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Abstract

The study examined the shortcomings of conventional statistical techniques in managing unclear or ambiguous data
and emphasized the necessity of implementing neutrosophic statistical techniques as a more enhanced remedy.
Advanced techniques like neutrosophic statistics (NS) were developed since traditional statistical methods are unable
to handle the uncertainty present in ambiguous data. In order to tackle this problem, the study suggested an innovative
and novel sampling method called "neutrosophic stratified ranked set sampling (NSRSS)" in addition to specialized
neutrosophic estimators for precisely predicting the population mean in the proximity of uncertainty. This novel
strategy adjusted ranked set sampling (RSS) techniques to allow the special features of neutrosophic data.
Furthermore, the study improved the precision of estimating the population mean in uncertain situations by introducing
neutrosophic estimators that use subsidiary information inside the structure of stratified ranked set sampling (SRSS).
The work provided theoretical insights into the performance of these estimators by presenting comprehensive
formulations of bias and mean squared error (MSE). To illustrate the efficacy of the suggested techniques, the study
includes simulation studies, numerical examples conducted using the computer language R. Evaluations utilizing
MSE, and percentage relative efficiency (PRE) demonstrated the higher accuracy of the suggested estimators over
conventional alternatives. The findings demonstrated the NSRSS's applicability, particularly for predicting population
means in situations where heterogeneity and uncertainty are prevalent. Furthermore, it was demonstrated that the
estimators and technique produced interval-based findings, which provided a more accurate depiction of the
uncertainty related to population parameters. The reliability of the estimators in estimating population means was
greatly improved by this interval estimation in combination with a lower MSE. A significant vacuum in the field of
statistical research is filled by the study's introduction of estimators and a customized sampling approach made
especially for neutrosophic data. This research significantly advances statistical theory and practice by extending
traditional statistical approaches to efficiently handle ambiguous data, especially for applications where exact data is
few, heterogeneous, or uncertain. The empirical validation through numerical illustrations and simulations conducted
in R further solidifies the practicality and robustness of the proposed techniques, reinforcing their applicability to real-
world scenarios.

Keywords: Mean squared error; Bias; Percentage relative efficiency; Neutrosophic statistics; Ranked Set Sampling;
Study variable; Monte Carlo Simulation; Auxiliary variable

1. Introduction

Sampling plays a vital role in research due to its ability to address constraints related to cost, time, and feasibility.
Improving the accuracy of estimators for population parameters while minimizing sampling errors is the main
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objective of sampling theory. A well-designed sampling approach is essential for obtaining meaningful and reliable
insights into a broader population. When a sample is carefully selected, it effectively reflects the characteristics and
diversity of the entire population, enabling researchers to make generalizable inferences. To increase estimators'
efficiency, auxiliary information is frequently utilized, which can be implemented at different stages of the estimation
process. For example, if we consider the primary variable as Y and an auxiliary variable as X, then cancer mortality
could be the primary variable while dietary fat serves as the auxiliary.

Auxiliary data is typically available for every unit and is often pre-determined. When strongly correlated auxiliary
data is not directly accessible, it can be derived from earlier research. Cochran* significantly contributed to modern
sampling theory by proposing the use of subsidiary data, leading to the development of ratio estimators and product
estimators by Murthy'! that incorporate auxiliary variables. Many researchers have further enhanced sample surveys
by utilizing auxiliary information. Sisodia and Dwivedi!” modified ratio estimator, Upadhyaya and Singh? used
transformations of auxiliary variables for population mean estimation, and further developments by Kadilar and
Cingi®, Singh et al.!® are a few examples.

Stratified simple random sampling (SSRS) is used to improve accuracy for heterogeneous populations. For instance,
stratified sampling, as opposed to simple random selection, which may misrepresent some segments, guarantees
proportionate representation across income groups when examining the spending patterns of a city's citizens divided
by income levels. The development of estimators for stratified sampling using subsidiary variables has been the subject
of numerous studies. For example, estimators based on a single auxiliary variable were created by Kadilar and Cingi’,
Shabbir and Gupta!®, and Haq and Shabbir®. Muneer et al.'? introduced a family of chain exponential estimators in the
context of the SSRS framework in recent years.

Here, the focus is on RSS, a technique that seeks to improve productivity, cut expenses, simplify procedures, and save
sample time. In several fields, such as healthcare, agriculture, geology, statistics, and mathematics, RSS has
outperformed simple random sampling (SRS), especially when gathering data requires a large investment of time or
money. Mclntyre? first developed the RSS technique for population mean estimate, while Takahasi and Wakimoto?*
further its mathematical development. Dell and Clutter® demonstrated that RSS provides unbiased mean estimates
under both ideal and non-ideal ranking scenarios.

RSS encompasses several variations, including double RSS, median RSS, and quartile RSS. Perfect ranking occurs
when observations align with the actual values of the auxiliary variable, while imperfect ranking indicates some
discrepancy. Many scholars have enhanced RSS using diverse approaches, including contributions by Stokes??,
Samawi and Muttlak'?, Bouza!, Chen et al.3, and several others. Their work has contributed to a wide range of
estimation techniques applied across fields.

Samawi'? introduced SRSS to improve the effectiveness of estimators. Subsequent advancements were made by
Samawi and Siam'3, who developed combined and separate ratio estimators for SRSS.

Classical RSS assumes data precision without uncertainties, although real-world data often contain uncertainties or
intervals. Fuzzy logic helps manage imprecise data, leading to fuzzy statistics for handling vague or uncertain
characteristics. Neutrosophic (Nc) statistics, an extension of fuzzy logic, address both determined and indeterminate
aspects, beneficial when data lacks precision or is unclear. Neutrosophic data examples include regional water level
measurements, machinery size variations due to measurement errors, and interval-based temperature readings.
Neutrosophy was introduced by Smarandache!'®?%?! and has since expanded in applications across sampling theory.
Tahir et al.? contributed by presenting estimators of the neutrosophic ratio type. Despite its potential, the application
of neutrosophic RSS (NRSS) to population parameter estimation has received little attention. The idea of NRSS along
with generalized estimator for determining the population mean were presented by Vishwakarma and Singh?°.

The work done under NSRS and NRSS primarily addresses homogeneous neutrosophic data. However, we focus on
extending SRSS to accommodate neutrosophic data for heterogeneous populations, proposing an enhanced NSRSS
framework. In order to improve population mean estimation, our work involves creating new NSRSS estimators with
a focus on lowering MSE and raising precision. This is especially pertinent for data characterized by uncertainty,
vague intervals, or indeterminacy, common in real-world scenarios. Our research addresses the need for a stratified
RSS framework when dealing with non-homogeneous imprecise data types.

Our study is organised as follows: An introduction is given in section 1, followed by discussions of the modified
NSRSS method, needs, and research gaps in section 2 and 3. Section 4 provides the existing NSRSS estimators, section
5 details suggested enhanced NSRSS estimators, section 6 includes an empirical study with real data, section 7
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provides a simulation study with artificial data, and sections 8 and 9 cover discussions, conclusions, and future
research directives.

