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Abstract 

Let u and v be any two distinct vertices in a connected graph G. A container C(u,v) is a set of internally disjoint u 

- v paths. The width of C(u,v) is denoted by w or w(C(u,v)), it is equal to |𝐶(𝑢, 𝑣)|, and the length of ℓ(𝐶(𝑢, 𝑣)) is 

the length of the longest u – v path in C(u,v) . Then, for a given positive integer w, the width distance between any 

two distinct vertices u and v in a connected graph G is define by: 

𝑑𝑤(𝑢, 𝑣) = min
𝐶(𝑢,𝑣)

ℓ(𝐶(𝑢, 𝑣)), where the minimum is taken over all containers C(u, v) of width w. 

In this paper, we find the Hosoya polynomials and Wiener indices of the join of two special graphs such as bipartite 

complete graphs, paths, cycles, star graphs and wheel graphs with respect to the width distance. 

Keywords: Connected graph; Path, Width; Hosoya polynomial 

1.  Introduction 

Let u and v be any two different vertices in a connected statement G, the container between u and v is defined as 

the set of paths u -v internally separated, denoted by C(u, v). The width of the container C(u,v) is defined as the 

number of paths u-v in it, thus:  

𝒘 = 𝒘(𝑪(𝒖, 𝒗)) = |𝑪(𝒖, 𝒗)|  

The length of the container c(u, v) is also defined as the length of the longest path u-v is denoted by the symbol 

ℓ(𝐶(𝑢, 𝑣)). 

Definition: w-width distance: for each positive integer and given w, w ≥2 the w-width distance between the two 

different vertices u and v in a connected statement G is defined as: 

𝑑𝑤(𝑢, 𝑣) = min
𝐶(𝑢,𝑣)

ℓ(𝐶(𝑢, 𝑣))  

The smallest is taken on all containers C(u,v) with width w [2,3]. 

We note that when w =1, the w-width distance becomes the usual distance between the vertices u and v. Therefore, 

we will assume that w  2, and then 𝑑𝑤(𝑢, 𝑣) 2 is for any two different vertices in G. We also note that, w does 

not exceed the connection factor 𝑘0 for the vertices of the statement G, so 2 ≤ 𝑤 ≤ 𝑘0. 

To define the diameter and radius of the connected statement G for the w-width distance, we will first define the 

central difference of the w-width distance for the vertex v AS [5-8]: 
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𝑒𝑤(𝑣) = max
𝑢∈𝑉(𝐺)

{𝑑𝑤(𝑢, 𝑣)} 

The diameter of the w-width distance of the statement G is defined as: 

𝛿𝑤(𝐺) = 𝑑𝑖𝑎𝑚𝑤𝐺 = max
𝑣∈𝑉(𝐺)

𝑒𝑤(𝑣) = max
𝑣,𝑢∈𝑉(𝐺)

{𝑑𝑤(𝑢, 𝑣)} 

The radius of the w-width distance of the statement G is also defined as: 

𝑟𝑤𝐺 = 𝑟𝑎𝑑𝑤𝐺 = min
𝑣∈𝑉(𝐺)

𝑒𝑤(𝑣)  

The Hosoya polynomial of the w-width distance is defined as follows: 

𝐻𝑤(𝐺; 𝑥) = ∑ 𝐶𝑤(𝐺, 𝑘)𝑥𝑘

𝛿𝑤

𝑘=𝑚𝑘

 

Since: 

𝑚𝑤 = 𝑚𝑤(𝐺) = min
𝑢,𝑣∈𝑉(𝐺)

{𝑑𝑤(𝑢, 𝑣)} 

Wiener's proof of the w-width distance is defined as the sum of the w-width distance in the statement G, thus: 

𝑊𝑤(𝐺) = ∑ 𝑑𝑤(𝑢, 𝑣|𝐺)

𝑢,𝑣∈𝑉(𝐺)

 

It is clear that:  

𝑊𝑤(𝐺) =
𝑑

𝑑𝑥
𝐻𝑤(𝐺; 𝑥)|𝑥=1 = ∑ 𝑘𝐶𝑤(𝐺, 𝑘)

𝛿𝑤

𝑘=𝑚𝑤

 

Let v be a vertex in the connected statement, the Hosoya polynomial of w-width distance of the vertex v is defined 

as follows [1]: 

𝐻𝑤(𝑣, 𝐺; 𝑥) = ∑ 𝐶𝑤(𝑣, 𝐺, 𝑘)𝑥𝑘

𝛿𝑤

𝑘≥𝑚𝑤

 

Since 𝐶𝑤(𝑣, 𝐺, 𝑘)represents the number of vertices of the statement G, each of which is a w-width distance equal 

to k from the vertex v, It is clear that: 

∑ 𝐻𝑤(𝑣, 𝐺; 𝑥)

𝑣∈𝑉

= 2𝐻𝑤(𝐺; 𝑥) 

Let 𝐺1 and 𝐺2 be two connected and separate statements for vertices, the connection of the statements 𝐺1 and 𝐺2, 

denoted by 𝐺1 + 𝐺2 is defined as the statement whose set of vertices is 𝑉(𝐺1) ⋃ 𝑉(𝐺2) and its set of edges is: 

𝐸(𝐺1 + 𝐺2) = 𝐸(𝐺1) ∪ 𝐸(𝐺2) ∪ {𝑢𝑣: 𝑢 ∈ 𝑉(𝐺1), 𝑣 ∈ 𝑉(𝐺2)} 

For some of the concepts and terms contained in this research, you can refer to the source [4]. It is obvious that 

the connection of any two complete statements is a complete statement, so there is no need to find a hosoya-w  his 

polynomial. 

2.  Hosoya-w polynomial for the connection of two complete binary hash graphs 

Let 𝐾𝑝1,𝑝2
 and 𝐾𝑝3,𝑝4

 be two complete binary hash statements of rank 𝑝1 + 𝑝2and 𝑝3 + 𝑝4, respectively. 

