
International Journal of Neutrosophic Science (IJNS) Vol. 25, No. 03, PP. 398-416, 2025

Solutions and convergence arguments for systems of hyperbolic
time-fractional partial differential equations

Kamel Al-Khaled1, Adel Almalki2, Amer H. Darweesh1, Amal Sawalmeh1

1Department of Mathematics & Statistics, Jordan University of Science and Technology, Irbid 22110, Jordan
2Department of Mathematics, Al-Gunfudah University College, Umm Al-Qura University, Mecca 21955,

Saudi Arabia
Emails: kamel@just.edu.jo; aaamalki@uqu.edu.sa; ahdarweesh@just.edu.jo; Amaalsawalmeh@gmail.com

Abstract

In order to solve hyperbolic fractional partial differential equations, this paper develops the Sumudu decompo-
sition method. This method is based on solving time-fractional hyperbolic partial differential equations either
individually or in systems using the Sumudu transform. Adomian polynomials whose values are chosen by
a specific formula are used to solve the non-linear terms. The developed method’s convergence and stability
are discussed. Example such as the shallow water equations, which serve as illustrations of the fractional
derivatives as defined by Caputo, is used to show the validity and applicability of the proposed method. It is
discovered that the procedure is rapid and precise.
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1 Introduction

Partial differential equations, or PDEs, are especially important in pure and applied mathematics. Since most
natural processes are explained by nonlinear partial differential equations (PDEs), there has been a recent surge
in interest in PDEs. Fractional calculus-based models are a helpful tool for accurately modeling a variety of
phenomena in physics, engineering, and other sciences. Compared to derivatives of integer order, fractional
derivatives offer more accurate representations of real-world issues. The scientific community has discovered
that fractional partial differential equations are a helpful tool for explaining a variety of physical phenomena,
such as diffusion processes,1 electrical and rheological material properties, and viscoelasticity theories.2 Time
fractional partial differential equations must be solved. It is difficult to determine an exact solution to these
equations due to their nonlinear nature.

Fractional partial differential equations have been solved using a variety of methods, such as the variational
iteration method (VIM), homotopy perturbation method (HPM), Adomian decomposition method (ADM),
homotopy analysis methodology,3 and others. The Adomian decomposition technique (ADM) was proposed
by Adomian4 in 1980. This approach is effective for both linear and nonlinear equations with deterministic or
stochastic operators, such as integral equations, partial differential equations (PDEs), and ordinary differential
equations (ODEs). Based on decomposing the nonlinear operator into a series, this method computes the
terms of the operator recursively using Adomian polynomials. The variable-depth shallow water equations
containing the source term are solved in5 using the Adomian decomposition method.

DOI: https://doi.org/10.54216/IJNS.250335
Received: March 22, 2024 Revised: June 25, 2024 Accepted: November 04, 2024

398



International Journal of Neutrosophic Science (IJNS) Vol. 25, No. 03, PP. 398-416, 2025

The Sumudu transform was shown to be the theoretical equivalent of the Laplace transform. In order
to construct effective and understandable solutions for differential equations,6–8 established several important
properties of the Sumudu transform. One of the most crucial transformation methods and a powerful instru-
ment for PDE solving is the Sumudu transform. First, as stated by the authors of,9 the Sumudu transform is
defined on general time scales, after which its salient features are elucidated.

The Sumudu transform is used in this work to solve nonlinear fractional partial differential equations of
generic form.

Dα
t ϕpx, tq “ Lϕpx, tq ` Nϕpx, tq ` gpx, tq (1)

under the presumption that n´ 1 ă α ď n.

Bprqϕpx, 0q

Btr
“ ϕprqpx, 0q “ frpxq, r “ 0, 1, ...n´ 1. (2)

where Dα
t ϕpx, tq is the Caputo fractional derivatives, gpx, tq is the source term, L is the linear operator

and N is the general nonlinear operator. The goal of this work is to replicate method for solving nonlinear
fractional PDEs of the hyperbolic type. Our primary goal is to solve PDEs with nonlinear systems. In partic-
ular, if certain initial conditions are satisfied, we will focus on solving conservation laws also called shallow
water equations that have fractional time derivatives. In order to solve hyperbolic fractional partial differ-
ential equations, the Sumudu decomposition method was created. The suggested approach is based on the
Sumudu transform applied to nonlinear fractional partial differential equations. For managing the nonlinear
term, algebraic polynomials are a useful tool,4.10 The Caputo sense characterizes the fractional derivatives.

This paper is formatted as follows: A review of partial differential equations and the fundamental fractional
calculus utilized in this work is covered in the part one conclusion. A review of the Sumudu transform and
a few key concepts and features come next. The Sumudu decomposition method is covered in Section 3, and
the solution to the shallow water equations is covered in Section 4. Section 5 provides proof of the obtained
solution’s stability and convergence. The final section presents the numerical results.

2 Basic of Fractional Calculus

This section goes through some of the fundamental definitions and characteristics of several fractional oper-
ators that will be utilized in this thesis. Fractional calculus has been the subject of numerous definitions and
studies over the past 200 years. These definitions include Riemman-Liouville, Weyl, Campos, Caputo, and
Nishimoto fractional operators, which will be re-introduced in this study. We refer the reader for more details
to.11–14 The fractional derivative operator Jαa has the following Riemann-Liouville definition:

Definition 1. 15 let α P R`, The operator Jα, defined on the usual Lebesque space L1ra, bs by

Jαa fpxq “
1

Γpαq

ż x

a

px´ tqα´1fptqdt, J0
afpxq “ fpxq

The Riemann-Liouville derivative presents unique challenges when attempting to simulate real-world
events using fractional differential equations, as detailed in16 and.17 Following Caputo’s lead, we ought to
utilize the modified fractional differentiation operator Dα proposed in his viscoelasticity theory work.18

Definition 2. In the Caputo interpretation, the fractional derivative of fpxq is defined as

Dαfpxq “ Jm´αDmfpxq “
1

Γpm´ αq

ż x

0

px´ tqm´α´1f pmqptqdt, (3)

m´ 1 ă α ď m, m P N, x ą 0

Two of its qualities are required here.
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Lemma 1. Provided that m´ 1 ă α ď m, f P L1ra, bs, then Dα
aJ

α
a fpxq “ fpxq, and

JαaD
α
a fpxq “ fpxq ´

m´1
ÿ

k“0

f pkqp0´q
px´ aqk

k!
, x ą 0.

