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Abstract

The aim of this paper is to study homomorphisms between refined neutrosophic rings and neutrosophic rings. We
prove that every neutrosophic ring R(I) is a homomorphic image of the refined neutrosophic ring R(Iy,1,).
Furthermore, we prove the following interesting result:

Theorem. Let R be a ring with Char(R) = 2, then R(I;,1,)/K = R(I), where K is a subring of R(I;,1,) with the
property K = R.
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1. Introduction

Neutrosophy as a generalization of classical logic introduced by Smarandache plays an important role in
algebraic studies, many neutrosophic algebraic structures were defined and studied such as neutrosophic groups, and
neutrosophic fields. See[4, 5, 6, 8]. Neutrosophic ring was defined in [8] as a new kind of rings. It has been studied
carefully in [4, 5], many related concepts such as neutrosophic subring, neutrosophic ideal, and neutrosophic
homomorphism were introduced and checked. Also, concepts of refined neutrosophic ring, refined neutrosophic
subring, refined neutrosophic ideal were defined and studied in [2, 3]. Concepts such as AH-ideal, AHS-ideal, and
AHS-homomorphisms are introduced in [1]. In [3], Adeleke, Agboola and Smarandache proved the following result:

Let Z, (I, I;) be a refined neutrosophic ring with addition and multiplication modulo n, then 0(Z,,(I,1;)) = n3.

In general it is easy to check that the order of finite refined neutrosophic ring R(I;, I;) = n3, where n is the order
of the finite ring R. The previous result motivates us to check if there is a classical ring homomorphism
between R(1;,1,), R(I) and to investigate the kernel of a homomorphism under the assumption that if there is a
classical homomorphism between R(I;,1;), R(I). Since neutrosophic ring R(I) and refined neutrosophic ring
R(I4, 1) are rings by classical meaning, we can use concepts such as classical ring homomorphism/isomorphism to
obtain some properties of these rings.

All homomorphisms and isomorphisms through this paper are considered by classical meaning not
neutrosophical meaning defined in [2, 3 ,5].
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2. Preliminaries
In this section we recall some basic notions and results regarding to neutrosophic rings.

Definition 2.1.([5]) Let (R, +,%) be aring.R(I) = {a + bI: a, b € R}is called the neutrosophic ring, where I is a
neutrosophic element with condition I? = 1.

Remark 2.2.([2]) The element I can be split into two indeterminacies I, , I, with conditions:
L2 =1, L° =1L, L1, = LI, =1,.

Definition 2.3.([2]) If X is a set then X(I3,1,) = {(a,bl;,cl,);a,b,c € X} is called the refined neutrosophic set
generated by X, I, .

Definition 2.4.([2]) Let (R,+,X) be a ring. (R(I1,1,),+,X) is called a refined neutrosophic ring generated by
R, IL,.

Theorem 2.5.([2]) Let (R(I;, I;) , +,X) be a refined neutrosophic ring. Then it is a ring.

Definition 2.6.([1]) Let R be a ring and R (I) be the corresponding neutrosophic ring and
P=Py,+PIl={a,+a,l; ay € Py,a, € P}, where Py, P,are two subsets of R. Then P is an

a) AH-ideal if Py, P; are ideals in the ring R,
b) AHS-ideal if Py = P;.

3. Main discussion

Theorem 3.1: Let (R,+,X) be a ring and R(I), R(I;,1,) the corresponding neutrosophic ring and refined
neutrosophic ring respectively. Then

a) There is a ring homomorphism f: R(Iy,1,) = R(I) defined by f(a,bl;,cl;) =a+ (b+c)l.
b) The additive group (Ker(f),+) is isomorphic to the additive group (R, +).

Proof.(a) Let a,b,c € R. Define f:R(I,1, ) » R(I) by f(a,bly,cl,) =a+ (b+c)l. Then f is well defined,
since if (a, bl;, cl, ) = (x,yl,zI, ), thena=x,b=y,c =z Thus,a+ (b+ )l =x + (y + 2)I.

