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Abstract

The connection between neutrosophy and algebra has been of great interest with respect to many researchers. The
objective of this paper is to provide a connection between neutrosophic X—structures and subtraction algebras. In this
regard, we introduce the concept of neutrosophic X—ideals in subtraction algebra. Moreover, we study its properties
and find a necessary and sufficient condition for a neutrosophic X—structure to be a neutrosophic X—ideal.
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1. Introduction

Neutrosophic sets were introduced by Florentin Smarandache [11] as a new mathematical tool for dealing with
uncertainity. They can be viewed as a generalization of the fuzzy sets that were introduced in 1965 by Lotfi Zadeh
[14]. Where Zadeh defined fuzzy sets as mathematical model of vagueness in which an element belongs to a given set
to some degree that is a number between 0 and 1 (both inclusive). Neutrosophy is a base of neutrosophic logic which
is an extension of fuzzy logic where indeterminacy is included [13]. In neutrosophic logic [10], each proposition is
estimated to have the degree of truth in a subset T, the degree of indeterminacy in a subset I, and the degree of falsity
in a subset F. The study of neutrosophic sets and their properties have a great importance in the sense of applications
as well as in understanding the fundamentals of uncertainty. Some related work can be found in [1, 2, 3, 12].

A crisp set A in a universe X can be defined in the form of its membership function p,: X — {0,1} where p,(x) =1
if x € Aand u,(x) = 0 if x ¢ A. A single valued neutrosophic set is an example of neutrosophic set which has many
applications [10]. A new function, which is called negative-valued function, was introduced by Jun et al. [5] and they
used it to construct X-structures. Some work related to neutrosophic X-structures can be found in [6, 7]. Schein [9]
considered systems of the form (&,3,\), where @ is a set of functions closed under the composition “B” of functions
and the set theoretic subtraction “\” and hence (@, \) is a subtraction algebra. Jun et al. [4] introduced the concept
of ideals in subtraction algebras and discussed the properties of these ideals. Some researchers worked on combining
the notions of neutrosophic sets and subtraction algebra. For example, lbrahim et al. introduced neutrosophic
subtraction algebra (semigroups) and presented some results about them. Moreover, Park [8] discussed neutrosophic
ideals of subtraction algebras by using single valued neutrosophic sets.

In this paper, we apply the concept of neutrosophic X-structures in subtraction algebras. And it is organized as follows:
After an Introduction, in Section 2 and Section 3, we present some basic results about neutrosophic X-strructures as
well as about subtraction algebras that are used throughout the paper. In Section 4, we introduce neutrosophic X-ideals
(R-subalgebras) of subtraction algebra and prove that the intersection, the product, the homomorphic preimage, and
onto homomrphic image are neutrosophic X-ideals. Finally, in Section 5, we prove a necessary and sufficient condition
for X-structures to be neutrosophic X-ideals by introducing the (a, 8, y)— level sets.

DOI: 10.5281/zenodo.3738737

Received: January 09, 2020 Revised: March 23, 2020  Accepted: April 09, 2020 44


HP
Typewriter
Received: January 09, 2020     Revised: March 23, 2020     Accepted: April 09, 2020

mailto:madeline.tahan@liu.edu.lb
mailto:davvaz@yazd.ac.ir

International Journal of Neutrosophic Science (IINS) Vol 3, No. 1, PP. 44-53, 2020

2. Neutrosophic N-structures

In this section, we present some basic results about neutrosophic X-structures. For more details about neutrosophy, we
refer to [5, 6, 7].

Definition 2.1. [5] Let S be a non-empty set. A function from S — [—1,0] is called a negative-valued function (X-
function) from S to [—1,0].

Definition 2.2. [7] Let S be a non-empty set. A neutrosophic X-structure over S is defined as follows:
X
SN - {(TN,IN,FN) X € S},
where Ty, Iy, Fy are X-functions on S which are called the negative truth membership function, the negative
indeterminacy membership function and the negative falsity membership function, respectively, on S.
It is clear that for any K-structure Sy over S, —3 < Ty(x) + Iy(x) + Fy(x) < 0 forall x € S.

