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Abstract

In recent years, there has been a surge of attention to the Conjugate Gradient Method (CGM) and its applications. This
is because the algorithm of CGM does not require the computation of the second derivative or an approximation during
the iteration process. In this study, a four-term descent CGM is proposed by utilizing the famous Polak—Ribiere—
Polyak (PRP) conjugate gradient formula. The direction of the proposed method achieves the descent property without
line search consideration. In addition, the convergence properties are met to generate the stationary points. Findings
from numerical experiments on unconstrained optimization and robotic motion control problems demonstrate that the
novel approach outperforms some existing methods including the famous CG-Descent conjugate gradient method.

Keywords: Inexact line search; Conjugate gradient method; Descent condition; CG-Descent; Numerical comparison

1. Introduction
Assume we have the optimization problem as expressed below:
min f (x), x € R™, Q)

in which f: R® —» R . The Conjugate Gradient Method (CGM) obtains the stationary point utilizing an iterative starting
point x; provided below:

g1 = X tapdy, k=1,2, ... @

Usually, we employ the strong Wolfe-Powell (SWP) [1,2] line search in determining the step length, which is provided
by the equations below:

[+ ardy) < f(xi) + 8 VI dy, (3)

and
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o Vf,?dk S g(xk + akdk)Tdk S —0 kaTdk, (4)

inwhich 0 <8 <,6 <o <1.
The Weak Wolfe-Powell (WWP) line search is expressed in equation (3) as well as
Vf(xk + akdk)Tdk >0 kaTdk (5)

The CGM's search direction is expressed below by:

dy, = {_Vf"' if k=1,

—Vfi + Brdi-1, (6)

if k=2,,
in which g, = g(xy) = Vf, while B, is recognized as the CG formula.

Table 1 displays the most widely employed classical CGM given the subsequent qualifications: Hestenses—Stiefel
(HS) [3], Polak—Ribiere —Polyak (PRP) [4], Liu and Storey (LS) [5], Fletcher—Reeves (FR) [6], Fletcher (CD) [7] as
well as Dai and Yuan (DY) [8]:

Table 1: Classical CGM groups

lc\:lgtl\;obust but efficient s _ VA v Pre _ Vi vie_1 15 _ VA Yiees
di_1Yk—1 lgx—1117 di-19k-1

Inefficient but robust r IV fill? oo 1V £l DY _ dgvfkllz

CGM 17 fics 112 i1 9e1 e-adks

in which y,_; = g — gg-1-
Dai and Liao [9], in the year 2001, introduced the conjugacy condition given below:

dly,_, = —tVfls,_4,
kVk-1 fr Sk-1 )

Here, s;_; = x, — xx_1and t = 0. When t = 0, equation (7) given below represents the classical conjugacy

condition. Now, by implementing equations (6) as well as (7), [9] introduced the CG formula given below:
DL _ Vfi V-1 _ Vi Si—1 _ pHS _ ¢ Vi Si—1

k - - Pk .

di_1Yk—1 di_1 V-1 di_1Yk—1

Nevertheless, B2% inherits a similar issue as g5 and pfRP, for instance, SPis not positive in general. Hence, [9] is
employed to replace equation (8) with:

®)

Vs,
BEV* = max( B, 0) — ¢ 1%L
Ak—1Vi-1

In the year 2006, Hager and Zhang [10,11] proposed the CG formula given below depending on equation (8), which
is expressed by:

BI?Z = max {ﬂlfcv'nk}v (9)
2
in which gY = —— —2d Wiy Ny = —%, while n > 0 denotes a constant value.
B dfyk O k diyk) Gier e lldicll min{m, |17 £ I} n
2
Provided that t = 2 ”;;’;” , We now have g = gPY.
kYk

Furthermore, Andrei [12,13] introduced two Three-Term CG (TTCG) methods in the year 2013 building on
equation (8) as given below:
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lyie—1ll?
dy = =gk + M) dk—1 — OxYk—1,tx = (1 +——)
Sk—1YVk-1

lyx—qI?
e = =gk + M) di—1 — Ok V-1, tx = (1 t+t——)
Sp-1YVk-1

where
T T
Vi Y, —tVEs g, = Vi
- T y Yk
Yialis

Moreover, Babaie-Kafaki and Ghanbari [14] provided another variation described by equation (8) in 2014, given
by:

2
dy = =Vfi + M)di—1 — OxYi—1,tk = <max <C: 1- ”TM;H))

Sk—1Yk—-1

= —= .
k .Vk_ldk—l

where ¢ > 0.
Similar to [12-14], Deng and Wan [15], in the year 2015, presented the CGM as given below:
llyi—11I?
di = =Vfi + (mddp-1 — Oxyi-1, te = | max | 0,1 — /——— ).
Sk—-1Vk-1

In the year 2019, Liu et al. [16] recommended and utilized g, _; as a search direction given by:

IV fk—112gh di—1 VL dg—a
o= —vf+ (g ) ()
k fx k @l VFk1)? k-1 aT_ Vi k-1

with the following assumptions given by:
<‘7fdek_1
di-19k-1

In addition, Liu et al. [17] suggested the TTCG method, as expressed below:

IV fe—1 PV AL k1 Vit dg—1
= 7 fo+ (e — A g, ()
k fk ﬁk (dﬁ_lka-l)z k-1 d£_1Yk—1 fk 1

