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Abstract

In this paper, we present the topological space of intervals based symbolic m-plithogenic real numbers of orders
between 2 and 5, where we clarify how m-plithogenic real intervals can be expressed according to the symbolic
plithogenic partial order relation, and we use these intervals to build a topological space. On the other hand,
many illustrated and related examples on open and closed sets will be provided to explain the validity of our
approach.
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1. Introduction
Plithogenic real numbers together form an algebraic ring [19], this ring has been studied on a wide range by
many researchers, where it has been used in matrix theory, linear structures, and in number theory [13-18]. Also,

symbolic n-plithogenic structures were very useful in generalizing matrix units, and eigenvalues [20-27].

Symbolic n-plithogenic real numbers are partially ordered by the following relation:

n n J J)
Xo +inpi < Yo +Z)’ipi ©xp < YO'zxi < Z)’i ;j €{1,2..,n}.
i=1 im1 =1 i=1

Where x;, y; are real numbers, and
PiPj = Pmax(i,j).

In this work, we depend on the partial order relations defined on symbolic n-pithogenic real numbers with n €
{2,3,4,5} to build topological spaces on these intervals, and to study their elementary properties such as closed
and open sets.

The study of symbolic n-plithogenic real intervals can be extended to higher orders, i.e. n = 6. For more details
about neutrosophic and logical-based topological spaces, see [1-12].

2.Main Concepts and Discussion

Definition 2.1
Let 2 — spg be the symbolic 2-plithogenic ring of real numbers, intervals on 2 — spy are defined as follows:
2 2 1 2 2

a0+2aipi,00[= x0+2xipiEZ—SpR;a0<x0<00,2aj<2xj<00,2aj<
i=1 i=1 j j=

j=0 j=0 j=0 J

Xj<0° ,
0
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2 1 2 2
a0+Zaipi,00[= x0+z XiPi €2 —5Spr; Ay < x5 < © Za] SZx] <00,Za]- SZx]- <
i=1 j=0 j=0 j=0 j=0
2
l—oo,ao +Z aipl-[
i=1

2 1 1 2
= x0+2xipl- € 2 —spg; —0 < X <a0,—oo<2xj<2aj ,—oo<2xj
i=1 j=0 j=0 j=0
2
<>
j=0
2
l—oo, ao +zaipil
i=1
2 1 1 2
= x0+2xipi € 2 —spg; —00<x0Sa0,—00<ij SZaj ,—00<ij
i=1 j=0 j=0 =0

IA

2

=0

-

Definition 2.2.
We define the spaces:

2
T1 = <:|_CX)I aO + Z aipilyuyn; ®> 1]
i=1
2
T, = ( ao + z aipi,ml,u,n, (Z)) .
i=1

Theorem 2.1.
T,, T, are topological spaces.
Proof.
Let
Fp = |- agk) Z a(k)pll €Ty,
2
L, = a(()k) + al.(k)pl-,oo €T, for K € G (indices set).

i=1

For

M=m0+2mipiEFknFs ,N=n0+Znipi €U Fp, :

i=1 i=1

—o0 < my < a

1
—0 < ij < Za}k) ,—00 < ij < Za]@
=0 =0 =0 =
2 2 2 2
—0 < ij < Za]@ ,—00 < ij < Zaj(s)
Jj=0 j=0 j=0 j=0

,—00 < m0 <a®
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and
my € |—c0,af?[ n]—c0,af’|
1 i 1 [ ] 1 [
Y e oo e o
17=0 | j=0 | j=0 |
2 i 2 [ ] 2 [
S e oo e o
j=0 ] j=0 | j=0 |
also
ny €U |—o0,al®
1 ] 1 [
Yneufad
1j=0 | j=0 K
2 ] 2 [
Sneufad
Jj=0 ] =0
Thus
F.NE €T, UF,€T;.
For
2 2
M =m0+2mipi €EL,.NL; ,N =n0+2nipi EUF,
i=1 i=1
a? <my < w,al? <my < oo
1 1 1 1
x) (s)
S o <Y m<en, Y o < Yy < oo
j=0 j=0 j=0 j=0 ’
2 2 2 2
(k) (s)
S <Ym <o a® < m <
j=0 j=0 j=0 j=0
and
my € Ja, oo n Jaf?, oo
1 1 [ 11
S e [Ma ol n [ a0
j=0 j=0 | j=0 )
2 2 [ 2
S e [Da® ol n [ a0
j=0 1j=0 j=0
also
no € U]al®, oof
1 11
an €eu Zaf"),oo
j=0 1j=0
2 2
an eul)y a®, o
Jj=0 j=0
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Thus

L,NL,ET,, UL, €T, .
Remark 2.1.
Open sets in T; are:

2
l—oo,ao +Zaipi[ ;G ER,
i=1

) ]
ao+zaipi,°° ;a4 ER,
i=1

Open sets in T, are:

Closed setsin T; are:

) ) ]
ao+zaipi'°° ;a; ER,
| i=1 |

2
l—oo,a0 +Zaipi] ;a; ER.
i=1
Definition 2.3.