X

Definition 2.3. [7] Let Sy = {m 1X € S} and Sy = {m:x € S} be R-structures over S.

(1) Sy is called a neutrosophic X-substructure of Sy, denoted as Sy S Sy, if for all x € S,
Tn(x) = Ty (x), In(x) < Iy(x), Fy(x) = Fy(x).
If Sy € Sy and Sy € Sy, We say that Sy = Sy.

(2) The union of Sy and Sy is defined to be the X-structure over S:

SNuM ={ =

S S——
(TnumINUMFNUM)

where Tyum(x) = Ty (%) A Ty (%), Ingm(x) = In(x) V Iy (x), and Fyym(x) = Fy(x) A Fy(x) forall x € S.
(3) The intersection of Sy and Sy, is defined to be the X-structure over S:

X
Snom = {(TNHM'INHM'FNHM) X € S}'

Where TNnM(x) = TN(x) \ TM(x), INUM(x) = IN(.x) N IM(.x), a.nd FNUM(‘x) e FN(X) \ FM(X) fOI’ a" X € S

(4) The complement of Sy is defined to be the X-structure over S:

=t s
Ne (TnCAnCFNC) x

where Tye = —1 — Ty (x), Iyc = =1 — Iy(x), and Fyc = —1 — Fy(x) forall x € S.

X

Definition 2.4. [7] Let X, Y be non-empty sets, f: X — Y be any function, and Xy = {—: X € X},
(TNINFN)
Yy = {L: y € Y} be X-structures over X, Y respectively. Then
(Tm.Im.FMm)

X

(1) the X-structure X -1,y = { (X € X} over X is defined as follows:

T e=10nyl =10y F p=1 (1))

T =100y (%) = Tu(f (), L1000y () = In(f (), and F g1y (x) = Fy (f (x));

2) the X-structure Yy = {4: € Y} over Y is defined as follows:
©) fv) (Teany Ieavy Feavy) Y

A=y Tu(®) i [T () # 0 _ Vrw=yIn(x) if f7T) # ©;
T z{ f=y Tm o _ Vrw=y ,
£ ») 0 otherwise. il ) -1 otherwise.

and
A=y Fu(x) if f71() #
F, z{ fl)=y '™ .
1) ) 0 otherwise.
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Remark 2.1. Let X, Y be non-empty sets, f: X — Y be any onto function, and Xy = {(T Ix X € X},
NIN-E'N

Yy = {L:y € Y} be R-structures over X, Y respectively. Then for all y € Y
(TmAmFMm)

Teny¥) = /\ v, I = \/ Iy,  Fawn®)= /\ Fyv (x).
fx)=y fx)=y fx)=y

3. Subtraction algebra

In this section, we present some results related to subtraction algebra that are used throughout the paper. For more
details, we refer to [4, 9, 15].

Definition 3.1. [15] An algebra (X, —) is called a subtraction algebra if the single binary operation “—" satisfies the
following identities: for any x,y,z € X,

D x-@-0=x

(2 x=(x-y)=y-@-x);

@) k=) —z=x-2)-v.

We introduce an order relation “<” on subtraction algebras: a < b ifand onlyif a —b = 0; where0 =a — aisan
element that does not depend on the choice of a € X.

Itisclearthata —0 =aand0—a =0 forall a € X.
Example 3.1. Let A, = {0, 1}. Then (4,, —;) is a subtraction algebra defined in Table 1.

Table 1. The subtraction algebra (4,,—;)

Example 3.2. Let A, = {0, a, b, c}. Then (4,,—,) is a subtraction algebra defined in Table 2.

- 0 1
0 0 0
1 1 0

Table 2. The subtraction algebra (45, —,)

— 0 a b
0 0 0 0
a a 0 a
b b b 0
c c b a

Definition 3.3. [4] A non-empty subset A of a subtraction algebra X is called a subalgebra of X if for all a, b € A,

a—>b € A.
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Definition 3.4. [4] A non-empty subset A of a subtraction algebra X is called an ideal of X if it satisfies the following
conditions.