Let 𝑝1 ≤ 𝑝2and 𝑝3 ≤ 𝑝4 then the Connection Factor [4] for 𝐾𝑝1,𝑝2
+ 𝐾𝑝3,𝑝4

 is 𝑘0 = 𝑝1 + 𝑝3 + 𝑚𝑖𝑛{𝑝2, 𝑝4}, we 

assume that: 
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𝑉(𝐾𝑝1,𝑝2
) = 𝑉𝑃1

∪ 𝑉𝑃2
 

𝑉(𝐾𝑝3,𝑝4
) = 𝑉𝑃3

∪ 𝑉𝑃4
 

Where 𝑉𝑃1
and 𝑉𝑃2

are hash sets of statement headers 𝐾𝑝1,𝑝2
, and 𝑉𝑃3

and 𝑉𝑃4
are hash sets of statement headers 𝐾𝑝3,𝑝4

. 

For convenience, we will encode the statement 𝐾𝑝1,𝑝2
+ 𝐾𝑝3,𝑝4

 with the symbol 𝐺𝑏. 

To find the Hosoya- w polynomial for the statement 𝐺𝑏 we will take three cases to illustrate the proof. We will 

assume that 𝑃2 ≤ 𝑃3, so the connection factor for this statement is 𝑘0(𝐺𝑏) = 𝑃1 + 𝑃2 + 𝑃3. 

The first case: if 𝑢, 𝑣 ∈ 𝑉𝑃𝑖
 , for each i=1,2,3,4, then there are ∑ 𝑝𝑗

4
𝑗=1   𝑖≠𝑗  of internally separated paths each of 

length 2. Therefore:  

𝑑𝑤(𝑢, 𝑣) = 2 , ∀   2 ≤ 𝑤 ≤ 𝑝1 + 𝑝2 + 𝑝3 

The second Case: 

1. If 𝒖 ∈ 𝑉𝑃1
 and 𝒗 ∈ 𝑉𝑃2

, then there is a path of length 1 and 𝑃3 + 𝑃4 of internally separated paths each of length 

2 and 𝑝1 − 1 of internally separated paths each of length 3. Therefore: 

𝑑𝑤(𝑢, 𝑣) = 2 , ∀   2 ≤ 𝑤 ≤ 𝑃3 + 𝑃4 + 1 

𝑑𝑤(𝑢, 𝑣) = 3 , ∀   𝑃3 + 𝑃4 + 2 ≤ 𝑤 ≤ 𝑝1 + 𝑃3 + 𝑃4 

2.If 𝑢 ∈ 𝑉𝑃3
 and 𝑣 ∈ 𝑉𝑃4

, then there is a path of length 1 and 𝑃1 + 𝑃2of internally separated paths each of length 2 

and 𝑝3 − 1 of internally separated paths each of length 3. Therefore: 

𝑑𝑤(𝑢, 𝑣) = 2 , ∀   2 ≤ 𝑤 ≤ 𝑃1 + 𝑃2 + 1 

𝑑𝑤(𝑢, 𝑣) = 3 , ∀   𝑃1 + 𝑃2 + 2 ≤ 𝑤 ≤ 𝑝1 + 𝑃2 + 𝑃3 

The third case: 

1. If 𝑢 ∈ 𝑉𝑃1
 and 𝑣 ∈ 𝑉𝑃3

, then there is a path of length 1 and 𝑃2 + 𝑃4 of internally separated paths each of length 

2 and 𝑝1 − 1 of internally separated paths each of length 3. Therefore: 

𝑑𝑤(𝑢, 𝑣) = 2 , ∀   2 ≤ 𝑤 ≤ 𝑃2 + 𝑃4 + 1 

𝑑𝑤(𝑢, 𝑣) = 3 , ∀   𝑃2 + 𝑃4 + 2 ≤ 𝑤 ≤ 𝑝1 + 𝑃2 + 𝑃4 

2.If 𝑢 ∈ 𝑉𝑃1
  and 𝑣 ∈ 𝑉𝑃4

, then there is a path of length 1 and 𝑃2 + 𝑃3 of internally separated paths each of length 

2 and 𝑝1 − 1 of internally separated paths each of length 3. Therefore: 

𝑑𝑤(𝑢, 𝑣) = 2 , ∀   2 ≤ 𝑤 ≤ 𝑃2 + 𝑃3 + 1 

𝑑𝑤(𝑢, 𝑣) = 3 , ∀   𝑃2 + 𝑃3 + 2 ≤ 𝑤 ≤ 𝑝1 + 𝑃2 + 𝑃3 

3.If 𝑢 ∈ 𝑉𝑃2
 and 𝑣 ∈ 𝑉𝑃3

, then there is a path of length 1 and 𝑃1 + 𝑃4 of internally separated paths each of length 2 

and 𝑝2 − 1 of internally separated paths each of length 3. Therefore: 

𝑑𝑤(𝑢, 𝑣) = 2 , ∀   2 ≤ 𝑤 ≤ 𝑃1 + 𝑃4 + 1 

𝑑𝑤(𝑢, 𝑣) = 3 , ∀   𝑃1 + 𝑃4 + 2 ≤ 𝑤 ≤ 𝑝1 + 𝑃2 + 𝑃4 

4.If 𝑢 ∈ 𝑉𝑃2
 and 𝑣 ∈ 𝑉𝑃4

, then there is a path of length 1 and 𝑃1 + 𝑃3 of internally separated paths each of length 2 

and 𝑝2 − 1 of internally separated paths each of length 3. Therefore: 

𝑑𝑤(𝑢, 𝑣) = 2 , ∀   2 ≤ 𝑤 ≤ 𝑃1 + 𝑃3 + 1 

𝑑𝑤(𝑢, 𝑣) = 3 , ∀   𝑃1 + 𝑃3 + 2 ≤ 𝑤 ≤ 𝑝1 + 𝑃2 + 𝑃3 

From the previous three cases we can obtain the following theorem: 

Theorem 1: let 𝑝 = 𝑃1 + 𝑃2 + 𝑃3 + 𝑃4 and 𝑁 = ∑ (
𝑝𝑖

2
)4

𝑖=1 , then: 

https://doi.org/10.54216/GJMSA.0110103
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1. 𝐻𝑤(𝐺𝑏; 𝑥) =
1