Let 3 — spgbe the symbolic 3-plithogenic ring of real numbers, intervals on 3 — spgare defined as follows:

3 3 K k
a +Zaipi,00[= x0+2xipi €2 —5spr; ay < X <00,Zaj<2xj <oo;ke{1,23} ¢,
i=1 i=1 j=0 j=0

Closed setsin T, are:

3 3 k k
a, +Zaipi,oo[= x0+2xipi € 3 —5spgr; ap < X, <00,Zaj Sij <oo; ke{l1,23},,
i=1 i=1 j=0 j=0

3 3 k k

l—w,ao +Zaipi[= X +inpi € 3 —spr; —0 < X <a0,—00<2xj <Zaj Jk €{1,2,3} ¢,
i=1 i=1 j=0 j=0
3 3 k k

l—m,ao +Zaipil= X +inpi63—spR; —00 <Xy <Qp,—0< ) x < a; ,k € {1,2,3}
i=1 i=1 j=0 j=0

Definition 2.4.
We define the spaces:

3
7& =:<]__Oola0 +-:E:CHpi[)UJj;®) )’
i=1
3
T, = ( a +Z aipl-,OO[,U,n, (Z)) .
i=1

Theorem 2.2.
T,, T, are topological spaces.
Proof.
Let
3
F = |-, a(()k) + Z agk)pi[ €T,
i=1
3
L, = a(()k) + Z agk)pi ,0| €T, for K € G (indices set).
i=1
For

3 3
M=m0+2mipiEFknFs ,N=n0+Znipi €U Fp, :

i=1 i=1
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—o0 < my < a

1 1 1 1
o< Sm < S n< S <o
j=0 j=0 j=0 j=0

,—0 < mgy < a®

< 2 2 2 2
—o0 <Zm]~ <Za}k) ,—00 < ij <Za]@ '
j=0 j=0 j=0 j=0
3 3 3 3
o< Ym < B o< < Y
j=0 j=0 j=0 j=0
and
my € |—c0,af[ n]—c0,af’|
1 i 1 [ ] 1 [
Y e oY a0 |n y e
j=0 I g= [ ] =0 |
2 i 2 [ ] 2 [
RIS
j=0 1= [ ] = |
3 i 3 [ ] 3 [
Y X [
j=0 ] j=0 | ] j=0 |
also
k
no € U ]—o0,al”[
1 i 1
S eulnd o
Jj=0 ] Jj=0
2 i 2 [
S eulada|
j=0 ] j=0 |
3 i 3 [
S eulad o
j=0 ] j=0 |
Thus
F,.NE €T, UF,€T;.
For
3 3
M =m0+2mipi €EL,NL; ,N =n0+an~pi €U F,,
i=1 i=1
a% <my < ,al <my <o
1 1 1 1
(1) (s)
S < m<o, Yo <Y my <on
j=0 j=0 j=0 j=0
2 2 2
(k) (s)
S <Y m<n,a <Y <o
j=0 j=0 j=0 j=0
3 3 3 3
(1) (s)
S < m <0, Yo <> my <on
j=0 j=0 j=0 j=0
and
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NgE
G
&

T ‘8 1T
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r
<
I
o
L
—.
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(=]
-,
I
(=]

also

Thus

Remark 2.2.
Open sets in T; are:

3
l—oo,ao +zaipil ;A ER,
i=1

Open sets in T, are:

3 ]
aO"’Zaipi;oo ;4 ER,
i=1 |

Closed setsin T, are:

- 3 -
a0+zaipi'°° ;a; ER,
L i=1 |

3
l—oo,ao +Zaipi] 5 ai ER.
i=1
Definition 2.
Let 4 — spg be the symbolic 4-plithogenic ring of real numbers, intervals on 4 — spy are defined as follows:

4 4 k k
ay +Zaipi,oo[ =1{x +inpi €4 —spr; ay <xp < OO,Za]- < ij <ok €{1,234} ;,
i=1 i=1 Jj=0 j=0

Closed setsin T, are:

4 4 k k
ap + aipi,w[= x0+2xl-pie4—spR;aOSx0<00,ZajSij<00;kE{1,2,3,4} ,
i=1 j=0 j=0

i=1
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4 k k

l—ooa0+ alpl[ +leple4—spR, 00<x0<a0,—00<2x]<2a],kE{1234} ,
i=1 j=0 j=0
4 K k

l ooa0+Zalpll xlple4 SPgr ; 00<x0<a0,—00<2x]<2a],kE{1234}
=1 j=0 j=0

Definition 2.6.

We define the spaces:

4
Tl = <:|—OO’ Ao + Z aipi|:;u;n) ®> )
i=1
4
TZ = ( ao + Z al'pi,oo|:;U:n: @) .
i=1

Theorem 2.3.
T,, T, are topological spaces.
Proof.
Let
F, = |- a(()k) Za(k)pll €Ty,
4
L = |al? + Z a®p;, 0| € T, for K € G (indices set).
i=1
For
M =m0+2mipi EF,NEFE ,N =n0+Znipi €U F, :
i=1 i=1
—00 <My < al, —o0 < m0 <a¥
1
(x)
o Y Yl o Yo <Yl
2 %
—°°<ij Z —°°<ij 2,4
() ()
T O S,
j=0 j=0 j=0 j=0
4 4 4 4
o <Zm]- <Za}") ,—00 < ij <Za}s)
j=0 j=0 j=0 j=0
and
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my € ]—oo, agk)[ n ]—oo, a((,s)[

1 1 [
_ Q) _ (s)
ije oo,Zaj n oo,Zaj
j=0 ] j=0 | |
2 ] 2 [ ] [
_ Q) _ (s)
ije oo,Zaj n oo,Zaj
j=0 ] j=0 | j |
3 ] 3 [ ] [
_ Q) _ (s)
ije oo,Zaj n oo,Zaj
| j=0 | |
4 ] 4 [ ] [
_ Q) _ (s)
ije oo,Zaj n oo,Zaj
| j=0 | |

no € U ]—c0,al|

also

1 1

(k)
Sheo|w3y
] Jj=0 I
(r)
Sheo|w3
| j=0 E

Thus

For

4 4
M=m0+2mipieLkan ,N=n0+2nipi EUF,
' i=1
<my < o

L

=1
a® <my < o,al

1 1 1
(k) (s)
S < m<w, Y e < Yom <
j=0 j=0 j=0

j=0

[y

2

2 2 2
Zaj(k) <Zm]~ < OO,Zaj(S) <ij < oo
4 =0 =0 =0 ,

j=0

3 3 3 3
k) (s)
S <N m<o0,Ya® <> my <on
j=0 j=0 j=0

j=0

4 4 4 4
k) (s)
Sa® < m <o, Yo < m <
j=0 j=0 j=0

j=0

and
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also

Thus

Remark 2.3.
Open sets in T; are:

Open sets in T, are:

Closed setsin T, are:

Closed setsin T, are:

DOIL: https:

(k)

mg € ]a0 ,oo[n ]ags),oo[

; €

ag +

ag +

1
k
>
1j=0 |
12

DI

LynL,€T,,

4 ]
Z a;pi,®
i=1 |

doi.org/10.54216/1]NS.250102

1
(s)
Y

UL, ET, .

4
l—oo,ao +Zaipi[ ;a4 €ER,
i=1
4 ]
Zaipi’oo
i=1 I

;aiER!

;aiER!

Received: October 02, 2023 Revised: January 01, 2024 Accepted: June 24, 2024

31


https://doi.org/10.54216/IJNS.250102

International Journal of Neutrosophic Science (IINS) Vol 25, No. 01, PP. 23-37, 2025

4
l—oo,a0 +Zaipi] ; a; ER.
i=1

Definition 2.7.

