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Abstract 

In the field of survival analysis, the inverse Gompertz distribution is used to mimic human lifetime data patterns. 

The goal of the neutrosophic inverse Gompertz distribution (NIGD) is to describe a range of indeterminate 

survival data. The defined distribution is very helpful for modeling somewhat positively skewed unknown data. 

The main statistical characteristics of the created NIGD, such as the neutrosophic moments, hazard rate, and 

survival function, are covered in this paper. Additionally, the well-known maximum likelihood estimation 

method is used to estimate the neutrosophic parameters. A simulation study is conducted to see whether the 

projected neutrosophic parameters were reached. Not to mention that possible real-world uses of NIGD have 

been discussed using actual data. To show how well the suggested model performed in comparison to the present 

distributions, real data were used. 

Keywords: Survival analysis; Neutrosophic statistics; bladder cancer; inverse Gompertz distribution; hazard 

function. 

 

1. Introduction 

Neutrosophic statistics is an application of classical statististics by using neutrosophic logic for uncertain, 

imprecise, incomplete and inconsistent data to classify the data. Similarly, the elements of neutrosophic statistical 

distribution can contain parameters, which are mean, variance and various other statistical attributes and they 

themselves may be neutrosophic in nature. The use of fuzzy logic was expanded by [1] to create neutrosophy, 

which enables the depiction of uncertainty, ambiguity, and contradiction. This is because traditional statistics 

tends to assume that the data is deterministic or crisp, wherein each member in the given set is classified as 

having a definite value. Nevertheless, information in real-world circumstances sometimes lacks general clarity 

of some data or it is not enough for complete identification. Neutosophic statistics provide an example of how 

to work with such limitations, such as with ambiguous, scarce, or inconsistent information            [2,3,4]. 

 

Neutosophic statistics considers three factors: Unlike a sub-set of the mathematical set theory, truth membership, 

indeterminacy membership and falsity membership are the aspects of the fuzzy set theory. Each component is a 

sign of the degree of truth or untruth, in the degree of certainty in an observation or a hypothesis. These degrees 

are presented in the same way as by means of membership functions described in the case of the fuzzy sets [2, 

3]. Numerous industries, such as decision-making, pattern identification, data mining, and image processing, use 

neutrosophic statistics [4,5,6,7].  

Neutrosophic statistical distributions have been attempted to fit data which possess different level of 

uncertainties, which make it a more expandable tool when facing with imprecise information. These distributions 

are frequently used in situations where randomness is a natural characteristic of the given problem, for instance, 
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in decision making under ambiguity or when data provide only an approximate indication of the true state of 

affairs [8,9,10,11,12]. 

It is necessary that these distributions capture the level of truth, falsity, and uncertainty of the survival probability 

at the various time points and also the currently available survival data. This can be achieved through 

mathematical formalizations and tools that are affiliated with neutrosophic logic. A lot of articles on neutrosophic 

probability distribution exist [11,2, 13,14,15,16,17,18,19,20,21,22,23,24]. 

Neutrosophic information is particularly important thanks to the analysis of survival statistics, which is its vital 

function. One of the statistical methods which concentrate on the time to some event occurs as known as survival 

analysis [11]. The whole survival analysis is based on the probability distributions of the temporal data. It enables 

the depiction of having a limited or fragmented comprehension of the events. 

Applications for the inverse Gompertz distribution can be found in many domains, including survival analysis. 

In the form of neutrosophy, we extended the applications of the inverse Gompertz distribution in this study when 

the data is in interval form and has a certain amount of indeterminacy. Many qualities are investigated under the 

newly proposed distribution and their applications are described with the help of simulated and real data 

application based on bladder cancer. 

 

2. Neutrosophic inverse Gompertz distribution 

The inverse Gompertz distribution, proposed by Eliwa, et al. [25], considers the inverse of a random variable 

with a Gompertz distribution. More specifically, if a random variable Y has a Gompertz distribution, then the 

random variable X=1 / Y follows an inverse Gompertz distribution with density and cumulative distribution 

functions defined, respectively, by: 
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where 0x   and , 0   . 

“The concept of neutrosophic probability as a function  
3
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was originally presented by [2], where 

U is a neutrosophic sample space and defined the probability mapping to take the form 
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 0  ,  ,    1  0        3where and           . The term   represents the set of sample space, R

represents the set of real numbers, and  denotes a sample space event, NX and NY  denote neutrosophic r.v.  

 Suppose the neutrosophic variable could be expressed as: N L U Nx x x I  where  ,N L UI I I
 and Lx  and 

U Nx I  denote the determined and indeterminate parts, respectively. Assume that the neutrosophic random 

variable  ,N L Ux x x
 follows the inverse Gompertz having neutrosophic scale parameter  ,N L U  

 and 

neutrosophic shape parameter  ,N L U  
where the letters L and U are the lower values and the upper values, 

respectively”. Then, the neutrosophic probability density function (NPDF) of neutrosophic inverse Gompertz 

(NIGD) is given by 
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The neutrosophic cumulative density function (NCDF), the neutrosophic survival, and neutrosophic hazard 

functions are given below, respectively: 
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3. Statistical Properties of NIGD 

In this section, statistical properties of the NIGD are covered. 

Moments: The 
thr moment about origin is given by 
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It is worth of note that, for the 𝑟 th raw moment to exist, the constraint α rN  must be satisfied.  