2
𝑝(𝑝 − 1)𝑥2 , 2 ≤ 𝑤 ≤ 𝑝1 + 𝑝2 + 1 

2. 𝐻𝑤(𝐺𝑏; 𝑥) = {
1

2
𝑝(𝑝 − 1) − 𝑃3𝑃4}𝑥2  + 𝑃3𝑃4𝑥3, 𝑝1 + 𝑝2 + 2 ≤ 𝑤 ≤ 𝑝1 + 𝑝3 + 1 

3. 𝐻𝑤(𝐺𝑏; 𝑥) = {
1

2
𝑝(𝑝 − 1) − (𝑃2 + 𝑃3)}𝑥2  + (𝑃2 + 𝑃3)𝑃4𝑥3 

If 𝑝1 + 𝑝4 < 𝑝2 + 𝑝3and 𝑝1 + 𝑝3 + 2 ≤ 𝑤 ≤ 𝑝1 + 𝑝4 + 1 

Or 𝑝1 + 𝑝4 > 𝑝2 + 𝑝3 and 𝑝1 + 𝑝3 + 2 ≤ 𝑤 ≤ 𝑝2 + 𝑝3 + 1 

4. 𝐻𝑤(𝐺𝑏; 𝑥) = {
1

2
𝑝(𝑝 − 1) − 𝑃2𝑃3 − (𝑃2 + 𝑃3)𝑃4}𝑥2  + {𝑃2𝑃3 + (𝑃2 + 𝑃3)𝑃4}𝑥3,  

If 𝑝1 + 𝑝4 < 𝑝2 + 𝑝3 and 𝑝1 + 𝑝4 + 2 ≤ 𝑤 ≤ 𝑝2 + 𝑝3 + 1 

𝑝1 + 𝑝4 + 2 ≤ 𝑤 ≤ 𝑝2 + 𝑝3 + 1 

𝐻𝑤(𝐺𝑏; 𝑥) = {
1

2
𝑝(𝑝 − 1) − (𝑃1 + 𝑃2 + 𝑃3)𝑃4}𝑥2  + (𝑃1 + 𝑃2 + 𝑃3)𝑃4𝑥3 

If 𝑝1 + 𝑝4 > 𝑝2 + 𝑝3 and 𝑝2 + 𝑝3 + 2 ≤ 𝑤 ≤ 𝑝1 + 𝑝4 + 1 

5. 𝐻𝑤(𝐺𝑏; 𝑥) = {𝑁 + 𝑃1(𝑃2 + 𝑃3)}𝑥2  + {𝑝4(𝑃1 + 𝑃2 + 𝑃3) + 𝑃2𝑃3}𝑥3 

If 𝑝1 + 𝑝4 < 𝑝2 + 𝑝3 and 𝑝2 + 𝑝3 + 2 ≤ 𝑤 ≤ 𝑝2 + 𝑝4 + 1 

Or 𝑝1 + 𝑝4 > 𝑝2 + 𝑝3 and 𝑝1 + 𝑝4 + 2 ≤ 𝑤 ≤ 𝑝2 + 𝑝4 + 1 

6. 𝐻𝑤(𝐺𝑏; 𝑥) = {𝑁 + 𝑃1𝑃2}𝑥2  + {(𝑝4 + 𝑃3)(𝑃1 + 𝑃2) + 𝑃3𝑃4)}𝑥3 

𝑝2 + 𝑝4 + 2 ≤ 𝑤 ≤ 𝑝3 + 𝑝4 + 1 

7. 𝐻𝑤(𝐺𝑏; 𝑥) = 𝑁𝑋2 + {∑ ∑ 𝑃𝑖𝑃𝑗
4
𝑗=𝑖+1

3
𝑖=1 }𝑥3.   

𝑝3 + 𝑝4 + 2 ≤ 𝑤 ≤ 𝑝1 + 𝑝2 + 𝑃3                                                                # 

Result 1.1: let 𝑝 = 𝑝1 + 𝑝2 + 𝑝3 + 𝑝4, then: 

