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Abstract

Based on Zadeh’s notion of interval-valued fuzzy set, we develop in this work the notion of interval-valued
neutrosophic I N K-ideals (briefly, [V N IN K-ideals) in I N K -algebra and evaluate some of its properties.
We show that all N I N K -ideals of I N K -algebra A can be realized as IV level I N K-ideals of 1N K -algebra
A. We then deduce numerous related results, which are summarized in the abstract.
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1 Introduction

BC K -algebra and BCI-algebra are two classes of abstract algebras introduced by Imai and Iséki in 1966.
The BC K -algebra class is recognized as a legitimate subclass of the BCT-algebra class>® A concept known
as d-algebra was presented by Neggers et al.” It is a generalization of BC'H/BCI/BC K -algebras and gen-
eralizes several of the theorems covered in BCI-algebra. Zadeh” established the idea of a fuzzy set. Fuzzy
ideals and fuzzy subalgebras have since been used for various algebraic structures, including semigroups,
groups, rings, BC'I/BC H-algebras, and so on. An interval-valued fuzzy set, or a fuzzy set with an interval-
valued membership function, is Zadeh’s expansion of the fuzzy set idea in? The IV fuzzy set is the name
given to this interval-valued fuzzy set. Zadeh also developed an approximation inference technique based on
his IV fuzzy sets. Ideals and interval-valued fuzzy I N K -subalgebras were defined by Kaviyarasu et al# In
this paper, we establish the notion of interval-valued neutrosophic I N K-ideals in I N K-algebra (briefly, : — v
N IN K-ideals in I N K-algebra) and analyze some of their features using the notion of interval-valued fuzzy
set by Zadeh. We establish the possibility of realizing any neutrosophic I N K -ideals of neutrosophic I N K-
algebra X as I'V level neutrosophic ideals of a /N K-algebra X. Subsequently, we derive various results
related to this that are presented in the abstract.

2 Preliminaries

Definition 2.1. # An algebra (U, ,0) is a non-null set U with a constant ‘0’ and a single binary operation ‘*’
is called I N K -algebras if it satisfying the following conditions.
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() axa=0
(i) ax0=afora el

(iii) 0% a = a

(iv) (Bxa)*(Bx7) = (axy)forala,B,yeU.

Definition 2.2. ¥ Let U be a I N K-algebra and 7' C U. Then T is said to a I N K -subalgebra (briefly, I N K -
subalg) of U, ifax 3 € T, forall a, g € U.

Definition 2.3. ¥/ A mapping f : U — V of I N K-algebras is called a I N K -homomorphism if f(a * 3) =
fla)x f(B) forall o, B € U.

Now, we go over a few fuzzy logic concepts (see”).

Let U be a set. A fuzzy set 7y in U is characterized by a membership function p, : U — [0,1]. Let f
be a mapping from the set U to the set V' and let 72 be a fuzzy set in V' with membership function y,,. The
inverse image of 75, denoted f~!(72), is the fuzzy set in U with membership function y f~1(rp) defined by
pf=1(ry) (@) = pr, (f()) forall a € U. Conversely, let 71 be a fuzzy set in U with membership function i, .
Then the image of 71, denoted by f(71), is the fuzzy set in V such that:

sup piry (v) if f7H(B) ={a: fla) =B} #0
pp(ry(B) = 4 A€/7HB)
0, otherwise

A fuzzy set 7y in the N K -algebra U with the membership function p., is said to be have the sup property if
for any subset T' C U there exists ag € 1" such that p1r, (o) = sup i, (2).
teT

Definition 2.4. % A fuzzy subset y in a I N K-algebra U is called a fuzzy I N K -subalgebra (briefly, FIN K-
subalg) of U if u(a * 8) > min{u(a), u(B)}, forall o, 5 € U.

Definition 2.5. ® A fuzzy subset x in a I N K-algebra U is called a anti fuzzy subalgebra® (briefly, AFIN K -
subalg) of U if pu(a * 8) < max{u(a), u(B)}, forall o, 5 € U.

Definition 2.6. ® Let x be a fuzzy set of a set U. For a fixed ¢ € [0, 1], the set y; = {o € U/p(a)} is called
an upper level of .

Definition 2.7. ¥ Let U be a fuzzy subset of S. Then for ¢ € [0, 1], the t-level cut of U is the set U; := {z €
S|U(x) > t}.

Definition 2.8. ® Let U be a fuzzy subset of a I N K-algebra S. Then for ¢ € [0,1], the lower t-level cut of
U is the set Ut := {z € S|A(x) < t}. Clearly U' = X and U, UU? = X fort € [0,1]. If t; < t2, then
Ut C Ut

An interval valued neutrosophic set (briefly, IV NS)* A in a non-empty set X is defined to be a structure
A = {(o, Ta(a), Ir(a), Fa(a))|a € X}, where Ty : U — 0[0,1], Ip : U — 0[0,1] and F : U — 6]0,1],
which are called a truth membership function, an indeterminacy membership function and a falsity membership
function respectively.

