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Abstract
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1 Introduction
The first successful attempt towards containing non-probabilistic uncertainty, i.e. uncertainty which is not
incite by randomness of an event, into mathematical modeling was made in 1965 by Zadeh[17] through his
significant theory on fuzzy sets. A fuzzy set is a set where each element of the universe belongs to it but with
some value or degree of belongingness which lies between 0 and 1 and such values are called membership
value of an element in that set. Later on Chang[3] was the first to introduce the concept of fuzzy topology.

Further generalization of this fuzzy set was introduced by Atanassov[1,2] in 1986, which is known as
Intuitionistic fuzzy sets. In intuitionistic fuzzy set, instead of one membership value there is also a non-
membership value devoted to each element. Further there is a restriction that the sum of these two values
is less or equal to unity. In Intuitionistic fuzzy set the degree of non-belongingness is not independent but
it is dependent on the degree of belongingness. Fuzzy set theory can be considered as a special case of an
Intuitionistic fuzzy set where the degree of non-belongingness of an element is exactly equal to 1 minus the
degree of belongingness. Along with these IFS are also studied extensively in the topological framework
introduced by Coker[4].

Neutrosophic logic was introduced by Smarandache[15] in 1995. It’s a logic during which each proposition
is calculated to possess a degree of truth, a degree of indeterminacy and a degree of falsity. In 2012, Salama
et.al[16] introduced the neutrosophic topological spaces as sort of a generalization concerning intuitionistic
fuzzy topological space and a neutrosophic set without the degree concerning membership, the degree of
indeterminacy and therefore the degree regarding non-membership over each element.

The neutrosophic concept have wide range of real time applications for the fields of [7,10,12,13] Informa-
tion Systems, Computer Science, Artificial Intelligence, Applied Mathematics, decision making. Mechanics,
Electrical Electronic, Medicine and Management Science etc,.

Rough set theory is introduced by Pawlak[11] as a replacement mathematical tool for representing reason-
ing and deciding handling vagueness and uncertainty. This theory provides the approximation of sets by means
of equivalence relations and is taken into account together of the primary non-statistical approaches in data
analysis. A rough set are often described by a pair of definable sets called lower and upper approximations.
The lower approximation is that the greatest definable set contained within the given set of objects while the
upper approximation is that the smallest definable set that contains the given set. Rough set concept are often
defined quite generally by means of topological operations, interior and closure, called approximations.

In 2013, a new topology called Nano topology was introduced by Lellis Thivagar[5] which is an extension
of rough set theory. He also introduced Nano topological spaces which were defined in terms of approxima-
tions and boundary region of a subset of a universe using an equivalence relation on it. The elements of a
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Nano topological space are called the Nano open sets and its complements are called the Nano closed sets.
Nano means something very small. Nano topology thus literally means the study of very small surface. The
fundamental ideas in Nano topology are those of approximations and indiscernibility relation.

Now Lellis Thivagar et.al[6] explored a new concept of neutrosophic nano topology. In that paper he
discussed about neutrosophic nano interior and neutrosophic nano closure.

In this article, we introduce neutrosophic nano αg#ψ(NN−αg#ψ)-closed sets and study some basic prop-
erties in neutrosophic nano topological spaces.

2 Preliminaries
Definition 2.1 (14). A neutrosophic set S is an object of the following form

A = {〈s,PA(s),QA(s),RA(s) : s ∈ S〉}

where PA(s),QA(s) andRA(s) denote the degree of membership, the degree of indeterminacy and the degree
of nonmembership for each element s ∈ S to the set A, respectively.

Definition 2.2 (14). Let A and B be Neutrosophic sets of the form
A = {〈s,PA(s),QA(s),RA(s) : s ∈ S〉} and
B = {〈s,PB(s),QB(s),RB(s) : s ∈ S〉}. Then
(i) A ⊆ B if and only if PA(s) ≤ PB(s), QA(s) ≤ QB(s) andRA(s) ≥ RB(s);
(ii) A = {〈x,RA(s),QA(s),PA(s) : s ∈ S〉};
(iii) A ∪ B={〈s,PA(s) ∨ PB(s),QA(s) ∧QB(s),RA(s) ∧RB(s)〉 : s ∈ S};
(iv) A ∩ B={〈s,PA(s) ∧ PB(s),QA(s) ∨QB(s),RA(s) ∨RB(s)〉 : s ∈ S}.