) >v € (0,1).

which is used in solving equation (1). Consequently, Liu et al. [17] recommended a new TTCG method given below:

MTTPRP _ _ PRP _ Vfi Sk=1 Vfi dic—1
di =Vt ( k ||ka_1||2> i1 + (||ka_1||2 Gie-1-

Moreover, Alhawarat et al. [18] presented the four-term CGM by employing the directions expressed below:

—Vfir di-1, V-1, and 4

Vs VIl dy-
dII:TCGHS:_ka_i_( ,IjS_tk fic Sk 1>dk—1_( fie die—1

y7> k-1 + Sk-1)- (10)

T T
k—1dk—1 k—ldk—l

The CGM may be employed in multiple research areas, such as mathematical problems in engineering, neural
networks, image restoration, and many others. For further discussion regarding the CGM and its applications, we
encourage the reader to read the following reference [19].

2. The new search direction

The descent condition provided in equation (10) is satisfied utilizing the Wolfe-Powell line search. Here, the new
search direction fulfils the descent condition without requiring any line search by using S£RF. Moreover, function
evaluations, CPU time, gradient evaluations, as well as iteration numbers are substantially more efficient than equation
(10) and other well-known approaches like CG-Descent and DL+. The modified search direction is provided below:
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kaTSk—1 ) d (kaTdk—l
T e, — [
I

dFTCGPRP — _ 7 PRP _ 4 _ ). 11
k fk+< k 7 |vfk_1||2)(y" 1 ¥ Si-) -

where t > 0. We make the subsequent assumptions for equation (11) in this paper:

T T
N = ﬂPRP —t Vi Sk-1 — <ka dk—l)
k= Pk IV fre—111?’ e NIyl

Provided that we apply an exact line search, equation (11) may be simplified to the PRP CGM. Correspondingly, we
obtain the following results by employing exact line search properties:
kaTdk—l =0,
given that VT s,_; = axgrld,_,. Here, we attain:
di PR = =V fi + (B gy

The CGM stages to accomplish the stationary point implementing equation (11) as well as SWP line search with a
stopping criterion ||V f, || < 107 listed in Algorithm 1.

Algorithm 1

Step 1. Fix an initial pointx,, this point may be standard or arbitrary with regard to scientific functions. Here, the
initial search direction refers to the negative gradient, for instance,d; = —Vf;. Now let k: = 1.

Step 2. Given that the stopping condition is accomplished, we can then stop.

Step 3. Compute the search direction d,, predicated on equation (2) utilizing equation (11).
Step 4. Compute the step size a; employing the equations (3) and (4).

Step 5. Update x; ., depending on equation (2).

Step 6. Let k: = k + 1, we then repeat Step 2.

3. Global convergence analysis of the CGM with Algorithm 1

The assumption below is crucial to accomplish the convergence pertaining to CGM's analysis.
Assumption 1

A. The level set 2 = {x|f (x) < f(x;)} is bounded, denoting the existence of a positive constant p given that:
[lx]] < p, Vx € Q.

B. Considering neighbourhoods Qof 2,f resembles a continuously differentiable function, which possesses Lipschitz
continuous gradient. In other words, Vx,y € Q, there appears a constant L > 0 provided that:

IVf(x) = VFWIl < Lilx = yl.

Furthermore, we may deduce from this Assumption the existence of a positive constant B given that:
IVf@I < B, Vu€eN.

The descent condition (downhill condition) is expressed by:

VfTde <0, Vk > 1. (12)

It is significant in the global convergence analysis's proof and is relevant in the research of CGM. Equation (12) was
then amended by Al-Baali [24] to the equivalent form given by:
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gl’{dk < _C”gkllz, vk = 1; (13)

in which ¢ > 0.
3.1 The descent property with regard to the new search direction

Without utilizing any line search, we may establish that the search direction given in equation (11) meets the required
descent condition (13) given in the theorem below.

Theorem 3.1 Let the sequences{x, } and{d,, }be produced employing equation (11) and equation (2), in whiche, can
be computed via any line search. Following that, the sufficient descent condition provided in equation (13) is proven
true.

Proof. Multiplying (11) by g7 yields:

Vfi Vi1 _t kaTSk—1>gTd _ <kaTdk—1
17 fi-allZ IV ficall?) 7757 NIV fiea 12

VI vy Vls_ Vild,_
=—||‘7fk||2+( kK 1>kaTdk—1_t< el Ve dg—1 — Ll Vfi Vi1

Vidde = =Vfill* + < )kaT(}’k—1 + Sk-1)

17/ ll? 17 fi-alI? 17 fieall?
- <%) kaTSk—l
= —IVfill* — tay (%) Vfi de-1 — (%) Vfi de—1
LR T

Therefore,
Ve die < =V fiell>.