The Caputo fractional derivative is studied in the context of the Caputo notion. The reason we went with
the Caputo definition is as follows:,16 in numerical form. In order for differential equations to have a unique
solution, we need to provide additional criteria. These extra prerequisites are well known to us in the context
of Caputo fractional differential equations since they are essentially the standard conditions that are applied
to classical differential equations. In the context of Riemann-Liouville fractional differential equations, these
additional conditions are fractional derivatives of the unknown solution at the initial point x “ 0, which are
functions of x. The unknown function ϕpx, tq is thought to be a time-dependent function.

Definition 3. For m to be the smallest integer that exceeds α, the Caputo fractional derivatives of order α ą 0
is defined as

Dαϕpx, tq “
Bαϕpx, tq

Btα
“

#

1
Γpm´αq

şt

0
pt´ τqm´α´1 B

mϕpx,τq

Bτm dτ, m´ 1 ă α ă m
B
mϕpx,tq

Btm , α “ m P N.

3 Sumudu Transform

Watugala19 created a novel integral transform, termed the Sumudu transform, in the early 1990s and applied it
to the solution of ordinary differential equations in control engineering applications. The Sumudu transform
is currently not well-known or regularly utilized. The Sumudu transform, which has scale and unit-preserving
features, can be utilized to address issues without turning to a new frequency domain. Belgacem et al20 shown
it to be the theoretical counterpart to the Laplace transform.

Definition 4. Sumudu transform over the following set of functions

A “ tfptq : DM, τ1, τ2 ą 0, |fptq| ă Met{τj , if t P p´1qj ˆ r0,8qu. (4)

Defined as follows: given ψ P pτ1, τ2q, SrfptqsGpψq “
ş8

0
fpψtqe´tdt “

ş8

0
1
ψfptqe

´t
ψ dt,

While7, 21 lists many of the properties of the Sumudu transform, where the traits utilized in this paper can
be consulted by the reader.

Theorem 2. As in Belgacem,7 let G(u) represent f (t)’s Sumudu transform in such a way that

• A meromorphic function, Gp 1
s q

s , has singularities where Repsq ă γ.

• If |
Gp 1

s q

s | ă MR´K , a circular region Γ with radius R and positive constants, M and K, exists, then
we have

S´1rGpsqs “
1

2πi

ż γ`i8

γ´i8

estGp
1

s
q
ds

s

“
ÿ

residuesrest
Gp 1

s q

s
s.

To solve fractional differential equation we need the following lemma.

Lemma 3. 22 The Sumudu transform Srfptqs of the fractional derivative introduced by Caputo is given by

SrDα
t fptqs “

Gpψq

ψα
´

n´1
ÿ

k“0

f pkqp0q

ψα´k
, where Gpψq “ Srfptqs.
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Because we are working with the numerical solution of fractional partial differential equations, we must
deduce the result of the preceding lemma.

Lemma 4. Srfpx, tqs is the Sumudu transform, as of Caputo’s fractional derivative is given by

SrDα
t fpx, tqs “

Srfpx, tqs

ψα
´

n´1
ÿ

k“0

f pkqpx, 0q

ψα´k
, n´ 1 ă α ď n (5)

Proof: As in the above definition, we obtain the Sumudu transform of both sides for the partial derivative
of Dα

t fpx, tq.

SrDα
t fpx, tqs “ Sr

1

Γpm´ αq

ż t

0

pt´ τqm´α´1 Bmfpx, τq

Bτm
Bτ s

By the convolution theorem of Sumudu transform,22 we obtain

SrDα
t fpx, tqs “

ψ

Γpm´ αq
Srfmpx, tqsSrt´α`m´1s.

We get the required outcome by employing the Sumudu transform of multiple differentiation.

4 The Sumudu Decomposition Method (SDM)

This section explains the steps involved in solving temporal fractional hyperbolic partial differential equations
using the Sumudu decomposition method. The nonlinear term in the Sumudu decomposition approach can
be easily broken down using Adamian polynomials. The Sumudu transform is used in the method to solve
nonlinear fractional partial differential equations. The reader can view additional prior research using the
Sumudu method by reading.23, 24

4.1 The Scheme Applied to Nonlinear Systems of Fractional PDEs

The Sumudu decomposition method for solving a time fractional system of hyperbolic partial differential
equations is described in this section. Examine the α order partial differential equations’ time fractional
system.

Dα
t ϕpx, tq “ L1pϕpx, tq, ψpx, tqq ` N1pϕpx, tq, ψpx, tqq ` g1px, tq “ 0

Dα
t ψpx, tq “ L2pϕpx, tq, ψpx, tqq ` N2pϕpx, tq, ψpx, tqq ` g2px, tq “ 0

(6)

with n´ 1 ă α ď n, ϕpx, tq, ψpx, tq are unknown functions and subject to the initial conditions

Bprqϕpx, 0q

Btr
“ ϕprqpx, 0q “ frpxq, r “ 0, 1, ...n´ 1.

Bprqψpx, 0q

Btr
“ ψprqpx, 0q “ grpxq, r “ 0, 1, ...n´ 1.

(7)

WhereDα
t ϕpx, tq is the Caputo fractional derivatives, g1px, tq, g2px, tq are the source terms, L1,L2 are the

linear operators and N1,N2 are the general nonlinear operators. We apply the Sumudu transform on both sides
of equations (6)

SrDα
t ϕpx, tqs “ SrL1pϕpx, tq, ψpx, tqq ` N1pϕpx, tq, ψpx, tqq ` g1px, tqs “ 0.

