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Abstract 

 

The objective of this paper is to study some of the elementary algebraic properties of 4-cyclic refined neutrosophic 

matrices with real entries, where we study the algebraic structure of the multiplication operation and its properties 

such as associativity, commutativity, and the existence of algebraic multiplication inverse. Also, we illustrate many 

examples that explain the validity of our work. 
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1. Introduction 

 

The algebraic structures based on n-cyclic refined neutrosophic sets were studied by many different authors, where it 

can find some interesting generalizations such as n-cyclic refined neutrosophic rings, 3-cyclic refined neutrosophic 

units, 4-cyclic refined neutrosophic units, 4-cyclic refined neutrosophic Diophantine equations, and n-cyclic refined 

neutrosophic groups and complex numbers [1-13]. In [14], 2-cyclic refined neutrosophic matrices have been studied 

and formulated, where the computations of eigenvectors and eigenvalues were introduced, as well as the computation 

of determinants, inverses, and the diagonal zing properties. 

This has motivated us to study the general case of 4-cyclic refined neutrosophic matrices for the first time, where 

some of the elementary algebraic properties of 4-cyclic refined neutrosophic matrices with real entries will be 

discussed, and we study the algebraic structure of the multiplication operation and its properties such as associativity, 

commutativity, and the existence of algebraic multiplication inverse. Also, we illustrate many examples that explain 

the validity of our work. 

 

2. Main Discussion 

 

Definition: 

Let 𝑋𝑖  ; 0 ≤ 𝑖 ≤ 1 be five 𝑛 × 𝑛 matrices with real entries, then the corresponding 4-cyclic refined neutrosophic matrix 

is defined as follows: 

𝑋 = 𝑋0 +∑𝑋𝑖𝐼𝑖

4

𝑖=1

 

Example: 

Consider 𝑋0 = (
1 2
−1 7

) , 𝑋1 = (
3 3
0 1

), 

𝑋2 = (
1 −1
0 2

) , 𝑋3 = (
−4 2
6 −9

), 

𝑋4 = (
1 3
−1 2

), then: 
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𝑋 = 𝑋0 +∑𝑋𝑖𝐼𝑖

4

𝑖=1

= (
1 + 3𝐼1 + 𝐼2 − 4𝐼3 + 𝐼4 2 + 3𝐼1 − 𝐼2 + 2𝐼3 + 3𝐼4

−1 + 6𝐼3 − 𝐼4 7 + 𝐼1 + 2𝐼2 − 9𝐼3 + 2𝐼4
) 

Remark: 

We denote to the set of all 𝑛 × 𝑛 4-cyclic refined neutrosophic matrices with real entries by 𝑅𝑛×𝑛
(4) (𝐼). 

Remark: 

Let 𝑋 = 𝑋0 + ∑ 𝑋𝑖𝐼𝑖
4
𝑖=1  , 𝑌 = 𝑌0 + ∑ 𝑌𝑖𝐼𝑖

4
𝑖=1 , then: 

𝑋 + 𝑌 = (𝑋0 + 𝑌0) + ∑ (𝑋𝑖 + 𝑌𝑖)𝐼𝑖
4
𝑖=1 , 

𝑋. 𝑌 = 𝑋0𝑌0 + 𝐼1(𝑋0𝑌1 + 𝑋1𝑌0 + 𝑋1𝑌4 + 𝑋4𝑌1 + 𝑋2𝑌3 + 𝑋3𝑌2) + 𝐼2(𝑋0𝑌2 + 𝑋2𝑌0 + 𝑋1𝑌1 + 𝑋2𝑌4 + 𝑋4𝑌2 + 𝑋3𝑌3) +
𝐼3(𝑋0𝑌3 + 𝑋3𝑌0 + 𝑋1𝑌2 + 𝑋2𝑌1 + 𝑋3𝑌4 + 𝑋4𝑌3) + 𝐼4(𝑋0𝑌4 + 𝑋4𝑌0 + 𝑋1𝑌3 + 𝑋3𝑌1 + 𝑋4𝑌4 + 𝑋2𝑌2). 