(1)a—xe€Aforalla e Aandx € X;

(2) forall a,b € A, whenever av b existsin X thenav b € A.

Remark 3.1. Every ideal of a subtraction algebra is a subalgebra. But the converse may not hold.

We illustrate Remark 3.1 by Example 3.3.

Example 3.3. Let (4,,—,) be the subtraction algebra in Example 3.2. Then {0, c} is a subalgebra of 4, that is not an
ideal of A,. Thisisclearasc —a =b ¢ {0, c}.

Example 3.4. Let A; = {0, d, e}. Then (43, —3) is a subtraction algebra defined in Table 3.

Table 3. The subtraction algebra (45, —3)

— 0 d e
0 0 0 0
d d 0 d
e e e 0

Example 3.5. Let (45,—3) be the subtraction algebra in Example 3.3. Then {0},{0,d },{0,e}, A; are the only
subalgebras of A;. Moreover, every subalgebra of A5 is an ideal of A,.

Definition 3.5. Let (X, —,), (Y, —,) be subtraction algebras and f: X — Y be a function. Then

(1) fisahomomrphism if f(x—,y) = f(x)—2f(¥) and f(x Vy) = f(x) V f ().
(2) f isan isomorphism if f is a bijective homomrphism. In this case, we say that X and Y are isomorphic
subtraction algebras and we write X = Y.

Example 3.6. Let (X, —) be a subtraction algebra and Let S be any subalgebra of Let X. Then f: S — X defined as
f(x) = x is a homomrphism.

Example 3.7. Let (X,—;), (Y,—,) be subtraction algebras and f:X — Y be defined as f(x) = 0. Then f is a
homomrphism.

4. Operations on neutrosophic N-ideals (8-subalgebra) of subtraction algebra

In this section, we introduce neutrosophic X-ideals (X-subalgebras) of subtraction algebra, present some examples,
and study different operations on them.

Definition 4.1. Let (X, —) be a subtraction algebra. An X-structure Xy over X is called a neutrosophic X-subalgebra
of X if the following conditions hold for all x,y € X.

TnGx=y) STy VTyO), Iv(x—y) = Iy(x) Aly(y), and Fy(x —y) < Fy(x) V Fy ().

Definition 4.2. Let (X, —) be a subtraction algebra. An X-structure X y over X is called a neutrosophic X-ideal of X if
the following conditions hold.
Q) Ty(x—y) <Ty(), Iy(x—y) = Iy(x),and Fy(x —y) < Fy(x) forall x,y € X,
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(2) ifx vy existsin X then
Ty(xVy) STy VTy@), Iy(xVy) =Iy(x) Aly(y), and Fy(x Vy) < Fy(x) V Fy ().

X

&.if)

Example 4.1. Let (X, —) be any subtraction algebra and ¢, i, f € [—1,0]. Then Xy = { (X € S} is a neutrosophic

X-ideal of X. We call this neutrosophic X-ideal as constant neutrosophic K-ideal.

Example 4.2. Let (X, —) be any non-trivial subtraction algebra and ¢, i, f € [—1,0] with (¢, i, f) # (0,—1,0). Then

0 X . . .
Xy = {(“—f) T EX— {0}} is a neutrosophic X-ideal of X.

Corollary 4.1. Let (X, —) be any non-trivial subtraction algebra (i.e., X # @). Then X has at least two neutrosophic
N-ideals.

Proof. The proof follows from Example 4.1 and Example 4.2.

Remark 4.1. Let (X, —) be a subtraction algebra. Then every neutrosophic X-ideal of X is a neutrosophic X-subalgebra
of X. But the converse may not hold.

We illustrate Remark 4.1 by Example 4.3.
Example 4.3. Let (4, —) be the subtraction algebra defined in Example 3.2 and define A4, as follows:
0 a b c

=< ) ) ) >-
N (-0.8,—-0.1,-0.7) ' (—0.4,—0.5,-0.6) ' (—0.4,—0.5,—-0.6) ' (—0.8,—0.1,—-0.7)
Then A, is a neutrosophic X-subalgebra of A, that is not neutrosophic X-ideal of 4,.