1. 𝐻𝑤(𝐺𝑏) = 𝑝(𝑝 − 1) , 2 ≤ 𝑤 ≤ 𝑝1 + 𝑝2 + 1 

2. 𝐻𝑤(𝐺𝑏) = 𝑝(𝑝 − 1) + 𝑃3𝑃4 , 𝑝1 + 𝑝2 + 2 ≤ 𝑤 ≤ 𝑝1 + 𝑝3 + 1 

3. 𝐻𝑤(𝐺𝑏) = 𝑝 (𝑝 − 1) + (𝑃2 + 𝑃3)𝑃4} 

If 𝑝1 + 𝑝4 < 𝑝2 + 𝑝3  and 𝑝1 + 𝑝3 + 2 ≤ 𝑤 ≤ 𝑝1 + 𝑝4 + 1 

Or 𝑝1 + 𝑝4 > 𝑝2 + 𝑝3and 𝑝1 + 𝑝3 + 2 ≤ 𝑤 ≤ 𝑝2 + 𝑝3 + 1 

4. 𝐻𝑤(𝐺𝑏) = 𝑝 (𝑝 − 1) + 𝑃2𝑃3 + (𝑃2 + 𝑃3)𝑃4 

If 𝑝1 + 𝑝4 < 𝑝2 + 𝑝3 and 𝑝1 + 𝑝4 + 2 ≤ 𝑤 ≤ 𝑝2 + 𝑝3 + 1 

𝐻𝑤(𝐺𝑏) = 𝑝 (𝑝 − 1) + (𝑝1 + 𝑃2 + 𝑃3)𝑃4 

If 𝑝1 + 𝑝4 > 𝑝2 + 𝑝3 and 𝑝2 + 𝑝3 + 2 ≤ 𝑤 ≤ 𝑝1 + 𝑝4 + 1 

5. 𝐻𝑤(𝐺𝑏) = 𝑝 (𝑝 − 1) + (𝑃1 + 𝑃2 + 𝑃3)𝑃4 + 𝑃2𝑃3 

If 𝑝1 + 𝑝4 < 𝑝2 + 𝑝3 and 𝑝2 + 𝑝3 + 2 ≤ 𝑤 ≤ 𝑝2 + 𝑝4 + 1 

Or 𝑝1 + 𝑝4 > 𝑝2 + 𝑝3 and 𝑝1 + 𝑝4 + 2 ≤ 𝑤 ≤ 𝑝2 + 𝑝4 + 1 

6. 𝐻𝑤(𝐺𝑏) = 𝑝 (𝑝 − 1) + (𝑃4 + 𝑃3) + (𝑃1 + 𝑃2) + 𝑃3𝑃4 

𝑝2 + 𝑝4 + 2 ≤ 𝑤 ≤ 𝑝3 + 𝑝4 + 1 

7. 𝐻𝑤(𝐺𝑏) = 𝑝 (𝑝 − 1) + ∑ ∑ 𝑃𝑖𝑃𝑗
4
𝑗=𝑖+1

3
𝑖=1 .   

𝑝3 + 𝑝4 + 2 ≤ 𝑤 ≤ 𝑝1 + 𝑝2 + 𝑃3                                                                # 

Result 1.2: if 𝑝1 = 𝑝2 = 𝑝3 = 𝑝4 = 𝑚, then: 

𝐻𝑤(𝐺𝑏; 𝑥) = {
2𝑚(4𝑚 − 1)𝑥2    ,    2 ≤ 𝑤 ≤ 2𝑚 + 1

2𝑚(𝑚 − 1)𝑥2 + 6𝑚2𝑥3    ,    2(𝑚 + 1) ≤ 𝑤 ≤ 2𝑚
      . . . (3.2.1) 

Proof: to illustrate the proof, we take only two cases: 

https://doi.org/10.54216/GJMSA.0110103
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The first case: if 𝑢, 𝑣 ∈ 𝑉𝑃𝑖
 for each i=1,2,3,4, then there are 3m internally separated paths each of length 2. 

Therefore: 

𝑑𝑤(𝑢, 𝑣) = 2 , ∀   2 ≤ 𝑤 ≤ 3𝑚  

The second case: if 𝑢 ∈ 𝑉𝑃𝑖
 and 𝑣 ∈ 𝑉𝑃𝑗

, for each 𝑖 ≠ 𝑗 where i=1,2,3 and j=i+1, there is a path of length 1 and 

2m of internally separated paths each of length 2 and m-1 of internally separated paths each of length 3. Therefore: 

𝑑𝑤(𝑢, 𝑣) = 2 , ∀   2 ≤ 𝑤 ≤ 2𝑚 + 1  

𝑑𝑤(𝑢, 𝑣) = 3 , ∀   2(𝑚 + 1) ≤ 𝑤 ≤ 3𝑚  

From the above two cases it is possible to obtain the formula (3.2.1). 

Result 1.3: if 𝑝1 = 𝑝2 = 𝑝3 = 𝑝4 = 𝑚, then: 

𝐻𝑤(𝐺𝑏) = {
4𝑚(4𝑚 − 1)    ,    2 ≤ 𝑤 ≤ 2𝑚 + 1

2𝑚(11𝑚 − 2)    ,    2(𝑚 + 1) ≤ 𝑤 ≤ 3𝑚
       # 

3. Hosoya-w polynomial for two-Path connection 

Let 𝑝𝑝1
 and 𝑝𝑝2

be two separate paths of rank 𝑝1 and 𝑝2, respectively, since 𝑝1 ≤ 𝑝2. Let 𝐺𝑝 = 𝑝𝑝1
+ 𝑝𝑝2

 then the 

connection operator of the statement 𝐺𝑝 is 𝑘0(𝐺𝑝) = 𝑝1 + 1, assuming that 𝑉(𝐺𝑝) = 𝑉(𝑝𝑝1
) ∪ 𝑉(𝑝𝑝2

)since 

𝑉(𝑝𝑝1
)and 𝑉(𝑝𝑝2

) are the sets of vertices 𝑝𝑝1
and 𝑝𝑝2

 respectively which are: 

𝑉(𝑝𝑝1
) = {𝑢1, 𝑢2, 𝑢3, . . . . , 𝑢𝑝1

} 

𝑉(𝑝𝑝2
) = {𝑣1, 𝑣2, 𝑣3, . . . . , 𝑣𝑝2

} 

To find the Hosoya polynomial we take the following cases: 

The first case: 

1. If 𝑢, 𝑢′ ∈ 𝑉(𝑝𝑝1
), then there are 𝑝2 internally separated paths each with length 2. In addition to one path with 

length k, where 1 ≤ 𝑘 ≤ 𝑝1 − 1 ،𝑑(𝑢, 𝑢′) = 𝑘. Therefore: 

𝑑𝑊(𝑢, 𝑢′) = 2  , ∀ 2 ≤ 𝑤 ≤ 𝑃1 + 1 , 𝑃1 < 𝑃2 

𝑑𝑃1+1 (𝑢, 𝑢′) = 2  , 𝑘 = 1,2 , 𝑃1 = 𝑃2 

𝑑𝑃1+1 (𝑢, 𝑢′) = 2  , 3 ≤ 𝑘 ≤ 𝑃1 − 1 , 𝑃1 = 𝑃2 

2. If 𝑣, 𝑣′ ∈ 𝑉(𝑝𝑝2
), then there are 𝑝1 internally separated paths each with length 2. In addition to a path with 

length k where 1 ≤ 𝑘 ≤ 𝑝2 − 1 ،𝑑(𝑣, 𝑣′) = 𝑘. Therefore: 

𝑑𝑊(𝑣, 𝑣′) = 2  , ∀ 2 ≤ 𝑤 ≤ 𝑃1 

𝑑𝑃1+1 (𝑣, 𝑣′) = 2  , 𝑘 = 1,2 

𝑑𝑃1+1 (𝑣, 𝑣′) = 𝑘  , 3 ≤ 𝑘 ≤ 𝑃2 − 1 

The second case:  