 

4- Parameter Estimation of NIGD 

Maximum likelihood estimation (MLE) method is mostly used in estimating NIGD parameters. Let 

1 2, ,...,N N Nnx x x  be a random sample of size n from the NIGD. The 𝑙𝑜𝑔-likelihood function is then given by 
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Thus, the maximum likelihood estimates α̂ ,β̂N N  for α ,βN N  are the solutions to the nonlinear equations: 

1

ˆˆ 1 0

N

N i

n
x

N N

i

e n



 


 
   
 
 


             (9) 

 
2

1 1 1

ˆ ˆ1 1
1 0

ˆˆ

N N

N i N i

n n n
x xN N

i i iN i N iN
N

e e
x x

 
 

  

   
      
   
   

  

                                           (10) 

 

5. Simulation results 

A Monte Carlo simulation is run in R software with several sample sizes, 20,50,200,350n   and neutrosophic 

parameters in three cases: (1)  1,1.8N 
 and   1.3,2N 

, (2)  1.5,2.5N 
 and   2,3N 

, and (3) 

 2.5,4N 
 and   3,4.5N 

. The simulation is replicated for 5000 times. For every number of n, 

performance metrics such as the neutrosophic mean square error (NMSE), the neutrosophic average bias (NAB), 

and the neutrosophic average of the estimators are obtained. The results are given in Tables 1 -3.  These Tables 

show that, for both neutrosophic parameters, the NAB and NMSE decrease with increasing sample sizes, as 

would be predicted. Moreover, the results of the study indicate that the neutrosophic MLE for the NIGD provides 

precise estimation with a larger sample size. 

 

Table 1: Average performance for case 1 

n NAB  NMSE  
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N  N  N  N  

20 [0.0175, 0.0183] [0.0224, 0.0237] [0.0324, 0.0376] [0.0422, 0.0430] 

50 [0.0134, 0.0151] [0.0153, 0.0164] [0.0337, 0.0324] [0.0364, 0.0383] 

20

0 

[0.0121, 0.0134] [0.0136, 0.0153] [0.0318, 0.0333] [0.0349, 0.0367] 

35

0 

[0.0038, 0.0061] [0.0067, 0.0091] [0.0241, 0.0271] [0.0273, 0.0291] 

 

 

 

 

 

Table 2: Average performance for case 2 

n NAB  NMSE  

 
N  N  N  N  

20 [0.0235, 0.0261] [0.0283, 0.0292] [0.0467, 0.0471] [0.0471, 0.0512] 

50 [0.0208, 0.0222] [0.0237, 0.0255] [0.0431, 0.0431] [0.0453, 0.0484] 

20

0 

[0.0191, 0.0207] [0.0218, 0.0231] [0.0414, 0.0418] [0.0331, 0.0362] 

35

0 

[0.0147, 0.0168] [0.0161, 0.0169] [0.0343, 0.0362] [0.0274, 0.0288] 

 

Table 3: Average performance for case 3 

n NAB  NMSE  

 
N  N  N  N  

20 [0.0244, 0.0257] [0.0281, 0.0292] [0.0463, 0.0481] [0.0474, 0.0512] 

50 [0.0201, 0.0210] [0.0237, 0.0256] [0.0424, 0.0435] [0.0453, 0.0495] 

20

0 

[0.0182, 0.0198] [0.0223, 0.0231] [0.0411, 0.0426] [0.0337, 0.0367] 

35

0 

[0.0136, 0.0148] [0.0151, 0.0164] [0.0361, 0.0378] [0.0281, 0.0294] 

 

6. Applications 

This section's practical application used a real-world dataset to measure interest in the NIGD distribution. The 

data under consideration is a compilation of 128 cancer patients' months-long remission periods. The remission 

times shown here are based on a subset of bladder cancer data and are mainly intended for descriptive purposes 
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[26]. Based on the findings of the goodness of fit test based on the Kolmogorov–Smirnov (KS) test, the IGD is 

one of the plausible distributions for the remission times. According to [16], the information presented here 

demonstrates that the remission times for a number of cancer patients, including those listed in [7.26, 8.2],        [12, 

14.77], [15, 17.2], [5.3, 7.1], [75.02, 81], and [1.5, 3.2], are not exact but rather given at irregular intervals. 

We evaluate the model suitability of the proposed NIGD with the neutrosophic exponential distribution (NED) 

applications for complicated data processing studied by [16]. The log-likelihood value (LogL), Akaike 

Information Criteria (AIC), Bayesian Information Criteria (BIC), and Kolmogorov-Smirnov (KS) test are the 

techniques used to determine which model best fits the data. The best match is indicated by the model with the 

highest LogL values and the lowest AIC, BIC, and KS statistic values. Moreover, a larger p-value indicates that 

the model most closely matches the neutrosophic data. Table 4 lists the model sufficiency indicators and the 

neutrosophic maximum likelihood estimators. The outcomes show that, in terms of data, the NIGD is better than 

the NED. The table's bold values indicate the effectiveness of the proposed model.   

 

Table 4: The cancer patients’ data neutrosophic distributions 

 

 

 

 

 

 

 

 

 

 

7. Conclusions 

This article proposes a neutrosophic inverse Gompertz distribution (NIGD). For survival and dependability 

uncertainty, a variety of application data can be used with this well-established distribution. The neutrosophic 

moments, neutrosophic hazard rate, and neutrosophic survival function have all been studied as the main 

statistical components of the developed NIGD. After construction, the neutrosophic MLEs have shown MSEs 

and neutrosophic average bias for a range of sample sizes. A simulation research was carried out to ascertain 

whether the computed neutrosophic parameters were met. Simulation data indicates that two important criteria 

in accurately estimating an unknown parameter are the sample size and the neutrosophic parametric value. The 

collecting of remission times from 128 cancer patients is another piece of evidence in favor of using the NIGD 

in neutrosophic conditions. 
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