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Abstract

The main goal of this paper is to obtain a special form of asymptotic solutions to the scalar version of the two body problem
whenever the two bodies collide on the real line at the collision time. It has been shown that the desired asymptotic solution
maintains certain properties when ¢ approaches the collision time. However, it is not easy to Handel such a mission without
the employment of successive approximations technique. The successive approximations technique has been modified and
adjusted to serve as the main tool in the process of obtaining such solution. Moreover, it has been shown that the series
of successive approximations converges absolutely and uniformly to a continuous function that approaches to 0 when ¢
attains the collision time in a certain interval. The problem of one dimensional collision between the two bodies has been
solved asymptotically at the collision time.
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1 introduction

Mathematical models are fundamental tools that help us understand and predict phenomena across countless aspects of
life, from economics and biology to engineering and physics. They allow us to simplify complex systems, identify key
relationships, and explore various scenarios, providing invaluable insights that would be difficult or impossible to gain
otherwise[1] . The two body problem is classified as the simplest case of the N- body problem as there are only two bodies
with masses miand mg respectively. The two body problem can be defined as follows: Given the 3 x 1 column vector
r; = (zj, 5, z]-)T where x;,y;, 2; € R, note that the symbol { represents the transpose of the vector r; for every j = 1, 2.
The 2-body problem is given by the 2nd order differential equations:

d2T1 T —T1
T P M
d2T2 T2 —T1
_ ) 2
di? " s — 1P )

Where the two vectors 71 = 71(t) , 72 = r2(t) represent the position vectors. It is necessary to define the collision between
the two bodies m1andmaat specific time say to, it is known that two bodies m1and ms collide at ¢ if ||r2 — r1]] — 0 as
t — to. From the way that classical system of the two body problem is defined, it is clear that the system does not allow
such kind of motion. In other words, for ¢ approaches the collision time o, the right sides of the above two equations tend
to undetermined term [2]. Gonzalo J. L. and Bombardelli C. have found an approximate analytical solution to the perturbed
two body problem by utilizing a radial, low acceleration along with the method of multiple scales, for more information,
see [3]. Furthermore, Bombardelli, C., Bau, G., Peldez, J. in [4] obtained analytical solution of the two body problem
perturbed by a constant tangential acceleration by utilizing the perturbation theory. The solution is valid for circular and
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elliptic orbits with generic eccentricity, describes the instantaneous time variation of all orbital elements. The main goal
here is to obtain an asymptotic solution to the two body problem when the collision of the two bodies occur on the real line.
In other words, our focus is to investigate a very special form of the asymptotic solution which maintains certain properties
when ||r2 — r1|| = 0 as t — to. The collision between the two bodies has been an interesting problem to tackle as the
classical system does not allow the collision between the two bodies to happen at any finite time and the solution then
does not exist. The successive approximation technique is considered as one of the main tools in the theory of ordinary
differential equation and has been widely used to construct a solution to the desired problem. In this work, the successive
approximation technique has been reformulated to serve as an effective tool which enables us to construct a continuous
function in such a way that the series of successive approximation converges uniformly and absolutely in a certain interval.
The plan of this work goes as follows: In section one, we present an overview about the classical two body problem and
what does collision between two bodies mean. In section two we explain the asymptotic assumption and the properties of
the special asymptotic form. In section three, we introduce an overview about the mathematical induction hypothesis and
obtaining the estimate of the non-linear and non-homogeneous part of the converted equation of the two body problem. In
sections four and five respectively, two levels of mathematical inductions have been discussed and analyzed, namely, the
levels; I < j and ! = j + 1. The convergence of the series of the successive approximation is discussed in section six. In
section seven, we discuss how to construct the solution to the desired two body problem when the two bodies collide on
the real line. In section eight, we analyze the connections with the other researchers’ work. In section nine, we present the
conclusion of this work.