The intervals Th (), I5(a) and F () denote the intervals of the degree of membership, indeterminacy and
non-membership of the element « to the set 6]0, 1], respectively, where Ty (o) = [T¥ (), T{ ()], I (o) =
[T (a), I{(a)] and Fy (o) = [FL (), F{ ()] for all « € X. Also, note that Tp(a) = 1 — Ta(a) =
[1—TY(a),1 - Tx(a)l,

Iy(a) =1—Iz(a) =1 —I{(a),1 - IE(a)]

and F(a) = 1-Fp(a) = 1-F{(a),1-FF(a)] forall a € X, where (o, Ta(c), In(c), Fa(c)) represents
the complement of « in A.

We define A = (T, In, Fj) as the complement of A = (T, I, Fy). For the sake of simplicity, we shall use
the symbol A = (Ta, In, Fy) for the IVN S is given by A = {(«, Ta (), In (), Fp(a))|a € U}
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Definition 2.9. > A NS A in U is called a neutrosophic I N K -subalgebra, (briefly, N I N K -subalg) of U if it
satisfies the following condition, for all o, 5 € U.

(i) Ta(ax ) = min{Tx (), Ta(B)},
(i) Ip(e* B) < max{Ix(), Ta(B)},
(i) Fa(a*B) > min{Fy(a), FA(B)}.

Ty
Ty

3 Interval valued neutrosophic / N K -ideal in / N K -algebra

In this section, we introduce the concept of /V N I N K-ideal and investigate some related properties.

Definition 3.1. An [V NS A in U is called an interval valued neutrosophic I N K -subalgebra, (briefly, [V N
IN K -subalg) of U if

(i) Ty (ax*B) = rmin{Ty (o), Ty (8)}
(i) I} (o B) < rmax{Iy (a), I} (8)}
(iii) FI(a * ) > rmin{FI(a), F{(8)}, foralla, 8 € U.

Definition 3.2. An IV N I N K-algebra U is called an interval valued neutrosophic I N K -ideal /V N INK-
ideal) of U if it satisfies

() Ty (0) > Ty (a)
I£(0) < I ()
F(0) > Ff ()

(i) Ty (@) =7 min{Ty (v« ) « (v x 8), Ty (8)},
Iy (a) < max{I} (y*a) * (y* B8), I{ (8)},
Fi(a)>r min{Fy (y*a)* (y*B),Fy(8)}, forall a, B,y € U.

Theorem 3.3. If A be an IV N I N K-ideal of U, then the set

(i) Xo={a € UITy (a) =T (0)}
(i) Xo = {a € UL} (o) = I (0)}
(iii) Xo = {a € U|Fy (o) = F;(0)}

are [V N IN K-ideal of U.

Proof. Ifitclear that 0 € Xo. If § € X and (7 x ) * (7 % 8) € Xo, then

() Ty (yxa)* (y*B) =Ty (B) =Ty (0)
(i) Iy ((y* ) x (v B)) = I (8) = I} (0)
(iii) Fy ((y*a)*(vxB) =Fy(8) = Fy(0)
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Since, A be an IV N IN K-ideal of U, hence

Ty (0) = Ty (@) = rmin{T ((y* &) * (v * 8)), Ty (8)}
= rmin{T} (0), T (0)}
=T, (0)
I3 (0) < I (@) < rmax{I{ ((y* ) * (v* 8)), Iy (B)}
= rmax{I;{(0), Iy (0)}
=13 (0)
FY(0) > Fy (@) = rmin{Fy (v * ) (v * B)), Fy ()}
= rmin{F, (0), F{ (0)}
= F(0)
If follows that o € X, therefore the set Xgis IV N I N K-ideal of U. O
Theorem 3.4. An IVNS A = [T, I, FplinUisaIVN INK-ideal of U iff T, TV, 1%, 1{, F¥ and F{
are neutrosophic I N K -ideals of U.

Proof. Let Tf, Tf\], Ik, I}{, F/f and F}{ are neutrosophic I N K-ideals of U and «, 3, v € U. Since,

(i) TF(0) > TE(«) and T (0) > T{ (). Therefore, Ty (0) > T («).

T (@) = [Tx (a), T} ()]

(in{ T3 (y * @) * (v * 8), T{ (B)}, min{T (7 * ) * (v * 8), Ty (8)}]
rmin{[Tx (v ) * (v 8), T (v * ) (v = B)], [Tx (8), T§ (8)]}

= rmin{T} (v xa)* (v*B), Ty (B)}.

>
2

(i) I£(0) < If () and I{(0) < I («). Therefore, I (0) < I} ().

I{ () = [I§ (@), I§ ()]
< [max{I§ (v * @) * (v * 8), I (8)}, max{I§ (v x ) * (v * 8), I§ (8)}]
< rmax{[T§ (y * a) = (y* B), I§ (v x @) * (v = B), UK (B), IX (B)]}
= rmax{I{ (v*a)x (y*B),I5(B)}

(iii) FE(0) > FE(a) and F{(0) > F{ (). Therefore, Fy (0) > Fy (a).

FY (o) = [FY (), FY ()]

[min{F{ (v * @) (v * 8), Fy (8)}, min{ FY (v * @) = (v * 8), F{ (8)}]
rmin{[F{ (7 *a) = (y* 8), FY (v x ) * (v + B)], [F{ (B), F§ (B)]}
=rmin{Fy (y*a) * (v B3), Fy (B)}.