Definition 2.3 (16). A neutrosophic topology on a non-empty set X is a family τ of neutrosophic sets in X
satisfying the following axioms:

i. 0N, 1N ∈ τ ,

ii. G1 ∩ G2 ∈ τ for any G1,G2 ∈ τ ,

iii. ∪Gi ∈ τ for arbitrary family {Gi|i ∈ j} ⊆ τ .

Definition 2.4 (6). Let U be a universe and R be an equivalence relation on U and Let S be a neutrosophic
subset of U . Then the neutrosophic nano topology is defined by τN(S) = {0N, 1N,N(S),N(S), BN(S)}, where

i. N(S)={
〈
y,MR(y), IR(y),NR(y)

〉
/z ∈ [y]R, y ∈ U}.

ii. N(S) ={
〈
y,MR(y), IR(y),NR(y)

〉
/z ∈ [y]R, y ∈ U}.

iii. BN(S)=N(S)− N(S).
where MR(y) = ∧z∈[y]RMS(z), IR(y) = ∧z∈[y]RIS(z), NR(y) = ∨z∈[y]RNS(z), MR(y) =

∨z∈[y]RMS(z), IR(y) = ∨z∈[y]RIS(z), NR(y) = ∧z∈[y]RNS(z).

Definition 2.5 (6). Let A be a neutrosophic set in a neutrosophic nano topological space (X, τ). Then

i. NNint(A) =
⋃
{G|G is a neutrosophic nano open set in (X, τ) and G ⊆ A is called the neutrosophic

nano interior of A.

ii. NNcl(A) =
⋂
{H|H is a neutrosophic nano closed set in (X, τ) and H ⊇ A is called the neutrosophic

nano closure of A.

Definition 2.6 (9). A neutrosophic set A in a neutrosophic nano topological space (X, τ) is called,

i. a neutrosophic nano semi-open set if A ⊆ NNcl(NNint(A)).

ii. a neutrosophic nano α-open set if A ⊆ NNint(NNcl(NNint(A))).

iii. a neutrosophic nano pre-open set if A ⊆ NNint(NNcl(A)).

iv. a neutrosophic nano regular-open set if A = NNint(NNcl(A)).

Definition 2.7. A subset A of a space (X, τ) is called
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i. a neutrosophic αg#ψ-closed set[8] ifNαcl(A) ⊆ U whenever A ⊆ U and U is neutrosophic g#ψ-open
in (X, τ)

ii. a neutrosophic nano semi-generalized closed set[9] if NNscl(A) ⊆ U whenever A ⊆ U and U is neutro-
sophic nano semi-open in (X, τ),

iii. a neutrosophic nano ψ-closed set[9] if NNscl(A) ⊆ U whenever A ⊆ U and U is neutrosophic nano
sg-open in (X, τ),

3 Basic Properties of NN−αg#ψ-closed sets

Definition 3.1. A subset A of (X, τ) is called

i. a neutrosophic nano g#ψ-closed set if NNψcl(A) ⊆ U whenever A ⊆ U and U is neutrosophic nano
ψ-open in (X, τ).

ii. a NN−αg#ψ-closed set if NNαcl(A) ⊆ U whenever A ⊆ U and U is neutrosophic nano g#ψ-open in
(X, τ).

Theorem 3.2. Every neutrosophic nano closed set is NN−αg#ψ-closed set.

Proof: Let A ⊆ U and U is neutrosophic nano g#ψ-open in (X, τ). Since A is neutrosophic nano closed
set, then NNcl(A) = A. But NNαcl(A) ⊆ NNcl(A), then NNαcl(A) ⊆ U . Hence A is NN−αg#ψ-closed.

Theorem 3.3. Every neutrosophic nano regular-closed set is NN−αg#ψ-closed set.

Proof: Let A ⊆ U and U is neutrosophic nano g#ψ-open in (X, τ). Since A is neutrosophic nano regular-
closed set, then NNrcl(A) = A. But NNαcl(A) ⊆ NNrcl(A), then NNαcl(A) ⊆ U . Hence A is NN−αg#ψ-
closed.

Theorem 3.4. Every neutrosophic nano α-closed set is NN−αg#ψ-closed set.