1. If  𝑢𝑖 ∈ 𝑉(𝑝𝑝1
) ،𝑣𝑗 ∈ 𝑉(𝑝𝑝2

)،, since 𝑖 = 2,3, . . . , 𝑝1 − 1 , 𝑗 = 2,3, . . . , 𝑝2 − 1, there is a trail of length 1, four 

internally separated trails of length 2 each plus 𝑝1 − 3 internally separated trails of length 3 each. Then: 

𝑑𝑊(𝑢𝑖 , 𝑣𝑗) = 2  , ∀ 2 ≤ 𝑤 ≤ 5 

𝑑𝑊(𝑢𝑖 , 𝑣𝑗) = 3  , ∀ 6 ≤ 𝑤 ≤ 𝑃1 + 1 

2. If 𝑢𝑖 ∈ 𝑉(𝑝𝑝1
) ،𝑣𝑗 ∈ 𝑉(𝑝𝑝2

), since 𝑖 = 1, 𝑝1 and 𝑗 = 1, 𝑝2, then there is a path of length 1, Two Paths of length 

2 and 𝑝1 − 2 of the paths of length 3, so that: 
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𝑑𝑊(𝑢𝑖 , 𝑣𝑗) = 2  , 𝑤 = 2,3 

𝑑𝑊(𝑢𝑖 , 𝑣𝑗) = 3  , ∀ 4 ≤ 𝑤 ≤ 𝑃1 + 1 

3. If 𝑢𝑖 ∈ 𝑉(𝑝𝑝1
) ،𝑣𝑗 ∈ 𝑉(𝑝𝑝2

), since 𝑖 = 1, 𝑝1   ، 𝑗 = 2,3, . . . , 𝑝2 − 1, then there is a path of length 1 and three paths 

of length 2 and 𝑝1 − 2 of paths of length 3 if 𝑝1 < 𝑝2 (or 𝑝1 − 3 of paths of length 3 if 𝑝1 = 𝑝2). Therefore: 

𝑑𝑊(𝑢𝑖 , 𝑣𝑗) = 2  , ∀ 2 ≤ 𝑤 ≤ 4 

𝑑𝑊(𝑢𝑖 , 𝑣𝑗) = 3  , ∀ 5 ≤ 𝑤 ≤ 𝑃1 + 1 

4. If 𝑢𝑖 ∈ 𝑉(𝑝𝑝1
) ،𝑣𝑗 ∈ 𝑉(𝑝𝑝2

), since 𝑖 = 2,3, . . . , 𝑝1 − 1 and 𝑗 = 1, 𝑝2, there is a path of length 1, three paths of 

length 2 and 𝑝1 − 3 of the paths of length 3. Therefore: 

𝑑𝑊(𝑢𝑖 , 𝑣𝑗) = 2  , ∀ 2 ≤ 𝑤 ≤ 4 

𝑑𝑊(𝑢𝑖 , 𝑣𝑗) = 3  , ∀ 5 ≤ 𝑤 ≤ 𝑃1 + 1 

From the above cases we obtain the following theorem: 

Theorem 2: for every 𝑝1 < 𝑝2 where 𝑝1 ≥ 6 and 𝑤 ≤ 𝑝1 + 1, then: 

𝐻𝑤(𝐺𝑃; 𝑥) = ((
𝑝1

2
) + (

𝑝2

2
) + 𝑝1𝑝2) 𝑥2, 𝑤 = 2,3 

  

𝐻4(𝐺𝑃; 𝑥) = ((
𝑝1

2
) + (

𝑝2

2
) + 𝑝1𝑝2 − 2) 𝑥2 + 2𝑥3 

𝐻5(𝐺𝑃; 𝑥) = ((
𝑝1

2
) + (

𝑝2

2
) + 𝑝1(𝑝2 − 2)) 𝑥2 + 2𝑝1𝑥3 

𝐻𝑤(𝐺𝑃; 𝑥) = ((
𝑝1

2
) + (

𝑝2

2
)) 𝑥2 + 𝑝1𝑝2𝑥3, 6 ≤ 𝑤 ≤ 𝑝1 

𝐻𝑝1+1(𝐺𝑃; 𝑥) = ((
𝑝1

2
) + 2𝑝2 − 3) 𝑥2 + 𝑝1𝑝2𝑥3 + ∑ (𝑝2 − 𝑘)𝑥𝑘𝑝2−1

𝑘=3    # 

It is easy to obtain a formula similar to theorem 1.3 when 𝑝1 = 𝑝2 = 𝑚. 

Result 2.1: for every 𝑝1 < 𝑝2 and 𝑤 ≤ 𝑝1 + 1, then: 

𝐻𝑤(𝐺𝑃) = 2 ((
𝑝1

2
) + (

𝑝2

2
) + 𝑝1𝑝2) , 𝑤 = 2,3 

𝐻4(𝐺𝑃) = 2 ((
𝑝1

2
) + (

𝑝2

2
) + 𝑝1𝑝2 + 1) 

𝐻5(𝐺𝑃) = 2 ((
𝑝1

2
) + (

𝑝2

2
) + 𝑝1(𝑝2 + 1)) 

𝐻𝑤(𝐺𝑃) = 2 ((
𝑝1

2
) + (

𝑝2

2
)) + 3𝑝1𝑝2, 6 ≤ 𝑤 ≤ 𝑝1 

𝐻𝑝1+1(𝐺𝑃) = 2 (
𝑝1

2
) + (

𝑝2 + 1
3

) + 3𝑝1𝑝2 + 𝑝2 + 1              # 

4.  Polynomials Hosoya-w for two-circuit connection  

Let 𝐶𝑝1
and 𝐶𝑝2

 be two separate paths of rank 𝑝1 and 𝑝2, respectively, since 𝑝1 ≤ 𝑝2.. Let 𝐺𝐶 = 𝐶𝑝1
+ 𝐶𝑝2

 then the 

connection operator of the 𝐺𝐶  statement is 𝑘0(𝐺𝑝) = 𝑝1 + 2, assuming that 𝑉(𝐺𝐶) = 𝑉(𝐶𝑝1
) ∪ 𝑉(𝐶𝑝2

). In order 

to find the Hosoya-w polynomial for 𝐺𝐶we take the following cases: 
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The first case:  

