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Abstract 

 

In this paper, we present the topological space of intervals based symbolic m-plithogenic real numbers of orders 

between 2 and 5, where we clarify how m-plithogenic real intervals can be expressed according to the symbolic 

plithogenic partial order relation, and we use these intervals to build a topological space. On the other hand, 

many illustrated and related examples on open and closed sets will be provided to explain the validity of our 

approach. 
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1. Introduction 

 

Plithogenic real numbers together form an algebraic ring [19], this ring has been studied on a wide range by 

many researchers, where it has been used in matrix theory, linear structures, and in number theory [13-18]. Also, 

symbolic n-plithogenic structures were very useful in generalizing matrix units, and eigenvalues [20-27]. 

 

Symbolic n-plithogenic real numbers are partially ordered by the following relation: 

 

𝑥0 +∑𝑥𝑖𝑝𝑖

𝑛

𝑖=1

≤ 𝑦0 +∑𝑦𝑖𝑝𝑖

𝑛

𝑖=1

↔ 𝑥0 ≤ 𝑦0,∑𝑥𝑖

𝑗

𝑖=1

≤∑𝑦𝑖

𝑗

𝑖=1

; 𝑗 ∈ {1,2. . , 𝑛}. 

 
Where 𝑥𝑖 , 𝑦𝑖  are real numbers, and 

𝑝𝑖𝑝𝑗 = 𝑝max(𝑖,𝑗). 

 

In this work, we depend on the partial order relations defined on symbolic n-pithogenic real numbers with 𝑛 ∈
{2,3,4,5} to build topological spaces on these intervals, and to study their elementary properties such as closed 

and open sets. 

 

The study of symbolic n-plithogenic real intervals can be extended to higher orders, i.e. 𝑛 ≥ 6. For more details 

about neutrosophic and logical-based topological spaces, see [1-12]. 

 

 

2.Main Concepts and Discussion 

 

Definition 2.1 

Let 2 − 𝑠𝑝𝑅 be the symbolic 2-plithogenic ring of real numbers, intervals on 2 − 𝑠𝑝𝑅 are defined as follows: 

]𝑎0 +∑𝑎𝑖𝑝𝑖 ,

2

𝑖=1

∞[ = {𝑥0 +∑𝑥𝑖𝑝𝑖

2

𝑖=1

∈ 2 − sp𝑅  ;  𝑎0 < 𝑥0 < ∞ ,∑𝑎𝑗

1

𝑗=0

<∑𝑥𝑗

1

𝑗=0

< ∞ ,∑𝑎𝑗

2

𝑗=0

<∑𝑥𝑗

2

𝑗=0

< ∞  } , 
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[𝑎0 +∑𝑎𝑖𝑝𝑖 ,

2

𝑖=1

∞[ = {𝑥0 +∑𝑥𝑖𝑝𝑖

2

𝑖=1

∈ 2 − sp𝑅  ;  𝑎0 ≤ 𝑥0 < ∞ ,∑𝑎𝑗

1

𝑗=0

≤∑𝑥𝑗

1

𝑗=0

< ∞ ,∑𝑎𝑗

2

𝑗=0

≤∑𝑥𝑗

2

𝑗=0

< ∞  } , 

 

]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

2

𝑖=1

[

= {𝑥0 +∑𝑥𝑖𝑝𝑖

2

𝑖=1

∈ 2 − sp𝑅;  −∞ < 𝑥0 < 𝑎0 , −∞ <∑𝑥𝑗

1

𝑗=0

<∑𝑎𝑗

1

𝑗=0

 , −∞ <∑𝑥𝑗

2

𝑗=0

<∑𝑎𝑗

2

𝑗=0

  } , 

. 

]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

2

𝑖=1

]

= {𝑥0 +∑𝑥𝑖𝑝𝑖

2

𝑖=1

∈ 2 − sp𝑅  ;  −∞ < 𝑥0 ≤ 𝑎0 , −∞ <∑𝑥𝑗

1

𝑗=0

≤∑𝑎𝑗

1

𝑗=0

 , −∞ <∑𝑥𝑗

2

𝑗=0

≤∑𝑎𝑗

2

𝑗=0

  } . 

. 

Definition 2.2. 

We define the spaces: 

𝑇1 = (]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

2

𝑖=1

[ ,∪,∩, ∅) , 

 

𝑇2 = (]𝑎0 +∑𝑎𝑖𝑝𝑖 ,

2

𝑖=1

∞[ ,∪,∩, ∅) . 

Theorem 2.1. 

𝑇1, 𝑇2 are topological spaces. 

Proof. 

Let 

𝐹𝑘 = ]−∞, 𝑎0
(𝑘)
+∑𝑎𝑖

(𝑘)
𝑝𝑖

2

𝑖=1

[ ∈ 𝑇1 , 

 

𝐿𝑘 = ]𝑎0
(𝑘)
+∑𝑎𝑖

(𝑘)
𝑝𝑖

2

𝑖=1

, ∞[ ∈ 𝑇2 for 𝐾 ∈ 𝐺  (indices set). 

