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Abstract

We studied and introduced a concept SIVFT then present the concept of SIVF subspace and SIVF product topology
in SIVF topological spaces. W-Hausdorff Separation Axiom in SIVF topological spaces and its basics are studied.
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1. Introduction

Decision-making is always plagued by an element of uncertainty and it is an unavoidable aspect in every occupation.
To overcome the problems of uncertainty Zadeh [29] framed the fuzzy set with broad application in abundant fields
and is used to express imprecise and vague concepts in natural language. Zadeh [30] initiated IVFs in which
membership are intervals of numbers. IVFs furnish a sufficient description of uncertainty than conventional Fs’s.
Chang [5] introduced fuzzy topological spaces based on Fs’s of Zadeh [29]. Lowen [17] modified the definition of
Chang [5] in order to study the structures of fuzzy topological spaces in detail. Further, the author introduced two
functors w and i to investigate the connections between fuzzy topological spaces and topological spaces. Mondal and
Samanta [20] introduced the concept of IVF topology by following the definition of Chang and Lowen’s FT. The
continuous function from IVFs to IVFs is also defined. Liang [16] proposed SIVFs, which is isolated case of type 2
Fs’s. Using SFs’s, Kalaichelvi [12] extended FT of Chang and Lowen to SFT. Several versions of Hausdorff separation
axiom have been defined ([2],[8],[12],[19],[22],[28]). Hausdorff separation axioms in fuzzy topological spaces
introduced by Gantner et al. [9] were extended to second order fuzzy topological spaces by Kalaichelvi [12] and were
denoted as W-Hausdorff axioms respectively. Using the concept of IVFs, we [3] introduced the notion of the IVF W-
Hausdorff  Space are defined by extending the definition of fuzzy Hausdorff space of Gantner and some basic
properties regarding this concept are proved. Using SIVFs’s, we extend IVFT of Mondal and Samantha’s to SIVFT.
The aim of this work is to develop SIVFW- Hausdorff space as an extension of IVF W- Hausdorff and some of its
basic properties are studied.

2. Preliminaries
Definition: 2.1 [29]

Let U be an arbitrary nonempty set. Let | = [0, 1]. A Fs in U is a mapping from U into | that is a Fs is an element of
IU.
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Definition: 2.2 [11]
Ay U — [I] said IVFs in U, [I] be closed subintervals of [0, 1]. All IVFs’s on U is denoted by IVF (U).

For every A, € IVF(U) and v € U, Ay () = [AF (), AYF (1)] called membership for element v to
Ay, Where AL U — 1and AYF : U — | called lower Fs and upper Fs in U. A, can also be represented as A,
= [CALF, c/qUF]

Definition: 2.3[20]
D, be family of IVFs on U. The family 9,, < IVF (V) called IVFT iff 9,, satisfies
0] O, Ly € Duv
(i) A, By € 9y implies A,y N By €D
(iii) Jl,Vje 9,y foreach j e Jimplies (U ¢, (c/l,Vj) €D
(U, 9,y) is IVF topological space.
Definition: 2.4 [3]

An IVF topological space (U, 9,y) is said to be an IVFW-Hausdorff, denoted by  (IVFW-H) or IVFW-
T,, if for all pair of disjoint points x, y € U, there exists two I\VF open sets A, = [ALF, AYF] €Y, and By, = [BLF,

BUF] €9,y such that ALF (v) = 1, AUF (v) =1, BLF (y) =1, BVF(y)=1and A,y N By = 0.
Definition: 2.5 [16]
A SIVFs in U is a map IVFs: U— [I]". The family of SIVFs’s is denoted by SIVF ().

For every Agye SIVF(U), v € Uand a € |. Agy (1) () = [ALSF (v)(ar), AUSF (v)(a)] called  membership
element v to Ag,y, where AXF: U — 1'and AYSF: U — I' called lower SFs and upper SFs in U. Here A, Written
[cALSF CHLSF]-

Two SIVFS’s Agy, Bgy inSIVF (U), Vv eUandV a el
()  Agy C By iff AT () <BF () and AYSF (1) < BUSF (wr),
iff AP (v) (o) < BYF (v) (@) and APF (v) (o) < BYF (v) (o),
(i) Asiy = Bsy if f Asiv é Bsyy and Bgyy é Asty
(iii) The union Ag;y @ Bg;y and intersection Ag;, (L\ Bg,y are defined respectively, by
‘ASIV @ BSIV = [quSFV BLSF, cﬂUSF\/ BUSF]

