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Abstract

Numerous mathematical frameworks have been developed to handle uncertainty, including Fuzzy Sets,!' In-
tuitionistic Fuzzy Sets,* Hyperfuzzy Sets,” Picture Fuzzy Sets,* Hesitant Fuzzy Sets,>'® Neutrosophic Sets,”
Plithogenic Sets.® and Soft Sets,” and research in this area continues to evolve rapidly. Rough set theory
provides a foundational method for approximating subsets using lower and upper bounds based on equiva-
lence relations, offering an effective approach to modeling uncertainty in classification and data analysis 1%
Building upon these foundations, extended models such as HyperRough Sets and SuperHyperRough Sets have
been proposed''? In this paper, we present novel definitions that further generalize Graded Rough Sets and
Linguistic Rough Sets—specifically, the Graded HyperRough Set and the Linguistic HyperRough Set. These
new frameworks are expected to contribute to the advancement of research in fields such as decision-making,
language theory, and artificial intelligence.
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1 Preliminaries

This section provides an introduction to the foundational concepts and definitions required for the discussions
in this paper. Throughout this paper, all sets under consideration are assumed to be finite.

1.1 Rough Set

A rough set approximates a subset using lower and upper bounds determined by equivalence classes, thereby
capturing both certainty and uncertainty in membership 1"

Definition 1.1 (Universal Set). A universal set, denoted by U, is the set that contains all elements under
consideration in a particular context. Every set discussed is assumed to be a subset of U.

Definition 1.2 (Rough Set Approximation). 1%Let X be a nonempty universe of discourse, and let R C X x X
be an equivalence relation (also called an indiscernibility relation) on X. The relation R partitions X into
disjoint equivalence classes, denoted by [z] g for each z € X, where

[z]lr ={y € X [ (z,y) € R}.
For any subset U C X, the lower approximation U and the upper approximation U are defined by:

DOI: https://doi.org/10.54216/GIMSA.120201 1
Received: March 03, 2025 Revised: June 28, 2025 Accepted: August 21, 2025



Galoitica: Journal of Mathematical Structures and Applications (GIMSA) Vol. 12, No. 02, PP. 01-23, 2025

1. Lower Approximation:
U={reX|[z]g CU}.

This set contains all elements whose entire equivalence class is contained within U; these elements
definitely belong to U.
2. Upper Approximation: -
U={zeX|[z]gnU #0}.

This set contains all elements whose equivalence class has a nonempty intersection with U; these ele-
ments possibly belong to U.

Thus, the pair (U, U) forms the rough set representation of U, satisfying

UcCUcCU.

1.2 Graded rough sets

In the graded rough set model the classical approximations are refined quantitatively by measuring the degree
to which an equivalence class is included in a set X 1214

Definition 1.3 (Graded Rough Set). 19 Let X C U and B C A. Define the rough membership function

wx U —[0,1] by

|[z] N X]|
|[z] 5]

where | - | denotes the cardinality of a set. Fix a threshold k& € (0.5, 1]. Then the graded rough approximations

of X with respect to the attribute set B are defined as follows:

s () =

)

RE(X) ={z €U | pj(2) 2 k}

and
k

Rp(X)={x €U | pp(z)>1-k}.

The pair
k

5(X))
.

is called the Graded Rough Set of X at precision level k. If R%(X) = Ry(X), then X is said to be k-exact;
otherwise, it is k-rough.

Ri(X) = (RE(X), R

Example 1.4 (Graded Rough Set). Consider the universe
U=1{1,2,3,4,5,6}.
Assume that the equivalence classes induced by Rp are:
s ={1,2,3}, [l ={4,5}, [6]p={6}.

Let
X ={1,2,4,6}.

We compute the rough membership function for each x:

e Forany z € {1,2,3}:
{1,2,3} N{1,2,4,6}] 2

X
= = - =~ 0.67.
#a (v) {1,2,3] 3
e Forany z € {4,5}:
X ‘{4a5}m{1727416}‘ 1
= =—-=0.5.
e o) 74,51 2
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e Forx = 6:
_HeIn {1,246}

X

Now, choose & = 0.7. Then:
RE'(X) ={z € U | pg () > 0.7} = {6},
since only 2 (6) = 1 > 0.7. Moreover,
RE(X)={zeU|uf(x)>1-07=03} =0,

because 0.67 > 0.3, 0.5 > 0.3, and 1 > 0.3. Thus, the graded rough set representation is
Ry () = ({6}, V),

so X is 0.7-rough.

1.3 Linguistic Rough Set

The Linguistic Rough Set model replaces numerical degrees of inclusion with qualitative linguistic labels, ef-
fectively capturing the inherent vagueness of human assessments® Related concepts include Hesitant Fuzzy
Linguistic Term Sets'”!8 and Linguistic Neutrosophic Sets,"?*2” which offer additional approaches for model-
ing uncertainty in linguistic information.

Definition 1.5 (Linguistic Label Set and Mapping). 19 Let S be a finite, totally ordered set of linguistic labels:
S = {3727 5—-1,50, 51, 82},

with
S_9 <8_1 <589 <581 < S9.

For example, one may define:

§_o = “extremely low”,
S_1 = “IOW”,
So = “medium”,
s1 = “high”,
59 = “extremely high”.
Define a linguistic mapping ¢ : [0,1] — S by partitioning the interval [0, 1] with fixed thresholds 0 < a7 <
oo < ag < ay < 1. For example, one may set
S—1, 0 <it< Qg,
50, g <t <as,
£(t) =
s1, a3z <t <ay,
S92, ag <t <l1.

Definition 1.6 (Linguistic Rough Set). '9Let X C U and B C A. First, for each x € U the rough membership

function is computed as
|[z] N X

X —
/U‘B(x)_ Hx]Bl

Then, the linguistic evaluation of x is given by
Mz) = £(p3 (@)
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The Linguistic Rough Set (LRS) of X is defined as
LRS(X) ={([z]s,A(2)) |z €U }.