For 

𝑀 = 𝑚0 +∑𝑚𝑖𝑝𝑖

2

𝑖=1

∈ 𝐹𝑘 ∩ 𝐹𝑠  , 𝑁 = 𝑛0 +∑𝑛𝑖𝑝𝑖

2

𝑖=1

 ∈∪ 𝐹𝑘 ∶ 

 

{
 
 
 

 
 
 −∞ < 𝑚0 < 𝑎0

(𝑘) , −∞ < 𝑚0 < 𝑎0
(𝑠) 

−∞ <∑𝑚𝑗

1

𝑗=0

<∑𝑎𝑗
(𝑘)

1

𝑗=0

 , −∞ <∑𝑚𝑗

1

𝑗=0

<∑𝑎𝑗
(𝑠)

1

𝑗=0

−∞ <∑𝑚𝑗

2

𝑗=0

<∑𝑎𝑗
(𝑘)

2

𝑗=0

 , −∞ <∑𝑚𝑗

2

𝑗=0

<∑𝑎𝑗
(𝑠)

2

𝑗=0

 , 
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and 

 

{
 
 
 

 
 
 𝑚0 ∈ ]−∞, 𝑎0

(𝑘)[ ∩ ]−∞, 𝑎0
(𝑠)[

∑𝑚𝑗

1

𝑗=0

∈ ]−∞,∑𝑎𝑗
(𝑘)

1

𝑗=0

[ ∩ ]−∞,∑𝑎𝑗
(𝑠)

1

𝑗=0

[

∑𝑚𝑗

2

𝑗=0

∈ ]−∞,∑𝑎𝑗
(𝑘)

2

𝑗=0

[ ∩ ]−∞,∑𝑎𝑗
(𝑠)

2

𝑗=0

[

 , 

 

 

 

 

also 

{
 
 
 

 
 
 𝑛0 ∈ ∪ ]−∞, 𝑎0

(𝑘)[

∑𝑛𝑗

1

𝑗=0

∈ ∪ ]−∞,∑𝑎𝑗
(𝑘)

1

𝑗=0

[ 

∑𝑛𝑗

2

𝑗=0

∈ ∪ ]−∞,∑𝑎𝑗
(𝑘)

2

𝑗=0

[

 . 

Thus 

𝐹𝑘 ∩ 𝐹𝑠 ∈ 𝑇1 , ∪ 𝐹𝑘 ∈ 𝑇1 . 
For 

𝑀 = 𝑚0 +∑𝑚𝑖𝑝𝑖

2

𝑖=1

∈ 𝐿𝑘 ∩ 𝐿𝑠  , 𝑁 = 𝑛0 +∑𝑛𝑖𝑝𝑖

2

𝑖=1

 ∈∪ 𝐹𝑘 , 

 

{
 
 
 

 
 
 𝑎0

(𝑘) < 𝑚0 < ∞ , 𝑎0
(𝑠) < 𝑚0 < ∞ 

∑𝑎𝑗
(𝑘)

1

𝑗=0

<∑𝑚𝑗

1

𝑗=0

< ∞ ,∑𝑎𝑗
(𝑠)

1

𝑗=0

<∑𝑚𝑗

1

𝑗=0

< ∞  

∑𝑎𝑗
(𝑘)

2

𝑗=0

<∑𝑚𝑗

2

𝑗=0

< ∞ ,∑𝑎𝑗
(𝑠)

2

𝑗=0

<∑𝑚𝑗

2

𝑗=0

< ∞

, 

and 

 

{
 
 
 

 
 
 𝑚0 ∈ ]𝑎0

(𝑘), ∞[ ∩ ]𝑎0
(𝑠), ∞[

∑𝑚𝑗

1

𝑗=0

∈ ]∑𝑎𝑗
(𝑘)

1

𝑗=0

, ∞[ ∩ ]∑𝑎𝑗
(𝑠)

1

𝑗=0

, ∞[  

∑𝑚𝑗

2

𝑗=0

∈ ]∑𝑎𝑗
(𝑘)

2

𝑗=0

, ∞[ ∩ ]∑𝑎𝑗
(𝑠)

2

𝑗=0

, ∞[  

, 

 

also 

{
 
 
 

 
 
 𝑛0 ∈ ∪ ]𝑎0

(𝑘), ∞[

∑𝑛𝑗

1

𝑗=0

∈ ∪ ]∑𝑎𝑗
(𝑘)

1

𝑗=0

, ∞[

∑𝑛𝑗

2

𝑗=0

∈ ∪ ]∑𝑎𝑗
(𝑘)

2

𝑗=0

, ∞[

  . 
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Thus  

𝐿𝑘 ∩ 𝐿𝑠 ∈ 𝑇2 , ∪ 𝐿𝑘 ∈ 𝑇2  . 
Remark 2.1. 

Open sets in 𝑇1 are: 

 ]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

2

𝑖=1

[  ;  𝑎𝑖 ∈ 𝑅 , 

Open sets in 𝑇2 are: 

 ]𝑎0 +∑𝑎𝑖𝑝𝑖

2

𝑖=1

, ∞[  ;  𝑎𝑖 ∈ 𝑅 , 

Closed  sets in 𝑇1 are: 

 [𝑎0 +∑𝑎𝑖𝑝𝑖

2

𝑖=1

, ∞[  ;  𝑎𝑖 ∈ 𝑅 , 

Closed  sets in 𝑇2 are: 

 ]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

2

𝑖=1

]  ;  𝑎𝑖 ∈ 𝑅 . 

Definition 2.3. 