Proposition 1.1. Consider the vector ro — r1 which represents the motion of the particle ma with respect to the particle
ma1 , then the two body problem becomes:

d2 To —T1

ﬁ(Tz—Tl):—M* 'M*:m1+m2. 3)

[lr2 = raf|®’

Proof. The proof is straightforward. We define a new dependent variable W5, and we will convert[3|into a new form as
shown in the below lemma. O

Proposition 1.2. Given the 2 by 1 vector Wa1 defined below:

ro—rT
Way = 221 4)
l[r2 =71l
Then[3lcan be rewritten as: )
d =3 N
@(HWmH 2 Wa1) = =M Woas. ()
Proof. The proof is straightforward.
O
Proposition 1.3. Given the differential equation[3| assume that
[Wai|| =| Wa1 |= Wo. (6)

Where W21 has to be a positive scalar for every 0 < t < p for fixed p, 0 < p < 1. Then the differential equation [3|can
be rewritten in terms of the dependent variable W51 as shown below:

B d*War 352, dWa

1 *
Wel —gz — Wef (=5)" = M"War. @)
Proof. The proof is straightforward.
O
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2 Asymptotic Assumption

In this section, a special form of the asymptotic solution will be presented. In other words, the solution is :

Wai(t) = At™ (1 + A(R)). 8)

Where A is a nonzero constant , m is a real number ,and A(t) is a continuous function in some interval 0 < ||A|| < o,
for fixed 0 , 1 > o > 0 .Moreover, the hypothesis of the asymptotic solution is built based on the following assumption.

dA(t) d>A(t)
de 7 dt?

A(t), — 0. )

Ast — 0.

Proposition 2.1. The first and second derivatives of Wa1(t) with respect to tare given by:

dW;; ®) _ gpm dAt(t) + Amt™ (1 + A(t)). (10)
EWar(t) _ m A1) 1 dA() L

We are now at a stage that enables us to convert the differential equationmfrom the terms of W5, as a dependent variable to
the terms of A . To this end, plug in the first and second derivatives of W2 respectively as functions of ¢ in the differential
equation[7] this yields the below new differential equation:

AT (148) 2} oo {A7 mt 3 (1+0) 2} 4 LA m(m—1)t 3" 2(1+0) 2 —=3{A 7 ¢ 2" (14
-5

A)z}

dA pm1

dt dt

Notice that the value of m is still obscure, it is assumed that m is a real value but it is worthwhile to investigate which
value of m satisfies the asymptotic hypothesis[9] In sum, different cases of m will be studied in the below analysis.

JART (=) 4+ 24%m (14 A) F AP TR (1 4 ) = M{A (1 + A (12)

For m = 0, equation [T2]becomes:

AN _1,dA s
— — _ = 2 2
72 5 1+2)"( 7 P =2M"A2(1+ A)2. (13)
Where 0 < ||A|| < o for fixed 0 < o < 1, provided that A # 0. The case of m = 0, leads to the following solution
War = A(1+ A) (14

In the next two cases two possibilities of the value of m are determined. The case that m > 0 is not possible for the form
[[2] Suppose that m > 0. There is a specific negative value for m as we will see in the upcoming case. Given|[12] assume
that m is strictly negative then there is a unique value m = T which balances the right and left hand 51des The
next step is to determine a value of the constant A under the conditions given below in the next lemma. The proof can be

handled by utilizing the asymptotic analysis.

Notice that the value of m is still obscure, it is assumed that m is a real value but it is worthwhile to investigate which
value of m satisfies the asymptotic hypothesis[9] In sum, different cases of rn will be studied in the below analysis.

For m = 0, equation[I2]becomes:

d;tf 2(1+A) (ddf) = 2M A3 (14 A)3. (15)
Where 0 < ||A|| < o for fixed 0 < o < 1, provided that A # 0. The case of m = 0, leads to the following solution
War = A1+ A) (16)
In the next two cases two possibilities of the value of m are determined.
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The case that m > 0 is not possible for the form[T2} Suppose that m > 0. By the aid of the differential equation [T2]
we balance the powers in the left and right hand sides from [[2py finding the leading term whenever ¢ — 0 as follows.

In the left hand side we have the following terms: t_Tm, t_Tm’l, to 2 s , where

—5m —5m —m
5 2m—17 5 2m—2

are repeated. Finally there are three candidates t%m s tT_l, t =" in

t2m

the terms ¢ 2

the left hand 51de, while in the right hand side we have the term ¢™. Since m > 0, then =%, =* — 1, =" — 2 are all

negative , if t — 0, then t= , t= - t72 2 tend to oo while ¢ tends to 0 which means that the L.S tends to oo and
R.S tends to 0 provided that A(¢) is bounded by 0 < ||A|| < o for fixed 0 < o < 1, which is impossible and then the
case of m being strictly positive cannot happen. Next we try to prove that there is a specific negative value for m as we
will see in the upcoming case.

