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Abstract

Let u and v be any two distinct vertices in a connected graph G. A container C(u,v) is a set of internally disjoint u
- v paths. The width of C(u,v) is denoted by w or w(C(u,v)), it is equal to |C (u, v)|, and the length of £(C(u, v)) is
the length of the longest u — v path in C(u,v) . Then, for a given positive integer w, the width distance between any
two distinct vertices u and v in a connected graph G is define by:

d,,(u,v) = min £(C(u,v)), where the minimum is taken over all containers C(u, v) of width w.
C(uyv)

In this paper, we find the Hosoya polynomials and Wiener indices of the join of two special graphs such as bipartite
complete graphs, paths, cycles, star graphs and wheel graphs with respect to the width distance.

Keywords: Connected graph; Path, Width; Hosoya polynomial

1. Introduction

Let u and v be any two different vertices in a connected statement G, the container between u and v is defined as
the set of paths u -v internally separated, denoted by C(u, v). The width of the container C(u,v) is defined as the
number of paths u-v in it, thus:

w=w(C(u,v)) = |C(uw,v)]|

The length of the container c(u, v) is also defined as the length of the longest path u-v is denoted by the symbol
2(C(w, ).

Definition: w-width distance: for each positive integer and given w, w >2 the w-width distance between the two
different vertices u and v in a connected statement G is defined as:

dW (u' U) = gg}g) f(C(u' 17))

The smallest is taken on all containers C(u,v) with width w [2,3].

We note that when w =1, the w-width distance becomes the usual distance between the vertices u and v. Therefore,
we will assume that w > 2, and then d,, (u, v)> 2 is for any two different vertices in G. We also note that, w does
not exceed the connection factor k, for the vertices of the statement G, so 2 < w < k.

To define the diameter and radius of the connected statement G for the w-width distance, we will first define the
central difference of the w-width distance for the vertex v AS [5-8]:
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ew(v) = uglva(g){dw(u. v)}
The diameter of the w-width distance of the statement G is defined as:

Ow(6) = diam,, G = max e,(v) = max {d,(w v)}

The radius of the w-width distance of the statement G is also defined as:

1,G =rad,G = 1jg‘l/l(r(l;) ew(v)

The Hosoya polynomial of the w-width distance is defined as follows:
Sw

H,(G;x) = Z C,, (G, k)xk

k=my

Since:
my, =m,(G) = uﬂr;fel‘l}(lc){dw(u' v)}
Wiener's proof of the w-width distance is defined as the sum of the w-width distance in the statement G, thus:

W@ = ) duvl6)

u,veV(G)
It is clear that:
Sw
W (G) =0;]l—xHW(G;x)|x=1 = Z kC, (G, k)
k=my,

Let v be a vertex in the connected statement, the Hosoya polynomial of w-width distance of the vertex v is defined
as follows [1]:

5
H, (v, G;x) = Z C, (v, G, k)xk

kz2my,

Since C,, (v, G, k)represents the number of vertices of the statement G, each of which is a w-width distance equal
to k from the vertex v, It is clear that:

ZHW(V,G;x) = 2H,(G: x)

VeV

Let G, and G, be two connected and separate statements for vertices, the connection of the statements G, and G,
denoted by G, + G, is defined as the statement whose set of vertices is V(G;) U V(G,) and its set of edges is:

E(G, + G,) = E(G,) UE(G,) U {uv:u € V(G,),v € V(G,)}

For some of the concepts and terms contained in this research, you can refer to the source [4]. It is obvious that
the connection of any two complete statements is a complete statement, so there is no need to find a hosoya-w his
polynomial.

2. Hosoya-w polynomial for the connection of two complete binary hash graphs

and K.

Let K. Paba

D1.P2 be two complete binary hash statements of rank p; + p,and p; + p,, respectively.

Let p; < p,and p; < p, then the Connection Factor [4] for K,
assume that:

o2 T Kpop, 1S kg = py + p3 + min{p,, ps}, we

26
DOI: https://doi.org/10.54216/G]MSA.0110103

Received: October 24, 2023 Revised: February 28, 2024 Accepted: June 25, 2024



https://doi.org/10.54216/GJMSA.0110103

Galoitica: Journal of Mathematical Structures and Applications (GIMSA) Vol 11, No. 01, PP. 25-34, 2024

V(KPLPZ) = VP1 U VPZ
V(Kpsym) = VP3 U VP4

Where Vp and Vp, are hash sets of statement headers K,

p1,p2’
For convenience, we will encode the statement K, ., + K

D3,P4

and Vp,and Vp, are hash sets of statement headers K, ,, .
with the symbol G,.

