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Abstract

In this work, we introduce the notion of best proximity point for a non-self map defined in a neutrosophic
complete metric space. Moreover, we define the class of neutrosophic proximal contraction of first kind
and second kind, and we prove theorems which ensures existence and uniqueness of best proximity point
for such mappings in neutrosophic complete metric spaces. Additionally, a technique to identify an optimal
approximation solution intended as a best proximity point is demonstrated.
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1 Introduction

Fuzzy sets introduced by Zadeh! in 1965, deals with uncertainities and vagueness, especially in situations
where traditional binary logic fails to reach. Unlike classical sets where an element either belongs or does not
belong to the set, fuzzy sets allow partial memebership, characterized by a membership function that assigns
each element a degree of membership between 0 and 1. This concept is particularly useful in fields like artifi-
cial intelligence, control systems, and decision-making, where impreciseor subjective information is common.
Fuzzy set theory provides a flexible and intuitive way to model and reason about such ambiguity.

A fuzzy metric space is a generalization of the classical metric space that incorporates the concept of fuzziness
to handle uncertainity and imprecision in measuring distances between points. Subsequent to Zadeh’s work,
Kramosil and Michélek? extended the fuzzy notions to metric spaces and defined KM fuzzy metric space.
Later on, George and Veeramani® generalized KM fuzzy metric space to GV fuzzy metric spaces. Many au-
thors have described the fuzzy metric space in distinct ways*> Since fuzzy metric spaces are generalization
of metric spaces, many existing results in fixed point theory are extended to the fuzzy settings for more details
refer/o

Furthermore, Smarandachel!' introduced the concepts of neutrosphic logic and neutrosophic sets, a novel
version of the idea of classical sets. Neutrosophic sets comprise of degree of membership, degree of inde-
terminancy and degree of non-membership. Later, using the concepts of neutrosophic sets, Kiriski et al12
defined neutrosphic metric spaces (NMSs) and in!? they proved fixed point results in a given complete NMS.
Motivated by this, several researchers have considered generalised NMSs and have extended the existing fixed
point results to the setting of NMSs, for more details, refer 14710 1y particular, Saleem et al. ¥ have proved the
fixed point result for multivalued maps, hence extended the concepts to fractals. In=> Ishtiaq et al. defined
orthogonal NMS and established the existence of fixed point.
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On the other hand, suppose M is a non-empty subset of a metric space (X,d). Amap T : M — X is said
to have a fixed point if I'm = m, for some m € M. Consider the scenario of finding the fixed point when
the equation I'm = m does not have a solution that is, d(m,T'm) > 0,Vm € M. In such case, we have to
look for an element m € M such that d(m, 'm) is minimum. That is, let M, N be two non-empty subsets of
a metric space (X,d) and I" : M — N. Then T’ is said to have a best proximity point in M, if we can find
an element m € M such that d(m,I'm) = d(M,N) = inf{d(m,n) : m € M and n € N}. Best prox-
imity point theorems have been studied to find the necessary conditions such that the minimization problem
min,, e s d(m, T'm) has at least one solution. Al-Thagafi and Shahzad in'” has established the existence and
convergence of best proximity point and hence it is an important application of optimization theory.

Thus, the importance of best proximity point theory emerges in the absence of fixed points. In the literature,
for now, the concept of best proximity point for a non-self map in a neutrosophic complete metric space is
undefined. Therefore, in this manuscript, we establish the existence and uniqueness of the best proximity
point for a non-self map in a neutrosophic complete metric space, which is Archimedean. Thereby proving
the fundamental result on existence of best proximity point in the Archimedean neutrosophic metric spaces
simply known as neutrosophic metric spaces.

The structure of the paper is as follows. First we extend the notion of best proximity point and related concepts
to the setting of neutrosophic metric spaces. Secondly, we define neutrosophic proximal contraction of first
kind and second kind. Lastly, we find the sufficient conditions that the non-self map should satify to guarantee
the existence and uniqueness of best proximity point for both non-self contractions we defined. Hence we
proved a proximal version of Banach contraction principle in a neutrosophic complete metric space.

2 Preliminaries:

Definition 2.1. 1 An operation * : [0,1]2 — [0, 1] is a continuous t-norm (CTN) if * is satisfying the following
conditions:

D ax1l=a,
(II) * is continuous
(III) * is commutative and associative
(IV) axb < cx*dwhenevera < ¢, b<d,anda,b,c,d € [0,1].

Definition 2.2. 'Y An operation o : [0,1]? — [0, 1]is a continuous t-conorm (CTCN) if ¢ is satisfying the
following conditions:

I ac0=a
(II) ¢ is continuous
(III) © is commutative and associative
(IV) aob < codwhenevera < cand b < d, and a,b,c,d € [0, 1].