The proof is then complete. m

The Zoutendijk condition [25] provided a valuable Lemma to assess the CGM's global convergence property. The
following is the Lemma:

Lemma 3.1 Consider that Assumption 1 is valid. Next, recognize any CGM of the form (2), (6), and «,that meets the
WWP line search given in equations (3) and (4) with regard to the descent direction. It follows that the subsequent
condition implements:

o Ol d?
Lk=0 gz~ < (14)

Furthermore, Dai et al. [9] proposed a beneficial theorem to gain the global convergence theorem with regard to the
CGM, as stated in Theorem 4.2. below:

Theorem 3.2. We assume that Assumption 1 holds. Now, let any CGM in equations (2) as well as (6), in
which d; resembles the descent direction. Meanwhile, «,, is expressed following the SWP line search provided that:

i 1
—_— = 00
2

LTyl

Hence,
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liminf|[Vf,||=0.

k—o0
3.2 Global convergence of Algorithm 1 having general non-linear functions

The accompanying constraint concerning n,, is crucial in deciding our new search direction's convergence analysis.
This constraint's main goal is to keep the CGM multiplayer from becoming non-negative:

Vfi Sk-1
ni = max{O,[)’PRP -t
* « IV fie—11I?

Therefore, equation (11) is provided below:

di = =gk + Nidi—1 — O V-1 + Sk—1).

Lemma 3.2 Let us assume that Assumption 1 remains true, while the sequences {g,} as well as {d,} are produced
employing Algorithm 1. Meanwhile, the step size a,, is measured using the SWP line searches given in equations (3)
and (4) or WWP line searches provided in equations (3) and (5). This holds provided that the sufficient descent
condition remains true. Furthermore, given that 8, = 0, there exists a constant y > 0 provided that ||g,|| > y with
Vk = 1 It follows that d; # 0 such that:

Yiccollugsr — wll? < oo, (15)

dg
where u;, = —.
K gl

Proof. Initially, provided that d;, = 0. Following from here, given the sufficient descent condition, we attain Vf,, = 0.
Hence, we make an assumption that d;, # 0. This implies:

72 Vfll =y >0Vk > 1. (16)

We now express:
U = Wy + 5kuk_1,

in which

w — Z9k= 0k (Vi-1+Sk-1) 5. = + ldg—qll
k gl R L NTF AT

Given that u; denotes a unit vector, we can then say that:
Iwiell = llux = S Il = 16w — wpe—ql-
Using the triangular inequality and &, = 0, we now have:

e — we—1ll < (X + S llur — w11l = llug — Sxtg—q — (Ug—1 — Sl (17)

< lwg — Skt Il + Nug—1 — Sl = 2wyl
We now express:

V==Vfi = 0k V-1 + Sk-1)-

By employing the triangular inequality, we now achieve:

IVIE < IV fiell + 16| lyie—1 + Sie—1l- (18)

From Theorem 3.1, we may deduce the subsequent equation:
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IV £ die—aI”
NV fie-1ll?

kaTde—”ka”Z—ak( )(t+1)

Hence, we have:

kaTdk—l
IV fe-11I?

1
N

16, = + apo?(t+1)

N

I7fill? <02||ka_1||4) I7fill?

= a t+1)=—T—=+ao?(t+1) =
7 A W7 T A 177 R o At

= .

in which @wdenotes a positive constant.
Moreover, by employing Assumption 1, the triangular inequality yields:
Iyie-1 + Se-1ll < llyk-1ll + lsg-1ll < 2B + 2p.

Therefore, the inequality in (18) may be expressed by:

lvll < B+ @ (2B + 2p).
By considering
w =B+ w(2B + 2p),
we now have
il < o,
Referring to equation (17), the following inequality holds:

lug — w1l < 2w.

By utilizing equations (15) as well as (16), we acquire the inequality expressed below:

(o] oo (o]

2 2 2 1
D s~ < 4 ) Wil < 4o ) o < oo
k=0 k=0 k=0 k

The proof is then complete. m
The property given below, indicated as Property*, was proposed by Gilbert and Nocedal in [26].

Property*

Provided that we have a method of the form (2) as well as (6). Given also that equation (16) holds true for allk > 1.
It follows that the CGM possesses Property* such that there exist constants b > 1 aswellasA > 0 forall k = 1,|n,| <
b and ||s, || < A. We now acquire:

1
< —
|7kl =%

Lemma 3.3 Provided that the CGM resembles the form given in equation (2). Meanwhile, equation (6) with n;f has
step size that fulfills SWP line search (4) and (5). Given that equation (16) remains true, consequently, n; holds
Property*. Particularly, they assume that equation (16) holds. Thus, there exist b > 1and A > Ofor all k > 1

wherebyln;¢| < b. Provided that [ls; [| < A, we have || < —.

- ]/2
> 1, whiled = -,
2b(L+t)y

Proof. As an outcome, we set b = w

Utilizing SWP (4) as well as (5) together with equation (16), we acquire:
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N Vfi Vi1 Vi sk—1| _ LIV filllsi—1ll + tNV fillllsi—1 Il _ 2(L + t)¥B
Mel < 2 AR > < ——=b>1
NV fre-1l 1V fre—al Y Y
for [|sk |l < 4, while
+ Vi -1 Vi sie—1| _ LIV filllse—1ll + NV fillllse-all _ (L +t)yA
nkl = 2 2 = 2 = 2
IV fie—1l IV fie—al 4 Y
bl L
gl < ™

The proof is then complete. m

The following Lemma and theorem are comparable to those provided in [20]. Lemma 3.4 is presented here without
its proof, which can be identified in [20].

