results:
11W,'(a+ by, r) N W, (a + by, r) = W./(a + by, 1)
2] Wy(a+by,r) UW,'(a+ by, r) = F}.
3] We(a+by,r) UW, (a+by,r) =F.

3. Symbolic 2-plithogenic Metric spaces

Definition:

Let X(P;, P,) be a nonempty symbolic 2-plithogenic set, let

d: X X X - 2 — SPg such that:

11d(A,B) > 0,d(A,B)=0=>A=B

2]d(A,B) =d(B,4)

3]1d(A,C) +d(C,B) =d(A,B); A,B,C € X(P, P,).

Then d is called symbolic 2-plithogenic, and X (P;, P,) is called symbolic 2-plithogenic metric space.
Example:

Consider 2 — SPr = {xq + x; P; + x,P,; x; € R}, then:

Define: d: 2 — SPR X 2 — SPr — 2 — SPg such that:

d(xo + x1Py + %3Py, yo + y1 Py + Y2 P2) = [x0 — Yol + Py[lxo + %1 — Yo — ¥1l — |xo — yol] + Py[lxo + x4 + x; —
Yo — Y1 — Y2l — Ix0 + %1 — yo = 11l]
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(2 — SPg,d) is a symbolic 2-plithogenic metric space.
The following theorem explains how classical metrics can generate a symbolic 2-plithogenic metric.
Theorem:
Let T be a nonempty set with three metrics d,,d,,d5: T X T — R, then there exists a symbolic 2-plithogenic metric
as follows:
d:T(Py, P,) X T(Py, P,) = 2 — SPg Such that:
d(x,y) = dqy(x0,¥0) + P1[dy (X0 + x1, Y0 + ¥1) — d1 (X0, Yo)]
;'P1[fd3(xo + 21+ x2,Y0 + V1 +¥2) —da(Xo + X1, Y0 + Y1) X = %0 +x1Py +x,P, Y = yo + 1Py + 32 Py
roof:
First of all, itis clear that d(x,y) = d(y, x).
d(x,y) = 0, that is because:
dy(%9,¥0) =0
da(xo +x1,¥0 +¥1) 20
ds(xo+x1+x3,¥0+y1 +y2) 20
Also, d(x,y) = 0 implies that:
dy(x0,¥0) = 0= x = yp
dy(Xo+x, Y0+ Y1) =0=2x =y,
dz(Xo+x1+x3, Y0 +y1 +y2) =0=2x, =y,
Hence X =Y
On the other hand, we have: for x,y,z € T; Z = zy + z, P, + z,P,
d(x,z) +d(z,y) = dy(x0,¥0) + Pi[dz(x0 + X1, Y0 + ¥1) — d1(x0, ¥0)] + P2[d3(xo + X1 + X3, Y0 + Y1 + ¥2)
— da(xo + x1, Y0 + ¥1)]
Remark:
We call (d) a symbolic 2-plithogenic metric generated by d,, d,, d5.
Definition:
Let r =1y + P, + P, > 0 be a symbolic 2-plithogenic positive real number i.e. ry >0, 1o +1, >0, 15+ 1, +
>0
Letd: T(P;, P,) X T(P;, P,) = 2 — SPg be asymbolic 2-plithogenic metric generated by d,, d,,d;: T X T = R, then:
11 B(A,r) ={by + b, P, + b,P, € T(P,, P,); d(by + by P, + b,P,,A) < r} is called a symbolic 2-plithogenic open
ball, where A = ay + a, P, + a,P, € T(Py, P).
21 B(A, 1) = {by + b, P, + b,P, € T(Py, P,); d(b, + b, P, + b,P,,A) < r}is called a symbolic 2-plithogenic closed
ball, where A = ay + a, P, + a,P, € T(P;, P,).
3] Bs(A,r) ={by+ b,P; + b,P, € T(P,P,); d(by + b, P, + b,P,,A) =1} is called a symbolic 2-plithogenic
spherical surface.
Definition:
Let r =1y + 1P, + 1,Py, s =50 + 5P, +5,P, >0 with r,s € 22— SPg, then for B;(4,7),B,(4,s), A=ay, +
a,P, + a,P, € T(P,, P,), we define
1] min (By,B;) = {X = xy + x,P; + x,P, € T(P,, P,)} such that:
d(X,A) < min(ry, o) + Pi[min(ry + 11, 5o + 51) — min (ry,So)] + Po[min(ryg + 1, + 13,50 + 51 + 55) — min (1
+ 11,80 + s}
2] min (B, B,) = {X = xo + x,P, + x,P, € T(P;, P,)} such that:
d(X,A) < min(ry, o) + Pi[min(ry + 11, Sg + 51) — min (ry, So)] + Py[min(ry + 1, + 15,50 + 51 + 55) — min (1
+ 11,80 + s}
3] max (B, B,) = {X = x¢ + x, P, + x,P, € T(Py, P,)} such that:
d(X,A) < max(ry,Sy) + Pi[max(ry + 11,50 + 51) — max (ry,Sg)] + Py[max(ry + 1, + 15,50 + 51 + 53)
—max (ry + 1,50 +51)]}
41 max (B,,B,) = {X = xo + x, P, + x,P, € T(Py, P,)} such that:
d(X,A) < max(ry,sy) + Pi[max(ry + 11,50 + 51) — max (ry,S9)] + Po[max(ry + 1, + 15,50 + 51 + 55)
—max (ry + 11,50 + 51)]}
5] ~B; = {X = xo + x,P; + x,P, € T(P;, P,)}such that: d(X,A) = ry + P, + r,P,}
6] ~B, = {X = xo + x, P, + x,P, € T(P,, P,)} such that: d(X,A) > ry + 1, P, + r,P,}
Theorem:
The following properties are true:
11BN (~By) =B N(~B)) =90
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2] min(B,,B;) < B; N B, < max (B, B;)