Definition 2.3. ¥ Suppose R # (). Given a six-tuple (R, P,, E,, Z,, *,0) where * is a continuous t-norm
(CTN), ¢ is a continuous t-conorm (CTCN), and P, E,, Z, are neutrosophic sets on & x R x (0,00). If
(R, Py, Ey, Z,, %, ©) satisfies the following conditions for all w,v, z € Rand 7,5 > 0:

(D) Py(w,v,7)+ Ey(w,v,7) + Zy(w,v,7) <3
(D) 0 < Py(w,v,7) < 1
() Py(w,v,7)=1 <= w=v
(IV) Py(w,v,T7) = Py(v,w,T)
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(V) Py(w,z, 7+ s) > Py(w,v,T) * Py(v, 2, 9)
(VD) Py(w,v,-):[0,00) — [0, 1] is continuous
(VID) lim; o0 Pp(w,v,7) =1
(VIII) 0 < Ey(w,v,7) < 1
(IX) Ey(w,v,7) =0 < w=v
X) E

w,v,T) = Ey(v,w,T)

XI) Ey(w, 2,7+ 8) < Ey(w,v, 7)o Ey(v,2,s)

o
o
o
(W,

(Xm) E v,-) : [0,00) — [0, 1] is continuous

XM lim; o Ey(w,v,7) =0
(XIV) 0 < Z,(w,v,7) <1
XV) Zy(w,v,7) =0 <= w=v

XV) Z,(w,v,7) = Zy(v,w,T)

o
o
XVID) Z,(w, 2,7+ ) < Zy(w,v,T) 0 Zy(V, 2, 5)

o(w,

(XVII) Z v,-) : [0,00) — [0, 1] is continuous

(XIX) lim, 00 Zy(w,v,7) =0
(XX) If <0, then P,(w,v,7) =0, Ey(w,v,7) =1, and Z,(w,v,7) =1

Then, (P,, E,, Z,) is a neutrosophic metric on R and (R, P,, E,, Z,,*,©) is called a neutrosophic met-
ric space (NMS). The functions P, (w,v,7), E,(w,v,T), and Z (w v, T) represent the degree of nearness,
indeterminacy, and non-nearness between w and v with respect to 7, respectively.

Remark 2.4. Let (R, Py, E,, Z,, *,©) be an NMS. Then for any =,y € R, we have

(i) P,(x,y,.)is non-decreasing
(i) E,(z,y,.) is non-increasing
(iii) Z,(z,y,.)is non-increasing.

Lemma 2.5. Let (R, Py, Ey,, Zy, *,0) be an NMS. Then P,, E, and Z, are continuous functions on R x R x
(0, 00).

Proof. Leta,b € R and 7 > 0. Consider a sequence (a,, by, T )n in R X R x (0, 00) converging to (a, b, 7).
Claim I P, is continuous on R x R x (0, 00).
We have P, (an, by, Tn)n € (0,1) for n € N. Hence, we can find a convergent subsequence (a,,, b!,, 7}, ) of

(@n, bn, Ty ) such that the sequence P, (a;,, b;,, 7}, ), converges in [0, 1]. Choose § > 0 such that § < 7. Now

n)'nr'n

there exists ng € N such that |7 — 7,,| < §, Vn > ng. Thus, by the properties of NMS, we obtain

Py (al,bl,, ) > Py(al,,a, g) « Py(a,b, 7 — 20) * P,(b,b] é)

n’nan reno

and

4

0
=) P, (al, b, )*Rp(b;,b,§

a, na2 niYno

P,(a,b,7+25) > P,(a )

As n — oo, we get
lim P,(ay,,b,,7,) > 1 Py(a,b,7—28)*1
n—oo

= P,(a,b, T —20)
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and

Py(a,b,7+20) > 1% lim Py(ay,, by, 7) * 1

nv’n
n— oo

ny» ny ‘N

RT Y
—RILII;OP@(a b, Tn)-

Since the function 7 — P,(a, b, 7) is continous, nlgrolo P,(a},,b,, ™) = Py(a,b,7). Thus P, is continuous

ny - nr N
on R x R x (0,00).
Claim II E,, is continuous on R X R x (0, 00).
We have E(an, by, T )n € (0,1) for n € N. Hence, we can find a convergent subsequence (a,,,b;,, 7,,)n of

(@n, by, Ty ) such that the sequence E(ay,, ), 7,,), converges in [0, 1]. Choose d > 0 such that § < 7. Now

n' nr'n

there exists ng € N such that |7 — 7,,| < J, Vn > ng. Thus, by the properties of NMS, we obtain

o Ey(a,b,7 —268) o E,(b, b g)

1)
E%’(a/ b/ T/)SEcﬁ(a/ma’i) s Yno

n*-’n’'n

and

5

6
=)o Ey(al, b, ) o Ey(by,,b, 3

2 n»’n?