Let 3 − 𝑠𝑝𝑅be the symbolic 3-plithogenic ring of real numbers, intervals on 3 − 𝑠𝑝𝑅are defined as follows: 

]𝑎0 +∑𝑎𝑖𝑝𝑖 ,

3

𝑖=1

∞[ = {𝑥0 +∑𝑥𝑖𝑝𝑖

3

𝑖=1

∈ 2 − sp𝑅  ;  𝑎0 < 𝑥0 < ∞ ,∑𝑎𝑗

𝑘

𝑗=0

<∑𝑥𝑗

𝑘

𝑗=0

< ∞ ; 𝑘 ∈ {1,2,3}  } , 

[𝑎0 +∑𝑎𝑖𝑝𝑖 ,

3

𝑖=1

∞[ = {𝑥0 +∑𝑥𝑖𝑝𝑖

3

𝑖=1

∈ 3 − sp𝑅  ;  𝑎0 ≤ 𝑥0 < ∞ ,∑𝑎𝑗

𝑘

𝑗=0

≤∑𝑥𝑗

𝑘

𝑗=0

< ∞ ;  𝑘 ∈ {1,2,3} } , 

]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

3

𝑖=1

[ = {𝑥0 +∑𝑥𝑖𝑝𝑖

3

𝑖=1

∈ 3 − sp𝑅 ;  −∞ < 𝑥0 < 𝑎0 , −∞ <∑𝑥𝑗

𝑘

𝑗=0

<∑𝑎𝑗

𝑘

𝑗=0

 , 𝑘 ∈ {1,2,3}  } , 

]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

3

𝑖=1

] = {𝑥0 +∑𝑥𝑖𝑝𝑖

3

𝑖=1

∈ 3 − sp𝑅 ;  −∞ < 𝑥0 ≤ 𝑎0 , −∞ <∑𝑥𝑗

𝑘

𝑗=0

≤∑𝑎𝑗

𝑘

𝑗=0

 , 𝑘 ∈ {1,2,3}  } . 

Definition 2.4. 

We define the spaces: 

𝑇1 = (]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

3

𝑖=1

[ ,∪,∩, ∅) , 

 

𝑇2 = (]𝑎0 +∑𝑎𝑖𝑝𝑖 ,

3

𝑖=1

∞[ ,∪,∩, ∅) . 

 

Theorem 2.2. 

𝑇1, 𝑇2 are topological spaces. 

Proof. 

Let 

𝐹𝑘 = ]−∞, 𝑎0
(𝑘)
+∑𝑎𝑖

(𝑘)
𝑝𝑖

3

𝑖=1

[ ∈ 𝑇1 , 

𝐿𝑘 = ]𝑎0
(𝑘)
+∑𝑎𝑖

(𝑘)
𝑝𝑖

3

𝑖=1

, ∞[ ∈ 𝑇2 for 𝐾 ∈ 𝐺 (indices set). 

For 

𝑀 = 𝑚0 +∑𝑚𝑖𝑝𝑖

3

𝑖=1

∈ 𝐹𝑘 ∩ 𝐹𝑠  , 𝑁 = 𝑛0 +∑𝑛𝑖𝑝𝑖

3

𝑖=1

 ∈∪ 𝐹𝑘 ∶ 
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{
 
 
 
 
 

 
 
 
 
 −∞ < 𝑚0 < 𝑎0

(𝑘) , −∞ < 𝑚0 < 𝑎0
(𝑠) 

−∞ <∑𝑚𝑗

1

𝑗=0

<∑𝑎𝑗
(𝑘)

1

𝑗=0

 , −∞ <∑𝑚𝑗

1

𝑗=0

<∑𝑎𝑗
(𝑠)

1

𝑗=0

−∞ <∑𝑚𝑗

2

𝑗=0

<∑𝑎𝑗
(𝑘)

2

𝑗=0

 , −∞ <∑𝑚𝑗

2

𝑗=0

<∑𝑎𝑗
(𝑠)

2

𝑗=0

−∞ <∑𝑚𝑗

3

𝑗=0

<∑𝑎𝑗
(𝑘)

3

𝑗=0

 , −∞ <∑𝑚𝑗

3

𝑗=0

<∑𝑎𝑗
(𝑠)

3

𝑗=0

   . 

and  

 

{
 
 
 
 
 

 
 
 
 
 𝑚0 ∈ ]−∞, 𝑎0

(𝑘)[ ∩ ]−∞, 𝑎0
(𝑠)[

∑𝑚𝑗

1

𝑗=0

∈ ]−∞,∑𝑎𝑗
(𝑘)

1

𝑗=0

[ ∩ ]−∞,∑𝑎𝑗
(𝑠)

1

𝑗=0

[

∑𝑚𝑗

2

𝑗=0

∈ ]−∞,∑𝑎𝑗
(𝑘)

2

𝑗=0

[ ∩ ]−∞,∑𝑎𝑗
(𝑠)

2

𝑗=0

[

∑𝑚𝑗

3

𝑗=0

∈ ]−∞,∑𝑎𝑗
(𝑘)

3

𝑗=0

[ ∩ ]−∞,∑𝑎𝑗
(𝑠)

3

𝑗=0

[

 , 

also 

{
 
 
 
 
 

 
 
 
 
 𝑛0 ∈ ∪ ]−∞, 𝑎0

(𝑘)[

∑𝑛𝑗

1

𝑗=0

∈ ∪ ]−∞,∑𝑎𝑗
(𝑘)

1

𝑗=0

[

∑𝑛𝑗

2

𝑗=0

∈ ∪ ]−∞,∑𝑎𝑗
(𝑘)

2

𝑗=0

[

∑𝑛𝑗

3

𝑗=0

∈ ∪ ]−∞,∑𝑎𝑗
(𝑘)

3

𝑗=0

[

  . 

Thus 

𝐹𝑘 ∩ 𝐹𝑠 ∈ 𝑇1 , ∪ 𝐹𝑘 ∈ 𝑇1 . 
 