Furthermore, by selecting two linguistic thresholds sg and s, from & (with sg typically representing a higher
level of certainty), one can define the qualitative approximations as:

Lirs(X)={[x]g | AMz) = sg} (linguistic lower approximation),
Urrs(X) ={[z|s | M(z) > s, } (linguistic upper approximation).
Example 1.7 (Linguistic Rough Set). Using the same universe and partition as in the previous example, let
U=1{1,2,3,4,5,6}, U/Rp={{1,2,3}, {4,5}, {6}},

and take
X =1{1,2,4,6}.

Previously, we computed
~ 0.67, ze€{1,2,3},

5, x € {4,5},

2
3
pg (@) =9 0.
1, z = 6.

Assume the linguistic mapping thresholds are set as
Qg = 06, 3 = 08, g = 0.9.

Then:

e Forz € {1,2,3}: uX(x) ~ 0.67 so A\(z) = £(0.67) = so (“medium”™).
e Forz € {4,5}: ux(z) = 0.5s0 A(x) = £(0.5) = s_1 (“low™).
e Forz = 6: 7 (6) = 150 A\(6) = £(1) = s5 (“extremely high”).

If we choose sy = s; (i.e., we require at least a “high” rating) for the lower approximation, then

Lrrs(X) ={[z]p [ AMx) = s1} = {{6} }.

Similarly, setting s, = s_; for the upper approximation (including all granules rated better than “low”), we
obtain
ULrs(X) = {lz]s | AM(x) =51} = {{1,2,3}, {6}}.

Thus, the complete linguistic rough set representation is

LRS(X) ={({1,2,3}, “medium”), ({4,5}, “low”), ({6}, “extremely high”) }.

1.4 HyperRough Set and Superhyperrough Set

The HyperRough Set extends rough set theory by incorporating multiple attributes. Its formal definition is
given below. 2

Definition 1.8 (HyperRough Set). 2 Let X be a nonempty finite universe, and let Ty, T, . . ., T, be n distinct
attributes with corresponding domains J;, Jo, . . ., J,. Define the Cartesian product

J=Jp xJyx - x Jy.

Let R C X x X be an equivalence relation on X, with [z]  denoting the equivalence class of . A HyperRough
Set over X is a pair (F, J), where:
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* F:J— P(X) is a mapping that assigns to each attribute value combination a = (a1, as,...,a,) € J
asubset Fl(a) C X.

* For each a € J, the rough set approximations of F'(a) are defined as

F(a)={r € X | 2] CF(a)}, F(a)={z € X |[z]rNF(a)#0}.

Here, F'(a) comprises all elements whose equivalence classes are completely contained within F'(a), while

F(a) contains elements whose equivalence classes intersect F'(a). Additionally, the following properties hold
foralla € J:

e F(a) C F(a).

o If F(a) = @, then F(a) = F(a) = @.

* If F(a) = X, then F(a) = F(a) = X.
Example 1.9 (A simple HyperRough Set over two attributes). Let the finite universe be
X ={x1, %2, 23,24, T5,2T6}.

Define an equivalence relation R on X by the partition

[z1]r = {o1, 22}, [ws]r ={ws},  [wa]r ={za, 25}, [w6]r = {we}
Take two attributes:

T, = Color, J; = {red, blue}; Ty = Phase, Jo ={a, S},

so that J = J; x Jy = {(red, o), (red, 8), (blue, o), (blue, 8)}. Define F' : J — P(X) by

a€J ‘ F(a)
(red, ) | {z1, 23,24}
(red, B) {wa, 24}
(blue, a) {z5}
(blue, 8) | {x2,z6}

For each a € J, the lower/upper rough approximations are

F(a) ={z € X :[z]r C F(a) }, Fla)={zeX:[z]gnF(a) #0}.

A direct check using the R-classes above gives:

a ‘ F(a) ‘ F(a)
(red, ) | {z3} | {1, 22, 23,24, 75}
(red, ) | @ {z1, 29, 24, 25}
(blue, ) | @ {24, 25}

(blue, 3) {xG} {951,3527966}

Observe in each case F'(a) C F(a), and the extreme cases hold: if F(a) = & (resp. F'(a) = X) then

F(a) = F(a) = @ (resp. X), in agreement with the definition.

An n-SuperHyperRough Set generalizes rough sets by using power sets of attribute values to produce nuanced
approximations under uncertainty. The definition of n-SuperHyperRough Sets is described as follows.

Definition 1.10 (n-SuperHyperRough Set). % Let X be a nonempty finite universe, and let 7, 15, . .., T}, be
n distinct attributes with respective domains J1, Ja, . . ., J,,. For each attribute T;, let P(.J;) denote its power
set. Define the set of all possible attribute value combinations as

J = P(Jl) X P(JQ) X e X P(Jn)
Let R C X x X be an equivalence relation on X. An n-SuperHyperRough Set over X is a pair (F, J), where:
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e F:J — P(X)is a mapping that assigns to each attribute value combination A = (A, As,..., A,) €
J (with A; C J; for all i) a subset F/(A) C X.

¢ For each A € J, the lower and upper approximations are defined as

F(A)={ze X |[z]ln C F(A)}, F(A)={zeX|[z]anF(A)#0}.

Thus, F'(A) consists of all elements whose equivalence classes are entirely contained in F'(A), and F'(A)
includes those elements whose equivalence classes intersect F'(A). The following properties hold for all
AeJ:

« If F(A) = o, then F(A) = F(A) = 2.

If F(A) = X, then F(A) = F(A) = X.

e Forany A, B € J,

F(ANB) C F(A)nF(B), F(AUB) 2 F(A) UF(B).

Example 1.11 (Real-life Example of a 2-SuperHyperRough Set). Let X = {S1, 52, S5, S4} represent four
online shoppers. We use two attributes:

T = Preferred OS, J; = {iOS, Android},

T, = Screen Size, Jo = {Small, Large}.

Then
J = P(Jl) X P(JQ)

has 16 combinations. Define an equivalence relation R by “same region,” with classes
[S1]r = [S2]r = {51, S2},  [S3]r = [Sa]r = {55, S4}.
Specify the mapping F': J — P(X) on key combinations:

F({i0S}, {Large}) = {S1, Sz},
F({Android}, {Small}) = {53},
F({Android}, {Large}) = {S4},
F(A) = & for all other A € J.