Hence Aisa IV N IN K-ideal of U.

>
>
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Conversely, suppose that A isa IV N IN K-ideal of U. For all o, 5,y € U.

[T (@), T§ ()] = Ty (a)
rmin{TX('y *ar) x (7y * ,B),TI(,B)}
= rmin{[T{ (v * @) (v * 8), TY (v * @) * (v = )], [Tx (B), T{ (B)]}
= [min{T{ (v * a) * (v * 8), T (B) }, min{ T (v x @) * (v * B), TY (B)}]
Tx (a) > min{Tg (v * @) * (v % 8), T{ (8)}
T () = min{T{ (v * ) = (v * 8), T{ (8)}.

v

[IX (), I ()] = I} (a)

< rmax{I{ (v a)* (y*B), I} (B8)}

= rmax{[Iy (v * @) * (y* 8), I§ (v * @) = (v * B)], [IX (8), I§ (B)]}

= [max{I{ (v * a) * (y* 8), I (8)}, max{I{ (y * ) x (v x B), I{ (8)}]
I§ () < max{I{(yxa)* (y*B), Ix(8)}

< max{I{ (v a)* (v * B), I§ (B)}.

Fy (@)
rmin{FX('y xa) x (7% ), FX(ﬁ)}
= rmin{[FY (v % a) % (v * 8), FY (v * @) (v B)], [FX (8), FX (B)]}
= [min{F{ (y ) % (v * 8), F{ (8)}, min{ FY (v * &) * (7 * B), F{ (8)}]
Fy(a) > min{F{ (y* a) x (v * 8), F{ (8)}
FY (o) > min{Fy (y * a) * (v * ), FY (B8)}.

AVARRI

HenceTf;,T}{,Iﬁ,I}\],Ff ande\] are N I N K-ideals of U. [

Example 3.5. Let U = {0, «, 3,7} be a set with the following table:

Q|OR ™™
O|2 [®R [

=R | LoD
R |oIL|e

2L | ™| Q|| *

Then U is a I N K-ideal. We define an IV N INK ideal A = {T, In, Fa} as following: T (0) = F (0) =
0.9,0.7]

TY (a) = F{ (a) = [0.6,0.7]

Ty (8) =T (v) = FY () = Fy (v) = [0.5,0.6]
I (0) =10.2,0.3]

I (a) =[0.4,0.7]

I (B) = I} (v) = 0.5,0.7)

Hence Aisan IVN INK -ideal of U.
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Theorem 3.6. Every I N K -ideal of U can be realized as an IV level set of IV N-ideal of U.

Proof. Let V be an I N K-ideal of U and let A be an IV N set on U defined by

a1, 0], a€V
Ty (o) = {[1 1, a¢V

where a1, a2 € [0,1] and oy < .

o, 0], acV
IX(Q)_{[Ll], agV

where ay, ae € [0,1] and a > .

) o, ], acV
FX(Q){[1,1], agV

where a1, ag € [0,1] and o1 < s

It is clear that Ut (A; a1, a2]) = V. We show that A be an I[VN INK-ideal of U. Let o, 8,y € U. If
(v+a)*(y*B) € Vand f € V, then o € V, this shows that,

(i) T{ () = TY(B) = Ty (v @) * (v % B)) = [a1, a). Thus Ty (a) > rmin{Ty ((y * a) * (v *
B)% Ty (B)}-If (v % A) * (7*5) ¢ Vand ¢V, then T (8) = Ty ((v* ) * (v §)) = [1,1]. Thus
Ty (o )Z[ 1] = rmin{Ty ((y* @) * ( 8)), Xr( B} I ((v*a)*(y+B) € VandB ¢V
then Ty ((“/*a) *(y* ) = o, ], Ty () = [1,1].
Thus, rmm{TX((*y xa) x (v*0)),T ( )} = [1,1]. Hence T () > rmin{TX((y ) x (77 *

8)).T¥ (8)}.
(i) I{(a) = IF(8) = I{ (v * @) (v * B)) = [an, az]. Thus I{(a) < rmax{T} ((y * ) * (v *
f(yxa)*(y*B) ¢ Vand B ¢ V. then I (8) = I{ (3 * @) * (y  B)) = [L,1]. Thus

I{(a) < [1,1] = TmaX{IX((W* )« (v+B)). 1 AB) I ((y*xa)* (y*B)) € Vand B ¢ V then
I{((yxa) * (v B)) = [a, o], I (B) = L1 Thas, rmax{I{ ((y*a)*(y*B)),I{ (8)} = [1,1].
Hence I (a) <r

[
maX{I+((7*a) « (= B)), I3 (B)}-
)

B) = Fi((y*a)x(y*B) = [a1,aa]. Thus Fyf (a) > rmin{F ((y* a) * (v *
f(yxa)*(y*B) ¢ Vand 3 VthenF+(5):FA+((y*a) % (y*)) = [1,1]. Thus

(iii) Fif(a) = F;f

¢
Fy(a) > | :Tmln{F+((’V*a) * (v 9)), Fy (B)}- If((’y*oé)*(’Y*ﬂ))€Vandﬂ¢Vth€n
Fy ((yxa)*(y+p)) = a1, a2], F{(8) = [1,1]. Thas, rmin{F{ ((yxa)(v*B)), Fy (8)} = [1,1].
Hence F.f (o) > rmin{F+(('y*a) x (v*B)), FY (B)}.