3] min(B,, B,) < B, N B, < max (B, B,).

Symbolic 3-plithogenic Metric spaces

Definition:

Let X(P;, P,, P;) be a non empty symbolic 3-plithogenic set, let

d:X x X - 3 — SPg such that:

11d(A,B) 2 0,d(A,B)=0=>A=B

2]1d(A,B) =d(B,A)

3]1d(4,C) +d(C,B) = d(A,B); A B,C € X(P,, P, Ps).

Then d is called symbolic 3-plithogenic, and X (P;, P,, P3) is called symbolic 3-plithogenic metric space.
Example:

Consider 3 —SPr = {xo + x,P; + x,P, + x3P5; x; € R}, then:

Define: d:3 — SPg X 3 — SPgr = 3 — SPg such that:

d(xo + x1Py + 2P, + X3P, Y0 + y1P1 + Yo Py + ¥3P3) = |xo — Yol + Pi[lxo + %1 — Yo — ¥1l — [%0 — ¥ol] +
Pyflxo + 21 + 23 = yo = y1 = Y2l = IX0 + %1 — Yo = W1l + Pallxo + 1 + %2 + X3 —yo —y1 = ¥2 — ¥l — |xo +
X1+ X2 = Yo — Y1 — Y2l]

(3 — SPg, d) is a symbolic 3-plithogenic metric space.

The following theorem explains how classical metrics can generate a symbolic 3-plithogenic metric.

Theorem:

Let T be a nonempty set with four metrics d,, d,,ds,d,: T X T — R, then there exists a symbolic 3-plithogenic metric
as follows:

d:T(P,, P,) X T(P;, P,) » 3 — SPg Such that:

d(x,y) = dy(x0, o) + Pi[d2 (X0 + x1,¥0 + y1) — d1 (X0, ¥0)]

+P,[d3(xo + %1 + %2, Y0 + y1 +¥2) — da(Xo + X1, Y0 + ¥1)] + Pa[da(xo + X3 + 22 + X3,¥0 + ¥4 +y2 +¥3) —
d3(xo + X1 + X2,¥0 + y1 + ¥2)].

Proof:

First of all, it is clear that d(x, y) = d(y, x).

d(x,y) = 0, that is because:

dy(xo + x1,Y0 +¥1) =0
dz(xo +x1 + %3, Y0 +y1 +y,) =0
L‘14(950 +x;+x,+%3,Y0+ Y1 +Y, +¥3) =0