Example: 

Take 𝑋 = (
1 + 𝐼1 − 𝐼3 𝐼2 + 𝐼4
2𝐼1 + 𝐼3 1 − 𝐼2

) , 

𝑌 = (
2 + 𝐼2 𝐼4

1 + 𝐼2 + 𝐼3 1 + 𝐼1 − 𝐼4
), then: 

𝑋0 = (
1 0
0 1

) , 𝑋1 = (
1 0
2 0

), 

𝑋2 = (
0 1
0 −1

) , 𝑋3 = (
−1 0
1 0

), 

𝑋4 = (
0 1
0 0

). 

𝑌0 = (
2 0
1 1

) , 𝑌1 = (
0 0
0 1

), 

𝑌2 = (
1 0
1 0

) , 𝑌3 = (
0 0
1 0

), 

𝑌4 = (
0 1
0 −1

). 

𝑋 + 𝑌 = (
3 + 𝐼1 + 𝐼2 − 𝐼3 𝐼2 + 2𝐼4
1 + 2𝐼1 + 𝐼2 + 2𝐼3 2 + 𝐼1 − 𝐼2 − 𝐼4

), 

𝑋0𝑌0 = (
1 0
0 1

) (
2 0
1 1

) = (
2 0
1 1

), 

𝑋0𝑌1 = (
1 0
0 1

) (
0 0
0 1

) = (
0 0
0 1

) , 

 𝑋1𝑌4 = (
1 0
2 0

) (
0 1
0 −1

) = (
0 1
0 2

) , 

 𝑋1𝑌0 = (
1 0
2 0

) (
2 0
1 1

) = (
2 0
4 0

) , 

𝑋4𝑌1 = (
0 1
0 0

) (
0 0
0 1

) = (
0 1
0 0

),  

𝑋2𝑌3 = (
0 1
0 −1

) (
0 0
1 0

) = (
1 0
−1 0

), 

𝑋3𝑌2 = (
−1 0
1 0

) (
1 0
1 0

) = (
−1 0
1 0

)  

⟹ 𝑋0𝑌1 + 𝑋1𝑌0 + 𝑋1𝑌4 + 𝑋4𝑌1 + 𝑋2𝑌3 + 𝑋3𝑌2 = (
2 2
4 3

). 

𝑋0𝑌2 = (
1 0
0 1

) (
1 0
1 0

) = (
1 0
1 0

) , 
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 𝑋2𝑌0 = (
0 1
0 −1

) (
2 0
1 1

) = (
1 1
−1 −1

), 

 𝑋1𝑌1 = (
1 0
2 0

) (
0 0
0 1

) = (
0 0
0 0

)  , 

 𝑋2𝑌4 = (
0 1
0 −1

) (
0 1
0 −1

) = (
0 −1
0 1

), 

𝑋4𝑌2 = (
0 1
0 0

) (
1 0
1 0

) = (
1 0
0 0

),  

𝑋3𝑌3 = (
−1 0
1 0

) (
0 0
1 0

) = (
0 0
0 0

), 

⟹ 𝑋0𝑌2 + 𝑋2𝑌0 + 𝑋1𝑌1 + 𝑋2𝑌4 + 𝑋4𝑌2 + 𝑋3𝑌3 = (
3 0
0 0

). 

𝑋0𝑌3 = (
1 0
0 1

) (
0 0
1 0

) = (
0 0
1 0

) , 

 𝑋3𝑌0 = (
−1 0
1 0

) (
2 0
1 1

) = (
−2 0
2 0

), 

 𝑋1𝑌2 = (
1 0
2 0

) (
1 0
1 0

) = (
1 0
2 0

)  , 

 𝑋2𝑌1 = (
0 1
0 −1

) (
0 0
0 1

) = (
0 1
0 −1

), 

𝑋3𝑌4 = (
−1 0
1 0

) (
0 1
0 −1

) = (
0 −1
0 1

), 

 𝑋4𝑌3 = (
0 1
0 0

) (
0 0
1 0

) = (
1 0
0 0

), 

⟹ 𝑋0𝑌3 + 𝑋3𝑌0 + 𝑋1𝑌2 + 𝑋2𝑌1 + 𝑋3𝑌4 + 𝑋4𝑌3 = (
0 0
5 0

). 