Given , assume that m is strictly negative then there is a unique value m = %4 which balances the right and left hand
sides in Recall [[2hgain, since m < 0, then t™ — oo as ¢ —» 0 and then the R.S tends to oo , then we will try to
make the L.S tends to co as ¢ — 0. But, before that we have to exclude the values of m which force the L.S tending to

0 as follows. Since we know that m < 0 , then =2 > 0 and then t 2 — 0 as ¢ —» 0 and then the term ¢ 2 will not
be the leading term , then we are left with two candldates t= ! stz 2 . Suppose == —1 >0, then m < —2 and if
—2> 0, then m < —4. Then the two intervals (—oo, —2) and (—o0, —4) are excluded Suppose =+ —1 < 0, then

m > —2 and suppose also that % — 2 < 0, then m > —4 and since m < 0, then we have two intervals —4 <m <0,

and —2 < m < 0, The intersection of the two intervals is the interval —2 < m < 0. The leading term is t72 2 as

t — 0 since it goes faster to co as ¢ — 0. Then for —2 < m < 0, the leading term in the L.S is t=2" ~2 while inR.S
ist™, then 5* —2 = m <= m = —%. The next step is to determine a value of the constant A under the conditions
given below in the next lemma.

Proposition 2.2. Given the differential equation @ with taking into account that m has a unique strictly negative value,

in other words, m = =* , suppose also that A(t), %ft), % —>0ast — 0. Then A = [gﬁ]%

Proof. The proof can be obtained from Plugging in the value m = =* in Notice that if we allow 1 + A(t) = 0, then
A(t) = —1, to avoid the singularity we put the restriction 0 < ||A|| < o where o is fixed , 0 < o < 1. Furthermore,

O

A 4 dA 4 5 3.0 _1,dA
£ t— A_fl A)F =1+ S+ 0) T (50)% 17
= T3ta Ty {1+24) Pt A+ 8)7 () (17)

For0 < [|A]| € o, forfixedo ,0 < o < 1. Then (1 + A)7tis bounded . Since 0 < ||A|| < o then
1 1

< 18
0<”1+A”_1 N (18)

Then (1 4+ A)~" is bounded below by 0 and bounded above by 12—

Proposition 2.3. Given 0 < ||A|| < o for fixed 0 < o < 1, suppose that[I7|holds , then the differential equation[I7can

be written in the form
L(A)=NL(A, %) (19)

Where L(A\) is the linear part and NL(A\, df) is the nonlinear part. Furthermore, the linear and the non-linear parts
can be given as shown below:

A 4 dN 6

2

oz 3ty QA. (20)
dA

)= {0+ a)F —1- 2y SR ) (R

L(D) =

a2

NL(A, )2 2D

Proof. Since 0 < ||A|| < o forfixedo,0 < o < 1, the proof can be handled by expanding (1 + A)% as a Taylor series.

O
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Given the second order differential equation: 2% dt2 + 548 — §A Ha+24) 51— SAY4 221+ 0)TH (422,

where 0 < ||A]| < o for fixed 0, 0 < o < 1, where both A, 2 satisfies the below integral equations respectively:

) dt

At) = A (t)+ g/o k1(t,s)NL(A(s), dAdiS))ds. (22)
dolt) _ dlnlt / kot )N L(A (), 22 as (23)

Where 0 < s <t < p. Forfixed p,0 < p < 1. WLOG setne = 0,then Ay = mt§ Moreover, A(t) is well defined
on the closed interval 0 < ¢ < p while the derivative < (t> is defined on the interval 0 < ¢< p for fixed p 1>p>0,
k1(t, s), k2(t, s) represent the kernels of the two 1ntegra1 equatlons respectively. The integral equations [2 and.wﬂl be
employed as a key tool in the finite mathematical induction. The nonlinear part is defined as:

dA(s) 5 5 3 2 -1
o6t aet —1- 2@+ S0+ am)

With taking into account the below inequality:

dA(s)

. )2 (24)

NL(A(s),

1 1

<
0< i aG

(25)

|_1—0'

For every 0 < s <t < p, for fixed p, where 0 < p < 1. After we set the integral equations up in the above definition ,
we start the successive approximations for both of the integral equations . In this situation , we will have two sequences
of functions of the forms {A;(¢)}520 , {dA 1 () }520 and the goal here is to find two continuous functions A (%), dA(t) in
some interval 0 < t < p for fixed p, 0 < p < 1 chosen carefully such that A;(t) — A(t),as j — oo and ¢ *> 0.
Not only that, 42, t(t) — %ﬁ”
Recall the main equation below:

,j —» ooast — 0. We are at a stage enables us to rewriting the non-linear part.