1. If 𝑢, 𝑣 ∈ 𝑉(𝐶𝑝1
) and 𝑑(𝑢, 𝑣|𝐶𝑝1

) = 𝑘, then there are two internally separated paths of length k and 𝑝1 − 𝑘, since 

1 ≤ 𝑘 ≤ ⌊
𝑝1

2
⌋ and 𝑝2 are internally separated paths of length 2 each. Therefore: 

𝑑𝑤(𝑢, 𝑣) = 2, ∀2 ≤ 𝑤 ≤ 𝑝1 + 2, 𝑖𝑓 𝑝1 + 2 ≤ 𝑝2 

𝑑𝑝1+2(𝑢, 𝑣) = 2, 𝑘 = 1,2, 𝑖𝑓 𝑝1 + 1 = 𝑝2 𝑜𝑟 𝑝1 = 𝑝2 

𝑑𝑝1+2(𝑢, 𝑣) = 3 ≤ 𝑘 ≤ ⌊
𝑝1

2
⌋   𝑖𝑓 𝑝1 + 1 = 𝑝2  

𝑑𝑝1+2(𝑢, 𝑣) = 𝑝1 − 𝑘 , 3 ≤ 𝑘 ≤ ⌊
𝑝1

2
⌋   𝑖𝑓 𝑝1 = 𝑝2 

2. If 𝑢, 𝑣 ∈ 𝑉(𝐶𝑝2
) and 𝑑(𝑢, 𝑣|𝐶𝑝2

) = 𝑘, then there are two paths, one with length k and the other 𝑝2 − 𝑘, since 

1 ≤ 𝑘 ≤ ⌊
𝑝2

2
⌋ and 𝑝1  are internally separated paths, each with length 2. Therefore: 

𝑑𝑤(𝑢, 𝑣) = 2, ∀2 ≤ 𝑤 ≤ 𝑝1 

𝑑𝑝1+1(𝑢, 𝑣) = 2, 𝑘 = 1,2, 𝑑𝑝1+1(𝑢, 𝑣) = 𝑘, 3 ≤ 𝑘 ≤ ⌊
𝑝2

2
⌋    

𝑑𝑝1+2(𝑢, 𝑣) = 2, 𝑘 = 1,2, 𝑑𝑝1+2(𝑢, 𝑣) = 𝑝2 − 𝑘, 1 ≤ 𝑘 ≤ ⌊
𝑝2

2
⌋    

The second case: if 𝑢 ∈ 𝑉(𝐶𝑝1
) ،𝑣 ∈ 𝑉(𝐶𝑝2

), then there is a path of length 1 and four internally separated paths 

of length 2 Plus 𝑝1 − 3 internally separated paths each of length 3. Therefore: 

𝑑𝑤(𝑢, 𝑣) = 2  , 2 ≤ 𝑤 ≤ 5 

𝑑𝑤(𝑢, 𝑣) = 3  , ∀6 ≤ 𝑤 ≤ 𝑝1 + 2 

From the first and Second cases we get: 

Theorem 3: for every 𝑝1 + 2 < 𝑝2 where 𝑝1 ≥ 6, then: 

𝐻𝑤(𝐺𝐶; 𝑥) = ((
𝑝1

2
) + (

𝑝2

2
) + 𝑝1𝑝2) 𝑥2, ∀2 ≤  𝑤 ≤ 5 

𝐻𝑤(𝐺𝐶 ; 𝑥) = ((
𝑝1

2
) + (

𝑝2

2
)) 𝑥2 + 𝑝1𝑝2𝑥3, ∀6 ≤  𝑤 ≤ 𝑝1 

𝐻𝑝1+1(𝐺𝐶 ; 𝑥) = ((
𝑝1

2
) + (

𝑝2

2
) + 2𝑝2) 𝑥2 + 𝑝1𝑝2𝑥3 + 𝑝2 ∑ 𝑥𝑘 + {

𝑝2𝑥
𝑝2−1

2  , 𝑝2 𝑜𝑑𝑑
𝑝2

2
𝑥

𝑝2
2  , 𝑝2 𝑒𝑣𝑒𝑛

⌊
𝑝2
2

⌋−1

𝑘=3       

𝐻𝑝1+2(𝐺𝐶 ; 𝑥) = ((
𝑝1

2
) + (

𝑝2

2
) + 2𝑝2) 𝑥2 + 𝑝1𝑝2𝑥3 + 𝑝2 ∑ 𝑥𝑝2−𝑘 + {

𝑝2𝑥
𝑝2+1

2  , 𝑝2 𝑜𝑑𝑑
𝑝2

2
𝑥

𝑝2
2  , 𝑝2 𝑒𝑣𝑒𝑛

⌊
𝑝2
2

⌋−1

𝑘=3                                        # 

Approximate formulas of the 1.4 theorem can be obtained when 𝑝1 + 1 = 𝑝2 and 𝑝1 = 𝑝2from the previous cases.  

Result 3.1: for every 𝑝1 + 1 ≤ 𝑝2 where 𝑝1 ≥ 6, then: 

𝐻𝑤(𝐺𝐶) = 2 ((
𝑝1

2
) + (

𝑝2

2
) + 𝑝1𝑝2) , ∀2 ≤  𝑤 ≤ 5 

𝐻𝑤(𝐺𝐶) = 2 ((
𝑝1

2
) + (

𝑝2

2
)) + 3𝑝1𝑝2 , ∀6 ≤  𝑤 ≤ 𝑝1 
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𝐻𝑝1+1(𝐺𝐶) = 2 ((
𝑝1

2
) + (

𝑝2

2
) + (

⌊
𝑝2

2
⌋

2
)) + 𝑝2(3𝑝1 + 1) + {

𝑝2(𝑝2 − 1)

2
 , 𝑝2 𝑜𝑑𝑑

(
𝑝2

2
)  , 𝑝2 𝑒𝑣𝑒𝑛

 