𝑋0𝑌4 = (
1 0
0 1

) (
0 1
0 −1

) = (
0 1
0 −1

) , 

 𝑋4𝑌0 = (
0 1
0 0

) (
2 0
1 1

) = (
1 1
0 0

), 

 𝑋1𝑌3 = (
1 0
2 0

) (
0 0
1 0

) = (
0 0
0 0

)  , 

 𝑋3𝑌1 = (
−1 0
1 0

) (
0 0
0 1

) = (
0 0
0 0

), 

𝑋4𝑌4 = (
0 1
0 0

) (
0 1
0 −1

) = (
0 −1
0 0

), 

 𝑋2𝑌2 = (
0 1
0 −1

) (
1 0
1 0

) = (
1 0
−1 0

), 

⟹ 𝑋0𝑌4 + 𝑋4𝑌0 + 𝑋1𝑌3 + 𝑋3𝑌1 + 𝑋4𝑌4 + 𝑋2𝑌2 = (
2 1
−1 −1

). 

So that 

 𝑋. 𝑌 = (
2 0
1 1

) + 𝐼1 (
2 2
4 3

) + 𝐼2 (
3 0
0 0

) + 𝐼3 (
0 0
5 0

) + 𝐼4 (
2 1
−1 −1

) = (
2 + 2𝐼1 + 3𝐼2 + 2𝐼4 2𝐼1 + 𝐼4
1 + 4𝐼1 + 5𝐼3 − 𝐼4 1 + 3𝐼1 − 𝐼4

). 

Example: 

Let us try to find the inverse of: 

𝑋 = (
1 + 𝐼4 3
𝐼4 1

) = (
1 3
0 1

) + (
0 0
0 0

) 𝐼1 + (
0 0
0 0

) 𝐼2 + (
0 0
0 0

) 𝐼3 + (
1 0
1 0

) 𝐼4. 
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Let 𝑌 = (
𝐴 𝐵
𝐶 𝐷

) = 𝑋−1 ; 

{
 
 

 
 𝐴 = 𝑎0 +∑𝑎𝑖𝐼𝑖

4

𝑖=1

 , 𝐵 = 𝑏0 +∑𝑏𝑖𝐼𝑖

4

𝑖=1

𝐶 = 𝑐0 +∑𝑐𝑖𝐼𝑖

4

𝑖=1

, 𝐷 = 𝑑0 +∑𝑑𝑖𝐼𝑖

4

𝑖=1

 

𝑋𝑌 = (
1 0
0 1

), thus 

 {

𝐴(1 + 𝐼4) + 𝐵𝐼4 = 1
3𝐴 + 𝐵 = 0

𝐶(1 + 𝐼4) + 𝐷𝐼4 = 0
3𝐶 + 𝐷 = 1

 

𝐴(1 + 𝐼4) + 𝐵𝐼4 = 𝑎0 + 𝑎1𝐼1 + 𝑎2𝐼2 + 𝑎3𝐼3 + 𝑎4𝐼4 + 𝑎0𝐼4 + 𝑎1𝐼1 + 𝑎2𝐼2 + 𝑎3𝐼3 + 𝑎4𝐼4 + 𝑏0𝐼4 + 𝑏1𝐼1 + 𝑏2𝐼2
+ 𝑏3𝐼3 + 𝑏4𝐼4 = 1, 

Thus 

 𝑎0 + 𝐼1(2𝑎1 + 𝑏1) + 𝐼2(2𝑎2 + 𝑏2) + 𝐼3(2𝑎3 + 𝑏3) + 𝐼4(𝑎0 + 2𝑎4 + 𝑏0 + 𝑏4) = 1, 

so that:{

𝑎0 = 1 , 2𝑎1 + 𝑏1 = 0
2𝑎2 + 𝑏2 = 2𝑎3 + 𝑏3 = 0
1 + 2𝑎4 + 𝑏0 + 𝑏4 = 0

 

From the equation 3𝐴 + 𝐵 = 0, we get: 

{
 
 

 
 
3𝑎0 + 𝑏0 = 0 ⟹ 𝑏0 = −3

3𝑎1 + 𝑏1 = 0
3𝑎2 + 𝑏2 = 0
3𝑎3 + 𝑏3 = 0
3𝑎4 + 𝑏4 = 0

 

