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Abstract

The main aim of this paper is extend the notion of S-extending fz-modules into LS-extending fz-modules and study
this new notion. This lead us introduce and study other notions such as: purely semisimple, purely extending and
purely y-extending fz-modules. Moreover, the relationships LS-extending fz-module with the various types.
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1. Introduction

Throughout this paper R is commutative ring with unity, M is an R-module and y is fuzzy module of an R-module,
M denoted by ( R-fzmodule). A fz-submodule k is called essential (briefly k <, y),if x N p # 04, for any non-
trivial fz-submodule p of y [9] and a proper fz-submodule x is called prime fz-submodule whenever r,a, < k for
fz-singleton r, of R and a, S y we have either r, € (k :x y) ora, S Kk Where (k ;g x) = {r;: xSk, 1 fz
singleton of R) [9]. Let y R-fzmodule M, if p a fz-submodule of y, then p is called a semi essential ( in short S-
essential ) fz-submodule of y, if for all prime fz-submodule n of y and p N n = 04, then n = 0, [1]. A fz-
submodule x of fz-module y is called closed (shortly x <. y), if k has no proper essential, that is k <, p < y,
then k¥ = p [13]. Hasan in [13], studied extending fz-module (denoted by F-CS module), where y is named
extending fz-module if every closed fz-submodule of y is a direct summand. In this paper, we introduce a new
class of fz-modules named LS-extending fz-module. This class of fz-modules lies between F-CS modules and S-
extending fz-module, where y is named S-extending fz-module if every S-essential in direct summand of y [15].
This research consists three sections, in the first section, we shall give some concepts and properties of fz-sets and
fz-modules. In the second section, we define and we give some examples and we introduce characterizations and
properties of this class. Section three we study relation LS-extending fz-module with some types fz-modules.

Next throughout this paper, (shortly fuzzy set, fuzzy submodule and fuzzy module is fz-set, fz-submodule
and fz-module).

2. Preliminaries

This section contains some definitions and properties of fz-sets, fz-modules and fz-submodules, which will use in
the next sections.

Definition 1.1 [21]:

Let S be a non-empty set and let | be the closed interval [0,1] of the real line (real numbers). An fz-set y in S (a
fz-subset y of S)is a function from Sinto I.
"Definition 1.2 [22]:

Letx,:S — lbeafz-setinS, x € S, ¢ € [0,1], defined by:

(1 if x=g
x*—"{o if x4y VyES

Then x, is named a fz-singleton.

Ifx=0and £ =1then:
12
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(1 if =0
01(%)_{0 if 4#0

Definition 1.3 [22]:

Let k, p be fz-setsin S, then:
lLk=piff k(x)=p(x),Vx €S.
2.k Cp iff k(x)<p(x),VxXxES

3.x,Cv iffxp(y) <k (y),Vy€eSandif£ >0, thenk (x) = . Thus x, S k (x € k,), (thatisx € k, iff
%, € k).

Definition 1.4 [22]:

Letk, pbe fz-setsin S, then:

1.(k Up)(x) =max {(k(x),p(x)}, Yz E€S.
2.(k N p)(x) = min{(k(x), p(x)}, Vx €S.
Kk Up and k N p are fz-sets in S.

In general if {v,,a € A}, is « family of fz-setsin S, then:

(ﬂ rca> (x) = inf {Kk,(x),a € A},forallx €S.

a€EA

(U Ka> (x) = sup {K,(x),ax € A},forall x € S.

aEA
Definition 1.5 [16]:
Let k beafz-setinS,vVte[0,1], theset k,={x € S, k (x) =t} is named a level sub-set of k.
Remark 1.6 [21]:
Assume k, p are fz-subsets of a set S, then:
1lL.(xknp),=x.Nnp, foranyte[0,1].
2.(kUp), =k, Up, foranyte]0,1].
3. k=p Iiff kK, =p;, VEE]OL].
Definition 1.7 [20]:
Letf: M — N. Let k be a fz-set in M, the image of k denoted by f (k) is the fz-set in N defined by:
f(r)(y) = { sup{x(2)| z € f'OW}if f7'(Y) # O, foreachy €N

0 o.w
where f71(y) = {x : f(x) =y}
and let p be a fz-set in N, then the inverse image of p, denoted by f~%(p) is the fz-set in M defined by :
fHE)@ =p(f(),Vx €M,

Definition 1.8 [11]: If f: M — M~ be any mapping . A fz-subset v of M is called f-invariant if k (x)
=k (y), whenever f (x) = f (y), where X, y € M.