G d2Ag(t) 4. dAu(t) 6 4 . 5 3, 1, dA() 2
t a2 T gt i §AH(t) 5[(1 + A(t)) 1- §A(t)] + 5’5 (1+ A()) (7) .
Suppose that:
N 5 5
AAR) =1+ A1) —1- 540 (26)
Then our equation becomes:
QdQAH(t) 4 dAH() 6 _ 4 N 3 2 —1 dA t) 2
PEE 4 SR S AL = GAL®) + 5P+ 00) (P @7

where 0 < ||Al] < o, for fixed 0, 0 < o < 1. The nonlinear part will be rewritten then as shown below:

N, L) = 2aam) + 2ea s a1 (W) e8)
The function A(A(t)) can be rewritten as:
) = 2550670 = Baw)ae, 9)
where B(/\(t)) is given by:
Bla) = =3t 0)
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Proposition 2.4. The function B( A(t)) can be defined as a continuous function in the interval (—1, 00) and in any closed
sub interval of (—1, 00) of the form [—7, 7| for 0 < 7 < 1.

Proof. The proof can be handled by utilizing L'Hopital’s rule and re-defining the function B(A\(t)) as:

B(A(t) = {lé At) = oEramE-1-aw A(t) # 0}- 3D

AZ(1)

3 The Induction Hypothesis.

We start with the case of j = 1, this case is treated carefully through propositions (3.1-3.12). Now assume that the four
statements are correct for [ < j, in the next theorem we build the bound M based on the hypothesis which says that (1) and
(2) are both correct whenever [ < 7, j > 1. Itis very important to know how does the bound M look like since we have to
have the same representation for M in the two different levels [ < j,and !l = j + 1. Moreover , having a representation
for the bound M will enable us to go through the proof of theorem 4.9 when we estimate the nonlinear part in the stage of
I < j. The plan here is to have representations for the positive constants K and Min each level | < jand! = j+ 1. More
than that ,each one of K and M have to carry the same formula in the two different stages [ < j and ! = j + 1 which
confirms the independence on the index j.

Starting the induction process with j = 1, with the below proposition:

Proposition 3.1. Given the following conditions:(1) 0 <t < p, forfixedp,0 < p < 1. (2) Ag = Do = 1713%, Ao is
defined in the closed interval 0 < s <t < p, forfixedp, 0 < p < 1. (3) %: %77137%, ddAS" is defined only in the
interval 0 < s <t < p, forfixed p, 0 < p < 1. (4 0 < || Dol < |Imllp? < pr < 1.forp.0<p< [m]% < 1. Then
NL(Ao, 429 (s) satisfies the below inequality:

ds

dN\o 4 ~ 2, 3 2 ”ddAO ”2
INL(Ao, ——=)(s)Il < GIIB(Ro)l|Doll™ + 58" =T A 7> (32)
ds 9 2 (1= [1All
for0 < s <t < p, where pis fixed such that 0 < p < 1.
Proof. The proof can be handled from NL(A;, %)(s), with j = 0.
O

Proposition 3.2. Given the conditions (1-4) in proposition 3.1 , then for 0 < s < t < p, where p is fixed such that

420 12 A
0 < p < L Then: |[NL(Lo, “22)(s)|| < sullDoll® + 5% izliny > where p = MAX{||B(A)|| : =7 < A < 7},

Proof. The proof follows from proposition 3.1 and from proposition 2.4.
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Proposition 3.3. Assume that the conditions (1-4) in proposition 3.1 hold for 0 < s < t < p, where p is fixed such that
4
0< p < L Then [NL(o, “22)(s) | < 2limn {30+ 125 s

1-p1

Proof. The proof follows from propositions (3.1, 3.2).

Proposition 3.4. Assume that the conditions (1-4) in proposition 3.1 hold for every 0 < s <t < p, where p is fixed such

that 0 < p < 1 then: ||[NL(Ao, “22)(s)|| < Nis3 where Ny is given by: Ny = 2mlP{En+ ﬁ}, 0<p <1

1
1-p1
to be sufficiently small , then N; can be made as small as desired. Then || NL(Ao, d(ﬁ/_“ ) < Nps3. For every
0<s<t<p,where pis fixed suchthat 0 < p < 1.

