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Abstract

In this article, homomorphism and anti-homomorphism bipolar valued multi normal fuzzy HX subgroup of a
HX group is studied, discussed and their properties are introduced. The theorems presented in this article are
considered a generalization of what has been publishedthrough the concept of fuzzy sets. As the concept of
fuzzy sets was introduced by Zadeh in 1965, after that this concept, we expanded into more than one types,
intuitionistic fuzzy set, bipolar fuzzy sets, tripolar fuzzy set, and bipolar valued multi fuzzy set are one of this.
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1 introduction

An algebra (G, V) is called a finite group, and an empty set v C Z% — {¢} is called a HX group of G,
if v is a group with respect to the algebraic operation given by U - V' = {uv;u € U,v € V'}, such that its
unit element is represented by E. Zadeh! in 1965 introduced the concept of fuzzy set, this concept is useful
mathematical structure kind to represent the objects collection whose boundary is vague. For this reason, this
concept has become an active field with may scientific papers beingcompleted in many domains, examples of
such papers P. Bhattacharya® in 1981 studied some characterizations of fuzzy groups, M. S. Eroglu® in 1989
discussed the homomorphic image of a fuzzy subgroups, M. O. Massa’deh el al*® introduced and studied
upper fuzzy order, M -fuzzy subrings and isomorphic fuzzy graphs. Many generalizations of fuzzy sets concept
have emerged such as interval valued fuzzy set, intuitionistic fuzzy set, hyper fuzzy set, etc. Many scholars
have relied on these concepts and applied them in several fields. M.Akram and W.A. Dudek” in 2011 studied
and discussed interval valued fuzzy graphs. In 2011 M.F. Marashdeh and A.R. Salleh® studied intuitionistic
fuzzy rings, while?"! studied intuitionistic Q-fuzzy ku-ideals, Q-fuzzy k-ideals in I'-semirings and hyper
Q-fuzzy normal HX subgroup. In 1998 Zhang!2 introduced the concept of bipolar valued fuzzy sets, where
a bipolar valued fuzzy sets are an extenson of fuzzy sets whose range of membership degree is enleryed
from [0, 1] to the interval [—1, 1], a degree ”0” of the membership means that elements are irrelevant to the
corresponding property, a degree of the membership [—1, 0] indicates that elements some what satisfy the
implicit counter property and a degree of the membership [0, 1] indicates that elements some what satisfy the
property. The concept of H X group introduced by Li Hongxing!¥ in 1987. Many researchers have combined
the concept of bipolar valued fuzzy set with the concept of groups and H X groups and have derived some
new results, where Anitha. M. S., Muruganantha. P. K. and Arjunan. K'# discussed a bipolar valued fuzzy
subgroups, S. Sahaya!” introduced the concept of homomorphism of bipolar valued Q-fuzzy subgroups, while
M. O. Massa’deh el al®! studied a bipolar value Q-fuzzy H X subgroup and anti bipolar Q-fuzzy normal
semigroups. The notion of multi fuzzy set was introduced by S. Sebastion and T. V. Ramakrishnan'® in 2010.
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Some researchers have introduced this concept to a some of topics, including Santhi V. K. and Ainbarasi. K°
in 2015 discussed bipolar valued multi fuzzy subhemirings and M. O. Massa’deh and A. O. Fallatah® in 2023
studied bipolar M.N.-multi Q-fuzzy subgroups. In this article homomorphism and anti homomorphism over
bipolar valued multi fuzzy H X subgroup are introduced, studied and discussed some new results.

1.1 Preliminaries

Definition 1.1. ' Let G be a non empty set. A fuzzy set A of G is a function A : G — [0, 1].

Definition 1.2. 12 A bipolar valued fuzzy set § in v is defined as an object of the form
o ={A;07(A), 05 (A); Aev}

such that 8 : v — [~1,0],8 : v — [0,1]. The negative degree of negative degree of membership &, (A)
represent the satisfaction degree of an element A to some implicit counter property corresponding to a bipolar
valued fuzzy set § and the positive degree of membership (53{(14) represent the degree of satisfaction of an
element A to the property corresponding to a bipolar valued fuzzy set A.