2. Motivation, research gaps, and need

The primary aim of this article is to present an innovative method called "neutrosophic stratified ranked set sampling"
(NSRSS) to address heterogeneous interval-type or Nc data. This research concentrates on sampling survey and
represents the initial proposal of a stratified ranked set sampling approach specifically designed for neutrosophic data.
Our aim also includes the development of NSRSS estimators for estimating population means. This is a pioneering
effort in sampling theory, as we introduce SRSS for neutrosophic data, thereby laying the groundwork for further
studies. Initially, we present NSRSS usual unbiased, ratio, product, exponential, and regression estimators, followed
by some enhanced estimators for population mean estimation, which could encourage further research in sampling
theory. By contrasting these estimators with well-known Nc techniques like ratio, product, exponential and regression
estimators, this study makes a significant contribution to the expansion of sampling theory. SRSS is recognized as a
preferable choice over SRS and RSS in cases where data are heterogeneous, making NSRSS a promising area for
further research.

Our motivation for exploring NSRSS and its related estimators is driven by the need to introduce SRSS in a
neutrosophic framework. Most prior work in survey sampling has dealt with precise, well-defined data, with classical
methods producing accurate results, though sometimes with risks of over or under estimation. However, these
traditional approaches are inadequate for handling indeterminate, vague, or interval-based data that represents Nc data,
that is more common in real-life situations than clear-cut data. Consequently, there is a rising need for advanced NS.
Conventional statistical techniques are often unsuitable for estimating unknown parameters in the presence of
uncertain or set-type data. NS provide a suitable alternative in these situations. In cases where the population is
heterogeneous, stratified sampling is preferable to SRS, as it allows for the division of the population into uniform
groups or homogeneous strata, enhancing the precision of estimators used in parameter estimation. When a population
has distinct subgroups with varied characteristics, stratified sampling enables a more precise representation of these
differences. These considerations prompted us to investigate NSRSS and its estimators for accurate estimation of
population parameters.

This study introduces the NSRSS technique and its enhanced estimators for estimation of population mean estimation
to bridge the void between classical and NS. Despite extensive research in this area, we identified a gap in survey
sampling literature addressing population mean estimation with auxiliary variables in a neutrosophic setting using
SRSS. Our research seeks to fill this gap, contributing to the development of neutrosophic statistics. It is widely
acknowledged by various authors that RSS is preferable to SRS while dealing with laborious, costly, or time-intensive
measurements, and SRSS is even more effective than RSS when the data lacks homogeneity. Measurement challenges
are further compounded in a neutrosophic context. Thus, our study introduces the NSRSS method to enhance the
precision of population mean estimators in this complex setting.

3. Neutrosophic Stratified Ranked Set Sampling Methodology

There are various techniques available to represent neutrosophic observations, where the neutrosophic numbers might
consist of an unspecified range denoted by [a, b]. Here, we define neutrosophic values as Zy = Z;, + Zyly with Iy €
[I1, Iy], where N and Iy represents Nc number and the degree of indeterminacy respectively. As a result, our Nc data
points will be confined within a specific range Zy € [a,b], in this context, a and b represent the minimum and
maximum bounds of the Nc data range.

The NRSS method involves choosing my € [m;, my] bivariate random samples from a population of size N, where
each sample has a size of my € [m, my]. These samples are ranked based on the subsidiary variable Xy € [Xy, Xy],
which is correlated with Yy € [Yy, Yy]. The ranking process is guided by the approach detailed in “Introduction to
Neutrosophic Statistics” by Smarandache? “For ranking procedure, consider two sets: X;y € [X;1, X;uy] and XN €
[X,1, X2yu]- Their midpoints are computed as Xqmigny = [X11 + X1ul/2 and Xymian = [Xo1 + X,uyl/2. The ranking is
determined by comparing these midpoints: X;y € [X;1, X;y] is ranked lower than X,y € [X,p, Xu] if Ximian <
Xomidn- If the midpoints are equal X;mign = Xomian, the comparison shifts to their lower bounds X;;, < X,y,. If the
lower bounds are also equal X;;, = X,;,, the upper bounds are compared X,y = X,y, leading to equality in the ranking
Xin € [XiL, Xiu] = Xon € [Xa1, Xou]- Within the NRSS framework, the ranking proceeds by identifying the smallest
unit from the first data set, my € [m;, my], and retaining it as the first measurement, while discarding the remaining
units. The second measurement is chosen as the second-smallest observation from the second data set, and the
remaining observations are similarly eliminated. This process continues until my € [my, my] Nc bivariate units are
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selected up to the m™ term. After completing r cycles of this procedure, a total of ny = myr € [ny,ny] bivariate
NRSS units are obtained.”
Although there is a m,i I' total for my €[m_,m,] units in the NRSS data extraction, only Ny, =myr €[n ,n,]

for my €[m,_,m,] units are actually counted for calculations.
(Xj(i)N € [Xj(i)l_’ Xj(i)u :|,Yj[i]N € |:Yj[i]L,Yj[i]U }; j=12,3..r;i=1, 2,3...m) symbolise the paired Nc

bivariate quantified collections of the i" units in the jth cycle. For example, overall bivariate NRSS units can be
written as follows when neutrosophic sets are of size my € [my, my] = [3, 3] and replication r = 4.

Kian Yan)  Kin i) i Yipn)

Ko@nYon) - Xzn Yzizin) - Xzn, Yz2in)

KN Yan)  Kzn Yazin) - (Xze@)n Yagzn)

Each of the 3 groups in the bivariate NRSS structure above has 3 observations and r =1 replication. The actual
measurement is based on the 3 bivariate observations that are highlighted. There are observations for the actual
measurement as well as a total of observations with =1 the actual measurement consists of ny = myr =
[3 % 1,3 = 1] = [3, 3] observations while there are a total of mZr = [32 * 1,32 = 1] = [9, 9] observations. If r = 4
the total number of observations increases to m4r = [3% x 4,32 x 4] = [36,36] observations and ny = myr =
[3 % 4,3 % 4] =[12,12] observations for the actual measurement.

Under NSRSS as a classical stratified sampling method, this sampling method also consists of dividing the whole
heterogeneous neutrosophic population into various homogeneous neutrosophic subgroups or subpopulations such
that units inside every subgroup are homogeneous and between subgroups/subpopulations are heterogencous
concerning characteristics under study or study variables. Such subgroups/subpopulations are known as strata, and
each subgroup is a stratum. Then, we apply the NRSS method to each stratum to obtain neutrosophic separate stratified

ranked set samples. Let Ny =N +N_ 1,1 € [ sl ] be the finite neutrosophic heterogeneous population and

separated into uniform, non-overlapping N strata of each size of N, =N, +N, 1y, l;y € [th, lhu ] such that
het Now =Ny, h=1, 2, ..., L. Next, we create distinct stratified ranked set samples for each stratum using the

NRSS approach N, =N, +Ny Iy Iy € [|h|_, |hLJ ]= mypnr and myy = my;, + Myl Iy € [The ] from

each stratum population of size N, such that we have total separate stratified ranked set sample
L
ny=n_+n, by, e[l lg], ny =2 M. h=12,...L,.