 

For 

𝑀 = 𝑚0 +∑𝑚𝑖𝑝𝑖

3

𝑖=1

∈ 𝐿𝑘 ∩ 𝐿𝑠  , 𝑁 = 𝑛0 +∑𝑛𝑖𝑝𝑖

3

𝑖=1

 ∈∪ 𝐹𝑘 , 

 

{
 
 
 
 
 

 
 
 
 
 𝑎0

(𝑘) < 𝑚0 < ∞ , 𝑎0
(𝑠) < 𝑚0 < ∞ 

∑𝑎𝑗
(𝑘)

1

𝑗=0

<∑𝑚𝑗

1

𝑗=0

< ∞ ,∑𝑎𝑗
(𝑠)

1

𝑗=0

<∑𝑚𝑗

1

𝑗=0

< ∞

∑𝑎𝑗
(𝑘)

2

𝑗=0

<∑𝑚𝑗

2

𝑗=0

< ∞ ,∑𝑎𝑗
(𝑠)

2

𝑗=0

<∑𝑚𝑗

2

𝑗=0

< ∞ 

∑𝑎𝑗
(𝑘)

3

𝑗=0

<∑𝑚𝑗

3

𝑗=0

< ∞ ,∑𝑎𝑗
(𝑠)

3

𝑗=0

<∑𝑚𝑗

3

𝑗=0

< ∞

    , 

and 
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{
 
 
 
 
 

 
 
 
 
 𝑚0 ∈ ]𝑎0

(𝑘), ∞[ ∩ ]𝑎0
(𝑠), ∞[

∑𝑚𝑗

1

𝑗=0

∈ ]∑𝑎𝑗
(𝑘)

1

𝑗=0

, ∞[ ∩ ]∑𝑎𝑗
(𝑠)

1

𝑗=0

, ∞[

∑𝑚𝑗

2

𝑗=0

∈ ]∑𝑎𝑗
(𝑘)

2

𝑗=0

, ∞[ ∩ ]∑𝑎𝑗
(𝑠)

2

𝑗=0

, ∞[

∑𝑚𝑗

3

𝑗=0

∈ ]∑𝑎𝑗
(𝑘)

3

𝑗=0

, ∞[ ∩ ]∑𝑎𝑗
(𝑠)

3

𝑗=0

, ∞[

  , 

 

also 

{
 
 
 
 
 

 
 
 
 
 𝑛0 ∈ ∪ ]𝑎0

(𝑘), ∞[

∑𝑛𝑗

1

𝑗=0

∈ ∪ ]∑𝑎𝑗
(𝑘)

1

𝑗=0

, ∞[

∑𝑛𝑗

2

𝑗=0

∈ ∪ ]∑𝑎𝑗
(𝑘)

2

𝑗=0

, ∞[

∑𝑛𝑗

3

𝑗=0

∈ ∪ ]∑𝑎𝑗
(𝑘)

3

𝑗=0

, ∞[

 . 

Thus 

𝐿𝑘 ∩ 𝐿𝑠 ∈ 𝑇2 , ∪ 𝐿𝑘 ∈ 𝑇2  . 
 

 

 

Remark 2.2. 

Open sets in 𝑇1 are: 

 ]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

3

𝑖=1

[  ;  𝑎𝑖 ∈ 𝑅 , 

 

 

Open sets in 𝑇2 are: 

 ]𝑎0 +∑𝑎𝑖𝑝𝑖

3

𝑖=1

, ∞[  ;  𝑎𝑖 ∈ 𝑅 , 

 

Closed  sets in 𝑇1 are: 

 [𝑎0 +∑𝑎𝑖𝑝𝑖

3

𝑖=1

, ∞[  ;  𝑎𝑖 ∈ 𝑅 , 

 Closed  sets in 𝑇2 are: 

 ]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

3

𝑖=1

]  ;  𝑎𝑖 ∈ 𝑅 . 

Definition 2. 

Let 4 − 𝑠𝑝𝑅 be the symbolic 4-plithogenic ring of real numbers, intervals on 4 − 𝑠𝑝𝑅 are defined as follows: 

]𝑎0 +∑𝑎𝑖𝑝𝑖 ,

4

𝑖=1

∞[ = {𝑥0 +∑𝑥𝑖𝑝𝑖

4

𝑖=1

∈ 4 − sp𝑅 ;  𝑎0 < 𝑥0 < ∞ ,∑𝑎𝑗

𝑘

𝑗=0

<∑𝑥𝑗

𝑘

𝑗=0

< ∞ ; 𝑘 ∈ {1,2,3,4}  } , 

[𝑎0 +∑𝑎𝑖𝑝𝑖 ,

4

𝑖=1

∞[ = {𝑥0 +∑𝑥𝑖𝑝𝑖

4

𝑖=1

∈ 4 − sp𝑅 ;  𝑎0 ≤ 𝑥0 < ∞ ,∑𝑎𝑗

𝑘

𝑗=0

≤∑𝑥𝑗

𝑘

𝑗=0

< ∞ ;  𝑘 ∈ {1,2,3,4} } , 
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]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

4

𝑖=1

[ = {𝑥0 +∑𝑥𝑖𝑝𝑖

4

𝑖=1

∈ 4 − sp𝑅  ;  −∞ < 𝑥0 < 𝑎0 , −∞ <∑𝑥𝑗

𝑘

𝑗=0

<∑𝑎𝑗

𝑘

𝑗=0

 , 𝑘 ∈ {1,2,3,4}  } , 

]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

4

𝑖=1

] = {𝑥0 +∑𝑥𝑖𝑝𝑖

4

𝑖=1

∈ 4 − sp𝑅  ;  −∞ < 𝑥0 ≤ 𝑎0 , −∞ <∑𝑥𝑗

𝑘

𝑗=0

≤∑𝑎𝑗

𝑘

𝑗=0

 , 𝑘 ∈ {1,2,3,4}  } . 