Example 1.3. Let v = {x,y, 2}, then 6, = {< 2,0.8,-0.2 >, < 4,0.1,—-0.9 >, < 2,04,-0,5 >} isa
bipolar valued fuzzy subset of v.

Definition 1.4. 2 If G is a finite group in 2¢ — {¢} a non empty set v C 2¢ — {¢} is called a HX group
of G, if v is a group with respect to algebraic operation defined by AB = {ab;a € A,b € B} which its unit
element is denoted by E, the inverse element of A is denoted by A~1.

Example 1.5. Consider G = {{-1,1,i,—i},-} be a group and v = {{i, —i}, {1, —1}} then (v,-) isan HX
group. Hence £ = {—1,1}.

Definition 1.6. '8 A bipolar valued multi fuzzy set dy in v is defined as an object of the form § = {<
A 05, (A), 055(A), ..., 85, (A), 65, (A),65,(4),...,65.(4) >, A € v} such that 6y; + v — [-1,0] and
5j\Lj v — [0,1] for all j = 1,2,...,k. The negative degree of membership 6;j(A) represent to the
degree of satisfaction of an element A to some implicit conuter property corresponding to a bipolar val-
ued multi fuzzy set d, and the positive degrees of membership 6j\rj(A) represent the degree of satisfaction
of an element A to the corresponding of property to a bipolar valued multi fuzzy set Jy it is denoted as
Gx =< 831 0xgs s Oxpor Ongs O v v oy O3y, >

Example 1.7. Letv = {X,Y, Z}, then §, = {< X,0.3,0.7,0.9,-0.3,-0.5,-0,8 >, < ¥,0.4,0.8,0.2,-0.9, —0.4, —0.1 >
,< Z,0.6,0.4,0.5,—0.7,—0.6, —0.2 >} is a bipolar valued multi fuzzy subset of v.

1.2 Bipolar valued multi fuzzy HX-subgroups

Definition 1.8. Let v C 2% — {¢} be an HX-group of G. A bipolar valued multi fuzzy subset J, =<
031500+ 303 pes 5;1, 5;‘2, . ,5j\'k > of v is said to be a bipolar valued multi fuzzy HX-subgroup of v if
satisfied the following axioms for all j:

1. 5§j(AB) > min{é/fj(A),éjj(B)}.

2. Jgj(AB) < max{é/(j(A),cS;j(B)}.

3. 6jj(A—1) = 5jj(A), 5 (A71) = 65,(A).

forall A, B € v where {6jj (A) = max{\] (a);Va € A C G} and {6,;(A) = min{\; (a);Va € A C G}.

https://doi.org/10.54216/IJNS.240314 166
Received: October 21, 2023 Revised: February 02, 2024 Accepted: May 14, 2024



International Journal of Neutrosophic Science (IJNS) Vol. 24, No. 03, PP. 165-171, 2024

Example 1.9. Let G = {e, a, b, ab} be a Klein’s four group, where e = a? = b?, ab = ba and e is the identity
element of GG.

Define a bipolar multi fuzzy subset A = (A}, )\j) ona G as:
M () =0.7,0] (z) = 0.8, \1 (z) =0.9ifz =e
A () = —=0.7, A5 (x) = —0.8, A3 () = —09ifx =e
A (2) =0.4,M] (z) = 0.5\ () =06ifxr =a
AL () = =0.4,)5 () = —0.5,)5 () = —0.6ifx =a
() = 0.3,\5 () = 0.4,\] (v) = 0.5if z = b,ab
AL (z) = —0.3,); () = 0.4, \5 (z) = —0.5if z = b, ab.
Letv = {E, A} = {{e,a}, {b,ab}} be a HX-group on G and define d,, : v — [—1, 0],
6%, : v — [0,1] such that 6} (A) = max{\; (a);Va € A C G} and d,,(A) = min{\; (a);Va € A C G}.
Then
0= {<e0.7,0.8,09,-0.7,-0.8,—-0.9 >
< a,0.4,0.5,0.6,—-0.4,—-0.5,—0.6 >
<5,0.3,0.4,0.5,-0.3,-0.4,—0.5 >
< ab,0.3,0.4,0.5,-0.3,-0.4,—0.5 >}
is a bipolar multi fuzzy HX-subgroup of v.