SrDα
t ψpx, tqs “ SrL2pϕpx, tq, ψpx, tqq ` N2pϕpx, tq, ψpx, tqq ` g2px, tqs “ 0.

(8)
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Utilizing the sumudu transform’s differential property, we obtain

ψ´αSrϕpx, tqs ´

m´1
ÿ

k“0

ψ´pα´kqϕpkqpx, 0q “ SrL1pϕpx, tq, ψpx, tqq ` N1pϕpx, tq, ψpx, tqq ` g1px, tqs.

ψ´αSrψpx, tqs ´

m´1
ÿ

k“0

ψ´pα´kqψpkqpx, 0q “ SrL2pϕpx, tq, ψpx, tqq ` N2pϕpx, tq, ψpx, tqq ` g2px, tqs.

(9)

After simplifying and multiplying both sides of the aforementioned equation by ψα, we get

Srϕpx, tqs “

m´1
ÿ

k“0

ψkϕpkqpx, 0q ` ψαSrL1pϕpx, tq, ψpx, tqq ` N1pϕpx, tq, ψpx, tqq ` g1px, tqs

Srψpx, tqs “

m´1
ÿ

k“0

ψkψpkqpx, 0q ` ψαSrL2pϕpx, tq, ψpx, tqq ` N2pϕpx, tq, ψpx, tqq ` g2px, tqs

(10)

We present the solution as an infinite series given by4, 10, 25

ϕpx, tq “

8
ÿ

n“0

ϕnpx, tq, ψpx, tq “

8
ÿ

n“0

ψnpx, tq. (11)

Decomposing the nonlinear operators yields

N1pϕpx, tq, ψpx, tqq “

8
ÿ

n“0

Anpϕ, ψq, N2pϕpx, tq, ψpx, tqq “

8
ÿ

n“0

Bnpϕ, ψq. (12)

Where Anpϕ, ψq, Bnpϕ, ψq are the Adomian polynomials25, 26 of ϕ0, ϕ1, ..., ϕn, ψ0, ψ1, ..., ψn that are given
by

Anpϕ0, ϕ1, ..., ϕ2, ψ0, ψ1, ..., ψnq “
1

n!

dn

dλn
N1p

8
ÿ

K“0

λkϕk, λ
kψkqs|λ“0, n ě 0

Bnpϕ0, ϕ1, ..., ϕ2, ψ0, ψ1, ..., ψnq “
1

n!

dn

dλn
N2p

8
ÿ

K“0

λkϕk, λ
kψkqs|λ“0, n ě 0

(13)

Substituting equations (11), (12) into (10), we get

Sr

8
ÿ

n“0

ϕnpx, tqs “

m´1
ÿ

k“0

ψkϕpkqpx, 0q ` ψαSrL1p

8
ÿ

n“0

ϕnpx, tqq ` p

8
ÿ

n“0

Anpϕ, ψqq ` g1px, tqs

Sr

8
ÿ

n“0

ψnpx, tqs “

m´1
ÿ

k“0

ψkψpkqpx, 0q ` ψαSrL2p

8
ÿ

n“0

ϕnpx, tqq ` p

8
ÿ

n“0

Bnpϕ, ψqq ` g2px, tqs

(14)

Matching both sides of (14) we get the following iterative algorithm

Srϕ0px, tqs “

8
ÿ

k“0

ψkϕpkqpx, 0q

Srϕ1px, tqs “ ψαSrL1pϕ0px, tq, ψ0px, tqq `A0pϕpx, tq, ψpx, tqq ` g1px, tqs

Srϕn`1px, tqs “ ψαSrL1pϕnpx, tq, ψnpx, tqq `Anpϕpx, tq, ψpx, tqq ` g1px, tqs, n ě 1.

Srψ0px, tqs “

8
ÿ

k“0

ψkψpkqpx, 0q

Srψ1px, tqs “ ψαSrL2pϕ0px, tq, ψ0px, tqq `B0pϕpx, tq, ψpx, tqq ` g2px, tqs

Srψn`1px, tqs “ ψαSrL2pϕnpx, tq, ψnpx, tqq `Bnpϕpx, tq, ψpx, tqq ` g2px, tqs, n ě 1.
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Take the Sumudu inverse on both sides of the above equation then we have

ϕ0px, tq “ S´1r

8
ÿ

k“0

ψkϕpkqpx, 0qs

ϕ1px, tq “ S´1rψαSrL1pϕ0px, tq, ψ0px, tqq `A0pϕpx, tq, ψpx, tqq ` g1px, tqss

ϕn`1px, tq “ S´1rψαSrL1pϕnpx, tq, ψnpx, tqq `Anpϕpx, tq, ψpx, tqq ` g1px, tqss, n ě 1.

ψ0px, tq “ S´1r

8
ÿ

k“0

ψkψpkqpx, 0qs

ψ1px, tq “ S´1rψαSrL2pϕ0px, tq, ψ0px, tqq `B0pϕpx, tq, ψpx, tqq ` g2px, tqss

ψn`1px, tq “ S´1rψαSrL2pϕnpx, tq, ψnpx, tqq `Bnpϕpx, tq, ψpx, tqq ` g2px, tqss, n ě 1.

The truncated series can be used to approximate the solutions ϕnpx, t;αq, ψnpx, t;αq.