Thus:{

𝑎1 = 0 , 𝑏1 = 0
𝑎2 = 0 , 𝑏2 = 0
𝑎3 = 0 , 𝑏3 = 0
𝑎4 = −2 , 𝑏4 = 6

 

Hence:{
𝐴 = 1 − 2𝐼4
𝐵 = −3 + 6𝐼4

 

𝐶(1 + 𝐼4) + 𝐷𝐼4 = 0 implies that: 

{

𝑐0 = 0 , 2𝑐1 + 𝑑1 = 0
2𝑐2 + 𝑑2 = 2𝑐3 + 𝑑3 = 0

𝑑0 + 𝑑4 + 2𝑐4 = 0
 

3𝐶 + 𝐷 = 1 implies 

 

{
 
 

 
 
3𝑐0 + 𝑑0 = 1 ⟹ 𝑑0 = 1

3𝑐1 + 𝑑1 = 0
3𝑐2 + 𝑑2 = 0
3𝑐3 + 𝑑3 = 0
3𝑐4 + 𝑑4 = 0

 

Hence:{

𝑐1 = 𝑑1 = 0
𝑐2 = 𝑑2 = 0
𝑐3 = 𝑑3 = 0

𝑐4 = 1, 𝑑4 = −3
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Which implies that: 

𝐶 = 𝐼4, 𝐷 = 1 − 3𝐼4  

and 𝑌 = (
1 − 2𝐼4 −3 + 6𝐼4
𝐼4 1 − 3𝐼4

). 

Example: 

Consider 𝐴 = (
1 + 𝐼3 𝐼2
𝐼4 1 − 𝐼3

), we will try to find its eigenvalues. 

The equation: 𝐴𝑋 = 𝑎. 𝑋, where 𝑋 = 𝑥0 + ∑ 𝑥𝑖𝐼𝑖
4
𝑖=1  ;  𝑥𝑖 ∈ ℝ

2, 𝑎 = 𝑎0 + ∑ 𝑎𝑖𝐼𝑖
4
𝑖=1  ;  𝑋𝑖 ∈ 𝑅4(𝐼), 

𝐴. 𝑋 = (
1 + 𝐼3 𝐼2
𝐼4 1 − 𝐼3

) (
𝑋′

𝑋′′
)  ; 

 

{
 
 

 
 𝑋′ = 𝑥0

′ +∑𝑥𝑖
′𝐼𝑖

4

𝑖=1

𝑋′′ = 𝑥0
′′ +∑𝑥𝑖 ′

′𝐼𝑖

4

𝑖=1

    , 𝑥𝑖
′, 𝑥𝑖′

′ ∈ ℝ 

𝐴. 𝑋 = (
(1 + 𝐼3)𝑋

′ + 𝐼2𝑋
′′

𝐼4𝑋
′ + (1 − 𝐼3)𝑋

′′) = (
𝑇
𝐿
). 

𝑇 = (1 + 𝐼3)(𝑥0
′ + 𝑥1

′𝐼1 + 𝑥2
′𝐼2 + 𝑥3

′𝐼3 + 𝑥4
′𝐼4) + 𝐼2(𝑥0

′′ + 𝑥1
′′𝐼1 + 𝑥2

′′𝐼2 + 𝑥3
′′𝐼3 + 𝑥4

′′𝐼4) = 

𝑥0
′ + 𝐼1(𝑥1

′ + 𝑥2
′) + 𝐼2(𝑥2

′ + 𝑥3
′) + 𝐼3(𝑥3

′ + 𝑥4
′) + 𝐼4(𝑥4

′ + 𝑥1
′) + 𝑥0

′′𝐼2 + 𝑥1
′′𝐼3 + 𝑥2

′′𝐼4 + 𝑥3
′′𝐼1 + 𝑥4

′′𝐼2, 

= 𝑥0
′ + 𝐼1(𝑥1

′ + 𝑥2
′ + 𝑥3

′′) + 𝐼2(𝑥2
′ + 𝑥3

′ + 𝑥0
′′ + 𝑥4

′′) + 𝐼3(𝑥3
′ + 𝑥4

′ + 𝑥1
′′) + 𝐼4(𝑥4

′ + 𝑥1
′ + 𝑥2

′′). 