Also, let Yy, be the neutrosophic study characteristics and thN be the population value of the study character Yy

and Yy be the sample value of the jth unit ( J =12,.., Nh) in the h™ stratum. Then,

Population means of h" stratum = Y_hN =Y_h|_ +Y_U N ZYhJN’ hN e[th, hU]
hN =1
N
Population mean = Y Y +YN | N = _ZZYNN’ N L, | ]
hN h=1 j=1

L N

E W, =—N =w. +w,I
hN’ hN — — YWhr hU "hN *

- N,
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1 Niw _ 0
Population mean square of h" stratum = SﬁN = Sﬁ,_ Sﬁu iy =—— Z(YhiN —Yin ) :
hN -1 =
1
Population mean square = S —Sz+32 = ZZ( e ) Ay E[|L,|U ]
-1 h=1 j=1
h _ _ _ 1 1
Sample mean of h" stratum = YinjhN = Yinjnt + Fnjhulen = aznhN YhiN = —NZ;}:}T YhjN > Inn € [In Inul

Sample mean = Yy = Jinjr + Vimjulan = Zhe1 Wan Tignns In € (I Iy]

NhN

Where wyy = N
N

Like in classical SRSS, neutrosophic unbiased estimator of population mean and its variance is represented as:

YN = Zh=1 Whn Y[njaNs Whn = Wi, + Whylhn, Thn € [T hyl €Y
L L
V() = Z Wiy V(Fmgan) = Z wiy (NanCiw — DEnn) 2
h=1 h=1

Let Yy € [Vinj Ymjul and Xy € [f(n)u Y u] considered as the sample means of the Nc study and subsidiary
variables respectively. Let Yy € [V, Y] and Xy € [X,, X,] be the population means of the neutrosophic study and
subsidiary variables, respectively. Let Yy € [Vinjne Vinjaw] and Xy € [f(n)hu}_’(n)hu] be the stratum sample
means also, Y,y € [V, Yiy] and X,y € [X,., Xpy] be the stratum population means. The correlation coefficient
within each stratum, linking the neutrosophic study variable and the subsidiary variable, is represented as

Pyin € I: Pyt Pyxnu ], Cyn € [thL,thU] and C )\ € I:Cth ' Cnu :' be the coefficient of variation (CV) within

each stratum of neutrosophic study and subsidiary variables Yy, and X

Let the error terms of the Nc stratum are €9y € [€hoL) €Enou )y €nin € [€n1L, Eniu]- The estimators' bias and MSE are

calculated by expressing
Yiniw = Yan (L + €non), Xmian = Xy (1 + €n1n)
such that,
E (€non)=E (€n1n)=0,
E (e7on) = NanConn — Dinn = Vynns
E (651n)=0nv Cinw — Dinw = Vienns
E (€non€nin) = NanCyxnnv — Dyxun = Viynn-

where,

1 —

D2, = ——>3k ; —Y.v)?
YN =z v ZL—l(”[lth] AN)”s
2 _ 1 k v o\2

Dy = m%Nﬂ?z Zi:l(.u(ith) — Xnn)%s

Dyynn = Zz 1(”[1th] 17}11\/)(#(1‘th) - )?hN)’

h NTYhNX RN

1

Nan = e —

here piynny and f(ienny represents the means of the it ranked set and defined as:
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1 1
HUliyan] = ;Z§=1 Yiilhj> H(ixhn) = ;Z§=1 X(i)nj-
Nnv € Mne Nnols €hon € [€ho €rouls €1y € [€h1L €m0 l; C;hN € [C}%hL’C;hU];
Ciun € [Cop Conul; Cyxnn € [nyhL'nyhU]; Dfmzv € [DﬁhL'D;/hU];

DJ%hN € [DJ%hL’DJ%hU]; Dyth € [Dyth'Dyth]; Vth € [Vth' VyhU]; Vinn € WVane Venvls nyhN € [nyhL' nyhU]-

4. Existing Neutrosophic Stratified Ranked Set Estimators

To compute population means within the framework of indeterminacy using SRSS, we have adapted various
established ratio and product-type estimators into their NSRSS counterparts. Utilizing neutrosophic data, an NSRSS
unbiased estimator with its corresponding MSE is provided as follows.

NhN

_ 1
Tulhn = Yinlaw = —z Yignn (1)
Ny 4
i=1
L
TN = YinIn = Z WinYmey - (2)
h=1
The variance of the estimator p,,1y is expressed as

L
Var(tp) = Z win Yy Vyny  (3)
h=1

Building on the neutrosophic auxiliary information and drawing inspiration from the works of Samawi and Muttlak'?
and Bouza? we have introduced NSRSS ratio and product estimators for estimating the population mean, which are

formulated as follows.
< X
_ hN
TIRIN = Z WhnN Yin]laN <_ ) 4)
X(n)hN

h=1

L _
_ X(n)hN
TipIN = Z Whn Y[n]mv( ; ) (5)
— hN

The ratio and product estimators' bias and MSE expressions under NSRSS up to first order approximation are provided
by

L
BiaS(T[R]N) = z WhNYhN(Vth - nyhN) (6)
h=1
L

Bias(tjpy) = Z Wi Yy (Vieynw ) @)

h=1

L
MSE (t(ay) = Z Wiy Yy (Vth + Vinw — 2nymv) 8
h=1

L
MSE(tipiy) = Z win Uiy (Vynn + Vanw + 2Vagny)  (9)
h=1

The separate regression estimator employing NSRSS for the population mean Yy is given as
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L
Tlreg]N = Z Wi (Fninw + bay Xy — X)) (10)
h=1

The estimator T[r¢q)n's bias and MSE expressions under NSRSS up to first order approximation are provided by

Bias(t[regy) = 0 (11)

L
MSE(T[reg]N) = Z W}%N(YhZNVth + b}ZLNX}%NVth - thNYhNXhNnyhN) (12)
h=1

L
. > Veynn”
Min MSE (Tjyegn) = Z wy V2, (Vyhzv - (13)

he1 xhN

where,

hN

_ YhN (nyhN>

B XhN Vth

The separate ratio exponential estimator employing NSRSS for the population mean Yy is given as

L —
_ Xuv — Xmynn
T[epr]N = Z WhN y[n]hN exp <—7n (14)
h=1

Xnn + Xy

The estimator T[exprin's bias and MSE expressions under NSRSS up to first order approximation are provided by
L
) EE 1
Bias (T[epr]N) = Z Whn YhN (g Vth - E nyhN) (15)
h=1

Vth _

L
MSE(T[epr]N) = Z Wf%N YhZN (Vth + 4 nyhN) (16)
h=1
The separate product exponential estimator employing NSRSS for the population mean Yy is represented as

L _ _
_ _ Xy — Xnn
TlexpPIN = Whn Y[n]nn €XP ﬁ
h=1 (Tl)hN hN

The estimator T[expp)n's bias and MSE expressions under NSRSS up to first order approximation are provided by

(17)

L
_ 71 1
Bias (T[expP]N) = Z Whn YhN (E nyhN - g Vth) (18)
h=1

L
MSE(tiespr) = 9 Wi T (Vo + 22+ Vi) (19)
h=1
where Ty € [T Trine ) Traw € [Tpaw Trao ] e € [T Tl 7w € [T 7],
Tiregiv € [Tiregis Tiregiu], Texpmin € [Tiexpri, Tiexpmu] Trexprin € [TrexpriL, Tiexpriv],
Bias (T[u]N) € [Bias (T[u]L),Bias (r[u]N)],Bias (‘L’[R]N) € [Bias (T[R]L),Bias (T[R]U)],
Bias (tjpv) € [Bias (tip1.), Bias (t(p1y)], Bias (Tiregiv) € [Bias (Tiregin), Bias (Tregiw)],
Bias (tjexpriv) € [Bias (tfexprin), Bias (texpriv )] Bias (Texprin) € [Bias (Tiexpr1r), Bias (texpriv) ]
MSE (tpuw) € [MSE (tpa), MSE (Tpu)], MSE (timn) € [MSE (t(a1.), MSE (i),
MSE (tipiv) € [MSE (t(p1.), MSE (t(p10)], MSE (Tregin) € [MSE (Tregin), MSE (Tireqiu)].
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MSE (Tiexprin) € [MSE (TiexpriL), MSE (Tiexpriv )] MSE (Tiexppin) € [MSE (T(exppin), MSE (Tiexppiv)]

5. Proposed Neutrosophic Stratified Ranked Set Estimators

There is no estimator that performs optimally in every scenario. Therefore, the focus is on developing estimators that
ensure least MSE and enhanced accuracy. The goal of this part is to create estimators that can produce accurate findings
under a range of circumstances. To do this, we used auxiliary information to provide two novel estimators specifically
designed for finite population mean estimation under NSRSS, while also adopting one estimator within the framework
of NSRSS.