Definition 1.9 [21]:
A fz-set X of anR — module M is named fz-module ( R-fzmodule M) if :
1. X (x—=y) = min {X(x),X(»)}, VX, y .M
2.X(rx) = X(x), VY€ M andr € R.
3.X(0)=1.
Definition 1.10 [12]:
Let y, w betwoan R-fzmodule M (fz-module of an R-module M). w is called a fz-submodule of y ifw < y.
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Definition 1.11 [22]:

If x is fz-submodule of an R-module M, then the submodule k. of M is called level submodule of M, where t €
[0,1].

Definition 1.12 [9]:

Let x, y be R-fzmodules M;, M, individually, define y @y: M;®M, — [0,1] (x®y)(h, ¢) =min{x(h),y(g),
v (h, ¢) € M;®M,}.

x@®y is named fz-external direct sum of y and y .
Definition 1.13 [11]:

Let y be R-fzmodule M is named semisimple if, y is a sum of simple fz-submodules of y, where y R-fzmodule
M is named simple fz-module if y has only one proper fz-submodule, which is 0.

Definition 1.14 [9]:
A fz-module y is named uniform fz-module if x« N p # 04, for any non-trivial fz-submodule x and p of .
Definition 1.15 [7]:

Let y be R-fzmodle M, y is named semiuniform ( in short S-uniform ) fz-module, if every non-trivial fz-
submodule k of y is a semiessential fz-submodule of y.

Definition 1.16 [22]:

Suppose that x and p be two fz-submodules of R-fzmodule M. The residual quotient of x and p. We define (x: p)
by: (k: p) = {ry: 1, is a fz-singleton of R such that r,p € k}"

Definition 1.17: [9]

Let y be R-fz module M is named fully prime fz-module, if every proper fzsubmodule of y is prime fz-
submodule.

Definition 1.18: [9]:
Afz-sumodule p of y is named pure fz-sumodule of y, if for each fz-ideal @ of R @y N p = @p.
3. LS-extending FZ-Modules:

In section two, we introduced the notion of a LS-extending R-fzmodule M (fz-module of an R-module M ), by
extended (‘ordinary ), almost semi-extending module. We also state and prove same basic results a but this concept.

Definition 2.1: [2]

An R-module K is named almost semiextending module, for each sub-module of K is a semi essential in a pure
sub-module ofK.

First, we fuzzify as the follows the definition:
Definition 2.2:

A sound fz-module y of an R-module M is named almost semi-extending fz-module (borfily LS-extending), if
every S-essential fz-submodule in a pure of y.

The following proposition gives the relationship between LS-extending fz-module and its level.

Proposition 2.3:

Let y be a fz-module of an R-module M, then ¥, is a LS-extending module iff y is LS-extending fz-module .
Proof:

(=) Impose . be LS-extending module, we have to show that X is LS-extending fz-module.

Let x be fz-submodule of X, then k., < x. by proposition (1.6). Since y, is a LS-extending module, so there exists
1 ifa €N

apure N of y, such that k, <, N. Define p : M —[0,1], by: p(a) = {0 otherwise

Clearly p a fz-submodule of y, p, = N. Since N is pure of y, imply that p is a pure fz-submodule in X (See [11,
Proposition (2.1.3)]). On the other hand k, <ge, p. = N, therefore k <., p (See [1, Proposition (3.4)]).That is
x is LS-extending fz-module .
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(&) To prove that y, is LS-extending module .

ifa EN

Let N be non-zero submodule of X, and let p : M —[0,1], define by p(a) = {(1) otherwise

It is clear that p < X and p, = N. Since X is LS-extending fz-module, then p <., k, where k is a pure in X, by
[11, Proposition.(2.1.3)], p. is a pure in k, and p, <gm k., (See [1, Proposition(3.4 )]), therefore X, is SL-
extending module.

Remarks and Examples 2.4:
1. Whole semisimple fz-module is LS-extending fz-module.
Proof:

Since every fz-sumodule of semisimple fz-module a direct summand, and pure fz-submodule ( see [11],
Proposition (2.2.7)) so by define it breakpoint LS-extending fz-module.

2. Every S-extending fz-module is LS-extending fz-module.
Proof:

Impose X is S-extending fz-module and let p <., ¥, and a direct summand of X. Because every direct summand
is pure (See[11, Proposition.( 2.2.7)]), Therefore p is S-essential in a pure fz-submodule.