ϕnpx, tq “

n´1
ÿ

j“0

ϕjpx.tq, ψnpx, tq “

n´1
ÿ

j“0

ψjpx.tq (15)

such that
lim
nÑ8

ϕnpx, tq “ ϕpx, tq, lim
nÑ8

ψnpx, tq “ ψpx, tq (16)

In real physical problems, the decomposition series solutions typically converge very quickly. Numerous writ-
ers have looked into the convergence of the decomposition series. Section 6 presents the numerical example
results, where accurate solutions can be obtained by requiring a minimal number of terms. α will be involved
in ϕnpx, tq as a variable so we may varies between 0 and 1. By selecting large values for n in the computation
of ϕpx, tq, the expressions of An, Bn contains more terms. The Adomian decomposition approach simplifies
the massive calculation. Section 6 presents the results of numerical applications, and just a few terms are
necessary to produce precise solutions. While in the next section, we present the convergence proof together
with the stability analysis of the procedure.

5 Stability analysis of STADM

In this section, we analyse the stability of STADM when it is applied to solve fractional shallow water equa-
tions. Let pB, ||.||q be a Banach space and Υ be a self-map of B (Υ : B Ñ B), satisfying ||Υx ´ Υy|| ď

k||x´ Υx|| ` β||x´ y||, for all x, y P B, k ě 0, and 0 ă β ă 1, then Υ is Picard,Υ´stable, for more details
we refer readers to.27 Since our equations in this work are in terms of the unknowns ϕpx, tq, ψpx, tq, we will
use ωpx, tq for both of the unknowns without sacrificing generality.

Theorem 5. Let pB, ∥ . ∥q be a Banach space and Υ : B Ñ B be a self-map of B. Then, the iteration
procedure of STADM defined by

Υpωmpx, tqq “ ωm`1px, tq “ ωpx, 0q ` S´1rψαSrfpx, tq ´Rωmpx, tq ´Ampωqss,

is Υ-stable if ϵ “ pϵ0 ` ϵ1q|| tα

Γpα`1q
|| ă 1 for some constants ϵ0, ϵ1 P IR` and for any t in the domain.

Proof. We first demonstrate the fixed point of Υ. To accomplish this, we have for n,m P IN

Υpωnpx, tqq “ ωpx, 0q ` S´1rψαSrfpx, tq ´Rωnpx, tq ´Anpωqss,

Υpωmpx, tqq “ ωpx, 0q ` S´1rψαSrfpx, tq ´Rωmpx, tq ´Ampωqss.

The result of subtracting the two equations above is

Υpωnpx, tqq ´ Υpωmpx, tqq “ S´1rψαSrRωmpx, tq `Ampωqs ´ S´1rψαSrRωnpx, tq `Anpωqs

Next, taking the norm on both sides of the previously mentioned result, we have, without sacrificing generality,

||Υpωnpx, tqq ´ Υpωmpx, tqq|| “ ||S´1rψαSrRωmpx, tq `Ampωqs ´ S´1rψαSrRωnpx, tq `Anpωqs||
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By applying the Sumudu transform’s linearity property and its inverse, we are able to obtain

∥ Υpωnpx, tqq ´ Υpωmpx, tqq ∥ “∥ S´1rψαSrRωmpx, tqss ` S´1rψαSrAmpωqss ´ S´1rψαSrRωnpx, tqss

´ S´1rψαSrAnpωqss ∥ .

We move forward by using the norm’s properties

∥ Υpωnpx, tqq´Υpωmpx, tqq ∥ď∥ S´1rψαSrRωmpx, tq´Rωnppx, tqqs ∥ ` ∥ S´1rψαSrAmpωq´Anpωqs ∥ .
(17)

Assuming for the moment for ϵ0 P IR` that

∥ Rωmpx, tq ´Rωnppx, tqq ∥ď ϵ0 ∥ ωmpx, tq ´ ωnppx, tq ∥,

and that for some ϵ1 P IR`, we have

∥ Ampωq ´Anpωq ∥ď ϵ1 ∥ ωmpx, tq ´ ωnppx, tq ∥ .

Equation (17) then turns into

∥ Υpωnpx, tqq´Υpωmpx, tqq ∥ď

´

ϵ0||ωmpx, tq´ωnppx, tq ∥ `ϵ1 ∥ ωmpx, tq´ωnppx, tq ∥
¯

∥ S´1rψαSr1ss.

But based on the Sumudu transform’s characteristics, we have

∥ S´1rψαSr1ss ∥“∥ S´1rψαp1qs ∥“ S´1rψαs “∥ tα

Γpα ` 1q
∥ .

Therefore, we obtain

∥ Υpωnpx, tqq ´ Υpωmpx, tqq ∥ ď

´

ϵ0 ∥ ωmpx, tq ´ ωnppx, tq ∥ `ϵ1 ∥ ωmpx, tq ´ ωnppx, tq ∥
¯

∥ tα

Γpα ` 1q
∥

ď pϵ0 ` ϵ1q ∥ tα

Γpα ` 1q
∥∥ ωmpx, tq ´ ωnppx, tq ∥

ď ϵ ∥ ωmpx, tq ´ ωnppx, tq ∥,

where ϵ “ pϵ0 ` ϵ1q ∥ tα

Γpα`1q
∥. Consequently, the self-mapping Υ has a fixed point. Now, we prove that Υ

satisfies the condition given in Theorem 5. Considering this, we have

∥ Υpωnpx, tqq ´ Υpωmpx, tqq ∥ď k ∥ ωnpx, tq ´ Υpωmpx, tqq ` ϵ ∥ vnpx, tq ´ vmpx, tq ∥

for k “ 0, ϵ “ pϵ0 `ϵ1q|| tα

Γpα`1q
|| ă 1. This shows that the conditions of Theorem 5 hold for self-mapping

Υ. Hence, Υ is Picard and Υ-stable. This indicates that the recurrence iterations ϕn`1px, tq, ψn`1px, tq are
Υ-stable.

5.1 Convergence analysis of STADM

The convergence of STADM applied to a time fractional system of hyperbolic partial differential equations is
demonstrated in this section. Given a mapping associated with STADM (defined in section 4), also we may
refer to,27 let Υ : B Ñ B be the mapping, and let pB, ||.||q be a Banach space. Afterwards, if 0 ă ϵ ă 1 such
that ||ωn`1px, tq|| ď ϵ||ωnpx, tq||, then Υ has a unique fixed point, and the sequence solution tωnpx, tqu8

n“0

converges to the fixed point of B, starting at ω0 P B.