Lemma 3.4. Provided that Assumption 1 remains true. Moreover, consider that the sequences {d,} as well as {V' ;. }
are produced utilizing Algorithm 1, where a, is calculated using the WWP line search. Note that the sufficient descent
condition holds, taking into consideration that the method abides by Property*. Moreover, ||gx |l = y for someA > 0.
Consequently, there exists 1 > 0 given that for anyA € Nas well as any index k,, there exists an index k > k, such
that:

A

21

in which ;c,’}A ={ie N:k <i<k+A-1,||s;|| > A N, N resembles the positive integers set while |;c,’},A| resembles the
elements number ink ,.

|k 4] >

Theorem 3.4 Let Assumption 1 remains true. Suppose that sequences {Vf,.} as well as {d,} are developed via
Algorithm 1, where a; is calculated using the sufficient descent condition and the WWP line search. Also, assume
that Property> holds. Following from here, we obtain I{im infllVfill = 0.

Proof. Depending on Lemma 3.2 as well as Lemma 3.4, the proof is executed by contradiction. We express u;: = ”‘;—f”.
For any two indexes, [, k in which [ > k, we obtain the following:

I I I
X =X = ZHSi—lHui—l - ZHSi—lHuk—l + ZHSi—lH(ui—l _uk—l)’
i=k i=k i=k

in WhiChSl‘_l =X; — Xj_q-
Considering the norms, we have:
fmrllsicall < Ml + ce—a I+ Zhcillsica M-y — wge—q Il

Utilizing Assumption 1, we attain that the sequence {x,} is bounded. Moreover, there exists a positive constant n
given that||x, || < n, forall k > 1.Hence,

x|l + [[x—1 1l < 27,
which demonstrates that:

l l
Dlisicall < 20+ ) lisea gy = el (19)
i=k i=k
Considerd > 0 as provided by Lemma 3.4. We can now express the notation as follows:

=[]
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We can find an index k, by applying Lemma 3.2 in which:
ikl — ui—qlI? < ﬁ. 20)

Given this k, and 4, Lemma 3.4 provides an index k > k, in which:

A
ksl > - 1)

Afterwards, given the equation (20) and Cauchy-Schwarz inequality, we attain any index with regard to i € [k, k +
A — 1], in which:

lluimg — w4l < Z;_::IL{”uj - uj—1||'
< (- Y2k -y | HV2,

1 1
< Al/Z(M)l/Z - E

From relations (19) and (21), utilizingl = k + A — 1, we obtain:

k+4A-1
1 A L2
2> 3 Zk Isi-all > 5 kol >
i=

Hence, 4 < 81/, contradicting the A4 definition. The proof is then completed. =
4. Numerical results and discussion

The study considered several test functions from Andrei [21] as presented in Table 2 to assess the efficiency of new
search direction. Therefore, the following large notations are utilized in Table 2. Note that the term DIM refers to the
dimension of the function and the metrics used to access the efficiency of the methods are ITER which stands for
iterations number, NOF which represents function evaluation number, and CPU denoting CPU time. The performance
of the proposed method was compared with other well known and powerful CG coefficients including MTTPRP [17],
ADAP [17], CG-DESCENT [10], DPRP [28], and PRP-DC [27] formulas. Meanwhile, for the search strategy, the
SWP line search was utilized to determine the step length with § = 0.01 as well as ¢ = 0.1 used as the parameter
value of the proposed method while the default values reported in the classical methods were maintained.

For all algorithms, the gradient's norm was applied as the stopping criterion, primarily ||V f,|l < 107° or when the
iteration exceeds 2000. Note that the host computer uses an AMD A4-7210 APU Radeon R3 Graphics with 4 GB of
installed RAM and Ubuntu 20.04.2.0 LTS as the operating system. The detailed experimental results are presented in
Table 2 below.
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Table 2: Numerical performance based on ITER, NOF, and CPU time