Ay A Bgyy = [ALSF A BLSF | AUSF A BUSF]
(iv)  The constant SIVFs’s Og;, and 1g;, defined Og;y = [0, Ogr], 1gv = [1sr, 1sr]

3. Second Order Interval Valued Fuzzy Topological Spaces
Definition: 3.1
Dy collection of SIVFs on U called SIVFT (Chang) if f 9,y satisfies
(i) Osivs Lsiv € Dsiv
(i) Asiv, Bsiy € Dy implies Agpy 0 Bgy € Dspy
(iii) As ;€ Dsiv for each j e Jimplies (ch/ls,vj) € Ygv

The pair (U, Yg,y) is SIVF topological space (Chang).
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Example: 3.2

Anonnull set U and +ve integer n. Py = {1y} U {Agy € SIVF(U) / AXF (1) (o) = 0, AYSF (v) (o) = 0, for

r
every v € Uand fora= —,r=0,1,...n}. Then Y, isa SIVFT on U.
n

Proof:
(i Since Ogp (1) (o) = 0, Ogp (v) (o) =0, for every v+ € U and for every a € |
Therefore Og;y € Dy

(i) Asivj € Dsiv forj el

r
implies A" ;(v) (o) = 0, AYSF; (v) () = 0, for o = o r=0,1,. n,forevery v+ € U and

r
Therefore v (A™F; (v) (@) =0, Vv (AYF; (v) (@) =0,fora=—,r=0,1,...n,
jel jel n
vre 0
implies (Ujdqswj) € Vsiv

(iii) CAS,V# € Ygy for p=1tom

H H LSF - USF — r —
implies A™", (v) (o) =0, A™", (v) (o) =0, for o # H r=0,1,.. n, forevery v+ € U and

m
r
Therefore A, (A"F, (v) (o)) = 0, A=, ( AYSF, () (@) =0, o= o r=0,......n,

forevery ve U
implies (nanl cﬂswi) € Dsiv

Therefore g,y is a SIVFT on U.

4. W-Hausdorff Separation Axiom in Second Order Interval Valued Fuzzy Topological Spaces

Definition: 4.1

foreveryj e J.

for every

foru=1to

SIVF topological space (U, Qgy) said (SIVFW-H), if V v,y € U, v #y, there exists two IVF open sets Ag;y =
[ALSE, AUSFY, Bgyy = [BESF, BUSF] € Ygpy, such that ALF (v) = 1, AVSF () = 1, BESF(y) = 1, BUSF(y)=1 and

Asy Ny Bspy = Oy
Definition: 4.2

SIVF topological space (U, 9g;y) said to SIVFW-Hausdorff of type 2, denoted (SIVFW-H),, by replacing

Agy Ny Bgy = 0gyy in above definition by Ag;y N, By = Ogpy-
Note: 4.3

(U, @Sn/) |S (SIVFW'H)l |mp||es (U, 2)5”/) |S (SIVFW'H)Q S|nce CASIV nl BSIV = OSIV Imp|IES CASIV nz BSIV
= 0g;y. The converse of the above implication is not true. Since Ag;y N, Bgyy = Og;y Need not imply that Ag;y Ny Bsyy

= Ogyv-
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Definition: 4.4

Let (U, YD) be SIVF topological space, a nonempty 0t is subset of U. Let Agyy € Dy Define the restriction
function Ag;,/ M : M — [1]' as follows

(ASEIM)(p) = A (D), (AT 1IM)(p) = APF(p), ifp e M.

Define Yg;v/ M = {Agpy /I such that Agy € D} Then Yg,py/ M called SIVF subspace topology of M and
(M, Vg / M) called SIVF subspace of (U, Dgp).