{ di(x0,y0) = 0

Also, d(x,y) = 0 implies that:
di(x0,¥0) = 0= x5 =y
{ dy(xg +x1, Y0+ 1) =0=2x =y,
ds(xg+ %1 +x3,¥0 +¥1 +y2) =0=>x, =y,
kd4(x0 +xy +x,+ %3,V + Y1+ Y, +y3) =0, implies x; = y;
Hence X =Y
On the other hand, we have: for X,Y,Z € T;
d(x,z) +d(z,y) = d(x,y).
Remark:
We call (d) a symbolic 3-plithogenic metric generated by d,, d,, d5,d,.
Definition:
Letr =1y + 1 P, + 1, P, + r3P; > 0 be a symbolic 3-plithogenic positive real number i.e. 1, > 0,15+ 1, > 0,1, +
n+trn>0r+rn+nrn+r>0
Let d:T(P;, P,, P;) X T(Py, P,, P;) » 3 — SPg be a symbolic 3-plithogenic metric generated by d,, d,, ds, d,: T X
T - R, then:
11B(A,r) = {by + b P, + b,P, + b3P; € T(Py, P, P3); d(by + by P; + b,P, + b3P;, A) < r}iscalled asymbolic 3-
plithogenic open ball, where A = ay + a;P; + a,P, + a3 P; € T(Py, Py, P3).
21B(A,1) = {by + by P, + byP, + bsP; € T(Py, P,, P5); d(by + b, Py + b, P, + b3P5, A) < r}iscalled a symbolic 3-
plithogenic closed ball, where A = ay + a,P; + a,P, + azP; € T(Py, P,, P3).
3] Bs(A,r) = {by + b P, + b,P, + bsP; € T(P;, P,, P3); d(by + b, P; + b,P, + b;P;, A) = r} is called a symbolic
3-plithogenic spherical surface.
Definition:
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Letr =1y + P, + 1P, + 13P;,5 = Sg + 5;P; + 5,P, + 55P; > 0 withr,s € 3 — SPg, thenfor B,(4,1), B,(4, s),

A=ay+a,P, +a,P, +asP; € T(Py, P,, P3), we define

1] min (By,By) = {X = xo + x,P; + x,P, + x3P; € T(Py, P,, P5)} such that:

d(X,A) < min(ry, Sg) + Py[min(ry + 11, So + 51) — min (1y,So)] + Po[min(ry + ry + 15,50 + 51 + 5,) — min (r,
+ 1,80+ 5]+ Ps[min(rg+1r, +1, 413,50+ 51+, +53) —min(rg+1; + 15,5+ 5

+52)1} }

2] min (EIIEZ) = {X = Xy + X1P1 + .szz + x3P3 € T(Pl, P2, P3)} SUCh that.
d(X,A) < min(ry, So) + Pi[min(ry + 11, Sg + 51) — min (ry, So)] + Po[min(ry + 1, + 15,50 + 51 + 55) — min (1
+ 11,80+ 5]+ Ps[min(ry + 1, + 15 + 13,50+ 5, + 5, +53) —min(ry + 1, + 15,5 + 5,