L

_ Xm)hn
1. Py = Z Why (y[n]hN (G1ny + 1) + gonn log e ) (20)
h=1 hN

where, g1,y and g,y are constants so that the estimators' MSE is as low as possible.

Rewriting the estimator Py as defined in equation (20) in terms of €’s
L

. Xpn (1 + €n1n)
Py = Z Why (YhN(l + €non) (Giny + 1) + gany log ()?7 (21)
P hN
The bias of the estimator P,y is determined by
L
: > 92nn
Bias(Pyy) = Z Whn (YhNgth - TVth) (22)
h=1
We derive MSE, by considering expectations up to the first-order approximation
L
MSE(P,y) = Z Wf%N(YhZNVth + 9nnAinn + 5nnBinw + 291w Ciny + 292nvDinn
h=1
+ 291nvGannErnn) (23)

where,
Ay = Vi (1 + Vynn)
Binn = Vinn
Cinv = Yiin Vynn

Dipy = Yan Vyxnn

_ 1
Einy = Yaw (Vyth - EVth)

To determine out the minimum MSE for P, y, we take the partial derivatives of equation (23) w.r.t g;pn & gony and
set them equal to zero and solve accordingly.

. BinnCinn — DinnE1nn
ginn =

(24)
Elth - AthBth
" AIhNDth - CthEth

92nn" = (25)
Znn Elth - AIhNBth

Substituting the optimal values of g,y & g,ny into equation (23), the optimal value of MSE for P,y is derived as
follows.

BinwCinn + AinnDiny — 2C1hND1hNE1hN) (26)

L
Min MSE = Z w <C v t
n ! Elth - AthBth

h=1
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L

_ Xnn — Xmynw Xy
2). P,y = ZWhN 93nn Yinlan + Gann €XP <X—_n <1 + log< ); )) (27)
— Nt Xmynn AN
When P, from equation (27) is expressed in terms of €'s, we obtain
L
= —€nin
P,y = ) Wiy | GsnnYan (1 + €pon) + Gann €xp 7 (1+1log(1 + €p1n) (28)
— €nin
2 € 5€nn°
S S S h1N h1N
Py — Yy = Z Wiy | (gsny — DYy + gannYnn€non + Gann <1 + 2 T) (29)
h=1
< 5
Bias(P,y) = Z Wiy (YhN(QShN —1) — Gann [1 - §Vth] ) (30)
h=1
Case 1: Weight’s sum is unity (gzpy + gany = 1).
The value of MSE of P, is given by
L
MSE(P,y) = Z Wi%NYhZN( Vth + g4hN2Vth - Zg4hNnyhN) (31)

h=1

To determine out the minimum MSE for P, we take the partial derivatives of equation (31) w.r.t g,y and set them
equal to zero and solve accordingly.

Viyn
Jann™ = ;y N (32)
XhN

Substituting the optimal values of g,y into equation (31), the optimal value of MSE for P, is derived as follows.

L

_ Veynn®

Min MSE = Y w2, 73, <Vth — YN ) (33)
h=1 Vth

Case 2: Weight’s sum is flexible (g3,y + gany # 1).

L

Py —Yy = Z Wiy | (93ny = DYy + ganwYan€non + Jann <1 +
h=1

(34)

€hiN 56}111\12
2 8

When we square both sides, we get

= = = = = Sepin?
(Pov — YN)Z = Zﬁ=1 Wf%N(YhZN + Yth g%mv(l + Erzlozv) + gfmv(l - ElelN) - 2.93hNYhZN = 294nnYnn (1 - %) +

5 2
293hnJann (1 - EthN + @) (35)

We derive MSE, by considering expectations up to the first-order approximation
L

MSE(P,y) = g wiy (Viy Vynn + I3nnAonn + GannBann — 2931w Conn — 29annDany
h=1
+ 293nnGannEznn) (36)

where,
Appn = Yy (1 + V)
Bown = 1= Vinn

— V2
CZhN - YhN
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_ 5
Doy = Yiu (1 - nghN>
_ 5 1
Eonnv = Yiw <1 - §Vth + EnyhN>

To determine out the minimum MSE for P,, we take the partial derivatives of equation (36) w.r.t gspy & ganny and
set them equal to zero and solve accordingly.

. Bonn Conn — DanvEann
93wn =

(37

2
AthBth - Ezmv

. AznvDann — ConnEann
gann =

(38)
AZhNBZhN - EZZhN

Substituting the optimal values of gzpy & ganny into equation (36), the optimal values MSE for P,y is derived as
follows.

L
Boun C2n + AsnnD2n — 2ConnDann E
Min MSE = w2, <szv 4 DennCahn 22hzv 2hN 2nN2nn zmv) (39)
h=1 EZhN — AnnBann
S X X x
_ RN AN ~ X(n)nN
3). Py = Z Why (gshzv Yminv t Genn (_ )exp (#)) (40)
o1 X(m)hN an T Xmynn
When we translate P;, from equation (40) into €'s, we obtain
L
Pov=>w o (1 + €non) + 1 1 gxp (PN 41
3N wN \ Isan Yan €ron) + Gonn (1 + €p1n) ™" €xp 2T (41)
P €niN
d 3e 15€,,n°
= = = h1N h1N
Piy =Yy = Z Win | (Gsnv — DYnn + GennYan€non + Jonn <1 —— t—3 ) (42)
h=1
- 15
Bias(Psy) = Z Why (YhN(QShN —1) — Genn [1 + ?Vth] ) (43)
h=1
Case 1: Weights’ sum is unity (gspy + gy = 1)
The expression of MSE of P,y is given by
L
MSE(P3y) = Z Win Yy (Vorn + Gann*Venn — 29annVaynn) (44)

h=1

To determine out the minimum MSE for P;y, we take the partial derivatives of equation (44) w.r.t gepy and set them
equal to zero and solve accordingly.

" Viynn
orn' = 3 (45)
xhN

Substituting the optimal values of g¢py into equation (44), the optimal value of MSE for Py is derived as follows.

L

_ Veynn”

Min MSE = Z w2y 72, (vth - Dy ) (46)
he1 Vth
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Case 2: Weights’ sum is unity (gspy + gennv = 1)

L

Py =Yy = Z Wiy | (gsnv = DYy + gsnwYan€non
h=1

3¢ 15€p,y >
h1N R1N ) 47)

+96hN<1_T+ 3

When we square both sides, we get

_ _ _ = = 15 2
(Pay = Y)? = Xhoy winy Wiy + Vidy g2un (1 + €5on) + génn (1 + 6€513) — 293w Yiiy — 2gannYan (1 + %) +
3 15 2
293nnGann (1 — ZChONTMIN 4 Z2FMIN ) (48)

2 8

We derive MSE, by considering expectations up to the first-order approximation

L
MSE(P3y) = Z Wiy Viy Vyrw + 92nnAsny + 9énnBsnn — 29snn Cann — 296nnDann
h=1
+ 29snngenn Esnn) (49)

where,
Azpy = Yoy (14 V)
Bypy = 14 6Vipy

— V2
CShN - YhN

_ 15
D3y = Yin (1 + ?Vth)

3

_ 15
Espy = Yy (1 + ?Vth - EnyhN>

To determine out the minimum MSE for P;y, we take the partial derivatives of equation (49) w.r.t gspy & ggnny and
set them equal to zero and solve accordingly.