Theorem: 4.5

1. SIVF subspace of (SIVFW-H); space is (SIVFW-H);
2. SIVF subspace of (SIVFW-H), space is (SIVFW-H),

Proof:

(U, Ygpy) is (SIVFW-H); space and 9t be nonempty subset of U.
Consider yi, y2 € M where y1 = y». Then yi, Y2 € U, there exists two SIVF open set Agpy=[ALSF, AYSF],
Bsiy = [BYF, BYSF] € Ygyy, such that A (yy) =1, AYF( yy) =1, B"F(y,) =1,BYF(y,) = 1and

Asy N1 Bsy = Oy
Let Agy /T, Bsyy /M € Py / M, where
(Asry /M) = [AMT/I, AV /MY, (Bsyy /T = [BHSF /M, BYSF /9]
Therefore
(AP 1My = A (y1) =1
(AP 1My = A" () =1
(BYFIM(y2) = BHF(y,) =1
(BYF/I) (y2) = B (y,) =1
Also Agy N1 Bsyy = 0gyy implies ALSF (1) =0, AYSF (v) =0 or BESF () =0 and
BUSF()=0,Vv e Mc U
implies (ALSF [ IN) (v) =0, (AYSF I IM)(v) =0o0r
(BLSF M) (v) =0, (BUSF /M)(v)=0 Voelc
implies  Agy /I Ny Bsyy /M = 0gyy
Hence (M, g,y [ M) is (SIVFW-H),

(8, Dsry / M) is a (SIVFW-H), as (22X 0, 200) = 0,
implies (Agpy /T Ny Bsy /W) = Ogpy.
Definition: 4.6

Let (U, Ysiv,), (M, Ysyv,) be two SIVF topological spaces. If Agy € Dgy, and Bgyy €Ygyy,, then the
product (Agy * Bspy) in U x D is defined as follows :

[Asiy * Bsy] = [AXSF + BLSF, AYSF « BUSF] where

(c/‘lLSF % BLSF) (/lf, y) (OL) = c,qLSF (/lf) (OL) A BLSF (y) (OL)

(AVST * BUSF) (v, y) (o) = AYSF () (o) A BYSF (y) ()
V(r,y) eUxM ael

Product topology Yy, X Dy, on U x W is SIVFT having the collection {Ag;y * Bsyy [ Asyy € Dsiv 4
By € Ysiv,} as basis.
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Theorem:4.7

1. Product of two (SIVFW-H); spaces is (SIVFW-H);
2. Product of two (SIVFW-H); spaces is (SIVFW-H),
Proof:

(U, Ds1v,) and (I, Y,y ,) be (SIVFW-H), spaces.
Consider distinct points (v1, 1), (vr2, ¥2) € UX I
Either v1 = v20ry1 # Y2

take vy # v

Therefore there exists two SIVF open sets Agy, = [A™F, AYSF], By, = [BLSF, BUSF] €Yy, such that ASF (1)
=1, AUVSF (1) =1, BXF(v,) =1, BUSF (1) =1 and

Agy N1 By = Ogpy
Asv, Bsiy € Dsiv, implies Agy * Lgy € Doy X Dsiv 0 By * Lsiv € Dsiv X Dsivy
where
Asry *Lsy = [AMF *1gp, AT 1gp] and By * 1gyy = [BHF#1gp, BUSF * 1]
Consider
(ALSF* 1g5) (vr1, Y1) =ALF (1) A 1gp (Y1), Tor every (o1, y1) € UXx M
= 1
(AYSFx1gp) (v1, Y1) = AYSF (v1) A 1gp (Y1), for every (v1, y1) € U X M
= 1

(BESFx1gp) (w2, ¥2) = BYF (v2) A 1gp (Y2), for every (v2, y2) € Ux M

= 1
(BYSFx 1gp) (vr2, ¥2) = BYSF (12) A 1gp (Y2), for every (v2, y2) € Ux M

= 1
For (v, y) e UxIMN
Consider
(A 1) (v, ¥) # 0, (A 1) (v, y) 20
implies  (AXSF* 14) (v, y) (o) # 0, (AYSF* 1g) (1, y) (o) # 0, for some a € |
implies AT (v) (o) A 1gr (y) () %0,