4z

Remark 4.2. The results in this section are also valid for neutrosophic X-subalgebras. But we restrict our proof to
neutrosophic X-ideals.

Proposition 4.1. Let (X, —) be a subtraction algebra and X y be a neutrosophic X-ideal (X-subalgebra) of X. Then for
allx € X, Ty(0) < Ty(x), Iy(0) = Iy(x), and Fy (0) < Fy (x).

Proof. Since 0 = x — x for all all x € X, it follows that T,,(0) = Ty (x — x) < Ty (x), Iy(0) = Iy(x — x) = Iy(x),

Theorem 4.1. Let (X, —) be a subtraction algebra. Then Xy and X yc are neutrosophic X-ideals (X-subalgebras) of X
if and only if Xy is the constant neutrosophic X-ideal of X.

Proof. It is clear that if Xy is the constant neutrosophic X-ideal of X then Xy and X ¢ are neutrosophic X-ideals (X-
subalgebras) of X.
Let Xy and X yc be neutrosophic X-ideals (X-subalgebras) of X. Proposition 4.1 asserts that Ty (0) < Ty (x) and
Tyc(0) < Tye(x) ,Iy(0) = Iy(x) and Iyc(0) = Iyc(x), and Fy(0) < Fy(x) and F,c(0) < Fyc(x). The latter
implies that

Ty (0) < Ty(x) and —1 — Ty (0) < -1 — Ty (x),

Iy(0) = Iy(x) and =1 — I, (0) = —1 — I, (x),

Fy(0) < Fy(x) and —1 — Fy(0) < =1 — Fy(x).
We get now that Ty (x) = Ty (0), Iy (x) = I4(0), and Fy (x) = Fy(0). Thus, Xy is the constant neutrosophic X-ideal
of X.
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Proposition 4.2. Let (X, —) be a subtraction algebra and Xy, X); be neutrosophic X-ideals (X-subalgebras) of X.
Then Xy IS @ neutrosophic X-ideal (X-subalgebra) of X.

Proof. Let x,y € X. Then
Tnomx —y) = Ty —y) VTu(x —y) < Tn(x) VT (x) = Tyam(x);
Inomx =) = InGe = y) Ay (x — y) = Iy () Ay (x) = Iynm(x);
Fyom(x —y) = Fy(x =) V Fy(x — y) < Fy(0) v Fy (%) = Fyam ().
Suppose that xv y exists in X. Then
Tnam(x VYY) = Ty(x VY) VT (x Vy) < Ty() VING) V Tu(x) V Ty () = Tnam () V Tyam ()
Inamx Vy) = INGevy) Ay (e vy) = InG) Ay Ay () Al (@) = Inam () A lnom (9
Fyom(x vy) = Fy(x Vy) vV Fy(x vVy) < Fy(x) vV Fy(y) V Fy(x) V Fy(y) = Fyam () V Fyam ).

Therefore, Xy iS @ neutrosophic X-ideal (X-subalgebra) of X.

Corollary 4.2. Let (X, —) be a subtraction algebra and Xy, be a neutrosophic X-ideal (X-subalgebra) of X for i =
1,2,...,n. Then Xnr N is a neutrosophic R-ideal (X-subalgebra) of X.

Remark 4.3. Let (X, —) be a subtraction algebra and Xy, X be neutrosophic X-ideals (X-subalgebras) of X. Then
Xnyum May not be a neutrosophic R-ideal (X-subalgebra) of X.

We illustrate Remark 4.3 by Example 4.4.

Example 4.4. Let (4,,—,) be the subtraction algebra defined in Example 3.2 and define the neutrosophic X-ideals
of X A,y A, as follows:

0 a b c
Az =< (-0.8,—0.1,—0.7)’ (—0.8,—0.1,—0.7) ' (—0.4,—0.5,—0.6) (—0.4, —0.5, —0.6) <
0 a b c
AZ =< ) ) N >,
M (-0.8,-0.2,—0.7) ' (—0.4,—0.3,—0.6) " (=0.8,—0.2,—0.7) ' (—0.4,—0.3,—0.6)

Then
0 a b c

A =< ) ’ ) >
2NUM ~~(Z0.8,-0.1,—0.7)’ (—0.8,—0.1,—0.7)' (—0.8,—0.2,—0.7) " (—0.4, —0.3,—0.6)

is not a neutrosophic X-ideal of X as —0.3 = Iy, () = Iyym(a Vv b) & Iyym(a) A Iygm(b) = —0.2.