Similarly for the case (y* a) * (y* 3) ¢ V and 8 € V. We get,

(@) Ty (@) > rmin{Ty ((v* ) = (v 8)), Ty (8)}-
On the other hand, since 0 € V, thus T} (0) = [, a4 ], that is T} (0) > T ().

(i) I3 () < rmax{Iy((v*a)* (v *B)), I (6)}.
On the other hand, since 0 € V, thus I (0) = a1, a4, thatis I} (0) < I} (a).

(i) Fy (o) = rmin{Fy ((y*a) = (y*8)), Fy (8)}-
On the other hand, since 0 € V, thus Fiy (0) = [ay, 1], thatis F (0) > I} ().

Hence A is IV N IN K-ideal of U. ]
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Theorem 3.7. Let V be a nonempty subset of U and let A be an IV N set on U defined by

Ty () =

[a1, 0], a€V
[1,1], «a¢V

where a1, ay € [0,1] and oy < .

) for,00], acV
I‘J‘r(a){u,u, agV

where a1, ag € [0,1] and a1 > as.

_Jlar,a0], aeV
Fi(a)_{[l,l], agV

where a1, as € [0,1] and oy < as.

IfUisan IV N INK-ideal of U. Then V isan IV N I N K-ideal of U.

Proof. Assume that A is IV N INK ideal of U. Then,

@) Ty (0) > T (o). Ty () = 7 min{ T (v * &) = (y % 8)), T (B)} Vo, B,y € U.
(i) Iy (0) < I{ (o). I{ (@) < mmaa{ Iy ((y = ) * (v* B)), I{ (B)} V ., B,y € U.
(iii) Fy (0) > Fy (o). Fy () > rmin{Fy (v * ) = (v B)), F{ (8)} Vo, B,7 € U.

Since V' be a non - empty subset of U, thus there exists & € V such that,

@ Ty (a) = [ar, 2], s0 Ty (0) > T{ () = [a1, a2
(i) I} (@) = [o1, 2], 50 I} (0) < I () = a1, az).

(iii) F) (@) = [a1, as],s0 FY (0) > F(a) = o, az).
This shows that 0 € V. If (y*xa) * (y* 3) € V and 8 € V, then

(i) Ty ((y*a)* (v*B)) =Ty () = [, az]. Therefore,

Ty (@) > rmin{T ((y* ) = (v 8)), Ty (8)}
=T min{[oq, 042], [011, 062}}
= [oq, as).
So, T (a) = [, ], thatis a € V
(i) I¥ ((v* a) * (v * B)) = I} (@) = [, aa). Therefore,
I3 (@) < rmax{I{((v* o) * (v* 8)), I{ (8)}
= rmax{[a, as], [a1, as]}

= [al,QQ}.
So, I} (o) = a1, aa], thatis o € V
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(i) Fy ((y* ) * (y*B)) = Fy () = [aq, az). Therefore,

FY (a) = rmin{F ((y* ) * (v* 8)), Fy (8)}
= rmin{[al, 042], [Oél, 042]}

[, ).

So, Fif (@) = [, aa), thatisa € V

Hence V is IV N IN K-ideal of U. O

Definition 3.8. Let A] = {(a, T} (@), I} (a), Fy (), € Ut and A = {(o, T (a), I} (a), Fy (), €
U} are two IVNS’s on a IN K-algebra U, define the IV NS (A1 N Ag)* = (T (a1 4a,» Fia,) OD
U by,

(i) TX a, (@) = rmin{T} (a), T} (@)}, € U.
Then, T, -, is called the intersection of Ty, and T}y .
(i) I} a, (@) = rmax{I} (@), If (o)}, a € U.
Then, Iy -, is called the intersection of I} and I} .
(i) Fy p,(a) =rmin{Fy (@), Fy ()}, € U.
Then, F, -, is called the intersection of F}y. and Fy.

Theorem 3.9. Let Ay & Ay be two IV N I N K-ideals of a I N K-algebra U. Then A; N Agisa I[VN INK-
ideal of U.

Proof. Assume that A; and A5 be two IV N I N K-ideals of I N K-algebra U. Then for all o, 3,y € U, we
have

@) Ty, (0) = Ty, (), Ty, (@) = rmin{T} ((y*a)* (v* 8)), T}, ()},

Ty, (0) = T, (@), T, (@) > rmin{T ((v* o) * (v * B)), Ty, (B)}.