1. For A = ({iOS}, {Large}), F(A) = {S1,S2}. Since each shopper in {57, 52} shares the same region
class,

F(A) ={r € X | [z]r C {51, Sa}} = {51, Sa},
F(A) = {z € X [ [2]r N {81, Sa} # @} = {51, 52}.
Thus this concept is crisply captured.
2. For B = ({Android}, {Small}), F(B) = {Ss}. But [Ss]r = {Ss, S4} Z {Ss1}. s0
F(B) =2,

while

F(B) ={x € X | [z]r N {S3} # &} = {53, S}

This illustrates a non-crisp (rough) concept: only possibly S4 belongs to the “Android + Small” group.
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Example 1.12 (Real-life Example of a 3-SuperHyperRough Set). Let X = {U;,Us, Us, Uy, Us, U} be six
movie subscribers. We use three attributes:

T, = Genres, J; = {Action, Drama, Comedy},
T, = Languages, J, = {English, Spanish},
T5 = Time of Day, J3 = {Morning, Evening},

S0
J = P(Jl) X 73(.]2) X P(Jg)
Define R by “same subscription tier,” with classes {Uy, Us, U3} and {Uy, Us, Us}. Specify F on two combi-

nations:
F ({Action, Comedy}, {English}, {Evening}) = {Uy, Uz, Us},

F ({Drama}, {Spanish}, {Morning}) = {U4},
F(A) = @ for all other A € J.

1. For A = ({Action, Comedy}, {English}, {Evening}),
F(A) ={U1,U2,Us}, [Uilr ={U1,U2,Us} (i = 1,2,3).

Hence
F(A) ={Uy,Us,Us}, F(A)={U,Us,Us},

giving a crisp concept.
2. For B = ({Drama}, {Spanish}, {Morning}),
F(B) = {U4}7 [U4]R = {U4a U57U6}7

SO

@ =, (B) = {U4,U5, UG}

This shows a rough concept: Us, Ug are only possible members of the “Drama + Spanish + Morning” group.

1.5 (m,n)-SuperHyperRough Set
The results of this paper do not use it, but for reference, we provide the definition of the (m, n)-SuperHyperRough
Set. Let X be a nonempty finite universe and let

R C XxX

be an equivalence relation on X. We write [z]gr = {y € X | (z,y) € R} for the R-equivalence class of x.
For each k£ > 0, define the iterated power set

P'(X)=X, P"Y(X)=7P(P"X)).
We will lift R to an equivalence R* on P*(X) and then define (m, n)-SuperHyperRough Sets.
Definition 1.13 (Lifted Relation R*). Define recursively for each k > 0:
R'=RC X x X,

and for k > 1,
RF C PF(X) x PF(X)

by declaring, for A, B € P*(X),

AR"B <= (Ya€A3beB: (a,b) e R*') A (VbeBIac A: (a,b) € RFY).
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Definition 1.14 ((m, n)-SuperHyperRough Set). Fix integers m,n > 0. An (m, n)-SuperHyperRough Set on
(X, R) is a function
F: P™(X) — P"(X).

For each A € P™(X), set C = F(A) € P"(X). Its lower and upper approximations in P"~1(X) are
C={BeP" (X)|[Blps C C}, CT={BeP"YX)|[Blgs N C£0},
where [B]gn-1 = {D € P""'(X) | BR"~! D}. Thus each A yiclds the rough pair (F(A4), F(A)).

Example 1.15 ((m, n) = (1,2): element-to-family case with explicit R* computation). Let X = {1,2, 3,4}
and let R be the equivalence on X with two classes

Cy ={1,2}, Cy = {3,4}.
For k > 1lift R to R* as in the paper. In particular, for kK = 1 and any A, B C X,
AR'B < (Nac AJbc B: aRb) A (Ybc B3ac A: aRb),

so A R! B holds iff A and B meet exactly the same R-classes (i.e. they have the same “class support™). Thus
the R'-classes in P(X) are:

support & : {o},

support {C1} {{1}7{2}7{1’2}}5

support {Cs} : {{3}, {4}, {3,4}},

support {C1,Cs} : {{1,3},{1,4},{2,3},{2,4},{1,2,3},{1,2,4},{1,3,4},{2,3,4},{1,2,3,4}}.

Fix (m,n) = (1,2), so the domain is P1(X) = P(X) and the codomain is P2(X) = P(P(X)). Define a
function F' : P(X) — P(P(X)) by prescribing its value at
Ap:={1,3} andsetting F(A)= o forall A# A,.

Specifically, let
C = F(Ag) = ({S CX|o£SC {1,2}}) U {{1,3}}.

all subsets with support {C1 }

Concretely,
C={{1}1,{2},{1.2},{1,3}} < P(X).
The lower/upper approximations of C' live in P"~!(X) = P1(X) = P(X):
C={BeP(X)|[BlpmCC}, C={BePX)|[BlpnC+#a}.
Since an R!-class is the collection of all subsets with a fixed support, we obtain:
1) For support {C1 }: the entire R'-class {{1}, {2}, {1,2}} is contained in C; hence
{B:supp(B) = {C1}} € C.

2) For support {Cs}: no member {3}, {4}, {3, 4} lies in C; hence no B with support {Cs} belongs to C or C.

3) For support {C1, Co}: only {1,3} from this R'-class lies in C'. Therefore the class is not fully contained in
C (so it contributes nothing to '), but it does intersect C' (so it contributes everything to C).

4) For support @: @ ¢ C,s0 @ ¢ C and @ ¢ C.

Hence, explicitly,

Q: {{1}7{2}5{172}}7
C = {{1},{2},{1,2}} U {{1,3},{1,4},{2,3},{2,4},{1,2,3},{1,2,4},{1,3,4},{2,3,4},{1,2,3,4} }.
We have C C C, so F/(Ay) is genuinely rough at level n = 2.
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Example 1.16 ((m, n) = (2, 1): family—-to—element case with explicit counts). Let X = {a, b, ¢, d, e} with R
given by the partition

la]r = [b]r ={a,b},  [dr=[dr={cd}, [e]r={e}.
Here P?(X) = P(P(X)) and P}(X) = P(X), so fix (m,n) = (2,1) and define a function
F: P(X) — PYX)=P(X), F(A) := U S (set-union operator).
SeA

Choose the concrete input
-AO = {{a}a {C,@}} € PZ(X)

Then
C:=F(Ay) ={a,c,e} CX.