FTCGPRP MTTPRP ADAP DPRP CG-DESCENT PRP-DC
FUNCTION DIM ITER NOF CPU ITER NOF CPU ITER NOF CPU ITER NOF CPU ITER NOF CPU ITER NOF CPU
Trig White& Holst 2 3 10 0.001522 5 12 0.0061492 4 10 0.0035208 9 22 0.00131 4 8 0.00174 71 264  0.00098
Trig White &
Holst 2 5 17 0.0015 10 20 0.0009197 9 20 0.0008796 8 41 0.00104 9 18 0.00107 125 479  0.00111
Linear Perturbed 5000 2 5 0.001823 2 5 0.0010683 2 5 0.001228 2 4 0.00283 2 5 0.0018 2 4 0.00146
Linear Perturbed 10000 2 5 0.001842 3 7 0.001856 3 7 0.0036527 2 4 0.00247 3 7 0.00143 3 5 0.00118
Linear Perturbed 50000 3 7 0.004804 3 7 0.0050941 3 7 0.0039809 *** xRk ek 3 7 0.00352 3 5 0.00389
Zirilli 2 8 25 0.001976 14 34 0.0021043 13 35 0.0019217 6 24 0.00245 9 24 0.00119 142 543  0.00204
Zirilli 2 7 17 0.000609 9 18 0.0016343 13 22 0.0007317 7 26 0.00054 10 19 0.0014 115 428  0.0011
Test 3 5 22 0.003308  *** TRk ek 20 103 0.0042947 7 49 0.00552 61 263 0.02114 112 452  0.01702
Test 3 31 118 0.010102 56 154 0.008196 25 64 0.0047338 11 59 0.00686 69 157 0.00681 300 HitH 0.04014
Diagonal 2 4 12 34 0.004709 18 26 0.0039497 18 24 0.0033059 5 16 0.00455 17 18 0.00304 168 638 0.0388
Diagonal 2 10 20 64 0.004567 30 43 0.0083089 29 45 0.0027465 *** ikl ikl 50 51 0.00576 366 HitH 0.07963
Diagonal 2 20 29 99 0.006961 40 70 0.0042639 36 71 0.0065909 7 21 0.00305 103 104  0.00774 764 #H#  0.11506
Diagonal 2 50 51 176  0.00981 75 130  0.0096052 58 110  0.0093518 7 26 0.00511 80 136  0.00888  ### ##  0.29121
Wayburn Seader 1~ 2 8 50 0.000473 12 47 0.0008535 9 37 0.0011408 23 115  0.00077 22 92 0.00043 139 516  0.00042
Wayburn Seader 1~ 2 11 67 0.000519 14 77 0.0004244 13 72 0.0003299 *** Xk ek 22 147  0.00102 218 815  0.00041
Trecanni 2 7 25 0.000996 11 36 0.0003748 10 34 0.0003666  *** falakel falael 8 28 0.00074 257 983 0.00042
Trecanni 2 9 32 0.000646 8 31 0.0003893 7 28 0.0005554 5 29 0.00038 11 42 0.00077 262 994 0.00044
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Diagonal 1 4 10 21 0.002534 11 22 0.0028187 12 24 0.0035406 5 17 0.00246 14 25 0.00273 149 550 0.02274
Diagonal 1 10 21 45 0.004832 21 44 0.0032977 22 46 0.0041766 7 21 0.0038 22 47 0.00677 *** faleal faleol
ARWHEAD 1000 3 9 0.000445 4 10 0.0007813 4 10 0.0008371 2 8 0.00128 4 10 0.00158  *** faleal faleal
ARWHEAD 10000 3 9 0.000913 4 10 0.0017032 4 10 0.0011028 2 8 0.00139 4 10 0.00126  *** FEE ek
Price 4 2 25 107  0.00036 23 74 0.0007543 17 58 0.0005169 *** FRE ek 17 45 0.00033 25 112 0.00057
Price 4 2 52 233 0.000428 30 110  0.0006196 49 197  0.0005078 *** ol e 51 159  0.00039 348 ##H#  0.00068
Shallow 1000 10 26 0.000623 8 21 0.0004291 8 21 0.0006586 21 90 0.00135 12 26 0.0009 476 ##H#  0.00109
Shallow 10000 10 26 0.001201 8 21 0.001201 8 21 0.0011396 21 90 0.00172 12 26 0.00105 505 ##  0.00098
Diagonal 3 2 5 18 0.002777 8 18 0.0036098 7 16 0.0037834  *** Fhk L kek 9 27 0.00267 99 377  0.01883
Diagonal 3 4 15 38 0.006771 16 35 0.0036414 15 33 0.0047317 10 50 0.00583 17 45 0.00366 238 908  0.04064
Hager 10 11 23 0.000393 12 25 0.0003682 12 25 0.0003647 6 15 0.0004 13 23 0.00045 185 700  0.00044
Hager 50 19 40 0.000545 19 40 0.0004076 19 40 0.0003454 6 18 0.00051 20 42 0.00091 *** falekal falekal
Hager 100 24 51 0.000443 24 50 0.0003718 24 50 0.0008592  *** ikl ikl 26 55 0.00077 *** Fx falekal
Ext Tridiagonal 1~ 500 19 52 0.001274 16 43 0.0005693 18 41 0.0006094 68 222 0.00082 18 46 0.00068 263 HitH 0.00061
Ext Tridiagonal 1~ 1000 20 58 0.001106 16 43 0.0009535 18 41 0.000592 102 315  0.00085 34 69 0.00058 249 ##H  0.0006
Ext Tridiagonal 1 10000 22 65 0.001725 24 60 0.001543 21 46 0.0019442 222 614  0.00257 39 74 0.00143 299 ##H  0.0016
Ext Tridiagonal 1~ 50000 30 118  0.007114 24 60 0.0063323 21 46 0.0069458 91 280  0.00806 55 117 0.00533 240 958  0.0059
GenerlizedTridiag
2 2 11 61 0.007558 14 64 0.0088959 13 62 0.0087664  *** falakel falael falakel falekal faleal 307 HitH 0.09005
Freudenstein &
Roth 2 8 38 0.004474  *** ikl faiall 11 49 0.0048485  *** falakel falael 12 62 0.0035  *** falekal falekal
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Freudenstein &
Roth 2

Rotated Ellipse 2 2

Rotated Ellipse 2 2

Diagonal 5 10
Diagonal 5 50000
Diagonal 5 100000
Diagonal 4 1000
Diagonal 4 10000
Diagonal 4 100000
Raydan 2 50
Raydan 2 80
Raydan 1 100
Raydan 1 10000
Raydan 1 5000
Six Hump 2

Six Hump 2

Deckkers-Aarts 2
Deckkers-Aarts 2
Brent 2

Brent 2
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Quadratic penalty

2 50 8 36 0004728 *kk *k*k *kk *kk *kk *kk *kk *kk *kk 8 34 000697 *kk *kk *kk
Quadratic penalty