Proof. The proof follows from propositions (3.1,3.3) with the choice of N; = 2mIP{3n + }. If ||| is chosen

Proposition 3.5. Under the conditions(1-4) of proposition 3.1 , for every 0 < s < t < p, where p is fixed such that

0 < p < 1, then the difference || /N1 — Nol| is bounded by: |1 — Dol < ﬁﬁlt%.

Proof. The proof can be handled by setting the formula of successive approximations up with Ay = Ay = mt% to be
the first approximation to the solution where 0 < ¢ < p < 1, for fixed 0 < p < 1.

Proposition 3.6. Under the conditions (1-4) of proposition 3.1,for every 0 < s < t < p, where p is fixed such that

0 < p < 1. Then the difference of the derivatives || dﬁl — % || is bounded by: 2[22 + 2] 13

dAy _ dlg 2 =1
dt

Proof. The proof can be handled by setting the formula of successive approximations up with
to be the first approximation for 0 < ¢t < p, where p is fixed such that 0 < p < 1.

Proposition 3.7. Under the conditions(1-4) of proposition 3.1 hold for every 0 < s < t < p, where p is fixed such that
2 A~ 8
0<p <1 Then | A1 < gi(t)t5, where gi(t) = ||m|| + 1o N1t=.
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Proof. By utilizing propositions (3.1,3.5), for every 0 < s < t < p, where p is fixed such that 0 < p < 1.

Proposition 3.8. Assume the conditions (1-4) of proposition 3.1 hold for every 0 < s < t < p, where p is fixed such
that 0 < p < 1. Given the function g1(t) as in proposition 3.7, then there exists an upper bound function g1 (t) such that

1A < f)l(t)t% ,forevery0 <t < p, forfixed p, 0 < p < 1. The function §1(t) is given by: §1(t) = ||m|| + Nyt5.

Proof. The proof follows form proposition 3.7.

Proposition 3.9. Assume the conditions(1-4) of proposition 3.1 hold for every 0 < s < t < p, where p is fixed such
~ ~ ~ ~ 2
that 0 < p < 1. There exists a positive real number M = M (||m ||, N1, p) such that |A1|| < Mt3 where the positive
8

constant M is given by: M = M (||m ||, N1, p) = ||m| + N1 p3

1—p

g -
3

Proof. The proof follows from proposition 3.8.

Proposition 3.10. Assume that the conditions(1-4) in proposition 3.1 hold for every 0 < s <t < p, where p is fixed such

e !
that 0 < p < 1. Then, ||[451|| < g1 (1)t 5 , and g (t) = 2| || + B N t5.

dAg (dAl dig ).

Proof. The proof can be handled by setting the following equation % == T h

Proposition 3.11. Assume that the conditions(1-4) in proposition 3.1 hold for every 0 < s <t < p, where p is fixed such

that 0 < p < 1. Then there exists un upper bound function g1 (t) for the function gy (t) in the interval 0 < t < p, for fixed

0 < p < 1 such that || dftl | < (t)t%l , while the upper bound function is given by: g1 (t) = ||m | + Nyts.

Proof. The proof follows from proposition 3.10.

Proposition 3.12. Assume that the conditions(1-4) in proposition 3.1 hold for every 0 < s <t < p, where p is fixed such
~ ~ ~ A —1
that 0 < p < 1.Then there exists a positive real number M = M (||m ||; N1, p) such that || d(ﬁl || < Mt7s, where the

positive constant M is given by: M = M(||m1 |, N1, p) = ||m | + N1 225
1-p3

Proof. The proof follows from proposition 1.25.
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3.1 Building The Estimate of the Non-linear Part for j > 2.