𝐻𝑝1+2(𝐺𝐶) = 2 ((
𝑝1

2
) + (

𝑝2

2
) + 2𝑝2) + 𝑝2 ((⌊

𝑝2

2
⌋

2
) (𝑝2 −

2

3
(⌊

𝑝2

2
⌋ − 1)) + (5 − 3𝑝2)) + 3𝑝1𝑝2 +

{

𝑝2(𝑝2+1)

2
 , 𝑝2 𝑜𝑑𝑑0

(
𝑝2

2
)

2

  , 𝑝2 𝑒𝑣𝑒𝑛
                                   # 

5. Hosoya-w polynomial for two-star connection: 

Let 𝑆𝑝1
 and 𝑆𝑝2

be two separate stars of rank 𝑝1 and 𝑝2 , respectively, where, 𝑝1 ≤ 𝑝2 let: 𝐺𝑆 = 𝑆𝑝1
+ 𝑆𝑝2

 then the 

connection operator of the 𝐺𝑆 statement is 𝑘0(𝐺𝑆) = 𝑝1 + 1, assuming that 𝑉(𝐺𝑆) = 𝑉(𝑆𝑝1
) ∪ 𝑉(𝑆𝑝2

). In order to 

find the Hosoya-w polynomial for 𝐺𝑆 we assume that u' is the vertex adjacent to all vertices in the star 𝑆𝑝1
and that 

v' is the vertex adjacent to all vertices in the star 𝑆𝑝2
then we have the following cases: 

The first case: 

1. If 𝑢, 𝑣 ∈ 𝑉(𝑆𝑝1
)and neither Vertex represents u', then we notice that there are 𝑝2 + 1 internally separated paths 

connecting u and v, each with a length of 2.when one of the two vertices represents u', we find that there is a 

path of length one and 𝑝2 of internally separated paths each of length 2. then we get: 

𝑑𝑤(𝑢, 𝑣) = 2, ∀2 ≤ 𝑤 ≤ 𝑝1 + 1 

2. If 𝑢, 𝑣 ∈ 𝑉(𝑆𝑝2
)and neither Vertex represents v', then we observe that there are 𝑝1 + 1 internally separated paths 

connecting U and v and each of them with a length 2.When one of the two vertices represents v', we find that 

there is a path of length one and 𝑝1 of internally separated paths each of length 2. then we get: 

𝑑𝑤(𝑢, 𝑣) = 2, ∀2 ≤ 𝑤 ≤ 𝑝1 + 1 

The second case: 

1. If 𝑢 ∈ 𝑉(𝑆𝑝1
) − {𝑢′} and 𝑣 ∈ 𝑉(𝑆𝑝2

) − {𝑣′}, then there is a path of length 1, Two Paths of length 2, and 𝑝1 − 2 

of internally separated paths, each of length 3, so that: 

𝑑𝑤(𝑢, 𝑣) = 2   , 𝑤 = 2,3 

𝑑𝑤(𝑢, 𝑣) = 3, ∀4 ≤ 𝑤 ≤ 𝑝1 + 1 

2. If 𝑣 ∈ 𝑉(𝑆𝑝2
) − {𝑣′} and u=u', then there is a path of length 1 and 𝑝1 of internally separated paths of length 2, 

so: 

𝑑𝑤(𝑢′, 𝑣) = 2, 2 ≤ 𝑤 ≤ 𝑝1 + 1 

3. If 𝑢 ∈ 𝑉(𝑆𝑝1
)and v=v', then there is a path of length 1 and 𝑝2 of internally separated paths each of length 2, so: 

𝑑𝑤(𝑢′, 𝑣) = 2, 2 ≤ 𝑤 ≤ 𝑝1 + 1 

4. If u=u' and v=v', then there is a path of length 1 and 𝑝1 + 𝑝2 − 2 internally separated paths each of length 2, 

then: 

𝑑𝑤(𝑢′, 𝑣′) = 2, ∀ 2 ≤ 𝑤 ≤ 𝑝1 + 1 

From the two previous cases we obtain the following theorem: 

Theorem 4: for every 𝑝1 ≤ 𝑝2 then: 

𝐻𝑤(𝐺𝑆; 𝑥) = ((
𝑝1

2
) + (

𝑝2

2
) + 𝑝1𝑝2) 𝑥2, 𝑤 = 2,3 
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𝐻𝑤(𝐺𝑆; 𝑥) = ((
𝑝1

2
) + (

𝑝2

2
) + (𝑝1 + 𝑝2 − 1)) 𝑥2 + (𝑝1 − 1)(𝑝2 − 1)𝑥3 , ∀ 4 ≤ 𝑤 ≤ 𝑝1 + 1                                                                          

# 

Result 4.1: for every 𝑝1 ≤ 𝑝2, then: 

𝐻𝑤(𝐺𝑆) = 2 ((
𝑝1

2
) + (

𝑝2

2
) + 𝑝1𝑝2) , 𝑤 = 2,3 

𝐻𝑤(𝐺𝑆) = 2 ((
𝑝1

2
) + (

𝑝2

2
) + 𝑝1𝑝2) + (𝑝1 − 1)(𝑝2 − 1) , ∀ 4 ≤ 𝑤 ≤ 𝑝1 + 1  # 

6. Hosoya-w polynomial for two-wheel connection: 

Let 𝑊𝑝1
and 𝑊𝑝2

 be two wheels of rank 𝑝1 and 𝑝2, respectively, and that: 

𝑉(𝑊𝑝1
) = {𝑤1, 𝑤2, . . . , 𝑤𝑝1−1, 𝑐1} , 𝑑𝑒𝑔 𝑐1 = 𝑝1 − 1 

𝑉(𝑊𝑝2
) = {𝑦1, 𝑦2, . . . , 𝑦𝑝2−1, 𝑐2} , 𝑑𝑒𝑔 𝑐2 = 𝑝2 − 1 

Obviously, the connection operator of the statement 𝐺𝑊 = 𝑊𝑝1
+ 𝑊𝑝2

 is 𝑘0(𝐺𝑊) = min{𝑝1, 𝑝2} + 3 

First: 

 If 𝑢, 𝑣 ∈ 𝑊𝑝𝑖
− {𝑐𝑖} for each i=1,2, then there is a path of length k, and another path of length 𝑝𝑖 − 1 − 𝑘, since 