3. Every F-CS module is LS-extending fz-module.
Proof:

Since X is F-CS module imply that X is S-extending fz-module by [15, Remarks and Examples. 2.5 (2) ], so by
Remark (2) X is LS-extending fz-module.

4. The converse of (3) is not true, for example:

Example:

Let M be Z-module Zg®Z, and let X — [0,1], define by :

X(a,B) =1,V (a,B) € ZgPZ,.

X is S-extending fz-module by [15, Example (3.1)], and by (2), X is LS-extending fz-module but not F-CS module.
5. Whole uniform fz-module is LS-extending fz-module. The converse is not true, for example :

Let M be Z-module Z;¢ and let X : M —[0,1], define by :

X(a) =1,V a € Z3¢. For any p < X such that :

X,.=Z3¢ is S-extending (See [3] ), imply that X, is LS-extending module by [2, Remarks and Examples 2.3 (4)),
50 X is LS-extnding fz-module by Proposition ( 2.3). All the same X, contains submodule p, which isnt essential,
so that p is not essential fz-submodule by [13, Example ( 2.1)] .

The next Proposition show that the converse of Remark (2), is not true. However, it is true certain conditions. First
we recall some basic properties of these concepts.

Definition 2.5: [17]

A fz-module X in M is called divisible fz-module iff for each a, € X with t> 0 and for each r € R, r # 0, there
exist fz-point B, < X such that r(B;) = a;, where r(B;) = ().

Definition 2.6: [8]
The R-module K is named Noetherian, if every submodule of K are finitely generated.
Proposition 2.7:

Assume that y be a divisible fz-module over principle ideal domain R. Imply y is LS-extending fz-module iff X
is S-extending fz-module.

Proof:

Suppose that y is LS-extending fz-module and p <., x, with the pure fz-submodule say «. Since y is a divisible,
then by [17, proposition (2.1.3)], X, is a divisible over principle ideal domain R. Thus x, <® X,[4,Corollary.
(2.9)], s0 k <® X, by [13, Lemma. (2.1.14)], and X is S-extending fz-module.
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The converse it is clear.
Proposition 2.8:

Let X be a finitely generated fz-module over Noetherain ring R. Then X is LS-extending fz-module iff X is S-
extending fz-module.

Proof:

Assume that X is LS-extending fz-module and p < X, then there exists a pure fz-submodule v such that p <., v,
S0 v, is a pure (See[11, Proposition(2.1.3)) and X is finitely generated, then X, finitely generated by [9]. But R
Noetherain ring imply that v, is a direct summand by [4, proposition. (2.10)], thus v a direct summand by [13,
Proposition (2.1.14)].

Let (*) means the following: For a fz-module X and p, v be non-empty fz-submodules of X, if p, € v, implies
thatp C v.

The following Proposition gives characterization of LS-extending fz-module

Proposition 2.9:

A fz-module y of an R-module M is LS-extending fz-module iff every S-closed fz-submodule is a pure of y.
Proof:

Assume that X is LS-extending fz-module and p <. x. By define LS-extending fz-module, there exists a pure fz-
submodule v of X such that p <., v, so by [1, proposition(2.3)], p. <gem V.- BUt p <. X, then by [14,
proposition (2.19)], p. <. X.. therefore p, = v,, by condition(*), p = v. Conversely, letp < X, if p = 04, clearly
0, <sem 0, and pure (See [11, Remark.(2.1.2)]. If p # 04, then there exists S-closed fz-submodule k such that
p <sem K by [14, proposition (2.8)]. Since p <,. X, and k is a pure in y. We have y is LS-extending fz-module.

In [19] various writer provides that the definition of purely semisimple. We modify definition as follows:
Definition 2.10:

A fz-module y of an R-module M is named pure semisemple ( borfily P-semisemple), if for every pure fz-
submodule p of y there exists a direct summand x s.t « <, p.

We needed the following lemma

Lemma 2.11:

A fz-module X is purely semisimple iff every pure fz-submodule of X is a direct summand.
Proof:

Let p pure fz-submodule of X, so there exists k <® X such that k <, p. But « is a direct summand imply that
K <. X[13], hence p = k and so k is a direct summand.

Proposition 2.12:
Assume that y be a P-semisimple fz-module, then y is LS-extending fz-module iff y is S-extending fz-module
Proof:

(=) Impost p <. X. Since yis LS-extending fz-module, then by Proposition (2.9), p is pure fz-module. But X is
P-semisimple fz-module, so p <® x (See lemma (2.11), imply that yis S-extending fz-module.