2 100 7 33 0.006378  *** Fhk kEk Fkk Fkk ek 9 30 0.00432 9 38 0.00531 *** Fhk kxE
Quadratic penalty

1 100 6 15 0.003343 7 16 0.0030547 7 16 0.0021633  *** Fhk kR 6 14 0.00304 *** Fhk kkE
Quadratic penalty

1 500 6 15 0.004447 7 16 0.0029442 7 16 0.0036463 6 18 0.00555 7 16 0.0071  *** Hhk Kk
Quadratic penalty

1 1000 6 15 0.005943 7 16 0.00446 7 16 0.0042491 6 19 0.00623 7 16 0.0039  *** it
Quadratic penalty

1 2000 6 15 0.005967 7 16 0.0048772 7 16 0.0052611 *** Fhk kR 7 16 0.0083  *** Fhk Kk
Ext Block-

Diagonal 1000 13 44 0.000564 13 35 0.0005811 16 39 0.0005532  *** Fhk Kk 30 71 0.00048 226 866  0.0005
Ext Block-

Diagonal 50000 13 44 0.004113 15 40 0.0043601 19 45 0.0039358  *** Fhk Kk 33 77 0.00333 250 958  0.00317
Ext Block-

Diagonal 100000 14 46 0.006791 15 40 0.0071825 19 45 0.0067635 *** wkk Ak 33 77 0.007 254 972 0.00728
DENSCHNF 1000 9 41 0.000822 10 45 0.0008444 9 41 0.0007287 8 42 0.00086 7 37 0.00098 214 829  0.00055
DENSCHNF 10000 9 41 0.001618 10 45 0.0018512 9 41 0.0018762 8 42 0.00309 11 44 0.00165 224 866  0.0018
DENSCHNF 50000 9 41 0.004147 10 45 0.0050502 9 41 0.006857 8 42 0.00901 10 42 0.00601 233 903  0.00594
DENSCHNF 100000 9 41 0.008397 10 45 0.011331 9 41 0.010653 8 42 0.01569 10 42 0.01114 239 926  0.00895
Matyas 2 1 8 0.000369 3 9 0.0004185 7 23 0.0004573 1 8 0.00045 63 128  0.00034 72 277  0.00078
Matyas 2 1 8 0.000387 3 9 0.0009606 7 23 0.0005084 1 8 0.00089 59 120  0.00046 67 257  0.00049
Sum Square 10 5 50 0.001159 8 65 0.0004486 8 65 0.0003408 2 21 0.00119 *** Fhk Kk 8 18 0.00113
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Extended Hiebert 2 29 176 0.001157 36 226 0.0006515 30 157 0.0005866  *** faleal falaal 42 212 0.00055  *** faleal faleol
Zettl 2 9 25 0.000524 12 31 0.0003373 12 28 0.0005023 11 46 0.0004 20 35 0.00071 328 HitH 0.00039
Zettl 2 18 46 0.000642 16 41 0.0003846 22 52 0.0003627 13 63 0.00069 29 57 0.00104 383 ##H  0.00041
Zettl 2 18 46 0.00083 16 41 0.0007749 22 52 0.0007935 13 63 0.00151 29 57 0.00062 383 ##  0.00052
Diagonal 9 2 9 21 0.00394 14 54 0.0040428 11 34 0.0041378  *** Frx ek 13 37 0.00757  *** FEE ek
Diagonal 9 4 49 102 0.015305 *** el e falad el 7 18 0.00273 120 245  0.01805 *** FxE
Diagonal 8 1000 3 7 0.003169 3 7 0.0033962 3 7 0.0026874  *** TRk kek 3 7 0.00665 *** FRK L kkk
Diagonal 8 10000 3 7 0.022527 3 7 0.014815 3 7 0.015398  *** Fhk L kek 3 7 0.01573  *** FRk L kk
Diagonal 8 50000 3 7 0.056113 3 7 0.060824 3 7 0.056212  *** Fhk L kek 3 7 0.04625 *** FRK L kkk
QUARTC 100 7 25 0.00393 8 28 0.0066379 14 72 0.009521 3 36 0.00561 76 402  0.03766 133 532 0.05549
QUARTC 10000 7 25 0.05593 8 28 0.074144 16 89 0.21173 3 36 0.07231 92 579 11589 148 591  1.1764
QUARTC 50000 7 25 0.23106 8 28 0.27576 17 98 0.97275 3 36 0.32982 98 657 6.0986 153 612 5.6921
QUARTC 100000 7 25 0.44943 8 28 0.53006 17 98 19121 3 36 0.65335 100 685 12,7225 155 619 11.7179
Quadratic QF2 50 2 6 0.002151 3 7 0.0017993 3 7 0.0028982  *** ikl ikl 4 9 0.00185 3 6 0.00209
Quadratic QF2 1000 1 4 0.002185 3 7 0.0022269 3 7 0.0023962 1 4 0.00128 4 9 0.00203 3 6 0.00268
Quadratic QF2 5000 1 4 0.004725 3 7 0.0046031 3 7 0.0048911 1 4 0.00322 4 9 0.01089 3 6 0.00508
Quadratic QF1 2 4 7 0.00227 3 6 0.0035542 3 6 0.0036471 2 4 0.00188 3 6 0.00249 54 198  0.00798
Quadratic QF1 4 5 21 0.002705 8 26 0.0024643 8 25 0.0024289  *** FrE ek 9 36 0.00427 13 22 0.00306
El-Attar-
Vidyasagar 2 13 74 0.000334 17 106 0.000444 13 73 0.0004025 *** falakel falael 12 70 0.00074  *** falekal falekal
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\E/Ii-(jp)\/;tsarlé]ar 2 12 90 0.000445 13 83 0.0006934 15 103  0.0005307 *** folalal 16 99 0.00081  *** folalal
Booth 2 2 5 0.00074 2 5 0.0006896 2 5 0.0004084 8 25 0.00058 2 5 0.00035 382 ###  0.00043