E,(a,b, 7+ 26) < E,(a,a,, )

As n — oo, we get

lim E,(a,,,b,,1,) <00 E,(a,b,1m—26)00

m ns Ons T
= E,(a,b, 7 — 20)
and
E,(a,b,7+20) <00 Jim E,(a), b, )0
= nli_)n;oEw(a;l,b;,Tn).
Since the function 7 — E(a, b, 7) is continuous, lim E,(al,,b,,,,) = E,(a,b, 7). Thus E,, is continuous

n—oo nttny tn
on R x R x (0,00).
Claim III Z,, is continuous on R x R x (0, c0).
The proof is similar to Claim II. O

Example 2.6. W' Let (R, Q) be a metric space. Define the functions:

T Qw, v)

74 Qw,v)’ plw, v, 7) 7+ Qw,v)’ olw,v,7) T

P,(w,v,T) =

forallw,v € Rand 7 > 0. Then (R, P,, E,, Z,, *,©) is called the standard NMS induced by the metric 2.

Definition 2.7. Let (R, P,, E,, Z,, *,©) be a NMS. The open ball with center w € R, radius 0 < r < 1, and
parameter 7 > 0 is defined as:

B(w,r,7)={v e R: Py(w,v,7) >1—r, Ej(w,v,7) <7, Zy(w,v,7) <1}

Define the topology:

T7(Py,Ey) ={ACR:Vwe A, 37 > 0,7 € (0,1) such that B(w,r,7) C A}

Then 7(P,, E,,) is the topology on R induced by the neutrosophic metric.
Definition 2.8. Y Let (R, P,, E,, Z,, *,©) be a NMS.
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* asequence {w, } in R is converging to a point w € R if for each 7 > 0,
limy, s 00 Py (wn,w, 7) = 1;1imy, 00 Ey(wn,w, 7) = 0;limy, s 00 Zy(wn,w, 7) = 0.

* a sequence {wy} in R is said to be Cauchy if for each € > 0 and 7 > 0 there exist ng € N such that
Po(wnywm,T) > 1 — € Ey(wn, wm, T) < € Zy(Wn,wm, T) < €forall n,m < ny.
» The space is said to be complete if every Cauchy sequence in R converges.

* The space is said to be compact if every sequence {w, } in R has a convergent subsequence {wy, }.

The notion of best proximity point for non-self mappings is follows.

Definition 2.9. Let (C, D) be a pair of two non-empty subsets of a neutrosophic metric space (R, Py, Ey, Z,, *, ).
An element x € C is said to be a best proximity point of the non-self mappings I' : C' — D if it sat-
isfies the conditions that P,(z,I'z,7) = P,(C,D,7), E,(x,T'z,7) = E,(C,D,7), and Z,(z,Txz,7) =
Z,(C,D, ) forall 7 > 0.

Given non-empty subsets C' and D of a neutrosophic metric space (R, P,, E,, Z,, *, ), the following notions
are used subsequently:
P,(C,D,7) :=sup{Py,(z,y,7):x € Candy € D}

E,(C,D,7) :=inf{E,(x,y,7): 2 € Candy € D}
Z,(C,D, 1) :=inf{Z,(x,y,7) :x € Candy € D}
P@(IvyaT) = P¢(O,D,T),E¢(I,y7T) = E#P(CvaT)v and }

~_

C = eC
o(7) {m Zy(x,y,7) = Z,(C,D, ) forsomey € D

PLP(J"7y?T) = P@(O’DvT)aEw(xava) = ELP(C)DaT)7 and
Do(T): yGD
Zy(x,y,7) = Z,(C,D,T) forsomez € C
for all 7 > 0.

Let us define the notion of a neutrosophic proximal contraction maps of first and second kind as follows.
Definition 2.10. A mapping I : C' — D is said to be a neutrosophic proximal contraction of first kind if there
exists a non-negative number k& € [0, 1) such that, for all uy, ug, 21,22 in C,
Py(ui,Txy,7) = P,(C,D,)
= P,(u1,us, k1) > P,y(x1, T3,
P,(ug,Txs,7) = P,(C,D,T) o (ur, Uz, k) (@1, 22,7)
E,(u1,Tz1,7) = E,(C,D, )
= F,(u,us, k7) < Ey(x1, T2,
B, (uz, Ts,7) = E,(C, D, 7) olun, Uz, k1) < By(@1, 22,7)
Zp(ur,Txy,7) = Z,(C, D, T)
= Zy(ui,ug, k1) < Z, (21,29,
Z (s, T2, 7) = Z,(C, D, 7) olun,uz, k7) < Zp(w1, 72, 7)
forall 7 > 0.
Definition 2.11. A mapping I' : C' — D is said to be a neutrosophic proximal contraction of second kind if
there exists a non-negative number k € [0, 1) such that, for all uy, us, 1,22 in C,
P,(uy,Txy,7) = P,(C,D, T
ga( ! ! ) (P( ) = PW(Ful,FUQ,kT)ZP¢(F$1,FI27T)
Pg,(u27 FLC27 T) = PW(C, D, 7')
E,(uy, Tz, 7)=E,(C,D, T
plur, L1, 7) = By ( N E,(Tuy,Tug, k7) < E,(T2y, Ty, 7)
Ew(UQ, FLL'27 T) = Eap(C> D, T)
Zy(ur,Tx1,7)=2,(C,D, r
p(ur, Tz, 7) 3 ) = Z,(Tui,Tug, k1) < Z,(Tay,Tag, 7)
Zw(’U,Q, FSUQ, 7') = ZW(C, D, T)
for all 7 > 0.
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3 Best Proximity Point Theorems

Now, let us state our main result.