~— W

Definition 1.10. if v is an HX-group. A bipolar valued multi fuzzy HX-subgroup & of v is called a bipolar
valued multi fuzzy normal HX-subgroup of v if §,;(AB) = §,;(BA) and Jjj(AB) = 6j\Lj(BA) for all
A, B € v and for all j.

Definition 1.11. Let v, and v any two HX-groups then:

1)- the function ¢ : v; — v is said to be homomorphism if ¢(AB) = ¢(A)p(B).

2)- The function ¢ : v; — vo, (v1 and v5 not necessarly commutitive ) is said to be an antiho-
momorphism if ¢(AB) = ¢(B)¢p(A) forall A, B € vy.

Definition 1.12. Let U; and U, be two sets, @ : U; — U, be any function and let § be a bipolar valued multi
fuzzy subset in Uy, ¢ be a bipolar valued subset in psi(U;) = Uz defined by goj\'j = SUPgey-1(b) 5;\*} (a) and
N inf,cyp-1(n) 5;3‘ (a), forall a € Uy and b € U, and for all 4, §) is called a preimage of ¢ under ¢ and is
denoted by ¥~ ().

Definition 1.13. If 6, =< d,,d,,1dots, 8y, 65, 0%y, ldots, 5, > is a bipolar valued multi fuzzy sub-
set of U. for a = (a1,9,...,a;),a; € [0,1] and 5 = (B1,052,...,5;),8; € [-1,0] then < aff >=<
(1,9, ..,05)(B1, B2, - .., B;) > have subset of  is the set 6x< (o, a,...,0;),(B1,B2,....8;)> = 10 € Us 0 (u) <
B; and 8y (u) > «;} forall .

1.3 Theorems and properties

Theorem 1.14. If vy and vy are two HX-groups, the homomorphic image of a bipolar valued multi fuzzy HX
subgroup of vy is a bipolar valued multi fuzzy HX-subgroup of vs.

Theorem 1.15. If vy and vy are any two HX-groups. The antihomomorphic image of a bipolar valued multi
fuzzy HX subgroup of v1 is a bipolar valued multi fuzzy HX-subgroup of vo.

Theorem 1.16. If v and vy are any two HX-groups, the homomorphic preimage of a bipolar valued multi
fuzzy HX subgroup of vs is a bipolar valued multi fuzzy HX-subgroup of v;.

Theorem 1.17. If vy and vy are any two HX-groups. The antihomomorphic preimage of a bipolar valued
multi fuzzy HX subgroup of v, is a bipolar valued multi fuzzy HX-subgroup of v;.

Theorem 1.18. If v1 and 15 are any two HX-group, the homomorphic image of a bipolar valued multi fuzzy
normal HX subgroup of v1 is a bipolar valued multi fuzzy normal HX-subgroup of vs.

Proof. Let U = 1)(6), such that 6y =< 6,;,0,5,...,05, (53{1, 512, cee 5;\% > be a bipolar valued multi
fuzzy normal HX-subgroup of 14, we have to prove that 1)(dx) = U be a bipolar valued multi fuzzy nor-
mal HX-subgroup of v5. Now, for ¢(g1),1(g2) € v for all j, clearly U is a bipolar valued multi fuzzy
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HX subgroup of vy, that is, U ((91)¥(92)) = U} (¥(9192)) = 63;(9192) = 63;(9291) < U (¥ ( 91))
U+(¢( 2)¥(g1)) which implies that U (¢(g1)%(g2)) = U; (¢(g )w( 1)) and U~ ((g1)¥(g2)) = U; (¥(g1

(9192) = 6;(9291) < U; (¢¥(9291)) = U; (¥(g2)1(g1)) which implies that U (¢(g1)¥(g2)) = (¢( )

¢<7 g1)). Therefore U is a blpolar valued mu1t1 fuzzy normal HX-subgroup of v5.