Hence,

X, (0) = rmin{Ty, (0), T, (0)}
> 7"min{T;{1 (a),TXZ ()}
= T/—COA2 ()

Ty, (@) = rmin{T} (a), Ty, (@)}
> rmin{r min{TKrl(('y w ) * (y* 5)),TI1 (6)}7rmin{TlJ{2((7 k) * (7y % /B)),TL (8)}}
= rmin{r min{Ty ((v*a) * (y* 8)), Ty, (v * @) * (v * 8)) },r min{T}{, (8), T}, (8)}}
= rmin{T (7 * @) * (7% 8)), T, o, (B)}-

(i) I, (0) < I, (), Iy, (o) < rmax{Iy, ((y*a) * (v B)), I}, (B)},

I3, (0) < IF, (@), I3, (o) < rmax{T{ ((v* @) * (v + 8)), I, (B)}-

Hence,

I{, na, (0) = rmax{Iy, (0), I}, (0)}
< rmax{I{ (@), I}, (a)}
= I/—\i_mA2 ()

I o, (@) = rmin{I (@), I}, (a)}
< rmin{rmax{IJ, ((v* o) * (v 8)), I, (B)}, r max{Iy, ((y * a) * (y* 8)), I}, (B)}}
= rmax{rmin{Zy (v * @) * (y* §)), I3, (v * a) = (v * §))},r min{T}, (8), I3, (8)}}
= rmax{Iy -, (v * @) * (v * 8)), I, o, (B)}-
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(i) 5, (0) > FY,(a), FY,(a) = rmin{Fy, (v a) * (7 * 5))
F,(0) = Ff (a), FY, (0) = rmin{Fy, (7 a) (v * ), F1, (8)}.

Hence,

=1
=
>

F{ a, (0) = rmin{ Fy, (0), F (0)}

< 7"min{FXr1 (Oz),FX; ()}

= F/th2 ()
Fj'\"mAz(oz) = rmin{Fj"\"1 (a),FA’; ()}

> rmin{r min{Fy, (v * @) * (v* B)), Fy, (8)},r min{ FY (v * @) * (v * §)), F, (5)}}
= rmin{rmin{Fy ((y*a) * (v 8)), F, (v x @) = (v * )}, r min{ F{, (8), FY, (8)}}
= rmin{Fy (v * @) * (v * 8)), FY, 14, (8)}-

);
);

Hence the intersection of A; and A5 is also IV N I N K-ideal of U.

O

Definition 3.10. Let A| = {(o, T (@), I} (@), F) (@), € U} and AJ = {(a, T} (), I} (a), Fy (@), €
U} are two IVNS’s on a IN K-algebra U, define the IVNS (A1 U Ay)* = (T z . I3 ia,» Fioua,) OD
U by,

(i) TX, ua, (@) = rmax{Ty (@), Ty (a)},a € U.

Then, T, , is called the union of T} and T} .

(i) I} a,(@) = rmin{I} (a), I} (o)}, a € U.

Then, I} ,,, is called the union of I} and I, .

(i) Fy _a,(a) =rmax{F} (a),F) (a)},a €U.

Then, F

AL UAS is called the union of FXZ and FAE

Theorem 3.11. Let Ay & As be two IV N IN K-ideals of a I N K-algebra U. Then A; U Ay is a IVN
IN K-ideal of U.

Proof. Assume that Ay and Ay be two IV N I N K-ideals of I N K-algebra U. Then for all o, 8, v € U, we
have

= TA+1UA2 (a)

Ty, ua, (@) = rmax{Ty (), T\ (a)}
> rmax{r min{T[\"1 ((v * @) * (7 * B)),TA"1 (B)},rmin{TIQ((v k) x (7y % ,B)),TA: (8)}}
= rmin{r max{Ty, ((y* @) * (v * 8)), Ty, (v * @) * (v * )}, r max{T}, (8), Ty, (8)}}
= rmin{T/J(lqu((fy * ) * (77 5))7TA+1UA2 (B}
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(i) Iy, (0) < Iy, (@), I}, (@) < rmax{I{, ((y*a) = (v *8), I, (B)},
I3, (0) < I, (o), I, () < rmax{I{, (v @) = (v = 8)). I, (B)}-

Hence,

I, un, (0) = rmin{Iy, (0), I3, (0)}
< rmin{I (), I3, (@)}

= I/J\rlqu (a)

I} un, (@) = rmin{I (@), I}, (a)}
< rmin{rmax{IJ, (v * &) * (v * 8)), I, (8)}, r max{Iy, (v * a) * (v * §)), I}, (8)}}
= rmax{rmin{Iy, ((7* o) * (v * ﬂ)) I3, (v x @) x (v« B)) },r min{ Ty (B), I, (B)}}
= rmax{I{ ,,((v*a) * (v*8)), I{,ua, (B)}-

(i) Fy,(0) > Fy, (o), FY, (@) = rmin{FY ((vx ) * (v = 8)), Fy, (8)},
F{(0) = Fyf (), Fy, (@) = rmin{F{,((yx @) = (v % 8), F{, (6)}-
Hence,
Fy U, (0) = rmin{F} (0), Fy (0)}
> Tmin{F/t(oz),Fx;(a)}
= F/\tuA2 (a)
F/tqu(a) = 7“rnin{FKr1 (), FJr (a }
> rmin{r max{Fy, ((v*a) * (y* 8)), Fy, (8)}, rmax{Fy, ((y * @) * (v % 8)), F¥,(8)}}
= rmax{rmin{Fy ((v*a)* (y*B)), Fy (v * @) * (v * 8))}, rmin{ F{, (8), Fy (8)}}
a) * (v ), Fy, i, (B)}-

= rmax{FA Us ((y *

Hence the union of A1 and Ay is also IV N I N K-ideal of U.