Theorem 3.1. Let (C, D) be a pair of two non-empty closed subsets of a neutrosophic complete metric space
(R,P,,E,, Z,,*,°) such that Cy(7) is non-empty. LetI' : C'— D be a map satisfying the following condi-
tions:

(i) T' is a continuous and neutrosophic proximal contraction of first kind,

(ii) I'(Co(T)) C Do().

Then, there exists a unique best proximity point x € C forT'. That is, P,(x, Tz, 7) = P,(C,D, ), E,(x, Tz, T) =
E,(C,D,7), and Z,(x,Tx,7) = Z,(C,D, ). Further, for any fixed element ug € Cy(T), the sequence
{un}’ deﬁnedby Pcp(un+1a Funa T) = P@(Cv D7 T)v Etp(un—‘rl, Funa T) = Ecp(ca Dv 7_)7 and Z@(“n—i—la Tup, T) -
Z,(C, D, T) converges to the element x.

Proof. Choose ug € Cy(7). Since T'ug € I'(Co(7)) C Do(7), there exists u; € Co(7) such that Py, (uq,T'ug, 7) =
P,(C,D,7),E,(u1,Tug, 7) = E,(C, D, 1), and Z,(uy,T'ug, 7) = Z,(C, D, 7). Since T'uy € T'(Cy(7)) C
Dy(7), there exists uy € Co(7) such that P,(uz,T'ui,7) = P,(C,D,7), E,(u2,Tuy,7) = E (C,D,7),
and Z,(ug,T'uq, 7) = Z,(C, D, 7). Continuing this process, we can find a sequence {u,, } in Cy(7) such that

P(uny1,Tup, 7) = Py(C, D, 7),
E,(unt1,Tun, 7) = E,(C, D, 1), (D
Zy(unt1,Tuy, 7) = Z,(C,D, 1), foralln € N.

If there exists ng € N such that u,, = Ung+1, then Py(ung, [uny, 7) = Po(C, D, 7), Ey(tng, g, 7) =
E,(C,D,7),and Z,(tny, Ttn,,7) = Z,(C, D, 7). This means that u,,, is a best proximity point of I' and
the proof is finished. Thus, we can suppose that w,, # wu,+1 for all n € N. Since I is a neutrosophic proximal
contraction of first kind, it follows that

P(p(un+17 Up,, kT) Z Pcp(unzunfh 7)7
Egp(un+1; Up, kT) S Egp(unv Un—1, 7_)7 (2)
< Z,

Zp(Up g1, Un, kT) (Up,Up—1,7), foralln € N.

By Mathematical induction, we obtain

Pgo(un+17un77—) 2
Egp(un+laun77) § (’UJOvulakn%l), (3)
Zo(Ung1,Uun,T) < Zy(uo,u1, g=r), Vn € Nandk € (0,1).

Thus for any positive integer p, we have

P¢(un+p7un77) > P«p(una Un+1, %) % -+ (p-times) - - - * Pw(un-&-p—la Un+p, %)

Y
<

Up, U1, 1#) koo (p—times) R PS@(U(),’LLl, W%

E,(Untp Un, T) < Ep(tn, Uni1, %) o« (p-times) - - - © E, (Untp—1, Untp,

ASAR|

( )
< Ey(ug, u1, I#) o - (p-times) - - - o Ey(ug, u1, SR
(

b
Zy(Untp, Un, T) < Zy,

< Z,(uo, u1, pkﬂ%l) o -« (p-times) - - - o Z, (up, u1, Sz )

)
)
Uy, Ut 1, %) o - (p-times) - - - & Z, (Un4p—1, Untp, %)
)

Now by (@) and the definition of NMS conditions, we get

lim P,(un+tp, Un,7) > 1%--- (p-times) ---x1 =1,
n—oo

IN

nll_}I{.lo E,(Untp, Un,T)

0o--- (p-times) --- o0 =0,
o

lim Z,(tptp; tn,7) <00 (p-times) --- 0 =0.

n— oo
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Thus, {u, } is a Cauchy sequence in C' and hence converges to some element 2 € C'. Since T is continuous,
we get ['u,, — I'x as n — oco. Now, using u,, — x, ['u,, — 'z, and the definition of neutrosophic proximity
in (T), we obtain:

P,(x,Tx,7) = P,(C,D, ),

E¢(x,F$,T) = E%?(CaDaT)a
Zo(x,Tx,7) = Z,(C,D, ).