(<) It follows that by Remark and Examples (2.4)(2)
Theorem 2.13:
If yis a P-semisimple fz-module, consequently the following :
1. If yis F-CS, we have y is S-extending fz-module.
2. If yis S-extending fz-module, then yis LS-extending fz-module.
3. If yyxis fully prime fz-module, we have the following two case :
i-1fy is LS-extending fz-module, then yis F-CS.
ii-1fy is S-extending fz-module, imply y is F-CS.
16
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Proof:
1- It follows directly from [15, Remarks and Examples (2.4) (2)].
2- It follows by Remark (2.4) (2).

3- (i) Let py, we have if p = 0,, imply p is a direct summand. On the other hand y is fully prime fz-module,
then by [14, Remark (2.13)], p <. . Since y is LS-extending fz-module, then p is a pure. But y is P-
semisimple, p <® x, by lemma (2.11).

(ii) Since X is fully prime fz-module, so the result follows [15, proposition (3.4)].
Proposition 2.14:

Let X be LS-extending fz-module and p, k be two any fz-modules of X, if pNk <. X, then pNk is a pure fz-
module in p and k.

Proof:

Since X is SL-extending fz-module, then by Proposition (2.2), X, is SL-extending and (pNk). <, X. (See[14,
proposition(2.19)) implies that (pNk), pure in p, and k, by [2, proposition (2.13)], so pNk is a pure fz-module
in p and k by [11, proposition (2.1.3)].

Recall that a fz-module is a chained fz-module, if for each fz-submodules p, k, then p < Kk or k < p. [18].
Proposition 2.15:

If for each S-closed fz-submodule of y and y a chained is LS-extending fz-module.

Proof:

Let p <, X and assume k <. p. Since X is a chained, then by [14, corollary (2.20)], k <,. X. But X is LS-
extending, then  is a pure fz-submodule and since k < p, then k is a pure in p (See [11, Proposition (2.1.13));
that is p is SL-extending fz-module.

3. Various Types of FZ-modules with The LS-Extending.

Section three we studying certain types of fz-modules such as Semuniform, regular, CLS and purely y-extending
fz-modules which are related with the type LS-extending and we check some condition under which LS-
extending fz-module are equivalent.

Proposition 3.1:
If X is S-uniform fz-module, thence X is LS-extending fz-module.
Proof:

Since y S-uniform fz-module, then y, is S-uniform module by [ 7, Theorem(3.15)], so . is SL-extending module
(See [2, proposition (3.1)), imply that y is SL-extending fz-module by Proposition (2.3).

The converse of Proposition (3.1), is not true, for example:

Example:

Let M = Z,, as Z-module and let y : M — [0,1], defined by:
x(m)=1,V m € Z,,.

It is easy that y is a fz-module and x, = Z,, is a LS-extending module by [ 2, Proposition (3.1)], so y is LS-
extending fz-module by Proposition (2.3).

But not S-uniform fz-module, since there exists fz-submodule k: M — [0,1], defined by: Kk(n) =

{1 if m € (8) s not S-uniform of y.
0 otherwise

Before giving our next result, we have the following definition.
Definition 3.2 [11]:

A fz-module y of an R-module M is named is pure simple fz-module if we have 0,,x are the only pure fz-
submodule of y.
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Theorem 3.3:
Assume that y be pure simple fz-module, then y is S-uniform fz-module iff y is LS-extending fz-module.
Proof:

(=) By Propostion (3.1)

(<) Since y is LS-extending fz-module and pure simple fz-module, then by Proposition (2.3) . is LS-extending
and by [11, Proposition (3.3.17)] x. is pure simple, so x, is S-uniform module [2 proposition (3.2)]. Thus X is S-
uniform fz-module (See [7, Theorem (3.15).

The condition pure simple from Theorem (3.3),con't drop for example:
Example 3.4:

Let M = Z;, as Z-module and u = x , is n't pure simple fz-module because x4 < xz,, Which is pure fz-
submodule. However . .is S-extending fz-module, so it is LS-extending fz-module, but not S-uniform since y 4,
is n't S-essential fz-module of that y,, .

Recall that a fz-module X is called F-regular if every fz-submodule of X is pure [11].
Proposition 3.5:

If y be F-regular fz-module, then y is LS-extending fz-module.

Proof:

Since y F-regular fz-module, then by [11, proposition(3.2.1)], x; is F-regular, so x, is F-regular imply that x, is
LS-extending module (See[2, proposition(3.4)). Thus y is LS-extending fz-module by Proposition (2.3).