Definition 3.12. Let Ay and A5 be two IVNFS’s of U, then the direct product of A1 and Ao are

(i) AxAz = {(o, B), [T}, «n, (@, B), TR, xn, (e, B)]} is defined by, Ty 5, (av, B) = r min{T} (o), Ty, (8)}.
(ii) ArxAg = {(a, B), [If, xn, (@, B), IY, xn, (@, B)]} is defined by, I s, (a, B) = rmax{I} (a), I}, (B)}.
(iii) Ay xAgy = {(a, B), [F/flez(a,ﬁ), FII{IXAQ(a,ﬁ)]} is defined by, F/‘CxAz(a,ﬁ) = Tmin{FXl (a),FXz(B)}.

Theorem 3.13. Let A; and Ay be any two IV N I N K-ideals of U, then the direct product A; X Ay is I[VN
INK-ideal of U x U.

Proof. Assume that A; and A; be any two IV N I N K-ideals of U. ThenV «, 8,y € U, we have

Ty, (0) > T (a )
Ty, (@) > rmin{Ty (v a)* (v * 8), T}, (8)}.
Hence for all (o, 8) € U x U.
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(i) T

7t
TA1 ><A2

(0,0) = rmin{T} (0), Ty, (0)}
> 7ﬂmin{TA+ (cu),TX2 (8)}
=T}, xn (@ B).

for all (a1, 1), (a2, f2) and (ag, B3) € U x U, we have

TXZxAQ(O‘laﬁl)
= 7‘min{1_7(1 (al),TL(ﬁl)}

), Ty (a2)}, rmin{Ty (83 * B1) * (B3 * B2), {Ty (B2)}}}
= rmin{r min{Ty (o3 * a1) * (o3 * aa), Ty (B3 * B1) * (B3 * fa) }, 7 min{Ty (a2), Ty, (B2)}}
=rmin{Ty , A, ((as* 1) * (as * az), (B3 * B1) * (B3 * B2)), TXZxAz (a2, B2)}
=rmin{Ty (s a1)* (B3 B1), (a3 * ag) * (B3 % B2)), Ty 5, (@2, B2) }

TI]XAQ(al’ﬂl)
> rmin{Ty . (((as, Bs) * (a1, B1)), ((as, Bs) * (@2, 82))), Ty o, (@2, B2)}-

> rmin{r min{TXF1 (az * 1) * (a3 * ag

I3 (0) < I (o)
Iy (a) < rmax{I} (y*a)* (v B), I{ (8)}
I3,(0) < I, (o)
I (o) < rmax{I} (y*a) = (v B), I (B)}.

Hence for all (o, 8) € U x U.

I}, 2, (0,0) = rmax{I} (0), Iy (0)}
< Tmax{ff\'l (a),fXQ (8)}
= —fxleg(Oévﬂ)
for all (a1, 1), (a2, B2) and (as, f3) € U x U, we have

I_Xlez(Oéhﬁl)

= rmin{fxl (a1), j/tz (B1)}

< rmin{rmin{I (a3 * 1) = (as * o2), Iy (az)}, rmin{Iy (Bs = B1) = (Bs * B2), {I5, (B2)}}}
= rmin{rmin{75, (as * a1) * (s * as), AQ(,B3 % B1) * (B3 x fa2) }, r min{I} (a2), Iy (B2)}}

= rmin{ly (3% 1) (a3 % az), (B * B1) * (B3 % B2)), If 5, (2, B2)}

= Tmln{IAleQ((as *ay) x (B3 * B1), (ag * ag) * (B3 * B2)), fxleg (a2, B2) }

Iy o, (ar, Br)

< rmin{Iy o, (a3, 83) * (a1, B1), ((as, B3) * (a2, B2)), I§, « a, (@2, B2)}-

(i) FA1 0)>F ( ),
FY, (a) = rmin{Fy (v a) * (v * B), Fy, ()}
FXZ(O) > F{,(a),
FY, (@) 2 rmin{FY, (v * a) = (v* §), Fy, (B)}.
Hencef rall (o,8) e U x U.
FY, 4, (0,0) = rmin{F}, (0), F(,(0)}
> rmin{Fy, (a), F{,(8)}
= F/J\rle2(a75)~
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for all (a1, 1), (aa, f2) and (ag, 83) € U x U,

we have

Fy san (@1, 1)

= rmin{Fy (a1), Fy, (1)}

> rmin{r min{F/T1 (s *x aq) * (g * ag), 7,\+1 (a2)}, Tmin{FXFQ (B3 * B1) * (B3 * B2), {FA+2 (B2)}1}
3 (B % 1) * (B3 % B2) b, rmin{ Fy (o), Fy, (B2)}}
a3 a2), (B3 B1) * (B3 * B2)), Fy-  p, (2, B2)}

B3 * B1), (a3 * ag) x (B3 * ﬂz))»FXZXAQ(Q%&)}

= r min{r min{FX1 (ag x aq) * (a3 * az),

= rmin{F/'\"le2((o¢3 xarp) * (
= rmin{F‘KLlXAQ((ag xap) * (
F/\+1><A2(a1751)

> rmin{Fy o (((as, B3) * (1, 61)); (@3, B3) * (@2, B2))), FX e, (@2, B2)}-

Therefore, the direct product A1 X Agis IVN INK-ideal of U x U.