To find the Hosoya- w polynomial for the statement G, we will take three cases to illustrate the proof. We will
assume that P, < P;, so the connection factor for this statement is ky(G,) = P, + P, + P;.

The first case: if u,v € Vp,, for each i=1,2,3,4, then there are Z}*Zl i=j p; Of internally separated paths each of
length 2. Therefore:

dy(u,v) =2,V 2<w<p; +p;+p3
The second Case:

1. Ifu € Vp and v € Vp,, then there is a path of length 1 and P; + P, of internally separated paths each of length
2 and p; — 1 of internally separated paths each of length 3. Therefore:

dy(u,v) =2,V 2<w<P;+P, +1
d,(u,v) =3,V P, +P,+2<w<p, +P,+P,

2.Ifu € Vp, and v € Vp,, then there is a path of length 1 and P; + P,of internally separated paths each of length 2
and p; — 1 of internally separated paths each of length 3. Therefore:

dw(U,v)zz,V 2SW§P1-|-P2+1
dy(wv)=3,V P, +P,+2<w<p, +P,+P;
The third case:

1. Ifu €Vp and v € Vp,, then there is a path of length 1 and P, + P, of internally separated paths each of length
2 and p; — 1 of internally separated paths each of length 3. Therefore:

dy(wv)=2,v 2<w<sP,+P+1
dy(Wv)=3,V P,+P,+2<w<p +P,+P,

2.Ifu € Vp andv € Vp,, then there is a path of length 1 and P, + P; of internally separated paths each of length
2 and p; — 1 of internally separated paths each of length 3. Therefore:

dy(uv) =2,V 2Sw<P+P;+1
dy(u,v) =3,V Py+Ps+2<w<p; +P,+Ps

3.Ifu € Vp, and v € Vp,, then there is a path of length 1 and P, + P, of internally separated paths each of length 2
and p, — 1 of internally separated paths each of length 3. Therefore:

d,(u,v) =2,V 2<w<P +P+1
dy(uv)=3,v L+P,+2<w<p, +P,+P

4.1fu € Vp, and v € Vp,, then there is a path of length 1 and P; + P; of internally separated paths each of length 2
and p, — 1 of internally separated paths each of length 3. Therefore:

dy(uv)=2,Vv 2<w<P +P;+1
dy(wv) =3,V P+P;+2<w<p +P,+P;
From the previous three cases we can obtain the following theorem:

Theorem 1:letp = P, + P, + P, + P,and N = Y%, (g‘) then:
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1 Hy(Gyix) =5p(p—1Da?,2<w<p +p, +1

1
2. Hy(Gpix) ={;p(—1) = PsPJx* + PsPx®,py+p, +2<w<p, +ps+1

1
3. Hy(Gp;x) = {EP(P— 1 - (P, +P3)}x2 + (P, + P3)Px?
Ifp, +p, <p,+p;andp; +ps +2<w<p;+p,+1