Definition 3.13. For every j > 1, we define the the following integral equations:
3 [ dA;— i
850 = 8510 = 3 [ Rt DINEL1, ) = NSy, 22 9)as, (33)
0

where the LS is defined on 0 < ¢ < p, while the inside of the integral in the RS is defined on 0 < s < ¢t < p for fixed p,
0 < p < 1, where k1 (¢, s) is the kernel of the integral and it is given by k1 (¢, s) = [t%s% — 717

Definition 3.14. For every j > 1, we define the the following integral equations for derivatives:

t
840 2801 _ 3 [ ke VU 1 B o) = MU o R @)
Note that each derivative itself is defined on the interval 0 < ¢ < p for fixed p, 0 < p < 1 while the difference between
the derivatives in the LS is defined on the closed interval 0 < ¢ < p for fixed p, 0 < p < 1.While the inside of the integral
in the RS is defined on the closed interval 0 < s < ¢t < p for fixed p, 0 < p < 1.The kernel of the integral is given by
ka(t,s) = %t% s3 +t 252

Definition 3.15. The magnitude of the difference of the functions A;(¢) and A;_1(t) is given by:

3 [ dA;— dn;—
1250 = 85201 < 3 [ It s INIUA -1, D5 )(0) = N, 22 5) s, ()
0
forevery j > 1,0 <t < pforfixedp,0 < p < 1.
Definition 3.16. The magnitude of the difference of the derivatives dAdjtm s ‘mjdi’tl(t) is given by:
dA]'(t) dA]'_l(t) 3 /t dAj_l dAj_Q
— < = . _ .
= NG [ R NI, T ) < NI, T )l G6)
dAy_q Al o

Notice that the magnitude of the nonlinear part ||NI(A;—1, ——=)(s) — NI(Aj—2, —=2)(s)||, works starting from
Jj = 2, then we had to treat the case when j = 1 in a slightly different systematic way shown above through propositions
(1.15-1.26) since the integral equations of the differences [|A; — Ao and || %52 — ¢20|| require the nonlinear part to be
| NL(Ao, 220)(s)|| where 0 < s < p, for fixed p, 0 < p < 1. Now we try to give good description for what could be

dt dt
ds

the magnitude of the difference of the non-linear part under certain appropriate conditions. The following theorem gives
us an estimate for the magnitude of the difference of the nonlinear parts utilizing the mean value theorem.

Theorem 3.17. Under the following conditions : (1)0 <t < p,0 < s < tforfixedp,0<p <1 (2)0<|A,;| <M
where M is j—independent for every j > 1. Then the difference NI(A\;_1, dAd%)(s) — NI(Dj—a, dAdjS’z )(s), can be
written as shown below:

dN;— dN;— - dN;j—1 dNj—
NU(AG-1, — - =)(s) = NI(D; -2, e 2)(s) = Ra(Dj-1, 02, - 3 TJS2)(5)(A1—1 —Aj2)
by dDy s, dD oy dDs
+R2(AJ717 A]*Z, ds ) ds )(S)( ds - ds ) (37)
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The function R1, Ry are given by the following formulas:

dAj_

Aoy _
z 4p 3 z 3 2(Fa + )
R —ZR _°R R — 22  ds ' ds J
1(s) = gRu(s) — 5 Ra(s), Ra(s) = 35 (152,
; B8 )AF 1 = B(A )AL, . ()
Rui(s) = . =21, Ria(s) = s L . (38)
Aj_1—AJ 2 (1+Aj—1)(1+AJ'—2)
Proof. The sketch of the proof is given through the following steps.
O

Stepl: For, 0 < ||A;|| < M where M is j—independent for every j > 1, forevery 0 < ¢t < p,0 < s < t for fixed p
0 < p < 1. The difference term is given by:

o dAja Cdhjoa 4 B(A-)AT L - B(A2)A .
NL(Aj-1, ds )(s) = NL(A;j—2, ds )(s) = 5[ N1 —Dys A1 = Dj—2]
NS N nj_ NS
+§52{(d A () A — () - (g RS, (39)
2 14+ 2,-1)(1+Aj-2) '

Step2: Given 0 < ||A;|| < M where M is j—independent for every j > 1,forevery 0 < ¢ < p,0 < s < ¢ for fixed p ,

0 < p < 1. Then the term (dAd#) + (%)QAJ-_Q - (%)2 - (dAd%*Q)QAj_l can be re-written as:

() 4 () 8 = (P20 = ()00 =[5 - ST R A -
dAj_14\2

(1) (Aj—1 — Dj—2),forevery 0 < s < p, forfixedp,0 < p < 1.