. _ BannCapn — DapnEspn
9shn =

(50)

2
A3hNB3hN - E3h1v

. AsnnDany — CapnEsny
genn =

6D

2
A3hNB3hN - E3hN

Substituting the optimal values of ggpny & geny into equation (49), the optimal value of MSE for P;y is derived as
follows.

BanwCinn + AsnwDiny — ZC3hND3hNE3hN> (52)

L
Min MSE = Z w? <C +
e\ E3yy — AsnnBann

h=1
Where Py € [P;, Pyy], Bias (Pyy) € [Bias (Py), Bias (Py)],
MSE (Pyy) € [MSE (P;,), MSE (Pyy)], Ain € [Ai, A, Bin € [Bir, Biyl, Cin € [Cip, Ciy,
Diy € [Diy, Diyl, Eiy € [Ei, Ei), gjv € [9jn» 9jn i = 1,23 and j = 1,2,3,4,5,6.

6. Numerical Illustration

This section examines how well the recommended estimators perform in comparison to the other estimators that are
currently in use and taken into consideration in this work. To numerically elucidate the characteristics of Nc stratified
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estimators, we have compiled real-life indeterminate climate data of the USA state. We have taken two states, Alabama
and Georgia, as strata, and then November month is taken for the data from both states. There are many variables, but
we are considering Dew Point Temperature vs Relative Humidity variables only here. The Dew Point Temperature
variable is taken as the subsidiary variable X,y € [X};, Xpy], and the Relative Humidity as the study variable

YhN € [YhL !Yhu ] The parameter descriptions are given in Singh et al.!”. In addition, one can visit for the data on this

link: https://mrcc.purdue.edu.

Table 1: Description of real data parameters for estimating means in the context of NSRSS.

Parameters Value Parameters Value
1%t Stratum
19, 1 13.55, 23.
N, [19, 19] Sy [13.55,23.30]
Ny, [9, 9] C,un [0.2295, 0.5549]
X [19.58, 61.95] C N [0.1405, 0.8261]
N y
Y [28.21, 96.47] 132( N [6.4058, 6.0892]
IN X
leN [10.86, 14.22] Pyan [0.946, 0.941]

21d Stratum

22,22 11.78, 21.
N,, [22,22] S,an [11.78, 21.88]
N, [12,12] Coon [0.1393, 0.5794]
X 22.55,62.23 0.1255, 0.6887
X, [ ] C,an [ ]
Y. [31.77,93.86] Bapan [2.5435, 8.5923]
2N X

S n [8.67, 13.06] Pyon [0.8854, 0.9481]

Additionally, n,y = 9 samples were taken from the first strata of size 19, and n,y = 12 samples are taken from the
second strata of size 22. The NSRSS sampling method, as described in Section 3, is applied concurrently to sample
data for both the study and subsidiary variables. The formula for calculating the PRE is defined as follows:

MSE(T[u]N)

PRE (Estimat =
(Estimators) MSE (estimator)

x 100 (53)
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Table 2: The MSE and PRE of both suggested and existing estimators

Estimators MSE PRE

Ty [7.259338, 17.83989]  [100, 100]
Ty [2.260564, 4565784] [321.1295,  390.7301]
Ty [41.95204, 50.70008] [17.3039,  35.18711]
Tiegy  [0487483,  2.999074]  [1489.148,  594.8467]
Tiwpry  [1.100254, 8.702535]  [659.7873,  204.9965]
Tiewppy  [2144598,  31.26969]  [33.84941,  57.0517]
Piy [0.479819, 2.830461] [1512.934, 630.2822]
Pay [0.218061, 0.631283] [3329.042,  2825.975]

Py [0.227592, 0.647094] [3189.634, 2756.925]

7. Simulation Studies

The proposed estimator's performance is validated by conducting simulation studies, comparing it against other
established estimators, such as traditional estimators, ratio estimators, and regression estimators. This simulation was
specifically conducted within the framework of neutrosophic analysis. Our population is separately stratified into two
distinct categories, denoted as stratum 1 and stratum 2. The steps below are used to do this.

1. The distribution of N¢ random variables will be N¢ normal,

ie. Xy, YN)"'NN[(:“XN' ) (.UyN: G)%N)]'XN € [X., Xyl Yy € [V, Yyl ten € [lor, iy, iyn € [HyL'/“‘yU]'O-J?N €
[62, 021,02y € [0, 02| We created 4-variate random datasets with N=1000 from a 4-variate normal distribution

distribution with mean (Mxr » Byr » By > Hyy) and covariance matrix
0-9?L pxyL OxL ayL 0 0 ]
pxyL OxL, O-yL ngu 0 0
0 0 O-J?U pny Oxu o-yU )
l 0 0 pny Oxu O-yU O-;U

2. The parameters have been computed for this artificially generated population of size N = 1000.
3. A sample of size ny has been selected from this artificially generated population.
4. These sample datasets were used to calculate the MSE for all estimators being evaluated.

5. The simulation process was repeated 10,000 times, and the average of these 10,000 MSE values was computed as
the final MSE for each estimator of the population mean.

6. The PRE of each of the estimator with respect to 7y, has been determined by applying the formula.

7. This process can also be applied to different populations with distinct parameters.
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Table 3: Summary of simulated data parameters for estimating means in the context of NSRSS.

Parameters Neutrosophic Classical Parameters Neutrosophic Classical
Population 1 1% Stratum 2" Stratum
N, [200, 200] 200 N, [200, 200] 200
X [40, 50] 46 X [120, 130] 123
IN 2N
Y. [50, 60] 54 Y. [130, 140] 137
IN 2N
S.un [9, 12] 11 S, [12,24] 15
Syiv [10,13] 12 Syan [22,25] 23
Population 2
N, [200, 200] 200 N, [200, 200] 200
X [70, 80] 75 X [150, 160] 155
IN 2N
Y. [90, 100] 96 Y. [180, 190] 184
IN 2N
S.in [12,19] 16 S, o1 [19,25] 21
Syin [13,20] 18 Syan [21,27] 25