Orp,+ps>p,+psandp, +ps+2<w<p,+p;+1

1
4. H,(Gy;x) = {Ep(p — 1) = P,P; — (P, + P3)P}x? + {P,P; + (P, + P3)P,}x°,

Ifp,+p, <p,+psandp, +p, +2<w<p,+p;+1

P1+ps+2<w<p,+p;+1

1
H,, (Gp; x) :{EP(P_l)_(P1+P2+P3)P4}x2 +(P1+P2+P3)P4x3

Ifp,+p,>p,+psandp, +ps+2<w<p, +p,+1

5. HW(Gb;x)={N+P1(P2 +P3)}x2 +{p4(P1+P2+P3)+P2P3}x3
Ifp,+p, <p,+p;andp, +ps+2<w<p,+p,+1

Orp,+p,>p,+p;andp, +p, +2<w<p,+p,+1

6. H,(Gp;x) = {N + P P}x* +{(ps + P3)(P, + P;) + P3Py)}x*
Do+ +2Sw<p3+p,+1

7. H,(Gp;x) = NX* + (T}, Z?:Hlpipj}xs-
P3tps+2<Sw<p;+p, +P; #
Result 1.1: let p = p; + p, + p3 + p,, then:

1. Hy(Gp)=pp—1D,2sw=sp +p,+1
2. Hy(Gp) =p(p—1)+PP,pr+p,+2<w=<p +p3+1
3.

Hy(Gy) =p(—1) + (P, + P3P}
Ifp,+p, <p,+p; andp;, +ps+2<w<p;+p,+1

Orp,+py>p,+psandp; +ps +2<w<p,+p;+1

4. H,(Gp) =p (@ —1)+P,P;+ (P, + P;)P,
Ifp,+p, <p,+psandp; +p, +2<w<p,+p;+1

H,(G,)=p(@—-1)+ (1 +P,+P)P
Ifp,+p, >p, +psandp, +p;3+2<w<p, +p,+1

5. Hy(Gp) =p@-1)+ (P +P,+P;)P, + P,P;
Ifp,+p, <p,+psandp,+p;+2<w<p,+p,+1

Orp,+py,>py+psandp, +p, +2<w=<p,+p,+1

6. Hy(Gp)=p(@—-1D+FP+P)+ P+ P)+ PP,
D+ +2<w<p3+p,+1

7. Hy(G)=p@—-1D+X1 X1 PP
P3+ps+2<w<p,+p, + P #

Result 1.2: if p; = p, = p3 = p, = m, then:

2m(dm —Dx? , 2<w<2m+1

H, (Gy; ={
w(Gpi X) 2m(m — Dx? +6m?x® , 2(m+1) <w<2m

Proof: to illustrate the proof, we take only two cases:
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The first case: if u,v € Vp, for each i=1,2,3,4, then there are 3m internally separated paths each of length 2.
Therefore:

dy(uv) =2,V 2<w<3m

The second case: if u € Vp, and v € Ve, for each i # j where i=1,2,3 and j=i+1, there is a path of length 1 and
2m of internally separated paths each of length 2 and m-1 of internally separated paths each of length 3. Therefore:

d,y(u,v) =2,V 2<w<2m+1

d,(uw,v) =3,V 2(m+1) <w<3m

From the above two cases it is possible to obtain the formula (3.2.1).
Result 1.3: if p; = p, = p3 = p, = m, then:

dm(dm—-1) , 2<w<2m+1

HW(Gb):{Zm(llm—Z) , 2m+D) <w<3m 7

3. Hosoya-w polynomial for two-Path connection

Let p,, and p,,, be two separate paths of rank p, and p,, respectively, since p; < p,. Let G, = p,, + p,, then the
connection operator of the statement G, is ko(G,) = p; + 1, assuming that V(G,) = V(p,,) U V(ppz)since
V(pp,)and V(ppz) are the sets of vertices p, and p,, respectively which are:

V(ppl) = {ul,uz,u3,....,up1}
V(py,) = {vl,vz,v3,....,vp2}
To find the Hosoya polynomial we take the following cases:

The first case:

1. If u,u’ € V(p,,), then there are p, internally separated paths each with length 2. In addition to one path with
length k, where 1 < k < p; — 1 «d(u,u") = k. Therefore:

dy(u,u) =2, vV2<w<P,+1,P, <P,
dpp1 (W) =2 k=12, P =P
dpo1 (Wu)=2,3<k<P,—1,P,=P,

2. fv,v' € V(ppz), then there are p, internally separated paths each with length 2. In addition to a path with
length k where 1 < k < p, — 1 «d(v,v") = k. Therefore:

dW(U,‘U’)=2, VZSWSPl
dp 1 (0,V) =2 k=12
dp1+1(17,17’)=k,3SkSP2—1

The second case:

LIf u; €V(py,) vj €V(pp,)s, since i =23,...,p; —1,j =23,...,p, — 1, there is a trail of length 1, four
internally separated trails of length 2 each plus p, — 3 internally separated trails of length 3 each. Then:

dW(ui,vj)=2 ) v2<w<5
dW(ui,Uj)=3, V6SWSP1+1

2. 1fu; € V(py,) «v; € V(py,), sincei = 1,p; and j = 1, p,, then there is a path of length 1, Two Paths of length
2 and p; — 2 of the paths of length 3, so that:
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dW(ui, 'U]) =2 , w = 2,3
dW(ui,Uj)=3, V4SWSP1+1

3.1fu; € V(pp,) «v; € V(py,),since i =1,p; <j = 2,3,...,p, — 1, then there is a path of length 1 and three paths
of length 2 and p; — 2 of paths of length 3 if p; < p, (or p, — 3 of paths of length 3 if p; = p,). Therefore:

dy(u,v)) =2, V2<w<4
dw(u;,vy) =3, V5<w<P +1

4. 1fu; € V(py,) v EV(pp,), since i =2,3,...,p; —1and j = 1, p,, there is a path of length 1, three paths of
length 2 and p, — 3 of the paths of length 3. Therefore:

dy(u,v))=2, V2<w<4
dy(u,v) =3, vV5<w<sPh +1
From the above cases we obtain the following theorem:

Theorem 2: for every p; < p, where p; = 6 and w < p; + 1, then:

H,, (Gp;x) = (( )+(p2)+p1p2)x w=23

H,(Gp;x) = ((1’21) + (Pzz) + pipy — 2) x? + 2x3
Hs(Goix) = (%) + (72) + 212 = D)) 2 + 2907

Ho(Geix) = () + (7)) 2 + pipar®, 6 <w < py

Hp,+1(Gp; x) = ((pzl) +2p; — 3>x + p1pox® + TR (0 — k)X

It is easy to obtain a formula similar to theorem 1.3 when p; = p, = m

Result 2.1: for every p; < p, and w < p; + 1, then:

6 =2((2)+ (3)+p)ow =23
HGp) = 2((5) + (%) + pap2 +1)
Hy(@p) = 2((%) + (%) + mawo + 1)
Ho @) =2((%) + (%)) +3pp6<wsp,
G =205+ (4 Y ees

4. Polynomials Hosoya-w for two-circuit connection

Let C,,and C,, be two separate paths of rank p; and p,, respectively, since p; < p,.. Let G; = C,, + C,, thenthe
connection operator of the G statement is ky(G,) = p; + 2, assuming that V(G¢) = V(Cp,) UV (Cp,). In order
to find the Hosoya-w polynomial for G.we take the following cases:
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The first case:

LifuveV(C,)andd(y, v|Cp1) = k, then there are two internally separated paths of length k and p; — k, since
1<k< [%J and p, are internally separated paths of length 2 each. Therefore:

d,(u,v)=2,V2<w<p;, +2 ifp+2<p,

dp2(u,v) =2,k =12, ifpr+t1=p,orp, =p,

Pi| .
dp,+2(uv) =3 <k < l?J ifpp+1=p,

IZY I
dp,+2(Wv)=p; —k,3<k< l?lj if p1 =p2

2. 1fu,v € V(C,,) and d(u,v|C,,) = k, then there are two paths, one with length k and the other p, — k, since
1<k< [”Z—ZJ and p, are internally separated paths, each with length 2. Therefore:

d,(u,v) =2,vV2<w<p

Ay sy (u,v) = 2,k = 12,dy 41 (u,v) =k, 3 < k < [”2—2]

p
dy 2 (V) =2,k = 1,2,dp (W v) =p, —k, 1 S k < [é]

The second case: if u € V(C,,) «v € V(Cp,), then there is a path of length 1 and four internally separated paths
of length 2 Plus p, — 3 internally separated paths each of length 3. Therefore:

dy,(u,v) =2, 2<w<5
d,(u,v)y=3, Ve <w<p +2
From the first and Second cases we get:

Theorem 3: for every p; + 2 < p, where p; = 6, then:
H,(Gc;x) = ((1721) + (Pzz) +p1p2)x2,v2 <w<5

H, (Gc;x) = ((2721) + (’pzz)) x% + pipx3, V6 < w<p;

) — ((Pt P2 2 3 [Z|-1 i, JP2x
Hp1+1(GC,x)—<(2)+(2)+2P2>x +oipax® + P N2y x4 pz_zx%pz oven

p2—1
2

, b, odd

Pzl DX 2
Hpy42(Geix) = ((21) + (p22) + 2p2>x2 + 102X + Lii xPzk 4 I 72 s #

Approximate formulas of the 1.4 theorem can be obtained when p; + 1 = p, and p; = p,from the previous cases.

Result 3.1: for every p; + 1 < p, where p; > 6, then:
G0 =2((%) + () +pip.) V2 < wss

H,(G) = 2 ((’921) + (’922)) +3p.p, V6 < W < P,
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’, P2(p — 1)
Hy,41(Ge) =2 (le) + (pzz) * (lgb TR 3) p; even
5 ) P2

, b, odd

bpvsa6e =2((0) + (%2) 4 20.) 47 ((l”gl)(pz (- 1>)+cs-3p2>)+ap1pz+
PZ(P22+1) ,p, 0dd0

(%) s even ’

5. Hosoya-w polynomial for two-star connection:

Let S, and S, be two separate stars of rank p; and p, , respectively, where, p; < p, let: G = S, + S, then the
connection operator of the G statement is k(Gs) = p; + 1, assuming that V(Gs) = V(S,,) U V(Sp,). In order to
find the Hosoya-w polynomial for G5 we assume that u' is the vertex adjacent to all vertices in the star S,, and that
V' is the vertex adjacent to all vertices in the star S, then we have the following cases:

The first case:

1. Ifu,v € V(S,,)and neither Vertex represents u', then we notice that there are p, + 1 internally separated paths
connecting u and v, each with a length of 2.when one of the two vertices represents u', we find that there is a
path of length one and p, of internally separated paths each of length 2. then we get:

d,(u,v) =2,v2<w<p +1

2.1fu,ve V(sz)and neither Vertex represents v', then we observe that there are p; + 1 internally separated paths
connecting U and v and each of them with a length 2.When one of the two vertices represents v', we find that
there is a path of length one and p, of internally separated paths each of length 2. then we get:

d,(u,v) =2,v2<w<p +1
The second case:

LIfueV(s,)—{u}Yand v eV(S,,) — {v'}, then there is a path of length 1, Two Paths of length 2, and p, — 2
of internally separated paths, each of length 3, so that:

d,(uw,v)y=2, w =23
dy(u,v) =3,v4<w<p; +1

2.1fve V(sz) — {v'} and u=u', then there is a path of length 1 and p, of internally separated paths of length 2,
S0:

d,(W,v) =2, 2<sw<p +1
3. Ifue V(Spl)and v=V', then there is a path of length 1 and p, of internally separated paths each of length 2, so:
d,(W,v) =2, 2<sw<p +1

4. If u=u' and v=Vv', then there is a path of length 1 and p; + p, — 2 internally separated paths each of length 2,
then:

d, W', v) =2, v2<w<p +1
From the two previous cases we obtain the following theorem:

Theorem 4: for every p; < p, then:
H, (Gg; x) = ((2921) + (Pzz) + plpz)xz,w =23
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H,,(Gs; x) = ((”21) + (%) + o 412 - 1)) X4+ (- D —Dx* Vaé<w<p +1
#

Result 4.1: for every p; < p,, then:
oG =2((5) + () +pip) w = 2.3

oG =2((5) + () +pipa) + 0~ D@2 - D V4 <wsp +1 4
6. Hosoya-w polynomial for two-wheel connection:
Let W, and W, be two wheels of rank p; and p,, respectively, and that:

VW) ={wy, wy,...,wp, —q,61},degc; =p; — 1

V(%z) = {Y1rYZ:---:Yp2—1:Cz}xdeg c=p;—1
Obviously, the connection operator of the statement Gy, = W}, + W,,, is ko(Gy) = min{p;,p,} + 3
First:

If u,v € W,, — {c;} for each i=1,2, then there is a path of length k, and another path of length p; — 1 — k, since
1<k< lp‘T_lj and p;_; + 1 internally separated paths each of length 2. Therefore:

dy(uv) =2V 2<w<p;_;+1

pi_1J

dp, 2Wv)=2,k=12,d, ,(uv)=k3<k< l >

Pi—ll

dp, +3s(WVv)=2,k=12,d, swv)=p—1-k3<k< l >

Ifu € W,, —{c;} and v = ¢;, for every i=1,2, there is a path of length one and p;_; + 2 internally separated paths
of length 2 each. Therefore:

d,(u,v) =2,V 2<w<p;_;+3,i=12
Second:

1l.Ifue V(Wpl) —{c;}and v € V(W,,) — {c,}, then there is a path of length one and 6 internally separated paths
of length 2 each, then:

dy,(u,v) =2,V 2<w<7

2Ifu=cand v € V(Wp3_i) —{c5_;} for each i=1,2, then there is a path of length one and p; + 2 internally
separated paths each of length 2, then:

dy(c,v)=2,¥V2<w=p;+3,i=12

3. Ifu = ¢; and v = c,, then there is a path of length one and p, + p, — 2 internally separated paths each of length
2, then:

dy(c,c)=2,V2<w<p,+p,—2
From the two previous cases we can obtain the following theorem:

Theorem 5: for every p; < p, and for every p; = 6, then:

o HyGwix) =5y — 1) +12(p2 — 1) + 2pup}a?  if 2<w < 7
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1 .
e H,(Gy;x) = E{Pl(m —D+p(p =D+ 2 +p, - D}, if 8<w<p +1
p— 1\ w5 p, — 1) 5[5
o HpoGuin) = (1) T) S5 x4 (P2 )l K+ oy e - 12
lp1-1 lpz-l

° Hp1+3(GW; x) — (plz_ 1) Zk=22 prl—l—k + (pZ 2_ 1) Zk:zz prz—l—k + {pl + pZ _ 1}x2

Result 5.1: for every p; < p, and for every p; > 6, then:

Hy,(Gyw) ={p1(p1 — D + p2(p2 — 1) + 2p1p,},if 2<w <7
H,, (Gw) = {p1(p1 — 1% +p0(p2 — 1) + 2(py +1P2 -D},if8<sw=<p +1
HouwaGw) =3 (75 ) [R50+ (P25 ) 2 27 + 2o+ e - 1

) =27 ) o - D] 2 ) 43025 1) ot -
)5 2) 2 -
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