Definition 2.6. 

We define the spaces: 

𝑇1 = (]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

4

𝑖=1

[ ,∪,∩, ∅) , 

 

𝑇2 = (]𝑎0 +∑𝑎𝑖𝑝𝑖 ,

4

𝑖=1

∞[ ,∪,∩, ∅)  . 

Theorem 2.3. 

𝑇1, 𝑇2 are topological spaces. 

Proof. 

Let 

𝐹𝑘 = ]−∞, 𝑎0
(𝑘)
+∑𝑎𝑖

(𝑘)
𝑝𝑖

3

𝑖=1

[ ∈ 𝑇1 , 

 

𝐿𝑘 = ]𝑎0
(𝑘)
+∑𝑎𝑖

(𝑘)
𝑝𝑖

4

𝑖=1

, ∞[ ∈ 𝑇2 for 𝐾 ∈ 𝐺 (indices set).  

For 

𝑀 = 𝑚0 +∑𝑚𝑖𝑝𝑖

4

𝑖=1

∈ 𝐹𝑘 ∩ 𝐹𝑠  , 𝑁 = 𝑛0 +∑𝑛𝑖𝑝𝑖

4

𝑖=1

 ∈∪ 𝐹𝑘 ∶ 

{
 
 
 
 
 
 

 
 
 
 
 
 −∞ < 𝑚0 < 𝑎0

(𝑘) , −∞ < 𝑚0 < 𝑎0
(𝑠) 

−∞ <∑𝑚𝑗

1

𝑗=0

<∑𝑎𝑗
(𝑘)

1

𝑗=0

 , −∞ <∑𝑚𝑗

1

𝑗=0

<∑𝑎𝑗
(𝑠)

1

𝑗=0

−∞ <∑𝑚𝑗

2

𝑗=0

<∑𝑎𝑗
(𝑘)

2

𝑗=0

 , −∞ <∑𝑚𝑗

2

𝑗=0

<∑𝑎𝑗
(𝑠)

2

𝑗=0

−∞ <∑𝑚𝑗

3

𝑗=0

<∑𝑎𝑗
(𝑘)

3

𝑗=0

 , −∞ <∑𝑚𝑗

3

𝑗=0

<∑𝑎𝑗
(𝑠)

3

𝑗=0

∞ <∑𝑚𝑗

4

𝑗=0

<∑𝑎𝑗
(𝑘)

4

𝑗=0

 , −∞ <∑𝑚𝑗

4

𝑗=0

<∑𝑎𝑗
(𝑠) 

4

𝑗=0

 , 

and 
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{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝑚0 ∈ ]−∞, 𝑎0

(𝑘)[ ∩ ]−∞, 𝑎0
(𝑠)[

∑𝑚𝑗

1

𝑗=0

∈ ]−∞,∑𝑎𝑗
(𝑘)

1

𝑗=0

[ ∩ ]−∞,∑𝑎𝑗
(𝑠)

1

𝑗=0

[

∑𝑚𝑗

2

𝑗=0

∈ ]−∞,∑𝑎𝑗
(𝑘)

2

𝑗=0

[ ∩ ]−∞,∑𝑎𝑗
(𝑠)

2

𝑗=0

[

∑𝑚𝑗

3

𝑗=0

∈ ]−∞,∑𝑎𝑗
(𝑘)

3

𝑗=0

[ ∩ ]−∞,∑𝑎𝑗
(𝑠)

3

𝑗=0

[

∑𝑚𝑗

4

𝑗=0

∈ ]−∞,∑𝑎𝑗
(𝑘)

4

𝑗=0

[ ∩ ]−∞,∑𝑎𝑗
(𝑠)

4

𝑗=0

[

 , 

also 

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝑛0 ∈ ∪ ]−∞, 𝑎0

(𝑘)[

∑𝑛𝑗

1

𝑗=0

∈ ∪ ]−∞,∑𝑎𝑗
(𝑘)

1

𝑗=0

[

∑𝑛𝑗

2

𝑗=0

∈ ∪ ]−∞,∑𝑎𝑗
(𝑘)

2

𝑗=0

[

∑𝑛𝑗

3

𝑗=0

∈ ∪ ]−∞,∑𝑎𝑗
(𝑘)

3

𝑗=0

[

∑𝑛𝑗

4

𝑗=0

∈ ∪ ]−∞,∑𝑎𝑗
(𝑘)

4

𝑗=0

[

 . 

Thus  

𝐹𝑘 ∩ 𝐹𝑠 ∈ 𝑇1 ,   
 

For 

𝑀 = 𝑚0 +∑𝑚𝑖𝑝𝑖

4

𝑖=1

∈ 𝐿𝑘 ∩ 𝐿𝑠  , 𝑁 = 𝑛0 +∑𝑛𝑖𝑝𝑖

4

𝑖=1

 ∈∪ 𝐹𝑘 , 

{
 
 
 
 
 
 

 
 
 
 
 
 𝑎0

(𝑘) < 𝑚0 < ∞ , 𝑎0
(𝑠) < 𝑚0 < ∞ 

∑𝑎𝑗
(𝑘)

1

𝑗=0

<∑𝑚𝑗

1

𝑗=0

< ∞ ,∑𝑎𝑗
(𝑠)