Proposition 4.3. Let (X, —,), (Y, —,)be subtraction algebras and Xy, Yy be neutrosophic X-ideals (X-subalgebras) of
X, Y respectively. Then (X X Y)n«m IS @ neutrosophic X-ideal (X-subalgebra) of X x Y. Here, for all (x,y) € X X Y,

Taxm (6, ¥)) = Ty () V Tu (), Insem (6, ) = In(x) A Iy (¥), and Fym (%, 7)) = Fy(x) V Fu ().

Proof. The proof is straightforward.

Example 4.5. Let (A;, —;) be the subtraction algebra defined in Example 3.1 and define A, ; as follows:

0 1
A =< .
iN (~0.8,-0.1,-0.7) ’ (~0.4,—0.5,—0.6)
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_ (0,0) (0,1) (1,0) (1,1)
Then (4; X Ay)nxn =< (-0.8,-0.1,-0.7) * (=0.4,—0.5,—0.6) ’ (—0.4,~0.5,0.6) ’ (—0.4,—0.5,—0.6)

subtraction algebra (4, X A, —) presented in Table 4.

> is a neutrosophic X-ideal for the

Table 4. The subtraction algebra (4, X 4,,—)

- (0,0) 0,1) (1,0) (1,1)
(0,0) (0,0) (0,0) (0,0) (0,0)
0,1) 0,1) (0,0 0,1) (0,0)
(1,0) (1,0) (1,0) (0,0) (0,0)
(1,1) (1,1) (1,0) 0,1) (0,0)

Theorem 4.2. Let (X, —;), (Y,—,) be subtraction algebras, X , Yy be neutrosophic X-ideals (X-subalgebras) of
X,Y respectively, and f: X — Y be a homomorphism. Then X1y, is a neutrosophic X-ideal (X-subalgebra) of X.

Proof. Let x,a € X. Then
Tf—i(M)(x —a)=Ty(f(x—a)) =Ty(f(x) — f(a)) < TM(f(x)) =Tr-10m) (x),
If—i(M)(x —a)=Iy(f(x—a)) = Iy(f(x) — f(a)) = IM(f(x)) = If_l(M)(x);
Ff—l(M)(x —a) =Fy(f(x —a)) = Fy(f(x) — f(a)) < FM(f(x)) = Ff—l(M)(x)-
Suppose that x V a exists in X. Then
Tr-1myxVa) =Ty(f(xvVa) =Ty(fx)Vf(a) < Tu(f(0)) v Tu(f(@) = Tr-10my(X) V Tp-10my (@),
I-iy(xva) = Iy(f(xva) =Iy(fx) Vv f(a) = Iu(fe)) Au(f(@) = Le-103py () Al =100y (@),
Feip(xva) = Fiy(f(x Va)) = Fy(f(x) v f(a)) < FM(f(x)) \4 FM(f(a)) = Fr-10m)(X) V Fp-10py (@).

Therefore, X¢-1.yy, is a neutrosophic X-ideal of X.

Example 4.6. Let (X, —) be a subtraction algebra, S a subalgebra of X, and X = { 1X € X} a neutrosophic

x
(Tn.INFN)

X-ideal of X. Then by Theorem 4.1 and by taking f: S — X as f(x) = x for all x € S we get that Sy is a neutrosophic
X-ideal of S. Where Sy = {;-x € S}

(TNINFN)
Theorem 4.3. Let (X, —;), (Y,—,) be subtraction algebras, X , Y be neutrosophic X-ideals (X-subalgebras) of
X, Y respectively, and f: X — Y be a surjective homomorphism. Then Yy y, is a neutrosophic X-ideal (X-subalgebra)
of Y.