Theorem 1.19. If vy and v5 are any two HX-group, the homomorphic preimage of a bipolar valued multi fuzzy
normal HX subgroup of vs is a bipolar valued multi fuzzy normal HX-subgroup of v1.

Proof. Suppose that U = t(deltay), such that U =< U; Uy ,..., U, U, US, ... U > is a bipolar
valued multi fuzzy normal HX-subgroup of v5. We have to prove that d, is a bipolar valued multi fuzzy
normal HX-subgroup of v4. Let g1, g2 € 11, since §y is a bipolar valued multi fuzzy HX-subgroup of v4, for

all j,65;(9192) = U; (¥(9192)) = U; (¥(91)¢(92)) = U; (¥(92)¥(91)) = U; (¥(9291)) = 65;(9291)-
Thus d;(g192) = 05,(9291). And 65 (9192) = Uj (¥(9192)) = U;" (¥(91)%(92)) = U (¥ (g2)9(91)) =

Uj (w(Qle)) = 5+ (g9291) this 1mphes that (5/\] (9192) = 6j\Lj (g291). Therefore 0 is a bipolar valued multi
fuzzy normal HX-subgroup of vy. O

Theorem 1.20. If vy and v are two HX-group. The antihomomorphic image of a bipolar valued multi fuzzy
normal HX subgroup of 11 is a bipolar valued multi fuzzy normal HX-subgroup of vs.

Proof. Let U = 9(0,) such that 6y =< 03,0505+ +505p,057,05, - -, 05, > is a bipolar valued multi fuzzy
normal HX-subgroup of v;. We have to show that U is a bipolar valued multi fuzzy normal HX-subgroup
of v9, since it clear that U is a bipolar valued multi fuzzy HX-subgroup of vo. For ¥(g1),1¥(g2) € v» for all

3, U5 (0(g1)¢(92)) = U (¥(9291)) < 05;(9201) = 65;(9192) = U; (¥(g291)) = U; (¥(92)1(g1))- Hence

U (¥(91)1(92)) = Uy (¥(g2)9(g1))- Also Uy (¥(g1)¥(g2)) = U (¢(9291)) > 05(9291) = 05;(9192) <

U+( P(g192)) = U+(1/’( 2)
¥(g

J
¥(g1)). Thus UJ+( Y(g2)) = U;(w(gg)¢(g1>). Therefore U is a bipolar valued multi fuzzy normal

HX-subgroup of vs. O

Theorem 1.21. If v and v are two HX-group. The antihomomorphic preimage of a bipolar valued multi
fuzzy normal HX subgroup of vs is a bipolar valued multi fuzzy normal HX-subgroup of v1.

Proof. Suppose that U = (6,) such that U = (U;,U; ,..., U, Ui, Uy, ..., U") be a bipolar valued
multi fuzzy normal HX-subgroup of v;. We need to prove that §, be a bipolar valued multi fuzzy normal HX-
subgroup of vy. If v1,v2 € vy. Since §y is a bipolar valued multi fuzzy HX-subgroup of v4. Now for all J,
0y, (v1v2) = U; (Y(v1v2)) = U; (P(v2)v(v1)) = U; (¥ (v1)Y(v2)) = U; (¢(vav1)) = 6y ;(v2v1), this im-
plies that 83 (v1v2) = 85 (vav1) and &3 (viva) = U (d(v1v2)) = U (¢ (v2)(v1)) = U (h(01)(v2)) =
U+(¢(U201))

=0y ;(v2v1), which implies that 5y (v1v2) = 5y ;(v2v1). Therefore ) is a bipolar valued multi fuzzy normal
HX-subgroup of v. O

Theorem 1.22. A homomorphic image of a (o, B) =< (a1, @2, ..., a;), (b1, B2, ..., B;) >-level HX-subgroup
of a bipolar valued multi fuzzy HX-subgroup of a HX-group is a (o, f) =< (a1, aa, ..., ¢5), (b1, B2, ..., Bj) >-
level HX-subgroup of a bipolar valued multi fuzzy HX-subgroup of a HX-group vs.