1

𝑗=0

<∑𝑚𝑗

1

𝑗=0

< ∞

∑𝑎𝑗
(𝑘)

2

𝑗=0

<∑𝑚𝑗

2

𝑗=0

< ∞ ,∑𝑎𝑗
(𝑠)

2

𝑗=0

<∑𝑚𝑗

2

𝑗=0

< ∞

∑𝑎𝑗
(𝑘)

3

𝑗=0

<∑𝑚𝑗

3

𝑗=0

< ∞ ,∑𝑎𝑗
(𝑠)

3

𝑗=0

<∑𝑚𝑗

3

𝑗=0

< ∞

∑𝑎𝑗
(𝑘)

4

𝑗=0

<∑𝑚𝑗

4

𝑗=0

< ∞ ,∑𝑎𝑗
(𝑠)

4

𝑗=0

<∑𝑚𝑗

4

𝑗=0

< ∞

 , 

 

 

and 
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{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝑚0 ∈ ]𝑎0

(𝑘), ∞[ ∩ ]𝑎0
(𝑠), ∞[

∑𝑚𝑗

1

𝑗=0

∈ ]∑𝑎𝑗
(𝑘)

1

𝑗=0

, ∞[ ∩ ]∑𝑎𝑗
(𝑠)

1

𝑗=0

, ∞[

∑𝑚𝑗

2

𝑗=0

∈ ]∑𝑎𝑗
(𝑘)

2

𝑗=0

, ∞[ ∩ ]∑𝑎𝑗
(𝑠)

2

𝑗=0

, ∞[

∑𝑚𝑗

3

𝑗=0

∈ ]∑𝑎𝑗
(𝑘)

3

𝑗=0

, ∞[ ∩ ]∑𝑎𝑗
(𝑠)

3

𝑗=0

, ∞[

∑𝑚𝑗

4

𝑗=0

∈ ]∑𝑎𝑗
(𝑘)

4

𝑗=0

, ∞[ ∩ ]∑𝑎𝑗
(𝑠)

4

𝑗=0

, ∞[

 , 

 

 

 

 

 

 

 

 

 

 

also 

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝑛0 ∈ ∪ ]𝑎0

(𝑘), ∞[

∑𝑛𝑗

1

𝑗=0

∈ ∪ ]∑𝑎𝑗
(𝑘)

1

𝑗=0

, ∞[

∑𝑛𝑗

2

𝑗=0

∈ ∪ ]∑𝑎𝑗
(𝑘)

2

𝑗=0

, ∞[

∑𝑛𝑗

3

𝑗=0

∈ ∪ ]∑𝑎𝑗
(𝑘)

3

𝑗=0

, ∞[

∑𝑛𝑗

4

𝑗=0

∈ ∪ ]∑𝑎𝑗
(𝑘)

4

𝑗=0

, ∞[

 . 

  

Thus 

𝐿𝑘 ∩ 𝐿𝑠 ∈ 𝑇2 , ∪ 𝐿𝑘 ∈ 𝑇2  . 
Remark 2.3. 

Open sets in 𝑇1 are: 

 ]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

4

𝑖=1

[  ;  𝑎𝑖 ∈ 𝑅 , 

Open sets in 𝑇2 are: 

 ]𝑎0 +∑𝑎𝑖𝑝𝑖

4

𝑖=1

, ∞[  ;  𝑎𝑖 ∈ 𝑅 , 

Closed  sets in 𝑇1 are: 

 [𝑎0 +∑𝑎𝑖𝑝𝑖

4

𝑖=1

, ∞[  ;  𝑎𝑖 ∈ 𝑅 , 

Closed  sets in 𝑇2 are: 
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 ]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

4

𝑖=1

]  ;  𝑎𝑖 ∈ 𝑅 . 

 

 

 

 

 

 

 

 

 

 

Definition 2.7. 

Let 4 − 𝑠𝑝𝑅be the symbolic 5-plithogenic ring of real numbers, intervals on 4 − 𝑠𝑝𝑅  are defined as follows: 

]𝑎0 +∑𝑎𝑖𝑝𝑖 ,

5

𝑖=1

∞[ = {𝑥0 +∑𝑥𝑖𝑝𝑖

5

𝑖=1

∈ 5 − sp𝑅  ;  𝑎0 < 𝑥0 < ∞ ,∑𝑎𝑗

𝑘

𝑗=0

<∑𝑥𝑗

𝑘

𝑗=0

< ∞ ; 𝑘 ∈ {1,2,3,4,5}  } , 

[𝑎0 +∑𝑎𝑖𝑝𝑖 ,

5

𝑖=1

∞[ = {𝑥0 +∑𝑥𝑖𝑝𝑖

5

𝑖=1

∈ 5 − sp𝑅  ;  𝑎0 ≤ 𝑥0 < ∞ ,∑𝑎𝑗

𝑘

𝑗=0

≤∑𝑥𝑗

𝑘

𝑗=0

< ∞ ;  𝑘 ∈ {1,2,3,4,5} } , 

]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

5

𝑖=1

[ = {𝑥0 +∑𝑥𝑖𝑝𝑖

5

𝑖=1

∈ 5 − sp𝑅  ;  −∞ < 𝑥0 < 𝑎0 , −∞ <∑𝑥𝑗

𝑘

𝑗=0

<∑𝑎𝑗

𝑘

𝑗=0

 , 𝑘 ∈ {1,2,3,4,5}  } ,  

]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

5

𝑖=1

] = {𝑥0 +∑𝑥𝑖𝑝𝑖

5

𝑖=1

∈ 5 − sp𝑅  ;  −∞ < 𝑥0 ≤ 𝑎0 , −∞ <∑𝑥𝑗

𝑘

𝑗=0

≤∑𝑎𝑗

𝑘

𝑗=0

 , 𝑘 ∈ {1,2,3,4,5}  } . 