Since n = 1, the lower/upper approximations lie in P*~1(X) = PY(X) = X and use R’ = R:
C={zeX|[z]r CC}, C={zeX|[zlrNC # &}.

Compute elementwise (writing the numerator/denominator sizes explicitly for clarity):

z=a: alg={a,b}, |[alrgNC|=|{a,b}N{a,ce}|=1(>0), [alr € C
z=>b: [blgr={a,b}, |[BJrNC|=1(>0), blr € C
r=c: [Jr={cd}, |[[JgnC|=1(>0), dr € C
r=d: [dgr={cd}, [[drnC|=1(>0), dir € C
x=e: [eJr={e}, |leJanC|=1(>0), [e]lr CC

Therefore o
Q:{e}? C:{Q,b,c,d,e}:X.

Thus with (m,n) = (2,1) the output F'(Ag) produces a classical rough pair on X (lower/upper at level
n — 1 = 0), and the boundary region is X \ {e}.

2 Results of This Paper

This section presents the results obtained in this paper.

2.1 Graded HyperRough Set and Graded SuperHyperRough Set

The Graded HyperRough Set and the Graded SuperHyperRough Set are defined as follows.

Definition 2.1 (Graded HyperRough Set). Let X be a nonempty universe with equivalence relation R, and let
Ty, ...,T, ben attributes with domains .Jy, ..., J,. Define

J=Jp xJyx - x Jy.

Let F' : J — P(X) be a mapping. For each a € J, consider the subset F'(a) C X. Define the rough
membership function with respect to F'(a) by

F(a) () = [[x]r N F(a)]

4 , forallx e X.
i ]l

For a fixed threshold k € (0.5, 1] the graded hyperrough approximations of F'(a) are defined as
F(a
FHa) = {z € X | pp " (a) 2 k)

and .
Fla)={zeX|ps @) >1-k}.
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Then the ordered pair
Ri(a) = (F¥(a), F'(a))
represents the graded hyperrough set approximation of F'(a). The collection
{Ri(a)[a€J}
is called the Graded HyperRough Set of F' at precision level k.

Theorem 2.2 (Generalization of HyperRough Set and Graded Rough Set). Let the notation be as in the previ-
ous definition.

1. If k =1, then for each a € J and for every x € X we have

e (@) > 1 <= [2]r € Fla).

Consequently,
Fl(a)={r € X | [z]g C F(a)} and fl(a) ={zx e X |[z]gN F(a) # &}.
That is, setting k = 1 in the graded hyperrough set definition recovers the classical hyperrough set.

2. Ifthe attribute space J is a singleton (or if F' is constant over J), then the mapping F defines a unique
subset A C X and the graded hyperrough set reduces to the graded rough set approximation of A.

Proof. (i) For any z € X, note that by definition ug(a)(x) = W < 1. Therefore, ug(a) (z) > lifand
only if

|[z]r 0 F(a)| = [[]&l,
which holds if and only if [z]g C F(a). In addition, since 1 — k = 0 when k = 1, we have ug(a) (x) > 0if
and only if |[z]g N F'(a)| > 0; that is,
—=1
F(a) ={x € X [[z]r N F(a) # 7}

Thus, the graded approximations with £ = 1 exactly coincide with the classical hyperrough approximations.

(ii) If J is a singleton (say, J = {ag}), then F' defines a single subset F'(ag) = A of X. Hence the definitions
reduce to .
FMag) ={z € X | ppp(w) > k} and F (ag) = {z € X | pj(x) > 1 -k},

which is precisely the graded rough set of A. O

Theorem 2.3 (Inclusion Property). For every a € J and threshold k € (0.5, 1],

F¥(a) € F(a).

Proof. Fix a € J. By definition,

FHa)={e e X | uh(2) >k}, F'(a)={zeX|up®(@)>1-k}.
Since k > 0.5 we have k > 1 — k. Thus if ug(a) (x) > k, then in particular Mf;(“) () >1—k,sox € Fk(a).
Hence F*(a) C Fk(a). O

Theorem 2.4 (Monotonicity in k). Let 0.5 < k; < ko < 1. Then for every a € J:

k1

F*(a) € FM(a), F"(a) € F7(a).

Proof. Suppose € F**(a). Then 5™ (z) > k. Since ky > ky. it follows 152 (z) > ky, so = € F* (a).
Thus F*2(a) C F*' (a).

Next, assume = € Fkl(a). Then ug(a) (£) > 1 — ky. Because ko > ki, we have 1 — ky < 1 — kq, so
pE @ (2) > 1 — ky. Hence z € F*(a) and T (a) € F* (a). O
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Theorem 2.5 (Monotonicity in Concept). If a,b € J satisfy F(a) C F(b) then, for any k € (0.5, 1],

F*a) € F*b), F'(a) € F (b).

Proof. Fix x € X. Since [z]g N F(a) C [z]g N F(b), we have

@y = ERNF@I @0 F|_ re
|[*]rl |[z]r|

Hence:

e If 2 € F*(a), then 115 () > k and so ps® (2) > k; thus = € F*(b).

e Ifz € F'(a), then 1 (2) > 1 — kand so ph® (2) > 1 — k; hence z € F (b).

This yields the desired inclusions. O

Theorem 2.6 (Boundary Region and k-Exactness). Define the boundary region
BNE(a) = F(a) \ F*(a).

Then for each a € J:
BNk(a) =0 = F*a)=F"(a),

i.e. F'(a) is k-exact if and only if its boundary region is empty.