O
Theorem 3.14. Let U be a I N K-algebra and A be an IV N subset in U. Then A is an IV N I N K-ideal of
U, iff
() Ut (Al 02]) = {a € U/TY (@) > [I1, 2]}
(11) U+(A[’l91,192]) = {a S U/I/J{(a) < [191,192]}
(i) UT(A[91,02]) = {a € U/F) (a) > [91,02]}

are N IN K-ideal of AV [J1,92] € D[0,1]. We call UT (A : [91,95]) the TV level N I N K-ideal of A.

Proof. Assume that A is an IV N I N K-ideal of U. Let [¢1,12] € D[0,1], such that (y x «) % (y x 3), 8 €
U+(A : [191,192])

Ty (a) > rmin{T{ (y*a) (v 8), T} (B)}
2 rmin{[ﬁl,ﬁg],[ﬁl,ﬁg]}
= [91,72].

I{ (o) < rmax{I{ (v *a) (v p), I{ (B)}
S rmax{[z?l, 192], [191, 192]}
= [¥1, 4]

Fy (a) = rmin{Fy (y*a)* (v ), Fy (8)}
Z rmin{[ﬁl, 192], [1917 192}}
= [U1, V).

Therefore v € Ut (A : [91,72]) and then UT (A : [91,92]) is IV level N TN K-ideal of A.

Conversely, assume that UT (A : [, 2]) # ¢ isa N IN K-ideal of U, V [¢1, 2] € D|0, 1]. On the contrary,
suppose that there exist ag, 89,0 € U such that
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@
Ty (o) > rmin{T} (0 * o) * (0 * Bo), Ty (Bo) }
Ty (ao) = [91,92],
TI(’YO * Q) * (’Yo * o) = [m,mal,
Ty (Bo) = [03, V4]
If,[J1,92] <rm 1n{[7717772] (13,4}

= min[n1, N2}, min[nz, 4.
So ¥; < min[ny, 2] and ¥ < min[ns, n4].
Consider[Az, A4] = 1/2{T (a0) + T (70 * o) * (70 * Bo), T\ (Bo)}-
Then we get [A1, Ag] = 1/2{[[n1, n2] + r min{[n1, n2], 13, m4]}]}
= 1/2{(91 + min{[n1, 3]}, (2 + min{[ns, na]}))}

min{ny,n3} > Ay = 1/2([n1,m3]) >m
max{n2,na} > Az = 1/2([n2, m4]) > 12

Hence {min[ny, 3], min[nz, na]} > [A1, Ao] > [91,92]. (70 * o) * (0 * Bo) € UT(A : [A1, Ag]).
(ii)

I3 (ag) < rmax{I{ (7o * o) * (0 * Bo), I3 (Bo) }
I3 (ag) = [91, 0],
I/J\F(VO * Q) * (70 * o) = [m, 772]
Iy (Bo) = [U3,04]
If,[01, 0] > maX{[ﬁla 21, (03, nal}

ax[n1, 12], min[ns, 14].

So 91 > max[ny,n2] and J9 > max[ns, 4.

Consider[A3, A4] = 1/2{I () + I (70 * o) * (Y0 * Bo), Ix (Bo)}-
Then we get [A1, Ao] = 1/2{[[n1, n2] + r max{[n1, na], [n3, na] }|}
= 1/2{(V1 + max{[n:, 3]}, (92 + max{[ns, nal}))}
max{ny,n3} < A1 = 1/2([n1,n3]) <m
max{nz, na} < Az = 1/2([n2,m4]) < m2.

Hence, {max[n;, 73], max{[n2, n4]} < [A1,A2] < [U1,Y2]. (0 * o) * (70 * Bo) € UT(A : [A1, Ag)).
(i)

Fi (ag) > rmin{F} (70 * a0) * (0 * Bo), Fy (Bo)}
Fy (ag) = [91, 93],
Fy (70 % o) * ( 0*50) =n 17772]
Fy (Bo) = [03,74]
If[ﬁlaﬁz} rm ln{[m,nz}[n:a,m}}

[7717 n?]a mln[773, 774} .

So ¥1 < min[ny, 2] and ¥ < min(ns, n4].

