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Abstract

In this paper, we have defined the concept of two-fold maximal units in finite two-fold neutrosophic rings modulo
integers, where a sufficient and necessary condition for such class of generalized units will be provided. We
characterize all maximal units in the following two-fold neutrosophic rings (Z"(I))f, forn € {2,3,4,5}.
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1. Introduction

The question of determining the units in an algebraic ring has attracted the attention of many researchers,
specifically in some modern rings such as neutrosophic rings, and n-cyclic refined neutrosophic rings [6-8], where
we find a classification of the group of units in several special solutions, and also tables that calculate the value of
these units and determine their exact number [9-20].

A unitin aring R is the concept of being an invertible element concerning multiplication operation, which make
a group together. Two-fold neutrosophic algebras are new algebraic structures presented by Smarandache [1] by
combining neutrosophic values of truth, falsity, and indeterminacy with classical algebraic sets. Many authors to
generalize other famous algebraic structures such as two-fold fuzzy number theoretical systems [2-3], two-fold
modules and spaces [4], and two-fold fuzzy rings [5] used these ideas.

In this work, we define the maximal two-fold neutrosophic finite ring modulo integers, and we determine all
maximal units in these rings for the special values of n between 2 and 5. We have also classified all the units that
have been calculated in tables showing their values as well as their number.

2. Main Discussion
Definition 2.1:

Let Z, ={0,1,...,n — 1} be the ring of integers modulo n, and Z,(I) ={a +bI;I* =1 ,a,b € Z, } be the
corresponding neutrosophic ring. Assume that f: Z,, — [0,1] be a fuzzy mapping with
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{f(0)=0
f)=1

fi(a + bI) = max(f (a), f(b)).

The maximal two-fold neutrosophic ring(Z,, (1)), as follows:

; fi: Z,(I) = [0,1] be the mapping defined as follows:

Zn(D)g, ={(a+bDf,cran ; a+bl,c+dl € Z,(I)}.
Example 2.1:
Consider (Zs = {0,1,2,3,4}, +,") the ring of integers modulo 5, take f : Zg — [0,1] ;

1;x=1
Il;xe{m}
f)=43%, ,

Z;X=4

0;x=0

Zs(1) ={0,1,23,4,1,21,31,41,1 + 1,1+ 21,1+ 3,1+ 41,2+ 1,2+ 21,24+ 31,2+ 41,3+ 1,3+ 2,3 +
3,3+41,4+ 1,4+ 21,4+ 31,4+ 413

fi3+4D) =max(f(3),f(4)) = % fi(1 + 2I) = max(f (1), f(2)) = 1. By a similar approach, we can see:

[ +4D) =1, +4D) =3, fi(0) = 0,f,(1) =1, /D) = 3, 13D =5, f;(4]) =7, (1 + 3D = 1,
C+D=11B8+D=1,f2)=f,(3) =1\2,and so on.
Therefore, (Zs(1))f, = {(a + bI),, (a + bI),(a + bI)1,(a + bI)1; for all a,b € Zs}

Definition 2 .2

Let (Z,(I))f, be the maximal two-fold neutrosophic ring, then(a + bI) ¢,(m+nr) i called a maximal unit if and
only if there exists:

(c +dD g e+rn) € (Zn(D)), such that:

(a+bD)f,anann © (€ +dD gy 41y = 14

Remark 2.1

The operation (0): Z,(I) X Z,(I) = Z,(I) is defined as:

(@+ bD s mann © (€ + dD g eeiy = (ac + (ad + be + bA)) £y ame+ (mic+ne+nion
Example 2.2

Consider Z; = {0,1,2}, Zs(I) = {0,1,2,1,21, 1+ 1,1+ 21,2 + 1,2 + 2I},

f(0)=0
Consider f: Z; - [0,1]; {f(1) =1
f@ =3

2

Then: f;: Z5(I) — [0,1] such that:

@ =01 =11@) =D =1£2) =5 A+D=111+2D =12+ =1£2+
20) ==,

2
SO that (23(1))f1 = {00, Ol, 01, 10, 11, 11, 10, 11, Il, 20, 21, 21, (2[)0, (2[)1, (2[)1, (1 + 1)0, (1 + 1)1, (1 + I)l, (1 +
2 2 2 2 2 2
2 2 2
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Theorem 2.1

The necessary and sufficient conditions of (a + bI) ¢, (m+nr) to be @ maximal unit in Z,, () are:
1] gcd(a,n) = gcd(a + b,n) =1

213t+kl € Z,(I) suchthatt mt =1 or(m+n)(t +k) —mt = 1.