Theorem 6. Given a mapping associated with STADM (defined in section 4), let Υ : B Ñ B be the mapping,
and let pB, ||.||q be a Banach space. Afterwards, if 0 ă ϵ ă 1 such that ||ωn`1px, tq|| ď ϵ||ωnpx, tq||, then Υ
has a unique fixed point, and the sequence solution tωnpx, tqu8

n“0 converges to the fixed point of B, starting
at ω0 P B.
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Proof. First, we show the existence of a fixed point of Υ. For this, define tηnu as the sequence of partial
sums of the series equation:

η0 “ ω0px, tq,
η1 “ ω0px, tq ` ω1px, tq,
η2 “ ω0px, tq ` ω1px, tq ` ω2px, tq,
ηn “ ω0px, tq ` ω1px, tq ` ω2px, tq ` . . .` ωnpx, tq.

We now demonstrate that in Banach space pB, ||.||q, tηnu8
n“0 is a Cauchy sequence. For this reason, we

consider

||ηn`1 ´ ηn|| “ ||ωn`1px, tq|| ď ϵ||ωnpx, tq|| ď ϵ2||ωn´1px, tq|| ď . . . ď ϵn`1||ω0px, tq||.

Now, using the prior equation and the triangle inequality, we obtain for each m,n P N where n ą m

||ηn ´ ηm|| “ ||pηn ´ ηn´1q ` pηn´1 ´ ηn´2q ` . . .` pηm`1 ´ ηmq||

ď ||ηn ´ ηn´1|| ` ||ηn´1 ´ ηn´2|| ` . . .` ||ηm`1 ´ ηm||

ď ϵn||ω0px, tq|| ` ϵn´1||ω0px, tq|| ` . . .` ϵm`1||ω0px, tq||

ď ϵm`1||ω0px, tq||p1 ` ϵ` ϵ2 ` . . .` ϵn´mq. (18)

A finite geometric sequence with a total sum of 1´ϵn´m

1´ϵ is represented by the sum 1` ϵ` ϵ2 ` . . .` ϵn´m

since 0 ă ϵ ă 1. With 1 ´ ϵn´m ă 1, then the above equation becomes

||ηn ´ ηm|| ď
ϵm`1

1 ´ ϵ
||ω0px, tq||. (19)

Since ω0px, tq is bounded, limn,mÑ8 ||ηn ´ ηm|| “ 0. Hence, ηn “ ηm is implied. As a result, tηnu8
n“0

is a convergent Cauchy sequence. Thus, there is a fixed point for Υ.

To complete this proof, we must demonstrate that ω is the only fixed point of Υ after letting tωnpx, tqu

converge to ω P B. Let ℓ be an additional fixed point of Υ. Next, by (18), we possess ||ω´ℓ|| “ ||Υω´Υℓ|| ď

ϵ||ω´ℓ||, which implies that p1´ϵq||u´l|| ď 0. The inequality mentioned above can only be true if ||u´l|| “ 0
implies u “ l, since p1 ´ ϵq ă 0 for 0 ă ϵ ă 1. This completes the proof that ω is the only fixed point of Υ.

5.2 Error bounds

The system in (6) has an exact solution, limnÑ8 ϕnpx, tq “ ϕpx, tq, limnÑ8 ψnpx, tq “ ψpx, tq. There is a
finite number of terms in the series (15) that can be truncated to obtain the numerical solution. If

řn´1
j“0 ϕjpx.tq

(similarly
řn´1
j“0 ψjpx.tq) gives the n terms approximate solution, then the absolute point-wise error bound

depends on the partial sum
řn´1
j“0 ϕjpx.tq and which is bounded by ϵm`1

1´ϵ ||ϕ0px, tq||, where ϵ as defined in the
above theorem.
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6 The Equations for Shallow Wave Water

The one-dimensional shallow water equations regulate the flow of water in a sizable, frictionless channel with a
rectangular cross-section and a constantly shifting bottom surface. According to,28 these equations are derived
under the assumptions of a hydrostatic pressure distribution and a short bottom slope.29 illustrates the fluid
flow in an infinitely broad channel in the one-dimensional case.

Bα

Btα

ˆ

ϕ
ψ

˙

`
B

Bx

ˆ

ϕψ
1
2ψ

2 ` ϕ

˙

“

ˆ

0

H
1

˙

, x P R, t ą 0 (20)

based on the initial circumstances
ˆ

ϕpx, 0q

ψpx, 0q

˙

“

ˆ

g1pxq

g2pxq

˙

, x P R (21)

The function ψpx, tq represents the total height above the bottom of the channel, and ϕpx, tq represents the
fluid velocity. Hpxq represents the depth of a point in relation to a fixed reference level of the water. The
two independent variables are x and t, which stand for the time and the distance along the flow direction,
respectively. In a more condensed form, (20) can be written as

BαU

Btα
` F

1

pUq
BU

Bx
“ Gpx, tq (22)

where

Upx, tq “

ˆ

ϕpx, tq
ψpx, tq

˙

,F
1

pUq “

ˆ

ϕ ψ
1 ψ

˙

,Gpx, tq “

ˆ

0

H
1

pxq.

˙

By rewriting the system as, the shallow water equations can be solved.