Proof. By definition BN% (a) = @ means 7 (a) C F*(a). Combined with the Inclusion Property (F*(a) C

F"(a)), we obtain F¥(a) = Fk(a). Conversely, if F¥(a) = Fk(a), then certainly no element lies strictly in
the upper without being in the lower, so BN%.(a) = @. O

Example 2.7 (Graded HyperRough Set). Let X = {1,2,3,4,5,6} and suppose the equivalence relation R
partitions X into

(Ur={1,2,3}, [4r={4,5}, [6]r={6}.
Assume two attributes with domains J; = {a, b} and Jo = {0, 1}. Then the Cartesian product is
J=J X Jo.
Suppose the mapping F' is given by:
F(a,0)={1,2,4}, F(a,1)=1{1,2,3,6}, F(b,0)={4,5}, F(,1)={6}.
Choose k = 0.8. Then, for example, for a = (a, 1) we compute for any x € [1]r = {1,2,3}:

{1,2,3}n{1,2,3,6} 3
3 3

=1

F(a,l
NR( )(x) =

Thus, {1,2,3} € F*®(a,1). Similar calculations can be performed for the other attribute combinations.

When the attribute domain is expanded to include all possible subsets, we have the notion of a SuperHyper-
Rough Set. We now define its graded version.

Definition 2.8 (Graded SuperHyperRough Set). Let X be a nonempty universe with equivalence relation R
and let 71, ..., T}, be attributes with respective domains Jy, . . ., J,. Define the domain

J = P(J1) X P(Jz) X X P(Jn)v

where P(.J;) is the power set of .J;. Let
F:J—PX)
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be a mapping. For each A = (A1, As, ..., A,) € J, define the rough membership function with respect to
F(A) by

Fay, . lZlr N F(A)]
75 (3:)—7“%]1{‘ , forallz € X.

Then, for a fixed threshold k& € (0.5, 1], define the graded superhyperrough approximations by
EMA) = {z € X | g (@) 2 k)

and .
F(A)={zeX|uiP(@)>1-k}

The pair
k

R (4) = (E*(4), F*(4))

is the graded superhyperrough approximation of F'(A), and the collection
{Ri(A) | Ae T}

is called the Graded SuperHyperRough Set of F' at precision level k.

Theorem 2.9 (Inclusion Property). For every A € J and k € (0.5, 1],

Proof. By definition,

FrA) ={z e X | upP (@) > k), FA) ={eeX |uz™(@)>1-k}.

Since k > 1 — k whenever k > 0.5, any « satisfying ug(A) (z) > k also satisfies ug(A) () > 1 — k. Hence
FF(A) C F"(A). O
Theorem 2.10 (Monotonicity in k). If0.5 < k1 < ko < 1, then for every A € J,

k1

E*(A) € FR(4), F™(4) C F*(A).

Proof. Assume x € F*2(A). Then ph™ () > ky > k1, s0 2 € F* (A). Thus F*2(A) C F* (A).
Next, assume x € ol (A). Then ug(A)(z) > 1 — ky. Since ko > kp implies 1 — ko < 1 — kq, we have
Mg(A) () >1—kq,s0x € 7 (A). Hence o (A) C 7 (A). O

Theorem 2.11 (Monotonicity in Concept). If A, B € J satisfy F'(A) C F(B), then for any k € (0.5, 1],

F*4) € F*(B), F'(4) C F(B).

Proof. Foreachx € X,
[z]r N F(A) C [z]r N F(B),

SO

JE ) gy = IR VP _ eln 0 FB) _ ey
[lx] [ER

Hence:

 Ifz € F*(A), then ,ug(A) () > k implies MZ(B)(x) > k,soxz € F*(B).

e Ifz e fk(A), then ,u;(A) (x) > 1 — k implies u;(B)(I) >1—k,sox € Fk(B).

Thus both inclusions hold. O
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Theorem 2.12 (Boundary Region and k-Exactness). Define the boundary region
—k
BNE(A) = F(A) \ E*(A).

Then for each A € J,
k

BNb(A) =@ = FHA) = F (),

i.e. F(A) is k-exact if and only if its boundary region is empty.

Proof. (=) If BN%.(4) = @, then Fk(A) C F¥(A). Together with the Inclusion Property, we get F*(A)

F(A).

(<) Conversely, if Ek(A) = Fk(A), then no element lies exclusively in the upper approximation, so the

boundary is empty.

Theorem 2.13 (Generalization). Under the notation of Definition:

1. Setting k = 1 recovers the classical n-SuperHyperRough Set approximations:
—=1
FY(A)={z|[2lr C F(A)}, F (A)={z|l]rNF(4)#2}.

2. Restricting J to J' = J; x -+ X J,, yields exactly the Graded HyperRough Set on .J'.

Proof. We prove each part in detail.

(1) Recovery of the classical n-SuperHyperRough Set when k& = 1.

Fix A € J. Recall
FA) () = |[z]r N F(A)]

- |[5U]R|

)

and by construction 0 < ;L?A)(x) <1.

(a) Lower approximation.
F'(A) ={ze X | pp?(x) > 1},

O

Since ug(A) (z) < 1, the inequality ,ug(A) (z) > 1 holds precisely when HE(A) (z) = 1. By definition of the

ratio,
pe (@) =1 = |glr N F(A)| = |[z]z] <= [2]r C F(A).

Hence
Fi(A)={zec X |[z]r CF(A)},

which is exactly the lower approximation in the classical n-SuperHyperRough Set.

(b) Upper approximation.
-1 F(A F(A
FlA)={zeX |u;P @) >1-1}={z e X | ug V() > 0}.

Since u;(A)(x) > 0 if and only if |[x]g N F'(A)| > 0, we obtain

-1

B!

(A) ={z e X |[z]rNF(A) # 2},

matching the classical upper approximation.

Thus, for k = 1, the graded superhyperrough approximations coincide with the classical ones.
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(2) Reduction to the Graded HyperRough Seton J' = J; x - - x J,,.

Suppose we restrict our domain from
J=P(J1) x - x P(Jy,)

to its Cartesian subproduct
J =J1 XX J,.

Then each A € J’ has the form

A= ({al}, {02}7 ceey {an})

with a; € J;. In this case the mapping
F:J—PX)

when restricted to J’ coincides with the mapping used in the definition of the Graded HyperRough Set:
F'(a1,...,ay) = F({a1}, {az}, ..., {an}).

But then for any x € X,

i gy _ a0 FW)] [0 Fer, .. o)
f |[z]R] |[z]r ’
which is exactly the rough membership function for the graded hyperrough approximation of F’(aq, ..., a,).