Proof. Let U = 9(dx) where 6, =< dy;, (5>ij > is a bipolar valued fuzzy HX-subgroup of v;,. By Theorem
U =<U;, U;r > is a bipolar valued fuzzy HX-subgroup of v5. If vy, v9 € vy, then 1(v1), ¥ (va) € vo. If
Orca,p>isa< o, f >=< (a1,as,...,0;5),(B1, P2, ..., B;) >-level HX-subgroup of 43, that is, §;j(vl) <
Bj,éj\rj(vl) > aj,5;](v2) < B, ;rj(vg) > a;. Now

5 ’U1 ) < 6]
(’U ’UQ) > 04]
5;}( ) (Ul) 2 aj
5>\](U1 ) = 5>\j(01) < B; for all j.

We have to prove that ¢(0x<q.8>) is a < a, § >- level HX-subgroup of U. Now Uy (¥(v1)) < 8y, (v1) < B;
which implies that U, (¢(v1)) < 8;Vj and U} (¢(v2)) < 6,;(v2) < B; which implies that U} (1(v2)) <
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BiV¥j. Then U} (¢(v1)(v2)) = U; (¥(viv2)) < 6;J(v1v2) < B; which implies that U, (¢(v1)9(v2)) <
B;¥j and U (1 ( (vih) =U; (¢~ ( 1)) < 0y, (0r ") = 65, (v1) < B;Vj. This implies that U, (¢(v; 1)) <
B;¥j. Also, U (¢ (v1)) > 63;(v1) > a this implies that U*(w( 1)) > a;Vj and U (4(v )) > 6+J( 9) >
a; this implies that U;" (¢(v2)) > v, Vj. Then UM (1(v1)3h(v2)) = UM (¢(v1va)) > 6, (v1v2) > ; and
hence U ((u1)th(v2)) > %) and Uy (v ) = U (67 (00)) 2 85, (07) = 65, (01) > % Hence
U;“(w(vl_l)) > a;Vj. Therefore ¥)(dr<a,p>) is a < a, 8 >- level HX-subgroup of a bipolar valued fuzzy
HX-subgroup of vs. O

Theorem 1.23. A homomorphic preimage of a < «, 8 >-level HX-subgroup of a bipolar valued fuzzy HX-
subgroup of a HX-group vs is a < «, 3 >-level HX-subgroup of a bipolar valued fuzzy HX-subgroup of a
HX-group v;.

Proof. If U = 4(4,) such that U =< U, Uj+ > is a bipolar valued fuzzy HX-subgroup of v. By theorem
oy =< Oy 5/@. > is a bipolar valued fuzzy HX-subgroup of vy. If ¥(u1),1(uz) € v, then vy, vy €
va. Let 1(0x<a,p>) be a < a, 8 >-level HX-subgroup of U. That is, U; (¢(v1)),U; (¢(v2)) < B; and
U (9(01)), U ($(v2)) = @, 50 Uy (1)1 (v2)) < B and U ($(v1) (¢ (v2)) > ay then Uj (v7h) =
U; (v1) < Bj and Ut (v') = U;f (v1) > a;. We have to prove that dy =< 45,01, > isa < a, 8 >-level
HX-subgroup of dx. Now 6y (v1) < U (¢(v1)) < B;. Thus dy;(v1) < B8;Vj and 6y ;(v2) < U (¥(v2)) <
Bj hence 6y ;(v2) < B;Vj. Then 0y (viv2) = U (Y(v1va2)) = U; (¢(v1)p(v2)) < B; this 1mplies that
U; (viv2) < B;Vj. And 5;3‘(”1_1) =U; (Y(vy ) = Uy (p=t(vy)) = U; (¢(v1)) < B;. Hence 5;j(v1_1) <
B8j,¥j and 03 (v1) = U (¢(v1)) > a; thus 65;(v1) > V5 and 6y (v2) = U (1p(v2)) > a; hence
dy;(v2) > ;. Then 63 (viv2) = 03 (¢ (vlvg)) U (w( 1)¢(u2)) > aj this implies that 63 (¢ (v1v2)) >
onV] and 5/\j(v1 ) = Uj*(w(vl_l)) =U; T v )) U; F(¥(v1)) > «; and therefore 5j\rj(vf1) > a;Vj.
We get Y (0xr<a,p>) IS a < o, § >-level HX-subgroup of a bipolar valued fuzzy HX-subgroup U. O

Theorem 1.24. The anti homomorphic image of a < o, >-level HX-subgroup of a bipolar valued fuzzy
HX-subgroup of a HX-group vy is a < «,  >-level HX-subgroup of a bipolar valued fuzzy HX-subgroup of a
HX-group v;.