Table 4: The PREs and MSEs of both suggested and existing estimators within the NSRSS framework for
Population 1

ny =24 Payy = [0.9,0.9] Pryn = [0.8, 0.8]
Estimators MSE PRE MSE PRE
T[uN [5.99674, 14.5457] [100, 100] [6.70853, 14.40247] [100, 100]
T[RIN [2.052086, 3.02691] [292, 481]  [3.98848, 5.9795] [168, 241]
Ty [21.53535,  59.66501] [24, 28] [21.1488, 56.71128] [25, 32]
TlregIN [1.72288, 2.2787] [348, 638]  [3.22543, 4.31126] [208, 334]
Tlexpriv  [2.57516, 4.58624] [233, 317]  [3.88348, 5.95525] [173, 242]
Tixppiv  [12.3168, 32.90529] [44,  49] [12.46364, 31.32115] [46,  54]
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Pin [1.71895, 2.26005] [349, 644] [3.21884, 4.28749] [208, 336]
P,y [0.96441, 2.09121] [622, 696]  [1.21279, 3.09257] [466, 553]
Pay [0.66257, 0.87245] [905, 1667] [1.29282, 1.76833] [519, 814]
Estimators  p,,y = [0.7,0.7] Pxyn = [0.6, 0.6]
MSE PRE MSE PRE
Thuln [7.33904, 14.76347] [100, 100]  [8.16538, 14.709] [100, 100]
TN [5.79743, 8.80431] [127, 168]  [7.62111, 11.93466] [107, 123]
Tip|N [20.63853, 52.95935] [28,  36] [20.21633, 50.2402] [29, 40]
Tiregiv  [4.52665, 6.44316] [162, 229]  [5.84707, 8.09475] [140, 182]
Tioxpriv  [5.0985, 7.7543] [144, 190]  [6.45491, 9.22722] [126, 159]
Tlexppiv  [12.51905, 29.83182] [49, 59] [12.75252, 28.37999] [52, 64]
Py [4.51718, 6.41318] [162, 230]  [5.83418, 8.05956] [140, 183]
P,y [1.3007, 3.34004] [442, 564]  [1.29779, 3.58643] [410, 629]
Py [1.87745, 2.68269] [391, 550] [2.46094, 3.63675] [332, 404]
ny =36 Pryn = [0.9,0.9] Pryy = [0.8,0.8]
Estimators MSE PRE MSE PRE
TN [4.14692, 10.38599] [100, 100]  [4.68196, 10.2829] [100, 100]
TiRN [1.45859, 2.14749] [284, 484]  [2.82771, 4.24873] [166, 242]
Ty [14.75004,  42.52071] [24, 28] [14.53956, 40.38289] [25, 32]
TlregN [1.27559, 1.70387] [325, 610]  [2.38545, 3.22707] [196, 319]
Tiexpriv  [1.8134, 3.27971] [229, 317]  [2.75441, 4.25759] [170, 242]
Tixppiv  [8:45913, 23.46632] [44,  49] [8.61034, 22.32467] [46,  54]
Py [1.2737, 1.6947] [326, 613]  [2.38221, 3.21515] [197, 320]
P,y [0.6931, 1.56433] [598, 664] [0.86572, 2.3029] [447, 541]
Pay [0.49081, 0.66019] [845, 1573] [0.95229, 1.33183] [492, 772]
Estimators  p,,y = [0.7, 0.7] Pxyn = 0.6, 0.6]
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MSE PRE MSE PRE
Ty [5.15938, 10.47569]  [100, 100]  [5.75434, 10.48278] [100, 100]
Ty [4.10583, 6.24057] [126, 168] [5.37867, 8.45519] [107, 124]
T [14.2385, 37.65536]  [28, 36]  [13.99259,  35.82328] [29, 41]

Thregy  [3:34456, 4.75838] [154, 220]  [4.30892, 6.03096] [134, 174]

Towpriv  [3.62941, 5.49006] [142, 191] [4.58368, 6.55487] [126, 160]

Tiexppiv [8.69574, 21.19745]  [49, 59]  [8.89064, 20.23892] [52,  65]
Py [3.33987, 4.74333] [154, 221]  [4.30248, 6.01303] [134, 174]
Py [0.92359, 2.48823] [421, 559]  [0.9228, 2.6805] [391, 624]
Pay [1.38230, 2.00263] [373, 523]  [1.80262, 2.72061] [319, 385]

Table 5: The PREs and MSEs of both recommended and existing estimators within the NSRSS framework for

Population 2
ny =24 Payy = [0.9,0.9] Pryy = [0.8,0.8]
Estimators ~ MSE PRE MSE PRE
Tiun [6.33409, 20.82624] [100, 100]  [6.96397, 21.64214] [100, 100]
TiRIN [2.23469, 4.9437] [283, 421]  [4.25967, 9.11246] [163, 238]
T [23.85232,  90.98492] [23, 27] [23.33807, 85.75316] [25, 32]
TlregN [1.79683, 3.29563] [353, 632]  [3.29547, 6.64487] [211, 326]
Tiexpriy  [2.60704, 6.10045] [243, 341]  [3.90309, 8.92963] [178, 242]
Tiexppiv  [13.41585,  49.12106] [42, 47] [13.44229, 47.24998] [46, 52]
Py [1.79457, 3.27307] [353, 636]  [3.29186, 6.61524] [212, 327]
P,y [1.14734, 3.64488] [552, 571] [1.43845, 4.76444] [454, 484]
Psy [0.71274, 1.31424] [889, 1585] [1.37624, 2.72585] [506, 794]
Estimators  p,,y = [0.7, 0.7] Pxyn = 0.6, 0.6]
MSE PRE MSE PRE
Tiun [7.61888, 20.64343] [100, 100]  [8.43717, 20.53845] [100, 100]
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TiRN [6.20828, 13.84982] [123, 149] [8.18271, 18.317] [103, 112]
Tipin [22.79331,  81.42014] [25, 33] [22.3359, 76.82708] [27, 38]
Tiregw  [4.64649, 8.96223] [164, 230]  [5.98512, 11.26629] [141, 182]
Tixpriv  [5.1931, 10.49874] [147, 197]  [6.6044, 12.66933] [128, 162]
Tiexpply  [13.48561,  44.28389] [47,  56] [13.681, 41.92437] [49, 62]
Py [4.64136, 8.92852] [164, 231] [5.97828, 11.2277] [141, 183]
j . [1.53563, 5.74515] [359, 496]  [1.54129, 5.97125] [344, 547]
Pay [2.01247, 3.99382] [379, 517]  [2.65872, 5.31573] [317, 386]
ny =36 Pryn = [0.9,0.9] Pryy = [0.8,0.8]
Estimators MSE PRE MSE PRE
TN [4.38596, 14.80505] [100, 100]  [4.86685, 15.38448] [100, 100]
Tl [1.58153, 3.51391] [277, 421]  [3.02058, 6.46028] [161, 238]
Ty [16.36886,  64.67041] [23, 27] [16.0519, 61.07339] [25, 30]
TlregN [1.32371, 2.45155] [331, 604] [2.43928, 4.90893] [200, 313]
Tiexpriv  [1.83644, 4.3377] [239, 341] [2.77636, 6.32679] [175, 243]
Tiexppy [9.2301, 34.91596] [42, 48] [9.29203, 33.63334] [46, 52]
Py [1.32263, 2.44051] [332, 607]  [2.4375, 4.89418] [200, 314]
P,y [0.82392, 2.74491] [532, 539]  [1.02455, 3.55519] [433, 475]
Pay [0.52577, 0.99155] [834, 1493] [1.01568, 2.03624] [479, 756]
Estimators  p,,y = [0.7,0.7] Pxyn = [0.6, 0.6]
MSE PRE MSE PRE
L [5.34889, 14.63937] [100, 100]  [5.92875, 14.60706] [100, 100]
Tl [4.39296, 9.81505] [122, 149] [5.75661, 13.01336] [103, 112]
TN [15.70954,  57.87504] [25, 34] [15.43541, 54.54652] [27, 38]
Tiregiv 342888, 6.61932] [156, 2211  [4.39799, 8.38299] [135, 174]
Tioxpriv  [3.69534, 7.42579] [145, 197]  [4.67586, 9.01699] [127, 162]
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Tlexppin [9-35363, 31.45579] [47, 57] [9.51527, 29.78357] [49, 62]
Py [3.42635, 6.60245] [156, 222] [4.3946, 8.36349] [135, 175]
P,y [1.09014, 4.2836] [342, 491] [1.09685, 4.44168] [329, 541]
P3y [1.48147, 2.97639] [361, 492] [1.94138, 3.97453] [305, 368]