Also, f is a ring homomorphism. For this, suppose that m = (a, bl, cl;),n = (x,yl, zI,) € R(I;, 1,), we have:
m+n=(a+x(b+y)l,(c+2)l,),and
mxn=(axx,(axXxy+bXxy+bxz+bXxx+cxy)l,(aXz+cXxx+cX2z)L,).
So,f(m+n)=[a+x]+[b+y+c+z]l =f(m)+ f(n) and
fmxn)=laxx]+laxy+bXxy+bXxz+bXx+cXy+axz+cxXxx+cxz]l=

[a+ B+ X[x+ y+2)I]=f(m)xf(n).

It is clear that f is a surjective map.

(b) By the definition Ker(f) = {(a, bl;,cl,) € R(I,1,):a+ (b+c)I =0=0+0/}. Hence a = 0,b + ¢ = 0,this
means b = —c. Thus, Ker(f) = {(0,bl;, —bl,): b € R}.
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It is easy to check that ¢ : Ker(f) - R defined by ¢(0,bl;,—bl,) =bis a group isomorphism between
(Ker(f),+) and (R, +).

As a simple result from the Lagrange theorem we have:

If R is finite ring, then% = o(R(I)).

Theorem 3.2. Let R be a ring, where Char(R) = 2. Thenthere is a subring of R(/y, I;)say Kwith the property K =
RandR(I}, 1,)/K = R(I).

Proof. Applying Isomorphism Theorem, we get R(Iy,1;)/Ker f = R(I), and ¢ (defined in Theorem 3.1) is a group

isomorphism between (Ker(f),+) and (R,+). Now, we prove that ¢ is a ring isomorphism under the condition
Char(R) = 2.

Suppose that m = (0, b1, —bl,) and n = (0, cI;, —cl,)are two arbitrary elements in Ker(f), we have:
mxn=(0,(bxc—bxc—bxc)l,(bxc)ly)=(0,[-bXxc]l,[bxc]l).

So,f(mxn) =—-bxc=bxc=f(m)Xxf(n).

[-b X ¢ = b X c,since Char(R) = 2].

By the previous aspect we find that K = (Ker(f),+,X) = (R, + ,X).Thus, R(I;, ;) /K = R(I).

Theorem 3.3. Let R be a ring.Then there is a subring of R(/)say Kwith the property K = RandR(I) / K = R.

Proof. Define f:R(I) » Rby f(a+ bl) =a. It is easy to check that f is a surjective ring homomorphism.
Thus, R(I)/Ker(f) = R.

Also, Ker (f) ={a+ bl € R(I):a =0} ={bl:b € R} = RI, since K = RI is a subring of R(I) and the map
@: K — R defined by ¢(bl) = b is a ring isomorphism, we get the proof.

Example 3.4. Let R =Z,. Then R is a ring with respect to addition and multiplication modulo2, we
have Char(R) = 2.

R(I3,1,) = {(a,bly,cly):a,b,c € Z,} is the corresponding refined neutrosophic ring.

R(I) ={a+ bl:a,b € Z,} is the corresponding neutrosophic ring.

Let f be the ring homomorphism defined in Theorem 3.1, we have:

Ker(f) = {(0,bl;,—bl,):b € Z,} = {(0,0,0),(0,1,,1,)} = Rand

R, I)/K = {K,(1,0,0) +K,(0,1;,0) + K, (1,0,1,) + K} = R(]).

So, O(R(I1,15)) = 8,0(R(I)) = 4,0(R) = 2. Therefore, O(R(I3,1,))/0(R) = O(R(D)) = 4.

4. Conclusion

In this paper we have studied the relationship between refined neutrosophic rings and neutrosophic rings by using
classical methods in Ring Theory. In particular have shown:
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a) Every neutrosophic ring R (/) is a homomorphic image of refined neutrosophic ring R(I3, I,).
b) If Char(R) = 2, then there is a subring of R(I;, I,) say Kwith property K = R andR(I;,1,)/K = R(I).
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