Let 4 — spgbe the symbolic 5- plithogenic ring of real numbers, intervals on 4 — spy, are defined as follows:
k k

5

a0+2aipi,oo[= x0+2x1ple5—spR,a0<xo<oo ZaJ ij<oo k €{1,2,3,4,5} ;,
i=1 ]—0
5 k

a0+zaipi'°°[= x0+zx1plE5_SpR' ag = X < Z =

M

xJ<oo k €{1,2,3,4,5} ¢,

k

]—ooa0+2alpl[ x0+z X;p; €5 —sSpg; 00<x0<a0,—00<z Za],ke{12345} ,

— a0+z lpll x0+z lpLES—spR,—00<xo<ao,—00<2x] Za],k€{12345}

Definition 2.8.
We define the spaces:

5
T1 = (l_ml a(] + z alpllyuyn; @) )]
i=1
5
T, = ( ap + Z aipi,w[,u,n, (Z)) .
i=1

Theorem 2.4,
T,, T, are topological spaces.
Proof.
Let
3
Fy = l o af)k) Z a(k)pll €T,
i=
5
= a(()k) + Z a(k)P“ € T, for K € G (indices set).
i=
For
5 5
M =m0+zmipi EFNF N =no+Znipi EUFy :
=1 i=1
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—o0 < my < a

—m<ij<Za}k),—oo<ij<lea]@
_°°<Zm1 Z () 00<sz ng)
—w<ij<Zaj(k),—oo<ij<Za]§S),
_00<sz Z () _00<sz Z 5]
—m<ij<Zaj(k),—oo<ij<Za}S)
=0 =0 = =

,—0 < my < a®

and
my € |—oo ao")[ n]-o0, a5
1 1 [
(9] (s)
Sme| o3 oln3
j=0 ] i=0 | ] j:() |
2 2 2
(s)
D€ ) @l ) d
j=0 ] j=0 [ j=0 |
) 3 i 3 [ ] 3 [
(k) )]’
Sme o3 ol
j=0 1= [ | J= |
4 i 4 [ ] 4 [
(s)
D€ ) @l ) d
j=0 =0 j=0
5 5 5
_ (k) _ (s)
m; € |-, a; N |—oo, a;
j=0 ] j=0 | j=0
also
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no € U ]—c0,al

. ]
€U _OO’Z a®
] j=0 |
- , -
oo, Z aj(k)
] j=0 |
- X -
_OO’Z aj(k) '
=1
- \ -
oo, Z aj(k)

] j=0 |
: ] -
S
] j=0 |

F,NE€E€T,, UFET,.

M-
=

-
I
o

(gl
3
m
C

-
I
o

-
S
m
C

-
I
o

-
3
m
C

-
(S|
o

o
m
C

.
Il
o

Thus

For
5 5
M=m0+2mipi€Lkan ,N=n0+Znipi €U F,,
i i=1
<my <

l

=1
a® <my < ,ald

1 1 1 1
1) (s)
S <Y<,y al? <Y m <on
j=0 j=0 j=0

j=0
2 2 2 2

x) (s)
S e < my<en, Y 0 < Yy < oo
j=0 j=0 j=0 j=0
3 3 3 3

(] (s) ’
S <Ym<oa® < m<a
j=0 j=0 j=0 j=0

4 4 4 4
1) (s)
S <Y<, Yol <Y m <on
j=0 j=0 j=0 j=0
5 5 5 5
() (s)
Sa® <Y m <0, Yo <Y <on
j=0 j=0 j=0

j=0

and
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also

Thus

Remark 2.4.
Open sets in T; are:

Open sets in T, are:

Closed setsin T, are:

DOIL: https:

I~

-
I}
o

I~

-
I}
o

-

-
I
o

~.
«” ||M-{>
o

~.
I
=]

3

3

m
Ing
\.9,.\
&

3
m
INgh
\.9,.\
&

3
m
Q

(k)

mo € Jag”, oo n Jag”, oof

1
(k)
>

3
m
g
B

A

ny €U

1=
3
m
C

-
I}
(=]

Ingl
3
m
C

-
I}
(=]

DM
3
m
C

-
I}
(=]

-
3
m
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.
[ |
o

5
ap + Z a;p;
i=1
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1
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i=1
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5
Qg +Zaipi,ool ;a4 ER,
i=1

5
l—oo.ao +Zaipi] ;a; ER.
i=1

Closed setsin T, are:

Conclusion

In this paper, we presented the topological space of intervals based symbolic m-plithogenic real numbers of
orders between 2 and 5, where we clarified how m-plithogenic real intervals can be expressed according to the
symbolic plithogenic partial order relation, and we use these intervals to build a topological space. On the other
hand, many illustrated and related examples on open and closed sets are provided to explain the validity of our
approach.
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