Step3: Given 0 < ||A;|| < M where M is j—independent for every j > 1, forevery 0 <t < p,0 < s < ¢ for fixed p ,

0 < p < 1. Then the difference term NL(A;_1, dAjs_l )(s) = NL(Aj—2, dé‘djs_Q )(s) is written as:

~ ~ dA;_11\2
- dAja - dAjoo _ B(A-)A] 1 — B(Aj—2)A 5. 3, (—&)
NL(AJ*L ds )(S) NL(AJ*% ds )(8) - {9[ Aj—l —Aj—Q } 28 (1+Aj—1)(1+Aj—2) }'
3 2(dAdf;l + 250 dAy dDyos

[Dj—1 — Dj-2] +3 (40)

(1+ A]_g) [ ds ds I
Step4: Given 0 < ||A;]| < M where M is j—independent for every j > 2, forevery 0 <t < p,0 < s < tforfixed p,

0 < p < 1. The difference term NI(A;_1, 421 )(s) — NIU(D -2, Miz)(s) is written as:

ds ds
NI(Dj-1, Bi=1) ()= NU( Do, E5=2) (5) = Ri(Djoi1, Djz, oi=2 S0=2) (6) (A jo1 =N j_o)+Ro(Djor, Do, 201

dA dA dA
dJs 2)(8)( dJS L - djs 2)'

Now we want an estimate for the non-linear part NI(A;_1, dAdjS’l )(s) — NU(D -2, dAdjS’z )(s) in the interval 0 <

s <t < p < Lforfixed p. Since [NU(8;-1, “4=4)(s) = NUL -2, )@ < 1B 185-1 = 25-all +
||R2(s)]| || J L— J 2||. Then in order to have an estimate for the above nonlinear part we have to find estimates for

| R (s)|]and HRQ( )Hln the interval 0 < s < t < p < 1. The next proposition gives us an estimate for ||R11(s)]|| by
utilizing the mean value theorem.

Proposition 3.18. Under the following conditions: (1) 0 < s <t < p < 1 for fixed p. (2) 0 < 1A < M for every
§ > 1. Given the function 01 () = B(AR)AL. For k > 2, then the function 0, is defined and continuous on the closed
interval [||ANj—1]], ||Aj—2||] .-Moreover, it is differentiable twice on the open interval (||AN;—1||, ||A;—2]|)-
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Proof. The proof is straightforward.

Proposition 3.19. Under the following conditions:(1) 0 < s < t < p < 1 for fixed p. (2) 0 < ||A;]] < M
Jor every j > 1. Given the function 6 defined on the closed interval A1l |&j=2|]]. There exist at least one

Ajywith 0 < MIN{||Aj-a], 182/} < A1)l < Maz{[|&5-1ll, 1521} Such thar (P50 5 | =

01(L8j—1)—01(Dj—2)
—Ajj,l—Aj,; —Ru(s).

Proof. The proof follows from proposition 3.18.

Proposition 3.20. Under the following conditions: (1)0 < s < t < p < 1 for fixed p. (2) 0 < ||2j|| < M for every
j > 2. Then Ry1(s) can be represented as: Ri1(s) = [del(Ak)]Ak_A =3[+ Aj,l)% —1].

7AYS =il

Proof. The proof follows from proposition (3.19).

Proposition 3.21. Given the function 02(Ar) = (1 + Ak)% — 1, where 0 < ||Ag|| < M, for every k > 2. For every
0 < s <t < p < 1forfixed p. Then the function 02 is continuous on [0, HAJ 1] and differentiable on (0, A1)

Proof. From the definition of the function 62, the function is well defined at any point in the closed interval [0, HAJ i

and it is differentiable everywhere in the open interval (0, | A; _1]).

Proposition 3.22. Given the function 02(Ay) = (1 + Ak)% — 1, where 0 < || A|| < M for every k > 2, for every
0 < s <t<p< 1forfixed p.Then there exist at least one ;_1 with the property that: 0 < ||2N;_1|| < ||A;_1]|, such

that.(1+Aj,1)3 —1=A,_ {d92(Ak)}

k*]l

Proof. The proof follows from proposition 3.21 and the mean value theorem.
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Proposition 3.23. Given the function 62(Ay) = (1+ Ak)% —1,for0 < ||Aw|| < M foreveryk >1,for0<s <t <
p < 1 for fixed p.Then Ruy(s) = 2 A ;1 (1+ Bj_1)7, where 0 < || A1 < [|Aj-1].

Proof. The proof follows from proposition 3.22.