Consider[As, A] = 1/2{F} (ag) + Fy (70 * ) * (0 * Bo), Fx (Bo)}-
Then we get [A1, Ao] = 1/2{[[1,n2] + r min{[n1, 2], [13, 4] }]}
= 1/2{(91 + min{[ny, 3]}, (2 + min{[n2, 74]}))}
min{ni, 3} > A1 = 1/2([n1,n3]) > m
min{nz, na} > Ao = 1/2([n2,n4]) > n2.
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Hence, {min[ny, n3], min{[ne, na]} > [A1, A2] > [91,92]. (0 * ao) * (Y0 * Bo) € UT(A : [Ay, Ag]).
Then,

(@) Ty (@) > rmin{Ty ((v*a) = (v ), Ty (8)}
(i) Iy (o) < rmax{I{((y*a)* (y*B)),I{(8)}
(i) Fy (o) > rmin{Fy ((y*a)* (y*B)), Fy(8)}, forall a, 8, € U.

4 Homomorphism of I N K-ideal in I N K -algebra

Definition 4.1. Ler g : (U, *,0) — (V,*,0) be a mapping from set U into set V. Let A be an IVNS in V.
Then, the inverse image of A, denoted by g~ (A) is an IV N S in U with the membership function given,

(i) T (@) = Ty (9(a))
(i) 1) (0) = I} (9())
(iii) F;[l(a) = F{(9(a)), forall a € U.

Theorem 4.2. An into homomorphic preimage of a N I N K-ideal is also N I N K-ideal.

Proof. (i) Letf:U —U " be an into homomorphism of I N K-algebra, V a N IN K-ideal of U "and T
the preimage of V under f; then V(f(«)) = T(«) for all « € U. Then,

T(0) =V(f(0))
T(0) = V(f(e)
T(0) =V(f(a))

Let o, B, € U, then

T(a) =V(f(a))

T(a) z min{V(f(7) * f(e)) = (f(v) * f(8)), V(F(8))}
T(a) = min{V(f (v a)* (y*B)), V(f(B))}

T(ar) = min{T((y * a) * (v * 8)), T(B)}-

) =

Hence, T'(«) = V(f(«) o f(a)isa N INK ideal of U.

@) Let f : U — U’ be an into homomorphism of I N K-algebra, V' a N IN K-ideal of U "and I the
preimage of V under f; then V(f(a)) = I(«) for all « € U. Then,

Let o, B,y € U, then

I{e) = V(f(e))

I{a) <max{V (f(y) * f()) * (f(7) = £(8)), V(f(B)}
I{a) = max{V (f(y*a) x (vx 8)), V(f(8)}

I(e) = max{I((y*a)* (y* 7)), 1(8)}.

)=

Hence, I(a) = V(f(«) o f(a)isa N INK ideal of U.
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Gii) Let f : U — U " be an into homomorphism of I N K-algebra, V a N IN K-ideal of U’ and F the
preimage of V under f; then V(f(a)) = F(«a) forall « € U. Then,

F(0) =V(f(0))
F(0) = V(f())
F0) =V(f(a))

Let o, 3,7 € U, then

(F(B)}
o) = min{F((y* o) * (v* 8)), F(B)}.

o f(a)isa N INK ideal of U.

[
<

Hence, F(a) = V(f(«)
O

Proposition 4.3. Letg : U — V. Let n = [nl,nY] and m = [m% , mY] be IV N-subalg in U and V. Then

() [g7(m) = [g~ (m*), g~ (m")]
(i) g(n) = [g(n"), f(n")].

Theorem 4.4. Let g : U — V be a homomorphism from a I N K-algebra U into a I N K-algebra V. If A is an
IV N IN K-ideal of 3, then the inverse image f~1(A) of Ais an IV N IN K-ideal of U.

Proof. Since, AT = [TXF, IX', FXF] isan IV N IN K-ideal of 3, it follows from Theoremthat T/f, T}\], Ik,
I{, Ff and F{ are N INK-ideals of 3. Using Theoremwe know that,

W fTHTY) =[N TE), T
() f7HIY) =), Iy
(i) f7HFY) = [fHEFD), FHED)]

are N I N K-ideals of U. Hence, by Proposition .3}

(@) F7HTN) = [FHTE), fHTR)]
(i) fH(Ia) = [F7HIR), £ UIR)]
(iif) £ (Fn) = [fH (), £ (FR))]
are an N I N K-ideal of U.
O
Theorem 4.5. Let g : U — V be a homomorphism. If A is an IV N I N K-ideal of U. Then f(A) of A is an
IV N IN K-ideal of .

Proof. Assume that, A is an IV N I N K-ideal of U. Note that,

() Ta = [T, T{]
(i) In = [If, 1]
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(iii) F = [FE, FV]

are an [V N IN K-ideal of U. Let g : U — V be a homomorphism between I N K -algebra U and . For every
N INK-ideal T, I, FinU. f(T), f(I), f(F) area N IN K-ideal of 3. Then, the image f(T¥), f(T{), f(IL),
fUIY), f(FE)and f(F{)are N IN K-ideals in 3. Combining Theorem[3.4]and Proposition 4.3 we conclude
that,

() f(Ta)=[f~1TF), F-UTY)]
(i) f(Ia) = [f1I5), 1))
(iii) f(Fa) = [f~1(Ff), f7HF])]

are an IV N I N K-ideal of (. O

5 Conclusions

In this paper, IV N I N K-ideals is defined and studied some properties of it. Also, homomorphism of IV N
IN K-ideal of I N K-algebra is defined and presented some of its properties.
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