+52)1}

}
3] max (B, By) = {X = xo + x, P, + x,P, + x3P; € T(P;, P,, P3)} such that:
d(X,A) < max(ry, So) + Pi[max(ry + 11,50 + 51) — max (ry,Sg)] + Py[max(rg + 1, + 15,50 + 51 +53)
—max (ry + 11,50 +51)] + Ps[max(ry + 1y + 1, + 13,50+ 51 + 5, +53) —max(ry +n;
+ 715,50+ 51 +52)]}
4]l max (B1,B,) = {X = xo + %, P; + x,P, + x3P; € T(P,, P,, P;)} such that:
d(X,A) < max(ry, So) + Pi[max(ry + 11,50 + 51) —max (ry,Sg)] + Py[max(ry + 1, + 15,50 + 51 + 53)
—max (ry + 11,59 + 51)] + Ps[max(ry + 1y + 1, + 13,50 + 51 + 5, + 53) —max(ry + 1,
+ 719,80+ 51 +52)]}
51 ~By = {X = x¢ + x,P; + x,P, + x3P; € T(P,,P,,P;)} such that: d(X,A) = ry + P, + P, + r3P5}
6] ~B; = {X = xo + X, P, + x,P, + x3P; € T(P,, P,, Py)} such that: d(X,A) > ry + 11 P, + 1, P, + 13P;}
Theorem:
The following properties are true:
11B,n(~By)=B,Nn(~B) =0
2] min(B,,B,) < B; N B, < max (B, B,)
3] min(B,, B,) < B, N B, < max (By,B,).
Symbolic 4-plithogenic Metric spaces
Definition:
Let X(P,, P,, P, P,) be a nonempty symbolic 3-plithogenic set, let
d: X X X - 4 — SPg such that:
11d(A,B) =2 0,d(A,B)=0=>A=B
2]1d(A,B) = d(B,A)
31d(A,C)+d(C,B)=d(A,B); A,B,C € X(P;,P,,P3,P,).
Then d is called symbolic 4-plithogenic, and X (P, P,, P, P,) is called symbolic 4-plithogenic metric space.
Example:
Consider 4 — SPg = {xq + x;P; + x,P, + x3P; + x,P5; x; € R}, then:
Define: d: 4 — SPg X 4 — SPgr — 4 — SPg such that:
d(xg + 2, Py + 2P, + X3P,y + ¥1 Py + Y2 P + y3P3) = |xg — Yol + Pi[lxo + 21 — yo — y1] — %o — ¥ol] +
Pyflxg + %1 + x5, = yo —y1 = Y2l — |xg + 21 = yo = ¥1l] + Pallxo + 21 +x2 + x5 =y —y1 —¥2 —y3l — |xo +
X1+ —Yo—Y1 =Yl + Psllxg + s +xp + x5+ x4 —yo =V — Y2 — Y3 = Val = Ixg + %1 + 25 + 33—y —
y1— Y2 — ¥sl]
(4 — SPg, d) is a symbolic 4-plithogenic metric space.
The following theorem explains how classical metrics can generate a symbolic 4-plithogenic metric.
Theorem:
Let T be a nonempty set with five metrics d,, d,, d5,d,, ds: T X T — R, then there exists a symbolic 4-plithogenic
metric as follows:
d:T(P,, P,, P3,P,) X T(P,, P, P, P,) = 4 — SPg Such that:
d(x,y) = dy(x0, ¥o) + P1[d2 (X + x1,¥0 + ¥1) — d1 (X0, ¥0)]
+P[d3 (X0 + %1 + x5, Yo + Y1 +¥2) —da(Xo + X1, Y0 + y1)] + P3da(xo + 21 + X2 +x3,Y0 +¥1 + Y2 +¥3) —
d3(Xo + X1 + X2, Y0 + y1 + ¥2)] + Palds(Xo + 1 + x5 + X3+ X4, Y0 + Y1+ Y2 + V3 +Ya) —da(xo + 21 + 22 +
x3,Y0 +¥1 +¥2 +¥3)].

Proof:
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It can be proved by a similar discussion of the 3-plithogenic case.

Remark:

We call (d) a symbolic 4-plithogenic metric generated by d,, d,, d5,d,., ds

Definition:

Letr =1y + P, + r,P, + r3P; + 1,P, > 0 be a symbolic 3-plithogenic positive real number i.e. ry >0,y + 1, >

0,19+ +1n >0+ +1r+1>0, g+ +n+r+71>0

Letd:T(P,, P,, P;,P,) X T(Py, Py, P3, P,) - 4 — SPR be a symbolic 4-plithogenic metric generated by

dy,d, ds,d,.,ds:T X T - R, then:

1] B(A,1) = {by + by P, + b,P, + bsP; + b, P, € T(P, P,, Ps, P,); d(by + byP; + b,P, + bsPs + b,Py, A) < 1} is

called a symbolic 3-plithogenic open ball, where A = a, + a, P, + a,P, + azP; + a,P, € T(P,,P,, P5, P,).

2] B(A,r) = {by + b1 P, + b,P, + b3P; + b P, € T(P,,P,,Ps,P,); d(by + by P; + b,P, + bsP; + b,P,, A) < 1} is

called a symbolic 3-plithogenic closed ball, where A = a4 + a,P; + a,P, + a3 P; + a,P, € T(P,, P,, P35, P,).

3] Bs(A, 1) = {by + by P, + b,P, + b3P; + byP, € T(Py, P,, P53, P,); d(by + b Py + b,P, + b3P; + b, Py, A) =1} is

called a symbolic 4-plithogenic spherical surface.