Bαϕ

Btα
` ψ

Bϕ

Bx
` ϕ

Bψ

Bx
“ 0, ϕpx, 0q “ g1pxq

Bαψ

Btα
`

Bϕ

Bx
` ψ

Bϕ

Bx
` ψ

Bψ

Bx
“ H

1

pxq, ψpx, 0q “ g2pxq

Next, both sides of the previously given equation are subjected to the Sumudu transform, producing the
following outcome:

S
”

Bαϕ

Btα
` ψ

Bϕ

Bx
` ϕ

Bψ

Bx

ı

“ 0

S
”

Bαψ

Btα
`

Bϕ

Bx
` ψ

Bϕ

Bx
` ψ

Bψ

Bx

ı

“ SrH
1

pxqs

(23)

Let us assume that Φ1pϕ, ψq “ ψϕx, Φ2pϕ, ψq “ ϕψx, and Φ3pψq “ ψψx. Make use of the initial condition
and the sumudu transform property. As we have

Srϕpx, tqs “
1

ψα

m´1
ÿ

k“0

ψ´α`kϕpkqpx, 0q ´
1

ψα
Srϕ1 ` ϕ2s

Srψpx, tqs “
1

ψα

m´1
ÿ

k“0

ψ´α`kψpkqpx, 0q “
1

ψα
SrH

1

xs ´
1

ψα
Srϕx ` ϕ3s

(24)

Using the inverse Sumudu transform, convert both sides of equation (24).

ϕpx, tq “ S´1r
1

ψ
ϕpx, 0qs ´ S´1r

1

ψα
SrΦ1 ` Φ2ss

ψpx, tq “ S´1r
1

ψ
ψpx, 0qs ` S´1rSrH

1

´ ϕx ´ Φ3ss.

(25)

DOI: https://doi.org/10.54216/IJNS.250335
Received: March 22, 2024 Revised: June 25, 2024 Accepted: November 04, 2024

406



International Journal of Neutrosophic Science (IJNS) Vol. 25, No. 03, PP. 398-416, 2025

Let ϕpx, tq and ψpx, tq be unknown functions with an infinite series solution provided by

ϕpx, tq “

8
ÿ

n“0

ϕnpx, tq; ψpx, tq “

8
ÿ

n“0

ψnpx, tq (26)

and the infinite series of Adomian polynomials Φ1, Φ2, and Φ3 by the nonlinear operators

Φ1pϕ, ψq “

8
ÿ

n“0

An, Φ2pϕ, ψq “

8
ÿ

n“0

Bn, Φ3pψq “

8
ÿ

n“0

Cn. (27)

Where the Adomian’s polynomials, An, Bn, and Cn, are constructed based on an algorithm. In this instance,
we utilize the general form of the Adomian polynomial formulas for An, Bn, and Cn as

Anpϕ0, ϕ1, ..., ϕ2, ψ0, ψ1, ..., ψnq “
1

n!

dn

dλn
Φ2p

8
ÿ

i“0

λkϕk, λ
kψkqs|λ“0, n ě 0

Bnpϕ0, ϕ1, ..., ϕ2, ψ0, ψ1, ..., ψnq “
1

n!

dn

dλn
Φ1p

8
ÿ

i“0

λkϕk, λ
kψkqs|λ“0, n ě 0

cnpψ0, ψ1, ..., ψ2q “
1

n!

dn

dλn
rΦ3p

8
ÿ

i“0

λkψkqs|λ“0, n ě 0

(28)

To obtain as many polynomials as required for the computation of the numerical solution, these are simple
formulas to set up in computer code. We can offer the first few Adomian polynomials for the nonlinearity for
Φ1 “ ψϕx,Φ2 “ ϕψx,Φ3 “ ψψx as an aid to the reader.

A0 “ ψ0ϕ0x, A1 “ ψ1ϕ0x`ψ0ϕ1x, A2 “ ψ2ϕ0x`ψ1ϕ1x`ψ0ϕ2x, A3 “ ψ3ϕ0x`ψ2ϕ1x`ψ1ϕ2x`ψ0ϕ3x,

B0 “ ϕ0ψ0x, B1 “ ϕ1ψ0x`ϕ0ψ1x, B2 “ ϕ2ψ0x`ϕ1ψ1x`ϕ0ψ2x, B3 “ ϕ3ψ0x`ϕ2ψ1x`ϕ1ψ2x`ϕ0ψ3x,

C0 “ ψ0ψ0x, C1 “ ψ1ψ0x`ψ0ψ1x, C2 “ ψ2ψ0x`ψ1ψ1x`ψ0ψ2x, C3 “ ψ3ψ0x`ψ2ψ1x`ψ1ψ2x`ψ0ψ3x.

The recursive relations provided by are used to construct the nonlinear system.

ϕ0px, tq “ g1pxq

ϕn`1 “ ´S´1r
1

ψα
SrAn `Bnss

ψ0px, tq “ g2pxq

ψn`1 “ ´S´1r
1

ψα
SrH

1

´ ϕnx ´ Cnss, n ě 1.

(29)

where the initial conditions are where the functions g1pxq and g2pxq originate. We build ϕpx, tq and ψpx, tq
as the solutions.

lim
nÑ8

ϕnpx, tq “ ϕpx, tq, lim
nÑ8

ψnpx, tq “ ψpx, tq (30)

ϕnpx, tq “

n´1
ÿ

k“0

ϕkpx, tq, ψnpx, tq “

n´1
ÿ

k“0

ψkpx, tq, n ě 0 (31)

Now in Equation (20), we take

Hpxq “
e´x2

1 ` e´x2

and assume that the water’s initial height g2pxq and velocity g1pxq are known.

ϕpx, 0q “ g1pxq “ Hpxq `
sechpxq

4
, x P R.