𝐿 = 𝐼4(𝑥0
′ + 𝑥1

′𝐼1 + 𝑥2
′𝐼2 + 𝑥3

′𝐼3 + 𝑥4
′𝐼4) + (1 − 𝐼3)(𝑥0

′′ + 𝑥1
′′𝐼1 + 𝑥2

′′𝐼2 + 𝑥3
′′𝐼3 + 𝑥4

′′𝐼4) = 

𝑥0
′′ + 𝐼1(𝑥1

′ + 𝑥1
′′ − 𝑥2

′′) + 𝐼2(𝑥2
′ + 𝑥2

′′ − 𝑥3
′′) + 𝐼3(𝑥3

′ + 𝑥3
′′ − 𝑥0

′′ − 𝑥4
′′) + 𝐼4(𝑥0

′ + 𝑥4
′ + 𝑥4

′′ − 𝑥1
′′). 

By a similar argument, we can compute 𝑎. 𝑋. 

The equation 𝐴𝑋 = 𝑎𝑋 is equivalent to: 

{
𝑇 = 𝑎. 𝑋′

𝐿 = 𝑎. 𝑋′′
 

Hence:

{
 
 

 
 

𝑥0
′ = 𝑎0𝑥0

′

𝑥1
′ + 𝑥2

′ + 𝑥3
′′ = 𝑎0𝑥1

′ + 𝑎1𝑥0
′ + 𝑎2𝑥3

′ + 𝑎3𝑥2
′ + 𝑎1𝑥4

′ + 𝑎4𝑥1
′

𝑥2
′ + 𝑥3

′ + 𝑥0
′′ + 𝑥4

′′ = 𝑎0𝑥2
′ + 𝑎2𝑥0

′ + 𝑎1𝑥1
′ + 𝑎2𝑥4

′ + 𝑎4𝑥2
′

𝑥3
′ + 𝑥4

′ + 𝑥1
′′ = 𝑎0𝑥3

′ + 𝑎3𝑥0
′ + 𝑎1𝑥2

′ + 𝑎2𝑥1
′ + 𝑎3𝑥4

′ + 𝑎4𝑥3
′

𝑥4
′ + 𝑥1

′ + 𝑥2
′′ = 𝑎0𝑥4

′ + 𝑎4𝑥0
′ + 𝑎2𝑥2

′ + 𝑎3𝑥1
′ + 𝑎1𝑥3

′ + 𝑎4𝑥4
′

 

And :

{
 
 

 
 

𝑥0
′′ = 𝑎0𝑥0

′′

𝑥1
′ + 𝑥1

′′ − 𝑥2
′′ = 𝑎0𝑥1

′′ + 𝑎1𝑥0
′′ + 𝑎2𝑥3

′′ + 𝑎3𝑥2
′′ + 𝑎1𝑥4

′′ + 𝑎4𝑥1
′′

𝑥2
′ + 𝑥2

′′ − 𝑥3
′′ = 𝑎0𝑥2

′′ + 𝑎2𝑥0
′′ + 𝑎1𝑥1

′′ + 𝑎2𝑥4
′′ + 𝑎4𝑥2

′′

𝑥3
′ + 𝑥3

′′ − 𝑥0
′′ − 𝑥4

′′ = 𝑎0𝑥3
′′ + 𝑎3𝑥0

′′ + 𝑎1𝑥2
′′ + 𝑎2𝑥1

′′ + 𝑎3𝑥4
′′ + 𝑎4𝑥3

′′

𝑥0
′ + 𝑥4

′ + 𝑥4
′′ − 𝑥1

′′ = 𝑎0𝑥4
′′ + 𝑎4𝑥0

′′ + 𝑎1𝑥3
′′ + 𝑎3𝑥1

′′ + 𝑎2𝑥2
′′ + 𝑎4𝑥4

′′

 

It is clear that: 𝑥0
′ = 𝑥0

′′ = 0 , 𝑎0 = 1. 
Solving the other equations is still a hard problem. It can be solved by using computers. 

 

3. Conclusion 

In this paper we studied some of the elementary algebraic properties of 4-cyclic refined neutrosophic matrices with 

real entries, where we studied the algebraic structure of the multiplication operation and its properties such as 

associativity, commutativity, and the existence of algebraic multiplication inverse. Also, we illustrated many examples 

that explain the validity of our work. 
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