Definition:

Letr =1y + 1P, + 1P, + 13P;,5 =5y + 5;P; +5,P, +53P; >0 withr,s € 4 — SPy, then for B;(4,7), B,(4,s),

A=ay+a,P, +a,P, +asP; + a,P, € T(P;, Py, P35, P,), We define

1l min (By,By) = {X = xq + x,P; + x,P, + x3P; + x,P, € T(P;, P,, P;, P,)} such that:

d(X,A) < min(ry, So) + Pi[min(ry + 1y, So + 51) — min (ry, So)] + Py [min(ry + 1y + 15,50 + 51 + 55) — min (1,
+ 1,850+ S)] +Ps[min(ryg+ 1 +1, +13,5+5; +5,+53) —min(ryg+r, +15,5+ 5,
+s)] +Pmin(ro+r+rp+1r3+1,50+S5;+S5,+53+5,) —min(rg+r+r, 413,50+ 5
+5; +53)]} }

21 min (B1,B,) = {X = xo + x, P, + x,P, + x3P5 + x,P, € T(P;, P,, P3, P,)} such that:

d(X,A) < min(ry, So) + Pi[min(ry + 11, Sg + 51) — min (ry, So)] + Py[min(ry + 1, + 15,50 + 51 + 55) — min (1
+ 1,80+ 5]+ Ps[min(ryg + 1, + 15 + 13,50+ 5, + 5, +53) —min(ryg + 1, + 13,5 + 5,
+ 5) P min(rg +1y + 1y + 13+ 714,50+ + Sy +53+5,) —min(ryg+ry + 1, + 13,5+ 5,
+ 55 + 53)1} }

3]l max (By, By) = {X = xy + x,P; + x,P, + x3P; + x,P, € T(Py, P,, P, P,))} such that:
d(X,A) < max(ry,sy) + Pi[max(ry + 1y, S0 + 51) — max (1, 59)] + Po[max(ry + 11 + 15,50 + 51 + 55)
—max (ry + 11,89 + 1) + Ps[max(ryg + 1, + 15, + 713,50+ 51 + 5, +53) —max(ry + 1y
+ 715,50+ 8y +5)|+Py max(rg+ 1y +1, + 13+ 714,50+ 5, +S; +53+8,) —max(rg+r+1;,
+ 713,50 + 51 + 5, + 53)]}
41 max (By,B,) = {X = xo + X, P, + x,P, + x3P; + x4 P, € T(Py, P,, P5, P,))} such that:
d(X,4) < max(ry,sy) + Pi[max(ry + 11,50 + 51) — max (ry,Sg)] + Po[max(ry + 1y + 13,50 + 51 + 55)
—max (ry + 1,8y + s1)] + Ps[max(ryg + 1, + 15, + 13,50 + 51 + 5, + 53) —max(ry + 1y
+ 15,50 + S +s)|+HP[max(rg+1r + 1y 134+ 714,50+ S+ S, 53+ 8,) —max(rg+r+ 1y
+ 13,50 + 51 + 55, +53)]}
5] ~B; ={X =x0+x,P; +x,P, + x3P; + x,P, € T(P;,P,,P;,P,))} such that: d(X,A) =1, +nrP, +nr,P,+
3Py + 1P}
6] ~B; ={X = xo + X, P, + x,P, + x3P; + x4P, € T(P,,P,,P5,P,))} such that: d(X,A) >ry+nP, +1,P, +
r3P3 +1,Py}
Theorem:
The following properties are true:
1IByn(~By) =B, N(~By) =0
2] min(By, B,) < B; N B, < max (B4, B,)
3] min(B;, B,) < B; N B, < max (By, B,).

5. Conclusion:

In this paper, we have defined the concept of the metric space of weak fuzzy complex numbers, where we provided a
metric over the ring of weak fuzzy complex numbers, with some related concepts such as open balls and closed balls.
On the other hand, we studied the symbolic 2-plithogenic metric space and its ability to be generated from classical
metrics, with many interesting properties which are related to its analytical structure.
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In the future, we aim to generalize our results to multi-dimensional weak fuzzy complex rings.

6. Future Applications:

We expect soon that this study we have carried out will be very useful in finding an expanded view on new types of
metric spaces and their applications, and for this purpose we propose the following ideas that may enrich research in
this field in the future:

[1] Define the concept of symbolic 4-plithogenic, m-plithogenic metric spaces, and try to study the different types of
open and closed balls in these spaces.

[2] Try to define the Cauchy sequences in the weak fuzzy complex metric space, and some of the related concepts
such as convergence and divergence sequences of weak fuzzy complex numbers.

[3] How can we define symbolic m-plithogenic Banach and Hillbert spaces, what are their properties?

[4] How can we define weak fuzzy complex Banach and Hillbert spaces, what are their elementary properties?.

[5] Try to build a fixed-point theorems and properties in m-plithogenic, and weak fuzzy complex spaces.
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