Proof. Suppose that U = 1(6x) where 6y =< 4y, 5;3. > is a bipolar valued fuzzy HX-subgroup of v.

By theorem U=<1U, U;r > be a bipolar valued fuzzy HX-subgroup of vs. If v1,v2 € v, then

¥(v1),¥(v2) € vo and if dxca,p> is a < «, B >-level HX-subgroup of 6. That is, dy;(v1) - 6y;(v2) <

BB (00 B0 2 0 5, (002) < 5 002) 2 By = o) < 5, 6,07 =
AJ ¥-(v1) > a;. We have to prove that ¥)(x<a, 5> ) be a < a, B >-level HX-subgroup U. Now Uy (¥(vn1)) <

( 1) < B, thus Ui (p(v1)) < 595 and Uy (d(v2)) < Aj(v2) < 5, thus Ui (p(v2)) < 51Vj7 that is,

(¥ (v1)¢p(v2)) = U (Y (v1v2)) < 6y;(v1v2) < B; hence Uy ((v1)1(v2)) < Bj also U ((vy 1)) =
U{ (¥~ (v1))

< 0y (vrh) =05, (vl) < B3 U (1)1 (v2)) = US ($(v102)) > 63 (viv2) > o thus U (¥(v1)3h(v2)) >

a;¥ and U (¢(vr 1)) = U (¢~ (01)) 2 85, (vr 1) = 85 (v1) = 0¥

Therefore 1(dx<a,p>) is < a, 5 >-level HX-subgroup of a bipolar valued fuzzy HX-subgroup of vs. O

Theorem 1.25. The anti homomorphic preimage of a < «, B >-level HX-subgroup of a bipolar valued fuzzy
HX-subgroup of v is a < «, 8 >-level HX-subgroup of a bipolar valued fuzzy HX-subgroup of v.

Proof. f U = (0,) such that U =< U iU ; > is a bipolar valued fuzzy HX-subgroup of 1. By the-
orem o =< 5,\_3" 5;\} > is a bipolar valued fuzzy HX-subgroup of v;. If ¥(v1),¥(v1) € vs then
v1,v2 € V1. Let Y(0r<a,p>) be a < a,B >-level HX-subgroup of U. That is U; (¢(v1), U; (¢ (v2)) <
&ﬂ%ﬂ)WWMPWNMWMMWMSWWWMWM>%AMUW(U:
U (Y(v1) < Bj and U (¢(v; ') = Uj (¥(v1) > ;. We have to prove that dycaps is a < o, >-
level HX-subgroup of a bipolar valued fuzzy HX-subgroup dx. Now 4y (v1) < U; (¢(v1)) < B; that
6y;(v1) < Bj and 0y ;(v2) < U; (¥(v2)) < B; thus 5/\J(v2) < B;Vj. Then &y ;(viv2) = U (¥(v1v2)) <
Us ((01)(v2)) < By thus 85, (v1v2) < 8% and 85, (v71) = Uy (@(07)) = U7 (1 (01)) < By then
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0y (01") < B;Vj and 67 (v1vg) = U ((v1v2)) > U ((01)9(v2)) > ay thus 63 (v1va) > a;Vj and
55 (o) = U (v 1) = U (7 (v1)) > a;Vj. Therefore 6y<a,p> is a < a, 8 >-level HX-subgroup of
a bipolar valued fuzzy HX-subgroup of § of v;. O

conclusion

In this article, we introduced and discussed the concept of bipolar valued multi fuzzy, multi normal fuzzy HX
subgroup, homomorphism and anti homomorphism wiyh suitable theorems. We extended these ideas to the
bipolar multi fuzzy quotient HX subgroup and discussed few important thereoms and properties of them.
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