Proof. Let y, b € Y. Since f is surjective, it follows that Ty ny (¥ — b) = Ay _p=r(x) Tn(x). Moreover, there exist a €
X such that b = f(a). We have that Ty ny(y) = Ay—px) Tn(x) = Ty(x") for some x" € X with f(x") = y. We get
now that y — b = f(x") — f(a) = f(x' — a). The latter implies that that Ty ) (y — b) < Ty(x' —a) < Ty(x") =
Tecny (). Similarly, we get that F ) (y — b) < Fyony ().

IgenyY = b) = Vy(o=y—p Iy(x). Moreover, there exists a € X such that b = f(a). We have that I ) (y) =
Vi=y In(x) = Iy(x') for some x" € X with f(x") =y. We getnowthaty —b = f(x') — f(a) = f(x" — a). The
latter implies that Ig yy (y — b) = Iy(x" — @) = IN(X') = Iy (¥).

DOI: 10.5281/zenodo.3738737 50



International Journal of Neutrosophic Science (IINS) Vol 3, No. 1, PP. 44-53, 2020

Suppose that y v b € Y. We prove that Ty (v V b) < Ty ny(¥) V Ty (b) and Iy (v V b) = Iy (¥) A gy (),
Feony(y V b) < Fyny(¥) V Fyey (b) are done similarly.

We have Ty ny (¥ V b) = Ayyp=r(x) Tn(x). Moreover, there exists a € X such thatbh = f(a). We have that Ty v, (y) =
Ny= Tn(x) = Ty (x") and Ty (b) = Ap=f(x) Tn(x) = Ty(a)for some x’, a € X with f(x") =y,

f(a) =b Wegetnowthatyvb = f(x')V f(a) = f(x' Vv a). The latter implies that Tg yy(y V b) < Ty(x' Va) <
Tn(x") v Ty(a) = Tiy ) V Teny (B).

5. Level sets and neutrosophic R-ideals (R-subalgebra) of subtraction algebra
In this section, we define (a, B, y)— level sets of X  and study their relation with X-ideals of X.

Let X be a neutrosophic X- structure over X and let a, 3,y € [-1,0] be such that -3 < a4+ B+ y < 0. Then
(a,B,y)— level set of X is defined as follows:

XE X: Ty(x) < a,Iy(x) = B,Fy(x) <y}

Remark 5.1. The results in this section are also valid for neutrosophic X-subalgebras (instead of ideal we have
subalgebra). But we restrict our proof to neutrosophic X-ideals.

Proposition 5.1. Let (X, —) be a subtraction algebra, « € [—1,0], and X y a neutrosophic N-ideal of X. Then Ty%is
either an empty set or an ideal of X. Here, Ty® = {x € X: Ty(x) < a} is either an empty set or an ideal of X.

Proof. Let x,y € Ty* # @. Since Ty(x —y) < Ty(x) < a, it follows that x — y € Ty*. Suppose that x vV y exists
in X. Then Ty(x vV y) < Ty(x) VTy(y) < a. Thus, x V y € Ty*. Therefore, Ty“is an ideal of X.

Proposition 5.2. Let (X, —) be a subtraction algebra, 8 € [—1,0], and X y a neutrosophic X-ideal of X. Then Iy” is
either an empty set or an ideal of X. Here, Iy = {x € X: Iy(x) = B}.

Proof. The proof is similar to that of Proposition 5.1.

Proposition 5.3. Let (X, —) be a subtraction algebra, y € [—1,0], and Xy a neutrosophic X-ideal of X. Then F'is
either an empty set or an ideal of X. Here, Fy” = {X € X: Fy(x) < y}.

Proof. The proof is similar to that of Proposition 5.1.

Corollary 5.1. Let (X, —) be a subtraction algebra, a, 8,y € [—1,0], and X y a neutrosophic X-ideal of X. Then the
(a, B,y)— level set of X is either an empty set or an ideal of X.

Proof. We have the (a, B,y)— level set of Xy is TN“ﬂINﬁﬂ FyY. And by Propositions 5.1, 5.2, and 5.3, we have Ty,
Ing, and F" are either empty sets or ideals of X. Thus, the (a, 8,y)— level set of X  is either empty or an intersection
of ideals of X and hence, it is an ideal.