Booth 2 2 5 0.001035 2 5 0.0006293 2 5 0.0005081 23 82 0.00042 2 5 0.00048 352 ###  0.00045
BIGGSBI 2 1 3 0.002157 1 3 0.0025687 1 3 0.0027188 1 3 0.00257 1 3 0.00193 1 3 0.00225
BIGGSBI 2 1 3 0.002607 1 3 0.0019027 1 3 0.002567 1 3 0.00258 1 3 0.00186 1 3 0.00194
ENGVAL1 4 15 44 0.001926 23 51 0.0012592 23 51 0.001536  *** el 18 42 0.00126 351 ###  0.00104
ENGVAL1 10 19 49 0.000467 22 48 0.000337 25 54 0.0004764  *** il e 23 53 0.00045 *** ool
ENGVAL1 20 18 48 0.000889 27 58 0.0003642 28 60 0.0007013  *** ol e 24 55 0.00083 *** ool
ENGVAL1 50 20 50 0.000586 25 54 0.0004923 27 58 0.0003662  *** il e 23 53 0.0009  *** ool
DQDRTIC 4 4 9 0.000581 4 9 0.0003997 4 9 0.0007821 2 5 0.00041 4 9 0.00045 4 6 0.00089
DQDRTIC 4 3 7 0.000532 3 7 0.0003871 3 7 0.0007692 2 5 0.00039 3 7 0.00053 4 6 0.0005
QUARTICM 1000 7 25 0.000541 8 28 0.0005735 15 80 0.0006076 3 36 0.00083 79 486  0.00061 140 560  0.00073
QUARTICM 10000 7 25 0.001646 8 28 0.001666 16 89 0.0017351 3 36 0.00226 92 579  0.00167 148 591  0.00157
QUARTICM 50000 7 25 0.005598 8 28 0.0056884 17 98 0.0056053 3 36 0.00813 98 657  0.0054 153 612  0.00534
QUARTICM 100000 7 25 0.01033 8 28 0.012052 17 98 0.01138 3 36 0.01432 100 685  0.01109 155 619  0.01088
HIMMELBH 100 5 11 0.000353 5 11 0.000384 5 11 0.0006445 6 16 0.00044 5 11 0.00085 *** il e
HIMMELBH 500 5 11 0.000426 5 11 0.0007518 5 11 0.0010509  *** il e 5 11 0.00046 *** il
HIMMELBH 50 5 11 0.001191 5 11 0.0004129 5 11 0.0004061  *** folalal 5 11 0.00079  *** folalal
HIMMELBH 200 5 11 0.00069 5 11 0.0003946 5 11 0.000409  *** folalal 5 11 0.00038  *** folalal
Extended Maratos 50000 16 75 0.002124  *** el el Ak A ol folalal ol folalal il folala
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Extended Maratos 200000 16 75 0.009899 20 95 0.0094063  *** folalal el il il e il il il il
Extended Maratos 500000 16 75 0.035 20 95 0.042376  *** folalal il il e 25 121 0.03795 *** il
DENSCHNA 1000 6 14 0.000563 7 14 0.0009163 6 12 0.0021638 30 101  0.00081 9 17 0.00062 293 ###  0.00068
DENSCHNA 10000 6 14 0.001469 7 14 0.0022933 7 14 0.0015117 30 101  0.00258 9 17 0.0013 325 ###  0.00143
DENSCHNA 50000 11 35 0.004558 12 33 0.0048206 11 30 0.0052208 25 99 0.00743 16 41 0.00457 462 #i##  0.0052
DENSCHNA 100000 6 14 0.009121 7 14 0.010775 7 14 0.011294 30 101  0.01472 9 17 0.01181 348 ###  0.009
DENSCHNA 200000 6 14 0.020116 7 14 0.020577 7 14 0.023489 30 101 0.03212 7 14 0.02213 346 #H# 0.01885
DENSCHNA 500000 8 16 0.073339 7 14 0.076923 7 14 0.066273 14 50 0.09799 6 12 0.06135 *** ool
1
0.9
0.8
0.7 W—
——— FTCGPRP ——FTCGPRP
= " — S
st ADAP : w—t— DPRP
—+—DPRP S=¥—DERP | CG-DESCENT
0.1 CG-DESCENT |1 0:1 CGG-DESCENT —4— PRP-DC
Sl e —4— PRP-DC .
o . ‘ ) 0¥ : : : : : ‘ : 4 5 6 7
0 1 2 3 4 5 6 7 8 0 1 2 ¥ 4 % & 7 e T
A B C
Figure 1. Performance profile based on: number of Iteration (A); Number of function evaluation (B); and CPU time (C)
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Figure 1 illustrate the findings, which were calculated by utilizing the performance measure developed by Dolan and
More [22]. Regarding number of iteration numbers and function evaluation (see; Figures 1(A) and (b)), FTCGPRP
slightly performed better that MTTPRP, ADAP, CG-DESCENT, and outperformed both DPRP and PRP-DC
formulas. The poor performance of the DPRP and PRP-DC method can be due to their poor scaling. However, by
looking at the left-hand side of Figure 1(C), which plots the performance of the methods based on CPU time, it can
be seen that FTCGPRP, MTTPTP, and ADAP methods competed until they reached 70% of the solved problems. At
this stage, the performance of the methods was differentiated with the proposed FTCGPRP having advantage over
both MTTPTP and ADAP method under the Wolfe line search strategy.