First we recall some basic properties of these concepts.
Definition 3.6 [13]:

Let y be a fz-module such that : Z(y) = {x; < x: F-ann(x;) is an essential fz-ideal of R} is named fz-singular
submodule of y. If Z(x) = x and y is named non-singular if Z(y) = 0;.

Definition 3.7 [13]:

A fz-module y of an R-module M is named CLS-fzmodule if for each ¢-closed fz-submodule a direct summand
in y, where a fz-submodule v is named ¢-closed fz-submodule, if y/v is non-singular fz-module.

Proposition 3.8:
Let X be non-singular fz-module. If X is a CLS-fzmodule, then X is LS-extending fz-module.

Suppose that p <. X. Since X is hon-singular, then p ¢-closed by [14, proposition(2.21)]. But X is CLS-fzmodule,
therefore p <® X, hence p is pure by [11, Proposition(2.2.7)], so that X is LS-extending fz-module.

Recall that, an R-module M is called purely y-extending if every ¢-closed of M is pure [5].
We shall fuzziy this notion and study its relationship with LS-extending fz-module.
Definition 3.9:

A fz-module y of an R-module M is hamed purely ¢-extending fz-module (borfily py-extending), if every -
closed fz-submodule is pure..

Proposition 3.10:
Let y non-singular fz-module. If X py-extending fz-module, then y is LS-extending fz-module.
Proof:

Assume p <. x. Since y non-singular, so that p ¢-closed fz-submodule by [14, proposition(2.21)]. But x is py-
extending fz-module, therefore p is pure imply y is LS-extending fz-module.

Proposition 3.11:

Every LS-extending fz-module is pg-extending fz-module. if y be a fully prime fz-module

18
DOIL: https://doi.org/10.54216/PMTCS.050102
Received: November 17, 2024 Revised: January 03, 2025 Accepted: February 05, 2025



https://doi.org/10.54216/PMTCS.0501052

Pure Mathematics For Theoretical Computer Science (PMTCS) Vol 05, No. 01, PP. 12-20, 2025

Proof:

Impose that y is LS-extending fz-module and fully prime, p be ¢-closed in y. If p =04, then p is pure by [11,
Remark (2.1.2)]. Other wise p # 04, since y is fully prime then p <. x (See[14, Proposition(2.22)). But p is pure
of y, that is y is py-extending fz-module.

Theorem 3.12:

Let y is non-singular fz-module, consequently the following:

1- If y is a CLS-fzmodule, so that y is py-extending fz-module.

2- If y is py-extending fz-module, we have y is LS-extending fz-module.

3-Providing y fully prime and P-semisimple with y is LS-extending fz-module, we have y is CLS-fzmodule.
Proof:

1- Let p be y-closed of X. But y is CLS-fzmodule , then p <® x. That is p is pure by [11, Proposition(2.2.7)],
and we are done.

2- Clearly by Proposition (3.10).

3- Assume that p be ¢-closed fz-submodule of X. If p = 0,, then p <® X. On the other hand since y is fully
prime, then p <. x by [14, proposition(2.22)], but y is LS-extending imply p is a pure. By assumption y is
P-semisimple, so p <® x ( See Lemma (2.11), thus y is CLS-fzmodule.

Theorem 3.13:

Suppose y be non-singular with the fully prime fz-module, then we have the following:
1- If y is S-extending fz-module, then y is LS-extending fz-module.

2- If y is LS-extending fz-module iff y py-extending fz-module.

3- If y is P-semisimple and py-extending fz-module, then y is S-extending.

Proof:

1. ltisclear.

2. It follows by Proposition (3.11)

3. Let p <, x. Since X is non-singular then by [14, proposition (2.21)], p is ¢-closed. But y is py-extending
fz-module therefore, p is a pure and y is P-semisimple so by lemma (2.11), p <® . Thus y is S-extending
fz-module.

4. Conclusion and Discussion

Our work aims: firstly, we give the definitions of LS-extending fz-modules, we shall study the relationship between
LS-extending f-module, and its level modules (see Proposition (2.3). In addition, we give the relation between SL-
extending fz-module and S-extending fz-module (See Remark (2.4) (2). Some equivalent statements for LS-
extending fz-module under sufficient condition are given Proposition (2.7) and Proposition (2.8), and relationships
of LS-extending fz-modules with the certain types such as: Semuniform, F-regular, CLS and py-extending fz-
module

(See: Theorem (3.3), Proposition (3.5), Proposition (3.8) and Proposition (3.10)
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