Hence, z is the best proximity point for I'.

Let us now prove the uniqueness of the best proximity point. Suppose there exists another element y € C such

that:
P@(y’ Fva) = P@(Cﬂ Da T)7

EQD(ya Fy7 T) = ELP(Ca Da 7—)7

Zsa(ya Fy? T) = ZSO(Ca Da T)'
Since T is a neutrosophic proximal contraction of first kind, for every 7 € (0, 00) and fixed k£ € (0,1), we
have:

Ptp(xvy’ kT) 2 Ps&(xava)a
Etp(xaya kT) SEW(iU,y,T),
th(xvya kT) S th(xvya’r)'

Now, from the above, we get:

1> Py(z,y,7) > P, (my %) > P, (wy %)
Ln) —1 asn — oo,

A2 ()< (o )

Y
r
g---gEq,(a:,y,—) — 0 asn — oo,
)

0< Z,(x,y,7) < Z, (fv,% %) < Z, (wy %)

Hence, from the definition of a neutrosophic metric space (NMS), we get x = y. Therefore, [" has a unique
best proximity point. O

Example 3.2. Consider R? with metric d((z1,y1), (z2,y2)) = |71 — 22| + |y1 — y2|. Choose C' = {0} x R
and D = {1} x R. Here, Cy(t) = C and Dy(t) = D. Define I' : C' = D as I'(0,z) = (1, 5). Choose the
CTN x as a * b = ab and the CCTN ¢ as a ¢ b = max{a, b}. The functions P,, E,, Z, : R? x R? x (0, 00)
are defined as follows:

t
P 7:7 1 7t - 77
‘P(Z Zit+1 ) t—i—d(zi,zlqu)
d(ziazi+1)
E 7;) l 7t == 77
W(Z Zi41 ) t—f—d(Zi,ZH_l)
d(z;, 2
Z(p(zi>zi+17t) = %

where z; = (x;,y;) and z;41 = (i1, Yit1)s fOr i, Yi, Tiv1, Yir1 € R. And we have

t
PS&(C7D7t) = ma
1

Es@(Cvat): t+1

1
Z¢(O7D?t) == 27 t > 0
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Claim: T' is a neutrosophic proximal contraction of first kind.
Step 1: Suppose we have (0, uq), (0, uz), (0,21), (0, z2) € C such that

t
P,((0,u1),I'(0,21),t) = P,(C,D,t) = i P,((0,uz2),T'(0,z2),t).
we have to verify that P, ((0,u1), (0,u2), kt) > P,((0,z1), (0, 22),t), for some k € [0, 1).
Then by , we obtain u; = % and uy = %, V(0,21), (0,22) € C. Now, consider,

kt t

PLP((O’UI)’(OaUQ)akﬂ = kt+|u1 —u2| = t+ Jug —uz|
k

and
t t

P,((0 0 t) = = :
0 ((0,21), (0,22),t) tF |21 — 22| £+ 2fur — ug

Hence, for any k € [%, 1), we have P, ((0,u1), (0,u2), kt) > P,((0,z1), (0, 22),1).

Step 2: Suppose we have (0, u1), (0,uz), (0, 1), (0,z2) € C such that
1
E,((0,u1),T'(0,21),t) = E,(C,D,t) = P E,((0,u2),T'(0,21),1).
we have to verify that E,((0,u1), (0,u2), kt) < E,((0,21), (0, 22),t), for some k € [0,1).
Then by @), we obtain vy = % and uz = %, ¥(0,21), (0, 22) € C. Now, consider,

|uy — ug|

Eg((0,u1), (0, up), kt) = B+ |1 — ]

and

|71 — 22| 2|uy — ug|
E,((0 0 t) = = :
o ((0:21), (0,22),7) t+ |z — 2o 4 2ur — ug|

Hence for any k € [£, 1), we have E,((0,u1), (0,us), kt) < E,((0,21), (0, 22), ).

Step 3: Suppose we have (0,u1), (0,us), (0,21), (0, x2) € C such that
1
t

we have to verify that Z,((0, u1), (0, u2), kt) < Z,((0,z1), (0, z2),t), for some k € [0,1).
)

Then by , we obtain vy = % and up = %, ¥(0,21), (0,22) € C. Now, consider,

Zo((0,u1),I(0,21),t) = Z,(C, D, t) = — = Z,((0,u2), (0, z2), ).

|uy — ug|

Zs&((oaul)a(ovu2)7kt) = Lt
and

_ |z — 22 _ 2|uy — us|
t t '

Hence for any k € [3, 1), we have Z,((0,u1), (0,u2), kt) < Z,((0,21), (0, z2), t).

Z@((07$1)7 (07x2)7t)

&)

(6)

(M

Thus I is a neutrosophic proximal contraction of first kind. Now by Theorem 3.1} T has a unique best prox-

imity point (0,0) in C.