5 . Application of FTCGPRP method to Robotic model

Robotic manipulators play an important part in automation across several industrial and engineering applications,
from research and medical procedures to manufacturing and assembly. The planar robotic manipulators, operating
within two-dimensional planes are among the fundamental because of their wide range of applications and simplicity.
However, one of the major challenges in the robotic manipulators domain is the real-time motion control of a system
with three degrees of freedom (DOF).This challenge entails optimizing a time-dependent nonlinear system and most
of the optimization algorithms (see; [29,30]),are only tailored for static nonlinear optimization and thus, may not
effectively address the complexities of time-varying nonlinear optimization (TVNO) problems [31,32]. The primary
difference between TVNO problems and static nonlinear ones lies in the fact that TVNO problems evolve over time,
emphasizing the importance of the time derivative for accurate real-time solutions.

Therefore, this section will be investigating the application of proposed method in tackling the problem of real-time
motion control for a three-degrees-of-freedom planar robotic manipulator. This problem is first presented with a
discrete-time kinematic model at a specified position level, as noted in [31-33]:

Y(q’k) =Yy (22)

where Y(®,) represents function of the kinematicmapping and @, € R?is the joint angle vector parameter with a
familiar characteristic that can be formulated as follows:

1 cos(®;) + 1, cos(Py + D) + i3co8(P; + P, + D)

Y(®) = 4 sin(®y) + i sin(Py + @,) + 135in(Py + P, + P3) I

(23)

The function Y(-) maps the joint parameters to the planar configuration of the robotic system. Accordingly, the chain
distances are indicated by; (for i = 1,2,3). More so, Y(®)defines the end-effector position vector. Defining t,, € R?
as the vector representing the desired path at timet,. € [0, t¢], the objective is to minimize the following nonlinear least
squares problem:

1 2
min = [[Y(®) = Y| (24)

with the route of Lissajous curve at time t; defined as:

[ 3etu)
e |V3 2 Tt
n(5+3)

l7 + gSln

(25)

5 13

More so, the end effector vector monitors the proper track associated with a Lissajous curve as described in the
following figures.
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12} O Desired path
2 — ==~ Actual trajectory

(A) (B)

Figure 2. Synthesized robot trajectories of Lissajous curve Y;, (A) and end-effector trajectory and desired path
of Lissajous curveYy, (B)

10° 10°
FTCGPRP FTCGPRP
MTTPRP MTTPRP

102 ADAP 102 ADAP
CG-DESCENT CG-DESCENT

10 10*

Error

1070

0 50 100 150 200

s i rizontal y-axi
Horizontal x-axis Horizontal y-axis

(A) (B)

Figure 3. Tracking residual error of Lissajous curve Y;, on x-axis (A) and tracking residual error of Lissajous
curveY, on y-axis (B)

The experimental report starts by initializing the chain at time ¢t = 0, with the end effector dk set tow, =
[w,, w4, ws] = [0,7/3,m/2], and dividing it into 200 equal units. The simulated results for the proposed FTCGPRP
method and other existing methods including MTTPRP, ADAP, and CG-DESCENT are shown in Figures 2 and 3.
The findings indicate that these methods accurately generate the robot trajectories as depicted in Figure 2, with an
error of 107° shown in Figure 3. By observing the errors from Figure 3, it can be seen that all the methods performed
very well at some points with CG-DESCENT algorithm having advantage over all the methods. This result suggests
that the methods are competitive for the overall errors analysis.

5. Conclusion

In this study, we utilize the following directions to propose a novel four-term CGM, as indicated in equation (11)
given by:
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—Vfier dk—1, V-1, Sk-1-
The properties are sent down to the search direction

1- The four-term CG technique is demonstrated.

2- Without utilizing any line search, it fulfils the sufficient descent condition.

3- Convergence analysis with regard to non-linear functions, in general, is produced.

4- The numerical results on both unconstrained optimization and robotic motion problems portray that the
recent adjustment surpasses existing approaches such as MTTPRP, ADAP, CG-DESCENT, DPRP, and PRP-DC.

5-  Various values of t can be utilized to create a new search direction.

In the future, we wish to enhance the SWP line search by using different sigma values to reduce CPU time and gradient

evolutions for both the FTCGHS and FTCGPRP techniques. We also aim to utilize the CGM in deep learning

and machine learning as an application with regard to the method. The reader might find further information in the

following references [23,26].
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