Table 6: PREs of the NSRSS estimators compared to Population 1 estimators under NSSRS
ny =24 Pxyn = [0.9,0.9] Pxyn = [0.8,0.8] Pxyn = [0.7,0.7] Pxyn = [0.6,0.6]
PRE PRE PRE PRE
Tiuln [119, 209] [122, 187] [118, 160] [119, 152]
TIRIN [118, 118] [122, 130] [117, 125] [123, 140]
Tipv [121, 250] [120, 233] [121, 226] [120, 210]

Thregiv  [116, 119] [125, 126] [117, 118] [123, 127]

Tlexprin  [117, 151] [124, 139] [116, 119] [120, 126]

Tlexppin  [120, 237] [121, 218] [120, 201] [120, 186]

Py [115, 119] [125, 125] [117, 118] [123, 127]
P,y [124, 203] [120, 230] [124, 264] [125, 256]
Psy [119, 120] [124, 132] [118, 130] [124, 144]
ny =36 Pxyn = [0.9,0.9] Pxyn = [0.8,0.8] Pxyn = [0.7,0.7] Pxyn = [0.6, 0.6]
PRE PRE PRE PRE
Trun [122, 244] [125, 205] [121, 171] [121, 162]

TIRIN [122, 122] [125, 135] [121, 132] [126, 148]

Tipv [124, 300] [123, 277] [124, 260] [123, 242]

Tiregiv 119, 122] [128, 129] [120, 121] [126, 130]

Tlexprin  [119, 162] [128, 143] [118, 124] [123, 130]

Tlexppin  [123, 231] [124, 251] [123, 224] [207, 123]

Py [119, 122] [127, 129] [120, 121] [126, 130]
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P,y [128, 240] [123, 283] [128, 228] [129, 229]
Psy [123, 125] [128, 139] [121, 141] [128, 156]

Table 7: PREs of the NSRSS estimators compared to Population 2 estimators under NSSRS

ny=24 Pxyn = [0.9,0.9] Pxyn = [0.8,0.8] Pxyn = [0.7,0.7] Pxyn = [0.6,0.6]

PRE PRE PRE PRE

Thun [109, 114] [102, 113] [107, 110] [107, 109]
TIRIN [107, 108] [102, 104] [108, 110] [103, 107]
Tip|N [101, 121] [101, 119] [101, 120] [101, 114]
TiregIN [106, 107] [103, 105] [106, 108] [101, 106]
Tlexprin ~ [102, 107] [104, 106] [106, 109] [101, 104]
Tlexppin  [102, 120] [101, 117] [109, 115] [101, 101]
Py [106, 107] [103, 105] [106, 108] [101, 106]
P,y [102, 121] [109, 119] [102, 128] [103, 123]
Psy [108, 109] [102, 106] [102, 107] [103, 113]

ny=36 Pxyn = [0.9,0.9] Pxyn = [0.8,0.8] Pxyn = [0.7,0.7] Pxyn = [0.6,0.6]

PRE PRE PRE PRE

Tluln [109, 113] [101, 121] [098, 105] [107, 109]
TIRIN [106, 109] [102, 104] [098, 108] [103, 107]
Tip|N [101, 123] [101, 119] [100, 119] [101, 114]
TlregIN [105, 108] [103, 104] [096, 108] [101, 106]
Tlexprin  [101, 107] [103, 106] [096, 108] [101, 105]
Tlexppiv  [109, 120] [102, 117] [099, 113] [101, 111]
Py [105, 108] [103, 104] [096, 108] [101, 106]
P,y [102, 122] [110, 119] [102, 129] [102, 122]
Psy [109, 111] [102, 105] [102, 107] [103, 110]
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Table 8: The MSEs and PREs of the proposed and existing estimators, comparing neutrosophic and classical
approaches for Population 2 for ny =24.

Pxyn = [0.9,0.9] MSE PRE
Estimators Neutrosophic Classical ~ Neutrosophic Classical
Tlun [6.33409, 20.82624] 10.82059  [100,  100] 100
T[RIN [2.23469, 4.9437] 2.94943 [283, 421] 367
Tip|N [23.85232, 90.98492] 39.50349  [23, 27] 27
TlregIN [1.79683, 3.29563] 2.44849 [353, 632] 442
TlexpRIN [2.60704,  6.10045]  4.28355  [243,  341] 253
ToxpPIN [13.41585,  49.12106] 22.56057  [42, 47 48
Py [1.79457,  3.27307]  2.44245  [353, 636] 443
P,y [1.14734,  3.64488] 153196  [552, 571] 706
Pay [0.71274,  1.31424] 091239  [889, 1585] 1186
Pryn = [0.8,0.8] MSE PRE
Estimators Neutrosophic Classical ~ Neutrosophic Classical
Trun [6.96397, 21.64214] 11.82107 [100,  100] 100
T[RIN [4.25967, 9.11246] 5.72606 [163, 238] 206
T(p|N [23.33807, 85.75316] 38.45086  [25, 30] 31
TiregIn [3.29547,  6.64487]  4.71948  [211,  326] 250
TlexpRIN [3.90309, 8.92963]  6.20672  [178,  242] 190
TlexpPIN [13.44229, 47.24998] 22.56911  [46, 52] 52
Py [3.29186,  6.61524]  4.71002  [212, 327] 251
Poy [1.43845,  4.76444]  1.99172  [454,  484] 594
Py [1.37624,  2.72585]  1.79433  [506,  794] 659
Payn = [0.7,0.7] MSE PRE
Estimators Neutrosophic Classical ~ Neutrosophic Classical
Thun [7.61888,  20.64343] 12.79321 [100,  100] 100

DOIL: https:

doi.org/10.54216/1]NS.260312

185


https://doi.org/10.54216/IJNS.260312

International Journal of Neutrosophic Science (IINS)

170l 26, No. 03, PP. 166-190, 2025

T[RIN [6.20828, 13.84982] 8.44015 [123, 149] 152
TipIN [22.79331, 81.42014] 37.43026  [25, 33] 34
TlregIN [4.64649, 8.96223] 6.83309 [164, 230] 187
TloxpRIN [5.1931, 10.49874] 8.08118  [147, 197] 158
TlexpPIN [13.48561, 44.28389] 2257624  [47, 56] 57
Pin [4.64136, 8.92852] 6.81967 [164, 231] 188
P,y [1.53563, 5.74515] 2.17067 [359, 469] 589
Py [2.01247, 3.99382] 2.64714 [379, 517] 483
Pryn = [0.6,0.6] MSE PRE
Estimators Neutrosophic Classical Neutrosophic Classical
T[uN [8.43717, 20.53845] 13.66185  [100, 100] 100
TRIN [8.18271,  18.317] 11.04799  [103,  112] 124
T[p|N [22.3359, 76.82708] 36.29881  [27, 38] 38
Tlreg|N [5.98512, 11.26629] 8.73903 [141, 182] 156
TlexpRIN [6.6044, 12.66933]  9.85203 [128, 162] 139
TiexpPIN [13.681, 41.92437]  22.47744  [49, 62] 61
Py [5.97828, 11.2277] 8.72146 [141, 183] 157
P,y [1.54129, 5.97125] 2.23488 [344, 547] 611
Pay [2.65872, 5.31573] 3.46083 [317,  386] 395

Table 9: The MSEs and PREs of the proposed and existing estimators, comparing neutrosophic and classical
approaches for Population 2 for ny =36.