AYSE (1) (o) A 1gp (Y) () 2 0, for some a. € |

implies AL (v) (o) # 0, AYSF (v) (o) # 0, Vore U, for some a € |
implies  ALSF (1) 20, AYSF ()20, Vor € U
implies  BLSF (v) =0, BYSF (v) = 0, Vor € U (since Agy, Ny Bsyy, = 0gyv)
implies  BLSF (v) (o) = 0, BYSF () (0) =0, Vore U, Va € |
implies  B"F (v) () A Lsp (v) () =0, BYF (v) (@) A 1gr (¥) (@) =0, Vor € U,
yetael
implies  (B" * 1g¢) (v, ¥) (@) =0, (BY * 1gp) (v, ¥) () =0,
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V(r,y) e UxIand o el
implies (BYF * 157) (v, ¥) = 0, (BYF * 15¢) (v, ¥) =0
Therefore (Agy * 1gy) N1 By * 1) = Ogpp
Similarly, y1 # y»
Therefore (U X M, Vv, X Dsiv,) is (SIVFW-H),
(O XM, Dy X Dsiv,) s (SIVFW-H)2 as Agpyy Ny By = Ogyy implies Agyy N, Bsyy = Oy
Definition: 4.8
{(U;, 2JS,V].) /'j € T} Collection of SIVF topological spaces, U =[];¢r Uj. SIVF product topology on U is
SIVF open sets of the form Ay, = [[Tjer A*Fj, [1jer AYSFj], where Agry j€ Dsiv; and Agyy ;= gy except j’s. Here
(Mjer AT () (@) = Ajeg A, (v)) (o),
(Mjer AP (i) (@) = Aje7 AV (v)) (@)
V (v'j) € [ljer Uj and for some a. € I.
Theorem: 4.9
1. Arbitrary product of (SIVFW-H)1 space is (SIVFW-H);
2. Arbitrary product of (SIVFW-H), space is (SIVFW-H),
Proof:
{(U;, 2)S,Vj) /j e T} be (SIVFW-H); spaces.
U =[ljer Uj and Dy = [ljer sDSIV]-
Take distinct IVF points (v j), (y;) €[l;¢; Uj.
Therefore vy # Yk, for some k e T there exists SIVF open sets Agp,= [ALSF, AYSF, ],

Bsiy= [B"F ., B ] € Dy, such that AF, (i) =1, AYSF (v4) =1, BYF () =1,  BYF (yw) =1 and
Asvy, N1 Bsivy, = Ospy

Let Asy =[ljer Asiv;, where Agy ; = 1gpy, forj=k
By = [ljer BSIVj’ where BSIV]' =1gy, forj=k
Then Agy, Bsy € [ljer g)swj
Asyy = [ljer Asv; = [([Tjer A, [jer AYSF]]
([Tjer A*Fj) (vy) Aj e 7 ASF; (1)
ALSF L, (1), forsome k e T

1
N e 7 AV (1)

AYSE, (v), forsomek e T

([jer A™) ()

= 1
Bsyy = HjET Bszvj = [H].Ef BLSF]-, HjeT BUSF]-]
(ijT BLSFj) (yl) = /\] e TBLSFj (y])

226
DOI: https://doi.org/10.54216 /1]INS.260315



https://doi.org/10.54216/IJNS.260315

International Journal of Neutrosophic Science (IINS) 170l 26, No. 03, PP. 221-228, 2025

BLSF, (yx), for somek e T

1

(Ljer B D ) = Ajer B ()

=BYSF, (y«), forsome k e T

= 1

ConsiderVv €0
[Tjer A*Fj (v) # 0 and [1jer AYFj (v) £ 0

(ITjer AFj (1)) (@) = 0 and ([Tjer AYSFj (v)) (o) =0, for some o € |

A e7(AYFj (v) (o)) =0 and Aj c 7 (AYF; (v) (@) =0

ASF (1) (@) # 0 and AVSF, (1) (or) # 0, for k # j

BLSF, (1) (o) = 0 and BYSF, () (0) =0,V a € |

Aj e 7(BYFy () (@) = 0and Ay c 7(BYFy, (v) (o) =

(ITjer B*Fj) (v) (@) = 0 and ([Tjer BY*F)) () () = 0

(ITjer B*Fj) () = 0 and ([1;er BUF)) () =0

implies Ag;y Ny Bspy = Opyr

Hence (U, Ygv) is (SIVFW-H);

(U, Dgpv) is (SIVFW-H); as Ag;y Ny Bsyy = Oy implies Agy N, Bgpy = Ogpyy

5. Conclusion

The level of this research was to evolve W-Hausdorff Separation axioms in sequence to assemble a framework that
will furnish method for object ranking. Thus, we initiated a new definition of Second order IVFT, second order IVF
Subspace and second order IVF product topology. W- Hausdorff separation axiom in second order IVF topological
spaces were presented, and furthermore, its basics are studied.
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