Consequently, for any k € (0.5, 1],

’ A1yeeeyQn —=k ! A yeeesQn
FRA) = {a | up ' @) >k}, F(A)={a|ug N(x) > 1 -k},

and these are precisely the R* and Rk sets in the Graded HyperRough framework.

Thus, restricting .J to .J' recovers the Graded HyperRough Set on the product J; X -+ - X J,,. O

Example 2.14 (Real-life Example of a Graded 2-SuperHyperRough Set). Let X = {1,2,3,4,5,6} be six
online shoppers. Define an equivalence relation R by “same postal region,” with classes

[r=[2lr=Blr={1,2,3}, [4r=[]r={4,5}, [6]lr=/{6}.
We use two attributes:
T, = Loyalty Tier, J; = {Silver, Gold}, T, = Purchase Channel, J; = {Online, InStore}.

Then
J = P(Jl) X P(Jg)

Select one combination
A = ({Gold}, {Online}),

and define
F(A) ={1,2,4}.

For each z € X, the rough membership degree is

FA) () = |[z]r N F(A)] '

I
f |[z]&]
Compute:
1,2,3}n{1,2,4 2
A 4,5} N{1,2,4 1
A () = {spn{L2 4 _1_,
2 2
F(a {6} N{1,2,4}|
up' ) (6) = 2=~
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Fix threshold k = 0.7. Then
ET(A) ={z e X | pp P (@) > 07} =2,

since no class attains degree > 0.7, and

F(A) = {z e X | up™(x) > 03} = {1,2,3,4,5},

because 0.67 > 0.3 and 0.5 > 0.3. Thus the graded 2-SuperHyperRough approximation at k = 0.7 is
RE7(A) = (2, {1,2,3,4,5}).

Example 2.15 (Real-life Example of a Graded 3-SuperHyperRough Set). Let X = {1,2,3,4,5,6} and equiv-
alence classes as above. Use three attributes:

T, = Loyalty Tier, J; = {Bronze, Silver, Gold},
T, = Channel, J; = {Online, InStore},
T3 = Feedback, J; = {Positive, Negative}.
Form P(J1) x P(Jz2) x P(J3). Choose
B = ({Silver, Gold}, {Online}, {Positive}),

and let
F(B) ={1,2,3,4}.

Then for each z € X,

F(B)({B) o Hl}R N {1’ 2, 374”

S |5
Compute:
F(B 1{1,2,3} N {1,2,3,4}| F(B 1{4,5}n{1,2,3,4}| 1 B
e >(1):{ } 3{ }:17 e >(4):{ } {2 }25205’ 1B (6) = 0

Set kK = 0.8. Then
E*%(B) = { | ™ (x) > 0.8} = {1,2,3},

since only the first class has degree 1 > 0.8, and

F*(B) = {2 | uly®(x) > 0.2} = {1,2,3,4,5},

because 0.5 > 0.2. Therefore, the graded 3-SuperHyperRough approximation is
R%%(B) = ({1,2,3}, {1,2,3,4,5}).

This illustrates how graded superhyperrough sets capture nuanced membership levels across combinations of
three attribute subsets.

2.2 Linguistic HyperRough Set and Linguistic SuperHyperRough Set

The Linguistic HyperRough Set and the Linguistic SuperHyperRough Set are defined as follows.

Definition 2.16 (Linguistic HyperRough Set). Let X be a universe with equivalence relation R and let
Ty,T,,...,T, be n attributes with domains Jy, Ja, . . ., J,,. Define the Cartesian product

J=J1 x Jygx - x Jy.
Let F': J — P(X) be a mapping that assigns to each a € J a subset F'(a) C X.

Assume that S is a finite, totally ordered set of linguistic labels and that ¢ : [0,1] — S is a given linguistic
mapping.

DOI: https://doi.org/10.54216/GIMSA.120201 15
Received: March 03, 2025 Revised: June 28, 2025 Accepted: August 21, 2025



Galoitica: Journal of Mathematical Structures and Applications (GIMSA) Vol. 12, No. 02, PP. 01-23, 2025

For each a € J and each « € X, define the rough membership function with respect to F'(a) by

|[z]r N F(a)|

Fla) () —
Hp ( ) Hx]R|

Then the linguistic evaluation of x is given by
N@(2) = (5 ().
Finally, define the linguistic approximation of F'(a) by
LHS(F(a)) = { ([e]r, A"(2)) |z € X },
and the Linguistic HyperRough Set associated with F' by
LHRS(F) = {(a, LHS(F(a))) | a € J}.

Definition 2.17 (Linguistic Approximations). Let sg, s, € S be two linguistic thresholds with sg >= s,. For
each a € J, define

Linrs(F(@) = {[e]r | A9 (@) =50}, Ufyps(F(a)) = {lelr | A7 (2) = s, }.
These are called the linguistic lower and upper approximations of F'(a).

Theorem 2.18 (Inclusion Property). For any a € J and thresholds sg = s,

Liurs(F(a)) € Ufyps(F(a)).

Proof. Let [z]g € LY ps(F(a)). Then AF()(z) = sp. Since sy = s, we have AF(9)(z) = s,. Thus
[z|r € Uf ps(F(a)), proving the inclusion. O

Theorem 2.19 (Monotonicity in Thresholds). If sg, = sg, and s,, = S,,, then for any a € J:
L%HRS(F(Q)) c L%HRS(F(Q))> Ufhrs(F(a)) € Uffrps(F(a)).

Proof. Suppose [z]g € L%HRS(F((Z)). Then A\F(@) () = 59, > sg,.50 [2]R € L%HRS(F((Z ). The argument

for the upper approximations is analogous: A\"'(%) (z) = s, = s, implies [7]g € Uf% po(F(a)). O

Theorem 2.20 (Generalization). The Linguistic HyperRough Set specializes to:

1. the classical HyperRough Set when { is the indicator mapping 1:~¢;

2. the Linguistic Rough Set when J is a singleton so that F(a) = A C X.

Proof. We show each specialization in turn, with all intermediate steps made explicit.

(1) Recovery of the classical HyperRough Set via the indicator mapping.

Suppose we choose the linguistic mapping ¢ : [0,1] — {0,1} by

1, t>0,
Lty =14
0, t=0.
Then for any a € J and any « € X, by definition
Fla, . |l#lr 0 Fla)
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Hence:
1, if ,ug(a)(x) >

0
0, if ,uf;(a)(x) =0.