Proof:

(a + bI) £ (m+nn is @ maximal unit if and only if there exists (c + dI) ¢, c+xr) € (Zn (1)), such that:

(@+bDfyaninn © (€ +dD) g esrn = 11

This is equivalent to:

(a+b1)(c+d1)=1=>{

{ gcd(a,n) =1
gcd(a+b,n) =1

ac=1 ﬁ{ gcd(a,n) =1 :>{ ged(a,n) =1 -
ad +bc+bd =0 (a+b)(c+d)—ac=0 (a+b)(c+d)=ac=1

On the other hand:

fillm+nD(@+ kD] =1= fi[mt + I((mk +nt +nk)]| =1= f,[mt +I[(m+n)(t+k) —mt]] =1, so
that:

f(mt) = Lor f((m+n)(t + k) —mt) = 1, hence:

mt=1
{or(m+n)(t+k)—mt=1

Remark 2.2

mt = 1 implies that gcd(m,n) = 1.

Remark 2.3

The maximal units of Z,,(I) are independent with respect to the mapping(f).
maximal units of (ZZ(I))fI:

we have:

Z, ={01}, Z,() ={0,1,1,1 + I}U (Z,) =U (Z,(1)) = {1}.

Mu(ZZ(I))fI = {14, (n4nny; Ik + tI;mk = Lor (m+n)(t + k) —mk = 1},
There form +nl € {1,1,1 + I} but: £;(1) = f;(I) = f;(1 +I) = 1, hence: Mu(Zz(I))fI ={1,}
Maximal units of (Z3(I))f1:

we have:

Z;=1{0,1.2},Zs() = {0,1,2, 1,21, 1+ 1,1 + 21,2 + 1,2 + 21},

U(Zy) ={1,2}U (Zs(D) = {1,21+ [, 2 + 2I}.

For any fuzzy mapping f: Z,, - [0,1],, we have:

f0) =0, =/ =fA+D=fA+2D)=f2+D=1£1CD=fi(2+2]) = f(2).
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Also, 21)(2I) =1,2(2 + 2I) = 1 + I, hence:
My(Z5(D) ;= (11, L2y, 20 220 (1 + Doy (L + Dz (2 + 211, (2 + 2D 5}

Table 1: Maximal units of (Z;(1)) .

Maximal units in (Z3(D))
1
L@
2
2r2)
a+0n,
2 +2D),
(242D

O N[OOI B (WIN|F-

Maximal units in (Z4(I))h:

Z,=1{01,2,3}, Z,() ={0,1,2,3,1,21,31,1 + I, 1+ 21,1 + 31,2+ 1,2+ 21,2+ 31,3 + 1,3 + 21,3 + 31},

U (Z,) ={1,3}u (Z,(D) = {1,3,1 + 21,3 + 2}

For any fuzzy mapping f: Z, — [0,1] , we have:
iO=0fL=fMD=fA+D=fA+2D=fA+3D=/2+D=11f2D =f2+2]) =
f2),iB+3D=BD=fR3), i3+ =1,{(2+3) = f;(3+2)=max(f(2),f(3)).

Also, Q+3D)-1=51=1,3+2D-1=51=13-B3+3)=1+13-BD =12 x#c+dl;c=
lord=1,2+2)-x#+c+dl;c=1ord = 1forallx € Z,(I).

My (Z:(D) . = {11, L) Imaxr@),£ ) 31 3£G) Bmaxr@,ray (L +2D1, (1+ 2D 43, (1
f1
+ 2D maxr @£ B+ 2D1, B + 2D £@3), B + 2D max(r(2), £ 30}

We have two possible cases:
Case (1):if f(2) > f(3),
Case (2):if f(2) = f(3),

We classify the units in these cases by tables.
Table 2: Case (1): if f(2) > f(3)

My(Z,(D)
1,
L)
Ir@
3
3r3)

3t
(1 +20),

(1 +2D) 43
(1 +2D s
(3 +20),
B+ 2D 3
B+ 2D

O ON|OoO g~ W| N

==
NS

[EY
N
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Table 3: Case (2): if f(2) = f(3)

Mu(Z4(I))fI
1
16
3;
3r@3)
(1+2D),
(1+ 2D
(3 + 2D,
(B + 2D 3

OIN| OO DWW N

Maximal units in (ZS(I))fI:

Zs=1{0,1,2,34},Z;(I) ={0,1,23,4,1,21,31,41,1 + [,1+ 21,1 + 31,1+ 41,2 + 1,2 + 31,2 + 41,2 + 21,3 +
1,3+21,3+31,3+41,4+ 1,4+ 21,4+ 31,4+ 413},

U(Zs) ={1,2340U (Zs()) = {1,234,1 + L1+ 2,1+ 31,2+ 1,2 + 41,2+ 21,3+ [,3 + 31,3 + 41,4 +
21,4 + 31,4 + 41}

For any fuzzy mapping f: Zs — [0,1] , then we have:

O =0V =1D=/A+D=A+2D=f1+3D)=/A+4D=f2+D =B+ =
i4+D=1f@+20)=f2D=f2)=f2),18+3D)=f3BD=3)=f3) (%) =1fi(4+4]) =
fi4D) = f(4), ;243D = ;3 + 2D = max(f(2), f(3)), (2 + 41) = f;(4 + 2I) =

max(f(2), f(4)), i3 + 4D = f;(4 + 31) = max(f(3), f (4)),

Also, (4D(4) =1,3DR2)=1,2NRB)=1,2+2DB)=1+1.
We discuss the possible cases:

Table 4: Case (1):if f(2) < f(3) < f(4)

Mu (ZS (I))fl
1 1,
2 2,
3 3
4 4,
5 L3
6 2r(3)
7 3(3)
8 16
9 Lra)
10 2
11 3ra)
12 4
13 1+,
14 1+ Dse
15 T+ Dse)
16 REDS
17 L@
18 22
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Case (2):

19 3r@)

20 4r2)

21 1+ 2D,
22 (A +2D,q
23 (A +2D,a
24 A +2D,a
25 (1+3D),
26 (1 +3D)0
27 (1 +3D) 0
28 1+ 3D
29 @2+
30 2+ Do
31 2+ Do
32 @+ Dy
33 (2 +4D),
34 @2 +4D) 0
35 2 +4D) )
36 2 +4D) ;)
37 2+ 2D,
38 @2+ 2D 0z
39 @2+ 2D) ;03
40 @2+ 2D) ;)
41 G+1),
42 G+ D
43 G+ D
44 G+ D
45 (3 +4D),
46 G +4D) 0
47 G +4D) 0
48 G +4D) 0
49 (4 + 2D),
50 4+ 2D 0
51 4+ 2D )
52 4+ 2D ;)
53 (4 +3D),
54 (4 +3D) 0
55 (4 +3D) 0
56 4+ 3D
57 (4 + 4D),
58 4+ 4D) )
59 (4 +4D) )
60 (4 +4D) )

doi.org/10.54216/1]NS.250213
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If fBR)<fR)<f@orf(H)<f(2)<fBorf(4)<fB)<f(2)orf(3)<f(4)<f(2), we get the

same maximal units.
Case (3):
If £(2) = f(3) = f(4), we get:

Case (4):

DOI: https://doi.org/10.54216/1]INS.250213

Table 5: Case (3): If f(2) = f(3) = f(4)

M, (Zs(D),,
1 1
2 2,
3 3;
4 4,
5 L2
6 2f(2)
7 3(2)
8 4@
9 1+10),
10 A+ Dy
11 (1+20),
12 (1 +2D;q
13 4+ 2D,
14 (4 +2D);q
15 (4 + 30),
16 (4 +3D);q
17 (4 + 4I),
18 (4 + 4D,
19 2 +20),
20 2+ 20,0
21 G+1),
22 G+ Dre
23 (3 + 4l),
24 B +4D),q
25 (1+30),
26 (143D,
27 2+10),
28 2+ Dre
29 (2 + 4D),
30 2+ 4D,
31 (4 +20),
32 (4 + 2D
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If f(a) = f(b) < f(c)or f(a) = f(b) > f(c) fora,b,c € {2,3,4}, we get:
Table 6: Case (4): If f(a) = f(b) < f(c) or f(a) = f(b) > f(c)

DOIL: https:

M, (Zs(D),,
1 1
2 @
3 Lt
4 2,
5 2f(a
6 2f(0)
7 3
8 3@
9 3f(0)
10 4,
1 4@
2 4
13 (1+1),
14 A+ D s
15 A+ D
16 1+ 2D,
17 A+ 2D o)
18 (1 + 2D s
19 (4 + 2D),
20 4+ 2D) o)
21 4+ 2D
22 (4 +30),
23 4+ 3D o)
24 4+ 3D
25 (4 + 4),
26 4+ 4D) o
27 (4 + 4D
28 (3 +4D),
29 G +4D)
30 B+ 4D,
31 (1+3D),
32 1+ 3D o)
33 (1 +3D s
34 @2+,
35 2+ D
36 2+ Do
37 2 + 2D,
38 2+ 2D) o

doi.org/10.54216/1]NS.250213
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39 2+ 2D
40 (B3+D),

41 B+ D
42 B+ Dy
43 (2 + 41),

44 2+ 4D (q)
45 2+ 4D
46 (3+3D),

47 (B +3Df@
48 (3+ 3D

Conclusion

In this paper, we defined the concept of two-fold maximal units in finite two-fold neutrosophic rings modulo
integers, where a sufficient and necessary condition for such class of generalized units is provided. We
characterized all maximal units in the following two-fold neutrosophic rings (Zn(l))f, forn € {2,3,4,5}. We have

also classified all the units that have been calculated in tables showing their values as well as their number.
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