Proof: Let A ⊆ U and U is neutrosophic nano g#ψ-open in (X, τ). Since A is neutrosophic nano α-closed
set, then NNαcl(A) = A. But NNαcl(A) ⊆ U . Hence A is NN−αg#ψ-closed.

Theorem 3.5. Every NN−αg#ψ-closed set is neutrosophic nano sg-closed set.

Proof: Let A ⊆ U and U is neutrosophic nano semi-open in (X, τ). Since every neutrosophic nano semi-
open set is neutrosophic nano g#ψ-open, U is neutrosophic nano g#ψ-open. Since A is NN−αg#ψ-closed,
NNαcl(A) ⊆ U . But NNscl(A) ⊆ NNαcl(A), then NNscl(A) ⊆ U . Therefore, A is neutrosophic nano
sg-closed.

Theorem 3.6. Every NN−αg#ψ-closed set is neutrosophic nano ψ-closed set.

Proof: Let A ⊆ U and U is neutrosophic nano sg-open in (X, τ). Since every neutrosophic nano sg-
open set is neutrosophic nano g#ψ-open, U is neutrosophic nano g#ψ-open. Since A is NN−αg#ψ-closed,
NNαcl(A) ⊆ U . But NNscl(A) ⊆ NNαcl(A), then NNscl(A) ⊆ U . Therefore, A is neutrosophic nano
ψ-closed.

Theorem 3.7. Every NN−αg#ψ-closed set is neutrosophic nano g#ψ-closed set.

Proof: Let A ⊆ U and U is neutrosophic nano ψ-open in (X, τ). Since every neutrosophic nano ψ-
open set is neutrosophic nano g#ψ-open, U is neutrosophic nano g#ψ-open. Since A is NN−αg#ψ-closed,
NNαcl(A) ⊆ U . But NNψcl(A) ⊆ NNαcl(A), then NNψcl(A) ⊆ U . Therefore, A is neutrosophic nano
g#ψ-closed.

Remark 3.8. The reverse implication of the above theorems is not true as shown in the following example.

Example 3.9. Assume U = {p, q, r} be the universe set and the equivalence relation is U/R = {{p, r}, {r}}.
Let
A = {〈p, (0.4, 0.4, 0.3)〉 , 〈q, (0.3, 0.4, 0.2)〉 , 〈r, (0.4, 0.3, 0.4)〉}
be a neutrosophic nano subset of U . Then
N(A) = {〈p, (0.3, 0.4, 0.3)〉 , 〈q, (0.3, 0.4, 0.3)〉 , 〈r, (0.4, 0.3, 0.4)〉}
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N(A) = {〈p, (0.4, 0.4, 0.2)〉 , 〈q, (0.4, 0.4, 0.2)〉 , 〈r, (0.4, 0.3, 0.4)〉}
B(A) = {〈p, (0.2, 0.4, 0.4)〉 , 〈q, (0.2, 0.4, 0.4)〉 , 〈r, (0.4, 0.3, 0.4)〉}
Nr-closed set=
D1 = {〈p, (0.3, 0.4, 0.3)〉 , 〈q, (0.3, 0.4, 0.3)〉 , 〈r, (0.4, 0.3, 0.4)〉}
neutrosophic nano α-closed set=
D2 = {〈p, (0.3, 0.4, 0.3)〉 , 〈q, (0.3, 0.4, 0.3)〉 , 〈r, (0.4, 0.3, 0.4)〉}
neutrosophic nano sg-closed set=
D3 = {〈p, (0.2, 0.3, 0.4)〉 , 〈q, (0.2, 0.3, 0.4)〉 , 〈r, (0.3, 0.2, 0.4)〉}
neutrosophic nano ψ-closed set=
D4 = {〈p, (0.2, 0.2, 0.2)〉 , 〈q, (0.2, 0.2, 0.2)〉 , 〈r, (0.3, 0.2, 0.4)〉}
neutrosophic nano g#ψ-closed set=
D5 = {〈p, (0.2, 0.1, 0.3)〉 , 〈q, (0.2, 0.2, 0.3)〉 , 〈r, (0.3, 0.2, 0.4)〉}
NN−αg#ψ-closed set=D6 = {〈p, (0.2, 0.1, 0.4)〉 , 〈q, (0.2, 0.2, 0.4)〉 , 〈r, (0.3, 0.2, 0.4)〉}
Let τ = {0N,N(A),N(A),B(A), 1N}. Here (D5)

c is neutrosophic nano g#ψ-open set, Nαcl(D6) ⊆ (D5)
c.