Lemma 5.1. Let (X, —) be a subtraction algebra, @, 8,y € [—1,0], and Xy an X-structure over X. If every non-empty
(a, B,y)— level set of X is an ideal of X then X  a neutrosophic X-ideal of X.

Proof. Let x,a € X. Then there exist &', B, y' € [-1,0] such that Ty(a) = &', Ixy(a) = B',Fy(a) =y'. Then aisin
the (', B',y")— level set of Xy which is an ideal of X. The latter implies that a — x is in the (a’, 8’, ") level set of
XN' We get now tha.t TN(a - x) < a = TN(a), IN(a - x) > ﬁ, = IN(a), FN(a - x) < y, = FN(a).
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Suppose that x vV a € X. Then there exista’, B',y', a", B",y"" € [-1,0] such that Ty (a) = o', Iy(a) = B',Fy(a) =
Y, Ty(x) = a", Iy(x) =p", Fy(x)=vy". Let a=a'va'",B=B"AB",y =y'vy". Then a,x are in the
(a, B,v)— level set of X  which is an ideal of X. The latter implies that a v x is in the (a, 8, y)— level set of X . Thus,
Ty(avx) < a=Ty(@VTyX), In(avx) == Iy(@ A Iyx),Fy(avx) <y = Fy(a) VFy().

Therefore, X y is a neutrosophic X-ideal of X.

Theorem 5.1. Let (X, —) be a subtraction algebra, a, 8,y € [—1,0], and X an X-structure over X. Then X is a
neutrosophic X-ideal of X if and only if every non-empty (a, 5, y)— level set of X is an ideal of X.

Proof. The proof follows from Corollary 5.1 and Lemma 5.1.

Theorem 5.2. Let (X, —) be a subtraction algebra, @, B,y € [—1,0], and X y an X-structure over X. Then the following
statements are equivalent.

(1) Xy isaneutrosophic X-ideal of X;
2) T\ Ing. and Fy" are either empty sets or ideals of X;

(3) Everynon-empty («a, B,y)— level set of X is an ideal of X.

Proof. (1) = (2): If Xy is a neutrosophic X-ideal of X then by Propositions 5.1, 5.2, and 5.3, we have Ty, INﬁ, and
FyY are ideals of X.

(2) = (3): If T“, Ing. and Fy" are ideals of X then the (@, 8,y)— level set of X is intersection of ideals of
X (intersection of Ty%, Ing. and Fy") and hence, it is an ideal of X.
(3)=(1): By Lemma 5.1.

Theorem 5.3. Let (X, —) be a subtraction algebra and «, 8,y € [—1,0] with (a,8,y) # (0,—1,0). Then every ideal
of X isan (@, B,y)— level set of a neutrosophic X-ideal of X.

X
(TNINSFN)

Proof. Let I be an ideal of X and Xy = { X € X} be R-structure of X defined as follows.

(Tn (), In(x), Fn (%)) = {((()af1);))) Oi{l;"\iii‘;&

Let o, ', ¥’ € [—1,0]. Then the (&', B, y")— level set of Xy is given as follows:

I ifa<a' <0,-1<p' ZBy<y' <0
X (a’;ﬁ,; V’) = (0!_1!0)
] otherwise.

And it is either an empty set or an ideal of X. Therefore, by Lemma 5.1, Xy is a neutrosophic X-ideal of X.
6. Conclusion

In this paper, we combined the notions of X-—structures, neutrosophy, and subtraction algebra to introduce
N—ideals (X-subalgebras) of subtraction algebras. Some operations on the defined notions were discussed. Moreover,
the (a, 8,y)— level sets were introduced and used to find a necessary and sufficient condition for X-structures to be
neutrosophic X-ideals (X-subalgebras).
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For future work, it would be interesting to check whether there is a relation between our results about X—ideals (X-
subalgebras) of subtraction algebras and the results related to single valued neutrosophic subtraction algebras
discussed by Chul Hwan Park in [8].
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