ψpx, 0q “ g2pxq “ 0, x P R
(32)
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When we apply the Sumudu transform to the above equation on both sides, we obtain

Srϕα ` ψϕx ` ϕψxs “ 0

Srψα ` ϕx ` ψψxs “ SrH
1

pxqs
(33)

Assuming ϕ1pϕ, ψq “ ψϕx, ϕ2pϕ, ψq “ ϕψx, and ϕ3pψq “ ψψx, simplifying and applying the Sumudu
transform property and the initial condition. As we have

Srϕpx, tqs “
1

ψα

m´1
ÿ

k“0

ψ´α`kϕpkqpx, 0q ´
1

ψα
Srϕ1 ` ϕ2s

Srψpx, tqs “
1

ψα

m´1
ÿ

k“0

ψ´α`kψpkqpx, 0q “
1

ψα
SrH

1

pxqs ´
1

ψα
Srϕx ` ϕ3s

(34)

Taking the inverse Sumudu transform for the both sides of equation (34)

ϕpx, tq “ S´1r
1

ψ
ϕpx, 0qs ´ S´1r

1

ψα
Srϕ1 ` ϕ2ss

ψpx, tq “ S´1r
1

ψ
ψpx, 0qs ` S´1rSrH

1

´ ϕx ´ ϕ3ss

(35)

Assume that the infinite series solution for the unknown functions ϕpx, tq and ψpx, tq is of the following
form.

ϕpx, tq “

8
ÿ

n“0

ϕnpx, tq, ψpx, tq “

8
ÿ

n“0

ψnpx, tq. (36)

And the nonlinear operators ϕ1, ϕ2 and ϕ3 by the infinite series of Adomian polynomials given by

Φ1pϕ, ψq “

8
ÿ

n“0

An, Φ2pϕ, ψq “

8
ÿ

n“0

Bn, Φ3pϕ, ψq “

8
ÿ

n“0

Cn (37)

where the Adomian’s polynomials, which are built using an algorithm, are denoted by the variables An, Bn,
andCn. The general form of the formulas forAn, Bn andCn Adomian polynomials is applied in this instance.
As we mentioned in a previous section, we can provide the first few Adomian polynomials for the nonlinearity
for ϕ1 “ ψϕx, ϕ2 “ ϕψx, ϕ3 “ ψψx respectively.

The construction of the nonlinear system takes the form of the recursive relations provided by

ϕ0px, tq “ g1pxq, ϕn`1 “ ´S´1r
1

ψα
SrAn `Bnss

ψ0px, tq “ g2pxq, ψn`1 “ ´S´1r
1

ψα
SrH

1

´ ϕnx ´ Cnss, n ě 1

where the initial conditions give rise to the functions g1pxq, g2pxq. So, we get

ϕ0px, tq “
e´x2

1 ` e´x2 `
sechpxq

4

ϕ1px, tq “ 0

ϕ2px, tq “
t2αsech4pxq

16p1 ` ex2
q2Γp1 ` 2αq

p´2 ´ 4ex
2

´ 2e2x
2

´ 5p1 ` ex
2

q coshpxq ` p1 ` ex
2

q2coshp2xq

` coshp3xq ` ex
2

coshp3xq ` 2ex
2

x sinhpxq ` 2ex
2

xsinhp3xq.

ϕ3px, tq “
ex

2

t2α

2p1 ` ex2
q4Γp1 ` 2αq

p´4 ´ 8x2 ` 4ex
2

p4x2 ´ 1q ` p1 ` ex
2

qsechpxqp´1 ´ 2x2

` ex
2

p´1 ` 2x2q ` p1 ` ex
2

q x tanhpxqqq

.

.
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and,

ψ0px, tq “ 0

ψ1px, tq “
tαsechpxq tanhpxq

4Γp1 ` αq

ψ2px, tq “

2e´2x2x
p1`e´2x2 q2

´ 2e´x2x
1`e´x2

Γp1 ` αq

ψ3px, tq “
2ex

2

tαx

p1 ` ex2
q2Γp1 ` αq

`
t3αΓp1 ` 2αq sechpxq5psinhp3xq ´ 7sinhpxqq

64Γp1 ` αq2Γp1 ` 3αq

´
t3αsechpxq5

32p1 ` ex2
q3Γp1 ` 3αq

p20xex
2

` 20e2x
2

` 16ex
2

p1 ` ex
2

qx coshp2xq ´ 4ex
2

p1 ` ex
2

qx coshp4xq

` 22sinhpxq ` 66ex
2

sinhpxq ` 66e2x
2

sinhpxq ` 22e3x
2

sinhpxq ` 22sinhp2xq ` 48ex
2

sinhp2xq

` 26e2x
2

sinhp2xq ` 8ex
2

x2sinhp2xq ´ 2sinhp3xq ´ 6ex
2

sinhp3xq

´ 6e2x
2

sinhp3xq ´ 2e3x
2

sinhp3xq ´ sinhp4xq ` e2x
2

sinhp4xq ` 4ex
2

x2sinhp4xq ´ 4e2x
2

sinhp4xq

.

and so on; in this manner, the remaining elements of the decomposition series can be obtained. The approxi-
mations for responses are given by

ϕpx, tq “ ϕ0px, tq ` ϕ1px, tq ` ϕ2px, tq ` ...

“
e´x2

1 ` e´x2 `
sechpxq

4
`

t2αsech4pxq

16p1 ` ex2
q2Γp1 ` 2αq

p´2 ´ 4ex
2

´ 2e2x
2

´ 5p1 ` ex
2

q coshpxq ` p1 ` ex
2

q2coshp2xq ` coshp3xq ` ex
2

coshp3xq

` 2ex
2

x sinhpxq ` 2ex
2

x sinhp3xq ` ...

ψpx, tq “ ψ0px, tq ` ψ1px, tq ` ψ2px, tq ` ...

“
tαsechpxq tanhpxq

4Γp1 ` αq
`

2e´2x2x
p1`e´2x2 q2

´ 2e´x2x
1`e´x2

Γp1 ` αq
`

2ex
2

tαx

p1 ` ex2
q2Γp1 ` αq

` ...

(38)

The 3D surface for the shallow water equations’ solution ϕpx, tq, ψpx, tq are depicted in Figures 5-8 when
α “ 1, 0.9, 0.75, 0.5.