Payn = [0.9,0.9] MSE PRE

Estimators Neutrosophic Classical ~ Neutrosophic Classical
Truln [4.38596, 14.80505]  7.46179 [100, 100] 100
TiRIN [1.58153, 3.51391] 2.08743 [277, 421] 357
Tip|N [16.36886, 64.67041] 27.02848 [23, 27] 28
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TiregIN [1.32371,  2.45155]  1.81122  [331, 604] 412
TlexpRIN [1.83644,  4.3377] 3.00057  [239, 341] 249
TlexpPIN [9.2301, 34.91596] 15.4711  [42, 48] 48
Py [1.32263, 2.44051] 1.80838 [332, 607] 413
P,y [0.82392, 2.74491] 1.10305 [532, 539] 676
Psy [0.52577, 0.99155] 0.67596 [834, 1493] 1104
Payn = [0.8, 0.8] MSE PRE
Estimators Neutrosophic Classical ~ Neutrosophic Classical
TN [4.86685, 15.38448]  8.20566 [100, 100] 100
T[RIN [3.02058, 6.46028] 4.05929 [161, 238] 202
T[p|N [16.0519, 61.07339] 26.35684  [25, 30] 31
TlregN [2.43928, 4.90893] 3.49232 [200, 313] 235
TlexpRIN [2.77636,  6.32679]  4.38187  [175, 243] 187
TlexpPIN [9.29203,  33.63334] 15.53065 [46, 52] 53
Py [2.43750,  4.89418]  3.48774  [200, 314] 235
P,y [1.02455, 3.55519] 1.42207 [433, 475] 577
Py [1.01568, 2.03624] 1.32854 [479, 756] 618
Payn = [0.7,0.7] MSE PRE
Estimators Neutrosophic Classical ~ Neutrosophic Classical
TN [5.34889, 14.63937]  8.91654 [100, 100] 100
T[RIN [4.39296, 9.81505] 5.95609 [122, 149] 150
TPy [15.70954, 57.87504] 25.70691 [25,  35] 35
TlregN [3.42888, 6.61932] 5.03206 [156, 221] 177
TlexpRIN [3.69534,  7.42579]  5.70757  [145, 197] 156
TlexppIN [9.35363,  31.45579] 1558299 [47, 57] 57
Py [3.42635,  6.60245] 502552  [156, 222] 177
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P,y [1.09014,  4.2836] 154156  [342, 421] 578
Pay [1.48147,  2.97639]  1.95129  [361, 492] 457
Pryn = [0.6, 0.6] MSE PRE
Estimators Neutrosophic Classical ~ Neutrosophic Classical
Tlun [5.92875, 14.60706]  9.54324 [100, 100] 100
T[RIN [5.75661, 13.01336] 7.77318 [103, 112] 123
Tl [15.43541, 54.54652] 24.96728 [28,  37] 38
TlregN [4.39799, 8.38299] 6.40867 [135, 174] 149
TlexpRIN [4.67586,  9.01699]  6.95146  [127, 162] 137
TiexpPIN [9.51527,  29.78357] 15.54851 [49, 62] 61
Py [4.3946, 8.36349] 6.4001 [135, 175] 149
P,y [1.09685, 4.44168] 1.58358 [329, 541] 603
Pay [1.94138, 3.97453] 2.54237 [305, 368] 375

8. Discussion

The study approximated the first NSRSS estimators to the first order using mathematical formulations. Simulation
experiments and numerical examples were conducted to assess the properties of the suggested NSRSS estimators.
Real-world climate data from a U.S. state was utilized for numerical illustrations, whereas the simulations used
generated Nc datasets with different correlation coefficients and sample sizes. Tables 2, 4, 5, 6, 7, 8, and 9 summarize
the findings, displaying MSEs and PREs for both suggested and existing NSRSS estimators. PRE values for the
NSRSS estimators were compared to NSSRS estimators, with results detailed in Tables 6 and 7.

The excellence of the recommended estimators is demonstrated by the presentation of MSEs and PREs for both the
suggested and current estimators in Table 2. Table 2's bold language highlights how well the suggested NSRSS
estimators performed, consistently showing lower MSEs and higher PREs than the current approaches.

Likewise, simulation findings for suggested neutrosophic data under various correlation coefficients and sample sizes
are shown in Tables 4 and 5. These tables confirm that the suggested estimators outperform the existing ones in terms
of performance, obtaining higher PREs and lower MSEs. Furthermore, using the suggested estimator, MSE values fall
but PRE values grow when sample sizes and correlation coefficients climb. This pattern shows that the suggested
estimators continue to perform similarly to traditional SRSS under NSRSS.

In particular, the PRE values of the recommended NSRSS estimators and those of the NSSRS estimators are contrasted
in Tables 6 and 7. Since RSS is generally acknowledged as an improvement over SRS, the data show that all PRE
values are more than 100, highlighting the superiority of NSRSS estimators over their NSSRS counterparts.

Tables 8 and 9 offer a comparison between classical SRSS and NSRSS, using MSEs and PREs as benchmarks. These
tables show that MSEs obtained through classical SRSS fall within the range of values derived from NSRSS, with
NSRSS consistently delivering more outcomes that are effective. The analysis demonstrates that classical SRSS is
inadequate for handling ambiguous or indeterminate data. NSRSS, however, excels in estimating uncertain or interval-
based data, offering reliable results for Nc datasets compared to classical methods.
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9. Conclusion

This research addresses the difficulties challenged by unclear or uncertain data within the context of traditional
statistical methods. The lack of prior studies tackling this specific issue highlights the novelty and importance of this
work; it offers a substantial improvement in survey sampling methods, especially when it comes to managing
ambiguous and diverse data.

In this manuscript, we introduce the first NSRSS method within the field of sampling theory. We propose enhanced
NSRSS estimators aimed at estimating population means by incorporating subsidiary information. We used first-order
approximations to determine the expression of bias and MSE for these recommended estimators in order to assess
their efficacy. The performance of these proposed estimators was compared to existing alternatives through analyses
using both simulated datasets using R and real-world data of climate from a U.S. state. Numerical examples and
simulation analysis revealed that the recommended estimators consistently outperformed existing methods under the
NSRSS framework. Among these, the estimator labeled
P, demonstrated the best performance. Notably, the sensitivity examination of the suggested estimators under NSRSS
aligns closely with the behavior observed in classical SRSS. As sample sizes and correlation coefficients increase, the
MSE of the suggested estimators decreases, while the PRE improves.

Further comparisons between NSRSS estimators and their NSSRS counterparts confirm that NSRSS offers a more
robust alternative, similar to the way classical SRSS is superior to SSRS. The proposed estimators' MSEs under
conventional SRSS range from the lower to the higher MSE values found using NSRSS. The same trend applies to
PREs, emphasizing the enhanced efficacy of NSRSS over traditional methods. This study highlights NSRSS's superior
ability to manage neutrosophic data and produce more accurate population mean estimations than existing techniques.

The findings from numerical illustrations and simulations make a strong case for adopting the proposed NSRSS
estimators in various practical applications. Given the limited research on Nc SRSS estimators, there are many
opportunities for further development. Future work could explore variations such as unbalanced NRSS, extreme
NRSS, and double NRSS, similar to extensions in classical RSS. Additionally, replacing the recommended estimators
with alternative techniques or methodologies could be investigated. Beyond sampling theory, potential research
directions include statistical domains such as control charts, reliability analysis, hypothesis testing, and non-parametric
estimation, offering exciting avenues for advancing this field.
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