Definition 2.8. 

We define the spaces: 

𝑇1 = (]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

5

𝑖=1

[ ,∪,∩, ∅) , 

𝑇2 = (]𝑎0 +∑𝑎𝑖𝑝𝑖 ,

5

𝑖=1

∞[ ,∪,∩, ∅) . 

Theorem 2.4. 

𝑇1, 𝑇2 are topological spaces. 

Proof. 

Let  

𝐹𝑘 = ]−∞, 𝑎0
(𝑘)
+∑𝑎𝑖

(𝑘)
𝑝𝑖

3

𝑖=1

[ ∈ 𝑇1 , 

𝐿𝑘 = ]𝑎0
(𝑘)
+∑𝑎𝑖

(𝑘)
𝑝𝑖

5

𝑖=1

, ∞[ ∈ 𝑇2 for 𝐾 ∈ 𝐺 (indices set). 

For 

𝑀 = 𝑚0 +∑𝑚𝑖𝑝𝑖

5

𝑖=1

∈ 𝐹𝑘 ∩ 𝐹𝑠  , 𝑁 = 𝑛0 +∑𝑛𝑖𝑝𝑖

5

𝑖=1

 ∈∪ 𝐹𝑘  : 
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{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 −∞ < 𝑚0 < 𝑎0

(𝑘) , −∞ < 𝑚0 < 𝑎0
(𝑠) 

−∞ <∑𝑚𝑗

1

𝑗=0

<∑𝑎𝑗
(𝑘)

1

𝑗=0

 , −∞ <∑𝑚𝑗

1

𝑗=0

<∑𝑎𝑗
(𝑠)

1

𝑗=0

−∞ <∑𝑚𝑗

2

𝑗=0

<∑𝑎𝑗
(𝑘)

2

𝑗=0

 , −∞ <∑𝑚𝑗

2

𝑗=0

<∑𝑎𝑗
(𝑠)

2

𝑗=0

−∞ <∑𝑚𝑗

3

𝑗=0

<∑𝑎𝑗
(𝑘)

3

𝑗=0

 , −∞ <∑𝑚𝑗

3

𝑗=0

<∑𝑎𝑗
(𝑠)  ,

3

𝑗=0

−∞ <∑𝑚𝑗

4

𝑗=0

<∑𝑎𝑗
(𝑘)

4

𝑗=0

 , −∞ <∑𝑚𝑗

4

𝑗=0

<∑𝑎𝑗
(𝑠)

4

𝑗=0

−∞ <∑𝑚𝑗

5

𝑗=0

<∑𝑎𝑗
(𝑘)

5

𝑗=0

 , −∞ <∑𝑚𝑗

5

𝑗=0

<∑𝑎𝑗
(𝑠)

5

𝑗=0

 

 

 

 

 

 

 

 

 

 

 

 

 

 

and 

 

{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 𝑚0 ∈ ]−∞, 𝑎0

(𝑘)[ ∩ ]−∞, 𝑎0
(𝑠)[

∑𝑚𝑗

1

𝑗=0

∈ ]−∞,∑𝑎𝑗
(𝑘)

1

𝑗=0

[ ∩ ]−∞,∑𝑎𝑗
(𝑠)

1

𝑗=0

[

∑𝑚𝑗

2

𝑗=0

∈ ]−∞,∑𝑎𝑗
(𝑘)

2

𝑗=0

[ ∩ ]−∞,∑𝑎𝑗
(𝑠)

2

𝑗=0

[

∑𝑚𝑗

3

𝑗=0

∈ ]−∞,∑𝑎𝑗
(𝑘)

3

𝑗=0

[ ∩ ]−∞,∑𝑎𝑗
(𝑠)

3

𝑗=0

[

∑𝑚𝑗

4

𝑗=0

∈ ]−∞,∑𝑎𝑗
(𝑘)

4

𝑗=0

[ ∩ ]−∞,∑𝑎𝑗
(𝑠)

4

𝑗=0

[

∑𝑚𝑗

5

𝑗=0

∈ ]−∞,∑𝑎𝑗
(𝑘)

5

𝑗=0

[ ∩ ]−∞,∑𝑎𝑗
(𝑠)

5

𝑗=0

[

 , 

also 
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{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 𝑛0 ∈ ∪ ]−∞, 𝑎0

(𝑘)[

∑𝑛𝑗

1

𝑗=0

∈ ∪ ]−∞,∑𝑎𝑗
(𝑘)

1

𝑗=0

[

∑𝑛𝑗

2

𝑗=0

∈ ∪ ]−∞,∑𝑎𝑗
(𝑘)

2

𝑗=0

[

∑𝑛𝑗

3

𝑗=0

∈ ∪ ]−∞,∑𝑎𝑗
(𝑘)

3

𝑗=0

[

∑𝑛𝑗

4

𝑗=0

∈ ∪ ]−∞,∑𝑎𝑗
(𝑘)

4

𝑗=0

[

∑𝑛𝑗

5

𝑗=0

∈ ∪ ]−∞,∑𝑎𝑗
(𝑘)

5

𝑗=0

[

 . 

Thus 

𝐹𝑘 ∩ 𝐹𝑠 ∈ 𝑇1 , ∪ 𝐹𝑘 ∈ 𝑇1 . 
 