7 Numerical Tables for Approximated Solutions

To provide a clear understanding of the behavior of the approximated solutions, we present numerical tables
for different values of α, x, and t. These tables contain values for both ϕpx, tq and ψpx, tq, providing insight
into how each function evolves over time and space.
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7.1 Table: Numerical Values of the Approximated Solution ϕpx, tq

Table 1: Numerical values of the approximated solution ϕpx, tq for different α

x t α “ 1 α “ 0.9 α “ 0.8
0.25 0.25 0.722156 0.719349 0.714821
0.25 0.50 0.707046 0.698092 0.684532
0.25 0.75 0.677591 0.658374 0.630266
0.50 0.25 0.658079 0.657375 0.656481
0.50 0.50 0.654650 0.653855 0.654049
0.50 0.75 0.651725 0.653460 0.658843
0.75 0.25 0.557334 0.558232 0.559908
0.75 0.50 0.562527 0.566659 0.574103
0.75 0.75 0.575823 0.587593 0.607233
1.00 0.25 0.433350 0.434823 0.437201
1.00 0.50 0.441263 0.445999 0.453233
1.00 0.75 0.456801 0.467097 0.482293

7.2 Table: Numerical Values of the Approximated Solution ψpx, tq

Table 2: Numerical values of the approximated solution ψpx, tq for different α

x t α “ 1 α “ 0.9 α “ 0.8
0.25 0.25 -0.0786442 -0.0938054 -0.111046
0.25 0.50 -0.156250 -0.173514 -0.191164
0.25 0.75 -0.231778 -0.246598 -0.260304
0.50 0.25 -0.157955 -0.187708 -0.220747
0.50 0.50 -0.309720 -0.340178 -0.368450
0.50 0.75 -0.449102 -0.468060 -0.479673
0.75 0.25 -0.227511 -0.269856 -0.316258
0.75 0.50 -0.443306 -0.484080 -0.519415
0.75 0.75 -0.635667 -0.654944 -0.659589
1.00 0.25 -0.262605 -0.312197 -0.367323
1.00 0.50 -0.516416 -0.567760 -0.615527
1.00 0.75 -0.752639 -0.785616 -0.806103

8 Visualizations

The visualization of the solutions for ϕpx, tq and ψpx, tq for different values of α is crucial for understanding
their behavior in 3D. The solutions are plotted over a range of x values from ´3 to 3 and a range of t values to
illustrate the wave patterns that emerge due to the fractional derivative’s influence.
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8.1 2D Plots for ϕpx, tq and ψpx, tq
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Figure 1: Plots of ϕpx, tq for different values of t and α, ´3 ď x ď 3, (left) α “ 1, (right) α “ 0.75.

t=0.2, 0.4, 0.6, 0.8
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Figure 2: Plots of ϕpx, tq for different values of t and α, ´3 ď x ď 3, (left) α “ 0.65, (right) α “ 0.5.

t=0.8, 0.6, 0.4, 0.2
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Figure 3: Plots of ψpx, tq for different values of t and α, ´3 ď x ď 3, (left) α “ 1, (right) α “ 0.9.
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Figure 4: Plots of ψpx, tq for different values of t and α, ´3 ď x ď 3, (left) α “ 0.75, (right) α “ 0.5.
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8.2 3D Surface Plots for ϕpx, tq and ψpx, tq

Figure 5: Surface plot of ϕpx, tq, for ´3 ď x ď 3, (left) α “ 1, (right) α “ 0.9.

Figure 6: Surface plot of ϕpx, tq, for ´3 ď x ď 3, (left) α “ 0.9, (right) α “ 0.5.

Figure 7: Surface plot of ψpx, tq, for ´3 ď x ď 3, (left) α “ 1, (right) α “ 0.9.
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Figure 8: Surface plot of ψpx, tq, for ´3 ď x ď 3, (left) α “ 0.75, (right) α “ 0.5.

8.3 Contour Plots for ϕpx, tq and ψpx, tq

The contour plots in Figures 9-10 are darkly colored, emphasizing a strong central peak that progressively
fades to a lighter blue at the edges, indicating the decreasing wave intensity.

Figure 9: A contour plot for ϕpx, tq (left) when α “ 0.5 and 0 ă t ă 0.25 while the (right) is ϕpx, tq when
α “ 0.95 and 0 ă t ă 0.5
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Figure 10: A contour plot for ψpx, tq (left) when α “ 0.5 and 0 ă t ă 0.25 while the (right) is ψpx, tq when
α “ 0.95 and 0 ă t ă 0.5

9 Discussion

Figures 1´8, either in 2D or 3D, demonstrate how waveforms in shallow water equations change with different
fractional derivative values. In the left Figures, where the fractional derivative is close to α “ 1, we see
a single, well-defined wave. On the other hand, the right Figures, with a fractional derivative of α “ 0.5,
presents a more complex scenario. Here, the wave splits into two distinct parts for the ϕ variable, forming
two separate peaks with dark centers and lighter surrounding areas. This dual-wave pattern arises because
the lower fractional derivative alters the wave’s behavior, making it more complex and less like the single
wave seen when the derivative is closer to α “ 1. The contour plots in Figures 9 ´ 10 highlights a strong
central peak, shown by a dark color, which gradually fades to a lighter blue at the edges, indicating the wave’s
diminishing intensity. This represents a typical wave pattern similar to classical solutions. The Figures clearly
show how fractional calculus influences wave structures, transitioning from a single wave at higher derivatives
to multiple waves as the derivative decreases.

10 Conclusion

The numerical results and visualizations demonstrate the effectiveness of the Sumudu decomposition method
in solving time-fractional hyperbolic partial differential equations, such as the shallow water equations. The
solutions reveal different wave behaviors depending on the fractional order α, with more classical behavior
for α “ 1 and increasingly complex wave patterns as α decreases. This method is both stable and convergent,
making it a powerful tool for analyzing and solving fractional differential equations in various scientific and
engineering applications.
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