Theorem 3.3. Assume that Cy(7) is closed instead of assuming I is continuous in Theorem|3.1

Proof. Following the proof of Theorem [3.1] there exists a sequence {u,, } in C satisfying the following condi-

tions:
Py(tni1,Tupn, 7) = P,(C,D, 1),

E,(tnt1,Tupn, 7) = E,(C, D, 1),
Zy(Uung1,Tuy, 7) = Z,(C,D, 1), foralln € N.
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Moreover, u, — x in C. Note that {u,} C Cy(7) and Cy(7) is closed, therefore z € Cy(7). Since
I'(Co(7)) € Do(7), we get Tw € Do(7).

AsT'x € Do(r), there exists z € Cy(7) such that

P,(z,Tz,7) = P,(C,D,T),
E@(zarxaT) :ESG(C’DvT)a (9)
Zy(z,Ta,7) = Z,(C,D,).

From (]g[), @), and since I is a neutrosophic proximal contraction of first kind, we have

P,(tunt1,2,k1) > Py(un, x,7),
Etp(un-‘rlazva) S Ew(un7va)a (10)
Zo(Uny1,2,kT) < Zy(up,x,7), foralln € N.

By the definition of NMS and using u,, —  in (I0), as n — oo, we get

1> P,(x,z,k7t) > Py(z,2,7) =1,
0< E,(z,zkr) < E (z,z,7) =0, (11)
0< Zy(x,2,k7) < Zy(x,z,7) = 0.

Hence, we get 2 = z. From (J), it follows that z is a best proximity point for I". The uniqueness can be proved
similarly to Theorem 3.1} O

Theorem 3.4. Let (C, D) be a pair of non-empty closed subsets of a neutrosophic complete metric space
(R,P,,Ey, Z,,%,0). Let T : C — D be a map satisfying the following conditions:

(i) T is a neutrosophic proximal contraction of second kind,
(ii) T'(Co(7)) is non-empty and closed,
(iii) T(Co(7)) C Do (7).

Then, there exists a best proximity point z € C for I'. That is, P,(z,Tz,7) = P,(C,D,7), E,(2,Tz,7) =
E,(C,D,7), and Zy(2,Tz,7) = Z,(C,D,T). Further, if z* is another best proximity point of T, then
T'z =T'2*, hence I is a constant on the set of all best proximity point of T".

Proof. Following the proof of Theorem there exists a sequence {u,, } in C satisfying the following condi-

tions:
P,(upt1,Tuy, 7) = P, (C, D, T),

Ev(un-‘rlar‘unaT) :ESD(O’DvT)a (12)
Zp(tnsr, T, 7) = Z,(C, D, 7), foralln € N.
If there exists ng € N such that u,, = Uny+1, then Py(ung, [tuny, 7) = Po(C, D, 7), Ey(tng, T, 7) =
E,(C,D,7),and Z,(tny, Ttun,,7) = Z,(C, D, 7). This means that u,,, is a best proximity point of I' and

the proof is finished. Thus, we can suppose that w,, # u,+1 for all n € N. Since I is a neutrosophic proximal
contraction of second kind, it follows that

Py(Tuni1, Tup, k1) > Py(Tuy, Tup—1,7),
E,(Tunt1,Tup, k1) < Ex(Tuy, Tup—1,7), (13)
Zy,(Tupg1,Tuy, k1) < Zy(Tuy, Tup—1,7), foralln € N.

By Mathematical induction, we obtain
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Py(Tupi1,Tup, 1) > P,
Ey,(Tupyr,Tup, 7) < Ey(Tug, Tuy, m=1), (14)
Zo(Tuny1,Tun, 7) < Z,(Tug, Tuy, 7=1), VYn € Nandk € (0,1).

Thus for any positive integer p, we have

Ptp(run-i-pa Ty, T) > Pga(runa Fun-i-la %) koo (p'times) Tk PCP(Fun-i-p—h Fun-i-pa %)
> P,(T'up, T'uy, pk%) % -« (p-times) - - - x P, (T'ug, T'u, W),

o(Ltn, Tupg, 3) 0+ (p-times) - - - 0 B (Pupip—1, Dtingp,

SR

5)

)

Ey(
< E,(Tup, Tuy, pkn%) o« - (p-times) - - - o B, (Tug, T'uq, panp,2
(

)
)
o(Dup, Ttpgq, %) o -« (p-times) - - - © Z,(Tup4p—1, Mntp, %)
)

Z
< Zw(FUO7 FU1, pkn%) Ot (p—times) e O ZA‘Q(FU()7 Ful, pknip,g

Now by (I3)) and the definition of NMS conditions, we get

lim P,(Ttup4p, Ty, 7) > 1%--- (p-times) --- %1 =1,

n—roo

lim E,(Tupqp, Ty, 7) <00--- (p-times) --- 00 =0,
n—oo

lim Z,(Ttpqp, T, 7) <00 --- (p-times) --- 00 = 0.

n— oo

Thus, {T'w,, } is a Cauchy sequence. Since I'(Cy (7)) is closed subset of a complete NMS (R, P, Ey, Z,, *,9),
there exists © € Cy(7) such that I'u,, — I'z € T'(Cy(7)) C Dy(7). Moreover, there exists z € Cy(7) such

that
P,(z,Tz,7) = P,(C,D,T),

E,(z,Tx,7) = E,(C,D,1), (16)
Zy(z,Ta,7) = Z,(C,D,).