Then D6 is NN−αg#ψ-closed set in (X, T ) but not neutrosophic closed set, Nr-closed set and neutrosophic nano
α-closed set.
Here D3, D4 and D5 are neutrosophic nano sg-closed set, neutrosophic nano ψ-closed set and neutrosophic
nano g#ψ-closed set respectively. But not NN−αg#ψ-closed set because Nαcl(D3) 6⊆ (D5)

c, Nαcl(D4) 6⊆
(D5)

c and Nαcl(D5) 6⊆ (D5)
c.

Theorem 3.10. Intersection of two NN−αg#ψ-closed sets in (X, τ) is again NN−αg#ψ-closed set.

Proof: Let A and B be the subsets of NN−αg#ψ-closed sets, A ⊆ U and NNαcl(A) ⊆ U , B ⊆ U and
NNαcl(B) ⊆ U , U is a neutrosophic nano g#ψ-open. Therefore, A ∩ B ⊆ A and αcl(A ∩ B) ⊆ αcl(A),
A ∩ B ⊆ B and αcl(A ∩ B) ⊆ NNαcl(B). HenceNNαcl(A ∩ B) ⊆ U and U is a neutrosophic nano g#ψ-open.
Thus A ∩ B is NN−αg#ψ-closed set.

Theorem 3.11. Union of two NN−αg#ψ-closed sets in (X, τ) is again NN−αg#ψ-closed set.

Proof: Let A and B be the subsets of NN−αg#ψ-closed sets, A ⊆ U and NNαcl(A) ⊆ U , B ⊆ U and
NNαcl(B) ⊆ U , U is a neutrosophic nano g#ψ-open. Therefore, A∪B ⊆ U andNNαcl(A∪B) = NNαcl(A)∪
NNαcl(B) ⊆ U . That is NNαcl(A ∪ B) ⊆ U . Therefore, A ∪ B is NN−αg#ψ-closed set.

Theorem 3.12. If a set A is NN−αg#ψ-closed in (X, τ) iff NNαcl(A)− A contains no non-empty neutrosophic
nano g#ψ-closed set.

Proof: Necessity: Let F be a neutrosophic nano g#ψ-closed in (X, τ) such that F ⊆ NNαcl(A)−A. Then
F ⊆ X − A. This implies A ⊆ X − F . Now X − F is neutrosophic nano g#ψ-open set of (X, τ) such that
A ⊆ X − F . Since A is NN−αg#ψ-closed set then NNαcl(A) ⊆ X − F . Thus F ⊆ X − NNαcl(A). Now
F ⊆ NNαcl(A) ∩ (X −NNαcl(A)) = 0N.
Sufficiency: Assume that NNαcl(A) − A contains no non-empty neutrosophic nano g#ψ-closed set. Let
A ⊆ U , U is Ng#ψ-open set. Suppose thatNNαcl(A) is not contained in U thenNNαcl(A)∩Uc is a non-empty
neutrosophic nano g#ψ-closed set ofNNαcl(A)− A, which is a contradiction. Therefore,NNαcl(A) ⊆ U and
hence A is NN−αg#ψ-closed.

Theorem 3.13. If a subset A is NN−αg#ψ-closed and A ⊆ B ⊆ NNαcl(A), then B is NN−αg#ψ-closed set.

Proof: Let B ⊆ U , U is a neutrosophic nano g#ψ-open, then A ⊆ B and A ⊆ U . Since A is NN−αg#ψ-
closed, NNαcl(A) ⊆ U but B ⊆ NNαcl(A) this implies that NNαcl(B) ⊆ NNαcl(A). Therefore, NNαcl(B) ⊆
NNαcl(A) ⊆ U . Thus NNαcl(B) ⊆ U and U is neutrosophic nano g#ψ-open. Hence B is NN−αg#ψ-closed.
Conclusion

In this article the new concept of NN−αg#ψ-closed sets is introduced in neutrosophic nano topological
spaces. Furthermore, the work was extended as its basic properties.
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