 

 

 

 

 

 

For 

𝑀 = 𝑚0 +∑𝑚𝑖𝑝𝑖

5

𝑖=1

∈ 𝐿𝑘 ∩ 𝐿𝑠  , 𝑁 = 𝑛0 +∑𝑛𝑖𝑝𝑖

5

𝑖=1

 ∈∪ 𝐹𝑘 , 

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 𝑎0

(𝑘) < 𝑚0 < ∞ , 𝑎0
(𝑠) < 𝑚0 < ∞ 

∑𝑎𝑗
(𝑘)

1

𝑗=0

<∑𝑚𝑗

1

𝑗=0

< ∞ ,∑𝑎𝑗
(𝑠)

1

𝑗=0

<∑𝑚𝑗

1

𝑗=0

< ∞

∑𝑎𝑗
(𝑘)

2

𝑗=0

<∑𝑚𝑗

2

𝑗=0

< ∞ ,∑𝑎𝑗
(𝑠)

2

𝑗=0

<∑𝑚𝑗

2

𝑗=0

< ∞

∑𝑎𝑗
(𝑘)

3

𝑗=0

<∑𝑚𝑗

3

𝑗=0

< ∞ ,∑𝑎𝑗
(𝑠)

3

𝑗=0

<∑𝑚𝑗

3

𝑗=0

< ∞

∑𝑎𝑗
(𝑘)

4

𝑗=0

<∑𝑚𝑗

4

𝑗=0

< ∞ ,∑𝑎𝑗
(𝑠)

4

𝑗=0

<∑𝑚𝑗

4

𝑗=0

< ∞

∑𝑎𝑗
(𝑘)

5

𝑗=0

<∑𝑚𝑗

5

𝑗=0

< ∞ ,∑𝑎𝑗
(𝑠)

5

𝑗=0

<∑𝑚𝑗

5

𝑗=0

< ∞

  , 

and 
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{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 𝑚0 ∈ ]𝑎0

(𝑘), ∞[ ∩ ]𝑎0
(𝑠), ∞[

∑𝑚𝑗

1

𝑗=0

∈ ]∑𝑎𝑗
(𝑘)

1

𝑗=0

, ∞[ ∩ ]∑𝑎𝑗
(𝑠)

1

𝑗=0

, ∞[

∑𝑚𝑗

2

𝑗=0

∈ ]∑𝑎𝑗
(𝑘)

2

𝑗=0

, ∞[ ∩ ]∑𝑎𝑗
(𝑠)

2

𝑗=0

, ∞[

∑𝑚𝑗

3

𝑗=0

∈ ]∑𝑎𝑗
(𝑘)

3

𝑗=0

, ∞[ ∩ ]∑𝑎𝑗
(𝑠)

3

𝑗=0

, ∞[ 

∑𝑚𝑗

4

𝑗=0

∈ ]∑𝑎𝑗
(𝑘)

4

𝑗=0

, ∞[ ∩ ]∑𝑎𝑗
(𝑠)

4

𝑗=0

, ∞[

∑𝑚𝑗

5

𝑗=0

∈ ]∑𝑎𝑗
(𝑘)

5

𝑗=0

, ∞[ ∩ ]∑𝑎𝑗
(𝑠)

5

𝑗=0

, ∞[

 , 

 

 

 

 

 

 

 

also 

{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 𝑛0 ∈ ∪ ]𝑎0

(𝑘), ∞[

∑𝑛𝑗

1

𝑗=0

∈ ∪ ]∑𝑎𝑗
(𝑘)

1

𝑗=0

, ∞[

∑𝑛𝑗

2

𝑗=0

∈ ∪ ]∑𝑎𝑗
(𝑘)

2

𝑗=0

, ∞[

∑𝑛𝑗

3

𝑗=0

∈ ∪ ]∑𝑎𝑗
(𝑘)

3

𝑗=0

, ∞[

∑𝑛𝑗

4

𝑗=0

∈ ∪ ]∑𝑎𝑗
(𝑘)

4

𝑗=0

, ∞[

∑𝑛𝑗

5

𝑗=0

∈ ∪ ]∑𝑎𝑗
(𝑘)

5

𝑗=0

, ∞[

 . 

 

Thus 

𝐿𝑘 ∩ 𝐿𝑠 ∈ 𝑇2 , ∪ 𝐿𝑘 ∈ 𝑇2 . 
 

Remark 2.4. 

Open sets in 𝑇1 are: 

 ]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

5

𝑖=1

[  ;  𝑎𝑖 ∈ 𝑅 , 

Open sets in 𝑇2 are: 

 ]𝑎0 +∑𝑎𝑖𝑝𝑖

5

𝑖=1

, ∞[  ;  𝑎𝑖 ∈ 𝑅 , 

Closed  sets in 𝑇1 are: 
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 [𝑎0 +∑𝑎𝑖𝑝𝑖

5

𝑖=1

, ∞[  ;  𝑎𝑖 ∈ 𝑅 , 

Closed  sets in 𝑇2 are: 

 ]−∞, 𝑎0 +∑𝑎𝑖𝑝𝑖

5

𝑖=1

]  ;  𝑎𝑖 ∈ 𝑅 . 

Conclusion 

 

In this paper, we presented the topological space of intervals based symbolic m-plithogenic real numbers of 

orders between 2 and 5, where we clarified how m-plithogenic real intervals can be expressed according to the 

symbolic plithogenic partial order relation, and we use these intervals to build a topological space. On the other 

hand, many illustrated and related examples on open and closed sets are provided to explain the validity of our 

approach. 
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