From (12), (I6), and since I' is a neutrosophic proximal contraction of second kind, we have

P,(Tup41,I'z, k1) > P,(Tuy, L'z, 1),
E,Tupt1,Tz, k1) < Ey(Tup, Tz, 7), 17)
Zo(Tupy1,T2,k7) < Zy(Tuy, Tx,7), foralln € N,

By the definition of NMS and using I'u,, — I'z in (I7), we get

1>P,(Tz,I'z,kt) > P,(T'z,T2,7) =1,
0< E,(I'z,Tzkr) < E,(Tz, Tz, 7) =0, (18)
0< Z,(Pw,Tz, kr) < Z,(Tx, T, 7) = 0.

Hence, we get I'z = I'z. From (I6), it follows that z is a best proximity point for I.

Suppose there exists another element z* € Cy(7) such that:

PAP(Z*aFZ*vT) :Pip(C7D7T)a
E, (2", Tz",7) = E,(C,D,1),
Z,(z*, Tz, 1) =Z,(C,D,T).

Since I is a neutrosophic proximal contraction of second kind, for every 7 € (0, 00) and fixed k € (0,1), we

have:
P,(Tz,T'z" kT) (Pz,T2%,7),

> P,
E,(Tz, T2 kr) < E (T2, T2", 7),
Z,(Iz,T2" kr) < Z,(T'z,T'2", 7).
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Now, from the above, we get:

1> P,(Iz, 02", 7) > P, (rz,rz*, f) > P, (I‘z,Fz*, l)

k k2
>..->P, (FZ’FZ*’IZ;”) —1 asn — oo,
0< B, (2,12, 1) < B, (Fz,Fz*, %) <E, (Fz,I‘z*, %)
<...<BE, (Fzrzkln) 0 asn — oo,
0< Z,(Tz, 02", 7) < Z, (Fz,Fz*, %) <7, (I‘z,Fz*, #)
<...<Z, (Fz,Fz*,kLn) —0 asn — oo.
Hence, from the definition of a NMS, we get 'z = I'z*. O

Example 3.5. Example [3.2] satisfies Theorem [3.4] as well. Here, in addition, we need to verify only the
contraction condition.

Claim: I' is a neutrosophic proximal contraction of second kind.
Step 1: Suppose we have (0, u1), (0,uz), (0, 1), (0,z2) € C such that
t
P@((07u1)7F(07x1)7t) = Pip(ch?t) = m = PL/;((O,’U,Q),F(O,.TQ),t). (19)
we have to verify that P, (I'(0, 1), (0, ug), kt) > P,(I'(0, 1), (0, z2), t), for some k € [0, 1).
Then by , we obtain vy = % and up = %, V(0,21), (0, 22) € C. Now, consider,

kt t

Rerlg - gl EF

Pq,(F(O7 U1)7 F(O, UQ), k’t) =

and

t

t
R R R

Pq;(F(O, .231), F(O, 332), t) =

Hence for any k € [4, 1), we have P,(T'(0,u1),T'(0,uz), kt) > P,(T(0,21),T(0, z2),t).

Step 2: Suppose we have (0, u1), (0,uz), (0,21), (0,z2) € C such that

1
E,((0,u1),T'(0,21),t) = E,(C,D,t) = P E,((0,u2),T'(0,21),1). (20)
we have to verify that E,(I'(0,u1),T'(0,uz), kt) < E,(I'(0,21),I'(0,22),t), for some k € [0, 1).
Then by , we obtain vy = % and up = %, V(0,21), (0,22) € C. Now, consider,
5%
E,(T'(0 I'(0 kt) = —=—=—
<P( (0,u1), (0, u2), kt) kt—|—|%—%|
and
E (F(Ov‘rl)ar(oaxQ)at) = ‘%_ %l = 2|% — %l .
’ e R e

Step 3: Suppose we have (0, u1), (0,uz), (0, 1), (0,z2) € C such that
1
Z,((0,u1),I(0,21),t) = Z,(C, D, t) = 1= Z,((0,u2),T(0,z2),t). 21

DOI: https://doi.org/10.54216/1JNS.270119 216



International Journal of Neutrosophic Science (IJNS) Vol. 27, No. 01, PP. 206-219, 2026

we have to verify that Z,(I'(0, uq),T'(0, u2), kt
T2
2 9

< Z,(T(0,21),T'(0,22),t), for some k € [0,1).
Then by , we obtain u; = 4 and u = 1

)
V(0,21), (0,22) € C. Now, consider,

Z%’(F(Ov ul)v P(Oa u2)v kt) =

and

Z,(I'(0,21),I(0,29),t) = 5 2

Hence for any k € [%, 1), Z,(T(0,u1),T(0, u2), kt) < Z,(T'(0,21),T'(0, z2),1).
Thus I' is a neutrosophic proximal contraction of second kind. Now by Theorem [3:4] I" has a unique best
proximity point (0,0) in C.