)

A\F(a) (z) = g(lug(a) (x)) _ {

But 15 (x) > 0 exactly when [z] z N F(a) # @. Therefore:

M@@y=1 < [z]gNF(a) # 2,

and
MN@@y=0 < [z]gNF(a)=2.

Recalling the definition
LHS(F(a)) = {([z]r, A" (2)) | x € X},

we see that LH S(F(a)) partitions the granules [x] g into two groups:
{([z]r,1) | e]r " F(a) # @} and {([z]r,0) | [z]r N F(a) = &}

This is exactly the information contained in the classical HyperRough Set approximations:

Fla) ={z | [z]lrNF(a) # @}, F(a) ={z|[z]r € F(a)}.
In particular, those granules labeled “1” correspond to the upper approximation, and those labeled “0” to its
complement. Thus the linguistic description LH S(F(a)) reproduces the classical HyperRough Set.

(2) Reduction to the Linguistic Rough Set when J is a singleton.

Now assume J = {ag} consists of a single element, so F'(ag) = A C X. Then
LHRS(F) = { (ao, LHS(F(ao)))} = { (a0, LHS(A))}.
By Definition, the standard Linguistic Rough Set of A is
LRS(A) = { ([]n, t(u7(x)) |+ € X},

which precisely coincides with LH S(A). Hence the single pair (ag, LHS(A)) in LHRS(F) is exactly the
Linguistic Rough Set of A.

Therefore, in these two limiting cases the Linguistic HyperRough Set framework specializes exactly to the
classical HyperRough Set and to the standard Linguistic Rough Set, respectively. [

Example 2.21 (Linguistic HyperRough Set Example). Let X = {1,2,3,4,5,6} and suppose the equivalence
relation R partitions X as follows:

(r={1,2,3}, [4lr={4,5}, [6]r={6}.
Consider two attributes with domains J; = {a, b} and J2 = {0, 1} so that
J=J1 x Jo.
Define the mapping F' : J — P(X) by
F(a,0) ={1,2,4}, F(a,1)=1{1,2,3,6}, F(b,0)={4,5}, F(b,1)={6}.

Assume the linguistic label set is
S = {low, medium, high}

with the ordering low < medium < high and the linguistic mapping defined by

low, 0<t<0.5,
{(t) = < medium, 0.5 <t < 0.8,
high,  08<t<1.
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For a = (a, 1) we have F(a,1) = {1,2,3,6}. Then forany x € [1]g = {1, 2,3},

- {1,2,3}n{1,2,3,6}

F(a,1)
pg () 3

L,

so that A\¥(®1) (1) = £(1) = high. For z € [4]g = {4, 5},

a 4,5} Nn{1,2,3,6
,Ug( ,1)(x) _ |{ } {2 }| — 0,

giving \F(@1) (z) = £(0) = low. Finally, for 2 € [6]z = {6} we have

a, 6}N{1,2,3,6
Mg( '1)(6) _ |{ } {1 }| —1,

so that A¥'(*1)(6) = high. Thus, one obtains
LHS(F(a,1)) ={({1,2,3},high), ({4,5},low), ({6},high)}.
Therefore, the Linguistic HyperRough Set is
LHRS(F) = {(a,0,LHS(F(a,0)), (a,1,LHS(F(a,1)), (b,0, LHS(F(b,0)), (b,1, LHS(F(b,1))}.

Definition 2.22 (Linguistic SuperHyperRough Set). Let X be a universe with equivalence relation R and let
Ty,T5, ..., T, be n attributes with respective domains Jy, Jo, ..., J,. Define the expanded attribute domain

J = P(J1) X P(JQ) X X P(Jn),

where P(.J;) denotes the power set of J;. Let F' : J — P(X) be a mapping that assigns to each attribute set
combination A = (Ay, Aa, ..., A,) € Jasubset F(A) C X.

Assume a fixed linguistic mapping ¢ : [0, 1] — S, where S is a finite totally ordered set of linguistic labels.

For each A € J and for each x € X define the rough membership function

|[z] &l

and then the corresponding linguistic evaluation
AFA) () = g(ug“‘) (x)).
Define the linguistic approximation of F'(A) by
LSHS(F(A)) = { ([z]r, \"W(2)) |z € X }.
Finally, the Linguistic SuperHyperRough Set associated with F' is defined as
LSHRS(F)={(A, LSHS(F(A))) | Ae J}.

Definition 2.23 (Linguistic Lower and Upper Approximations). Fix two linguistic thresholds sg, s, € S with
59 = S,. Foreach A € J, define

Lisurs(F(A) = {lzlr [ XD (@) = 5o}, Ufsuns(F(A) = {lzlr [ XD (@) = 5.},

These are called the linguistic lower and linguistic upper approximations of F'(A) in the SuperHyperRough
setting.

Theorem 2.24 (Inclusion Property). For any A € J and thresholds sg = s,

Lisurs(F(A)) C Ufsyrs(F(A)).
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Proof. Take an arbitrary granule [z]r € LY gy ps(F(A)). By definition,
M) (1) = 5.

Since s > s, in the total order on S, it follows that A\¥'()(x) = s,,. Hence x| belongs to

Ufsirs(F(A) = {lylr | X" (y) = s,},

and the inclusion is proved. O

Theorem 2.25 (Monotonicity in Thresholds). Let so, >= s, and s,, = S,,. Then for every A € J:

Lysirs(F(A) € LPspps(F(A), Ufiyrs(F(A) C Ufipps(F(A)).

Proof. (Lower approximations) Suppose [z]g € LY ps(F(A)). Then AF'(4)(z) > sp,. Since sg, > sq,,
we get \(A) (2) = s4,, 50 [2]r € L% pg(F(A)).

(Upper approximations) Suppose [z]r € Ufsps(F(A)). Then A (2) = s,,. Because s, = S, it
follows A" (z) = s,,,, hence [z]r € UfZ ps(F(A)). O

Theorem 2.26 (Generalization). The Linguistic SuperHyperRough Set specializes to:

1. the classical SuperHyperRough Set when ! is the indicator £(t) = 14~

2. the Linguistic HyperRough Set when J is restricted to J' = Jy X -+ X Jp,.