1 ≤ 𝑘 ≤ ⌊
𝑝𝑖−1

2
⌋, and 𝑝3−𝑖 + 1 internally separated paths each of length 2. Therefore: 

𝑑𝑤(𝑢, 𝑣) = 2, ∀  2 ≤ 𝑤 ≤ 𝑝3−𝑖 + 1 

𝑑𝑝3−𝑖+2(𝑢, 𝑣) = 2 , 𝑘 = 1,2, 𝑑𝑝3−𝑖+2(𝑢, 𝑣) = 𝑘, 3 ≤ 𝑘 ≤ ⌊
𝑝𝑖 − 1

2
⌋ 

𝑑𝑝3−𝑖+3(𝑢, 𝑣) = 2 , 𝑘 = 1,2, 𝑑𝑝3−𝑖+3(𝑢, 𝑣) = 𝑝𝑖 − 1 − 𝑘, 3 ≤ 𝑘 ≤ ⌊
𝑝𝑖 − 1

2
⌋ 

If 𝑢 ∈ 𝑊𝑝𝑖
− {𝑐𝑖}  and 𝑣 = 𝑐𝑖, for every i=1,2, there is a path of length one and 𝑝3−𝑖 + 2  internally separated paths 

of length 2 each. Therefore: 

𝑑𝑤(𝑢, 𝑣) = 2, ∀  2 ≤ 𝑤 ≤ 𝑝3−𝑖 + 3, 𝑖 = 1,2 

Second: 

1. If 𝑢 ∈ 𝑉(𝑊𝑝1
) − {𝑐1} and 𝑣 ∈ 𝑉(𝑊𝑝2

) − {𝑐2}, then there is a path of length one and 6 internally separated paths 

of length 2 each, then: 

𝑑𝑤(𝑢, 𝑣) = 2, ∀  2 ≤ 𝑤 ≤ 7 

2.If 𝑢 = 𝑐𝑖  and 𝑣 ∈ 𝑉(𝑊𝑝3−𝑖
) − {𝑐3−𝑖} for each i=1,2, then there is a path of length one and 𝑝𝑖 + 2 internally 

separated paths each of length 2, then:  

𝑑𝑤(𝑐𝑖 , 𝑣) = 2, ∀  2 ≤ 𝑤 ≤ 𝑝𝑖 + 3, 𝑖 = 1,2 

3. If 𝑢 = 𝑐1 and 𝑣 = 𝑐2, then there is a path of length one and 𝑝1 + 𝑝2 − 2 internally separated paths each of length 

2, then:  

𝑑𝑤(𝑐1, 𝑐2) = 2, ∀  2 ≤ 𝑤 ≤ 𝑝1 + 𝑝2 − 2 

From the two previous cases we can obtain the following theorem: 

Theorem 5: for every 𝑝1 ≤ 𝑝2 and for every 𝑝1 ≥ 6, then: 

 𝐻𝑤(𝐺𝑊; 𝑥) =
1

2
{𝑝1(𝑝1 − 1) + 𝑝2(𝑝2 − 1) + 2𝑝1𝑝2}𝑥2 , 𝑖𝑓 2 ≤ 𝑤 ≤ 7 
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 𝐻𝑤(𝐺𝑊; 𝑥) =
1

2
{𝑝1(𝑝1 − 1) + 𝑝2(𝑝2 − 1) + 2(𝑝1 + 𝑝2 − 1)}𝑥2 , 𝑖𝑓 8 ≤ 𝑤 ≤ 𝑝1 + 1 

 𝐻𝑝1+2(𝐺𝑊; 𝑥) = (
𝑝1 − 1

2
) ∑ 𝑥𝑘

⌊
𝑝1−1

2
⌋

𝑘=2 + (
𝑝2 − 1

2
) ∑ 𝑥𝑘

⌊
𝑝2−1

2
⌋

𝑘=2 + {𝑝1 + 𝑝2 − 1}𝑥2    

 𝐻𝑝1+3(𝐺𝑊; 𝑥) = (
𝑝1 − 1

2
) ∑ 𝑥𝑝1−1−𝑘

⌊
𝑝1−1

2
⌋

𝑘=2
+ (

𝑝2 − 1
2

) ∑ 𝑥𝑝2−1−𝑘
⌊

𝑝2−1

2
⌋

𝑘=2
+ {𝑝1 + 𝑝2 − 1}𝑥2  

Result 5.1: for every 𝑝1 ≤ 𝑝2 and for every 𝑝1 ≥ 6, then: 

 𝐻𝑤(𝐺𝑊) = {𝑝1(𝑝1 − 1) + 𝑝2(𝑝2 − 1) + 2𝑝1𝑝2} , 𝑖𝑓 2 ≤ 𝑤 ≤ 7 

 𝐻𝑤(𝐺𝑊) = {𝑝1(𝑝1 − 1) + 𝑝2(𝑝2 − 1) + 2(𝑝1 + 𝑝2 − 1)} , 𝑖𝑓 8 ≤ 𝑤 ≤ 𝑝1 + 1 

 𝐻𝑝1+2(𝐺𝑊) =
1

2
(

𝑝1 − 1
2

) ⌊
𝑝1−1

2
⌋ ⌊

𝑝1+1

2
⌋ + (

𝑝2 − 1
2

) ⌊
𝑝2−1

2
⌋ ⌊

𝑝2+1

2
⌋ + 2{𝑝1 + 𝑝2 − 1} 

 𝐻𝑝1+3(𝐺𝑊) =
1

2
(

𝑝1 − 1
2

) {2(𝑝1 − 1) ⌊
𝑝1−3

2
⌋ − ⌊

𝑝1−1

2
⌋ ⌊

𝑝1+1

2
⌋ + 2} +

1

2
(

𝑝2 − 1
2

) {2(𝑝2 − 1) ⌊
𝑝2−3

2
⌋ −

⌊
𝑝2−1

2
⌋ ⌊

𝑝2+1

2
⌋ + 2} + 2{𝑝1 + 𝑝2 − 1} 
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