Theorem 3.6. Let (C, D) be a pair of two non-empty closed subsets of a neutrosophic complete metric space
(R,P,,E,,Z,,*,0). Let T : C — D be a map satisfying the following conditions:

(i) ' is an injective neutrosophic proximal contraction of second kind,
(ii) T'(Co(7)) is non-empty and closed,

Then, there exists a unique best proximity point z € C forT'. Thatis, P,(2,I'z,7) = P,(C,D, 1), E,(2,T'z,T) =
E,(C,D,7),and Z,(2,Tz,7) = Z,(C,D, ).

Proof. The existence of a best proximity point can be proved by following the same argument as in the proof
of Theorem [3:4] The uniqueness follows from the fact that I is injective. O

Theorem 3.7. Let (C, D) be a pair of two non-empty closed subsets of a neutrosophic complete metric space
(R, Py, Ey, Zy, ,0) such that Co(T) is non-empty. Let I : C' — D be a map satisfy the following conditions:

(i) I' is a neutrosophic proximal contraction of first kind as well as neutrosophic proximal contraction of sec-
ond kind,

(ii) I'(Co (7)) € Do(7),

Then, there exists a unique best proximity point x € C forT'. That is, P,(x, Tz, 7) = P,(C,D, ), E,(x, Tz, 7) =
E,(C,D,7), and Z,(x,Tx,7) = Z,(C,D, ). Further, for any fixed element ug € Cy(T), the sequence
{un}, defined by P,(up+1,Tupn,7) = Py(C, D, T), Ep(tunt1, T, 7) = E,(C,D,T),and Z,(tpy1, Ty, 7) =
Z,(C, D, T) converges to the element x.

Proof. Following the proof of Theorem there exists a sequence {u,, } in C satisfying the following condi-

tions:
P,(unt1,Tupn, 7) = P,(C, D, 1),

E,(unt1,Tun, 7) = E,(C, D, T), (22)
Zo(uny1,Tup, 7) = Z,(C,D, 1), foralln e N.

As in Theorem|3.1] we have {u,, } is a Cauchy sequence and converges to some x € C. Further, as in Theorem
we have we have {T'u,, } is a Cauchy sequence and converges to some y € D. Therefore, it follows that

Ptp(x7y77-) = nll_{l;.lo Pﬁp(un+larun77-) = PLP<C?D77—)7
Etp(xava) = nll)II;o Etp(un+17Fun7T) = EAP(CvaT)v (23)
Z@(mvva) = lim Zép(unJrlaFuan) = ZQO(C7D7T)'

n—oo

That is z € Co(7). Since T'(Cy(7)) C Do(71), we get Tz € Dy(7).

As Tz € Dy(r), there exists z € Cy(7) such that

Pg;(Z,FJ?,T) = P@(C’DvT)a
Ey(z,Tx,7) = E,(C,D,T), (24)
Zy(z,Tx,7) =Z,(C,D,T).

~—
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From (22)), (24), and since I' is a neutrosophic proximal contraction of first kind, we have

Py(tunt1,2,kT) > Py(ty, x,7),
Ey(Unt1,2, k1) < Ep(un, x,7), (25)

<
< Zy(un,x,7), foralln e N.

Zp(Unt1,2, kT)

By the definition of neutrosophic and using u,, — « in (25)), we get

1> P¢(Z,Z,k7—) > Ptp(xaxaT) =1,
0 < By(w,2,kr) < Ey(,2,7) =0, (26)
0 < ZS(,((I},Z,]CT) < th(xvxaT) =0.

Hence, we get x = z. From (24), it follows that z is a best proximity point for I'. The uniqueness can be
proved similarly to Theorem [3.1] O

4 Conclusion

In this work, we have introduced the basic theory of the existence of best proximity point for a non-self map
in the framework of neutrosophic metric spaces. Here, we proved the results on existence and uniqueness of
best proximity point for neutrosophic proximal contraction of first kind and second kind as well. And, we have
provided examples to support our main results.

Motivated by our results, our findings can be broadened in a future study by extending them to weaker contrac-
tions, more generalized spaces, and even by altering the type of non-self mappings considered. Furthermore,
our findings will aid in developing the theory for use in the domains of optimization, game theory, differential
equations, non-linear analysis, and even fractal theory.
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