Proof. We prove each specialization by unpacking all definitions and verifying term-by-term equivalence.

(1) Recovery of the classical SuperHyperRough Set via the indicator mapping.

Let £ : [0,1] — {0, 1} be defined by
1, t>0,

“) = {07 t=0.

Fix any A € J and z € X. By definition,

F() (g = llelr O F(A))

i Wa - <0

Thus
1, if|[z]gNF(A)| >0,

L F(A) _
N (@) = £y (@) = { 0, if[z]r NF(A)| = 0.

Since |[z]g N F(A)| > 0 exactly when the granule [z] g intersects F'(A), we have:
MA () =1 «— [rNF(A) +£2,

MA@y =0 «— [rnFA)=2.

Therefore the set
LSHS(F(A)) = {([x]r, NN (2)) | z € X}

decomposes into two parts:
{(lwlr, 1) [ [zl N F(A) # 2} U {([2]r,0) | [z]r N F(A) = &}

But this exactly encodes the classical SuperHyperRough lower and upper approximations:

F(A) ={z|[zlr C F(A)}, F(A)={z|[z]nNF(A) # o}
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In particular, granules labeled “1” correspond to the upper approximation, and those labeled “0” cover all
others. Hence LS HS(F(A)) recovers the SuperHyperRough Set of F'(A).

(2) Reduction to the Linguistic HyperRough Set upon restricting J.

Now let J' = J; x --- x J, C J. Then each element of .J’ is a tuple of single attribute values rather than
subsets. Denote by F’ the restriction F|; : J' — P(X). For any o = (aq,...,a,) € J and x € X, the
rough membership
F(a) .y _ @R 0 F(@)]
/’LR (LU) |[5dR|

agrees with ug(A) (z) when A = ({a1},...,{a,}). Consequently, the linguistic evaluation
N @) = £, @ (@)
and the set of labeled granules
LHS(F'(a)) = {([2]r, A" () | = € X}
are identical to the constructions in the Linguistic HyperRough Set. Hence, the full collection
{(o, LHS(F'(a))) | v € J'}

is precisely the Linguistic HyperRough Set on .J'. This shows LSH RS(F') restricts to the Linguistic Hyper-
Rough Set when J is specialized to J'. O

Example 2.27 (Real-life Example of a Linguistic 2-SuperHyperRough Set). Let X = {U;,Us, Us, Uy} be
four smartphone users. Define an equivalence relation I by “same support region” with classes

[Uilr = [U2]r = {U1, Uz}, [Us]r = [Us]r = {Us, Us}.
We consider two attributes:
T, = Preferred OS, J; = {iOS, Android}, T, = Subscription Plan, J; = {Basic, Premium}.

Then
J = P(Jl) X P(Jg)

Select the attribute-set combination
A = ({iOS}, {Premium}) € J,

and let
F(A) = {U:}.

Define the linguistic label set and mapping by

low, 0<t<0.5,
S = {low, medium, high}, ¢(¢) = ¢ medium, 0.5<t<1,
high, t=1.
For each z € X, the rough membership is
F(A) \ _ |[z]r N {U1}|
Hence: U U U
N
WOy = LU 2; U] _ 1 —  AFA([)) = medium,
Ui, U} n{U
JEA ) — H{Ui, 2i (U} _ L AFA(0,) = medium,
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V) = BRI 0 = ar @) = 1o,
‘u;(A)(U4) _ |{U37 U4; N {Ul}l -0 — AF(A)(U4) — low.

Therefore the linguistic superhyperrough description is
LSHS(F(A)) = {({U1, U}, medium), ({Us,Us},low)},

and the full set
LSHRS(F)={(A,LSHS(F(A))) | Ae J}.

Example 2.28 (Real-life Example of a Linguistic 3-SuperHyperRough Set). Let
X ={R1,Ry,R3, Ry, R5, Rs }
be six restaurants. Define R by “same star-rating” with equivalence classes
[Ri]r = [R2]r = [Rs]lr = {R1,R2, Rs}, [Ralr =[Rs|r ={R4,Rs5}, [Relr={Rs}
We use three attributes:
T, = Price Tier, J; = {Cheap, Moderate, Expensive},

T, = Cuisine, Jo = {Italian, Japanese},

T5 = Location, J3 = {CityCenter, Suburb}.

Then
J = P(Jl) X P(JQ) X ’P(Jg)
Choose
B = ({Cheap, Moderate}, {Italian}, { CityCenter, Suburb}),
and set

F(B) = {Rq, R3, Ra}.

Use the same label set and mapping as above:

low, 0<t<0.5,
{(t) = ¢ medium, 0.5 <t <0.8,
high, 08<t<1.

Compute for each granule:

F(B) |[Ri]r N {R1, R3, Ry} |

R;) =

Thus,

/’Lg(B)(Rl) — |{R1;R27R3}2{R13R37R4}| — % ~ 0.67 — /\:medium,

UE(B)(R@ _ {R4, Rs} N ;Rl;R37R4}| _ % — 05 — = medium,
NE(B)(Rfa) = [{Fs} O {]?’RS’RZLH =0 = X=Ilow.

Therefore

LSHS(F(B)) = {({R1, Rz, R3}, medium), ({R4, Rs}, medium), ({Rs},low)},
and

LSHRS(F)={(B,LSHS(F(B))) | B e J}.
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3 Conclusion and Future Work

In this paper, we introduced two new frameworks that extend the classical rough-set paradigm: the Graded
HyperRough Set and the Linguistic HyperRough Set. We then further generalized these ideas by defining the
Graded SuperHyperRough Set and the Linguistic SuperHyperRough Set, and we investigated their internal
structure and key properties.

As for future directions, we plan to explore connections between our superhyperrough models and related
uncertainty-handling formalisms such as Soft Sets,2!! Hypersoft Sets 2223 and Hyperfuzzy Sets 2427 We will
also investigate efficient algorithms for computing these approximations and examine potential applications
in data mining, machine learning, and other areas of computer science. It may also be possible to explore
extensions using HyperGraphs2®2° and SuperHyperGraphs 2"
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