Proposition 3.24. Given 0 < ||2;|| < M foreveryj > 1, forevery0 < s < t for0 < t < p forfixed0 < p < 1.
Then Ri1(s) has the estimate ||Bir(s)]| < 22||A;_1]|(1 4+ |A;_1])? , in the interval [|j-1], |0s—2]]]. Where
0 < MIN{||Aj-ll, |85 -2ll} < 1851l £ Maz{[| A1l | A2}

Proof. The proof follows from proposition 3.23 and from the mean value theorem. Now we have a final estimate for the
value of R11(s), it remains to estimate R1(s) and Rz (s) in the interval [||A;—1]], [|Aj—2]|]-

Proposition 3.25. UndAer thef()llayving conditions: (1)0 < s <t <p,0< p < 1wherepisfixed (2)0 < ||A] < M,
forevery j > 1. Then R1(s) and Ra2(s) respectively have the following estimates:

. 195512
IR < $IA5a (0 + 125110 + 35 i, s, =

—2
J I

~ 3 2H H+”
[R2(s)]l < W'

Proof. The proof follows from the definitions of R1(s) and Ra(s) respectively.

Proposition 3.26. (Final Estimate): Given 0 < ||A;] < M for every j > 1, forevery0) < s <t < p,0<p<1
where p is fixed. Consider the inequality: 0 < MIN{[|A;-1 ||, |82} < |Aj-1]l £ Maz{||Aj-1], | Aj—2}. Then
||R1(s)]| has the final estimate:

dA 2
N L 3 2 || ”
Ri(s < Njal|A+]]0j-2])2 + =5 . (41)
Or
L3 1“5 11
IR ()l < 5 HA] @+ 12502 + 58 42)

=S .
2 T = T2 T = 125l

Proof. Since 0 < MIN{||A;-1]],[[Aj-2]} < ||Aj,1|\ < Maz{||&j-1]], |&j—2]|}- Then it means , either: 0 <
1A 1] < 1A=1]] < 1A =2, or: 0 < [|Aj—2|| < ||A;- 1|| < ||Aj—1||. By proposition 3.25, we have the following

. N . J 12 .
estimate: || R;(s)|| < §||Aj_1H(1_|_HAJ-_1H)%+%32 = HA7“ i i We can rewrite || R1(s)]| as the following:
R N an;ly o N
IR < 512521+ 185-210F + 36" o sy of IR < 31450 + 12512 +

dA] 1,2
342 I——l
27 [1=[[a I =11A =2l
O
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Now in the next proposition, we give the final expression for the estimate of the nonlinear part: NL(A;_1, %) (s) —

NL(A;—o, di%)(s). In other words,

an;_ dn
INL(Aj1, =57)(s) = NL(Aj -, d 2)(S)H

5 13 = 3.2 4850 4 200=2
< {31182l + 1285207 + 38 =y 1u||||1 ||AJ A1 = Bj—all + 557 ||1 &, guu RS
dAJ 2”

Or

diN; dN 1
HNL(AJ‘—LMJS 2)(s) = NL(Aj—2, —52) ()| < {éHAJ 1||(1+ HA;‘ 1\|)2 +
3 =12 3.0, 1555t 41 252 ddj_s
35" ul—HAJ sy HlAi-1 = Bj—2ll + 5 357( ||1—\|AJ 2m| RS d I

Proposition 3.27. (final expression): Given 0 < || A;|| < M for every j > 2, forevery0 < s <t <p,0< p <1,

where p is fixed. The nonlinear part NL(A;_1, dAdJ;l )(s) = NL(Aj—2, dAd%)(s), has the estimate as shown above.

Proof. Since NL(Aj_1, 55=1)(s) — NL(Aj—2, 225=2)(s) = Rl(s)[Aj_lA— Njoa] + Ro(s)[2oi=t — $8i=2]
. Ao ds,
forevery 0 < s <t < p,0 < p < 1 where pis fixed. Then [NL(A; 1, —£=+)(s) — NL(Aj 2, —2)(s)|| <
IRi(s)|I[|Aj—1 — Dj—2]| + ||R2(s) H||dA’ L dA] 2|. Now based on the inequalities which give the estimates of
|[Ri(s)| and || R2(s)|| respectively , we have two 1mages for the estimate of the nonlinear part: This completes the
proof. O

We work with the first estimate since we will show later that the two estimates give same results as we will show that all
the functions 2\; are bounded independently on j , for every j > 1. The above two estimates are the building block that
will be used to build the induction hypothesis on j beginning with j = 2, note that the above two estimates do not work
with the case 7 = 1 and then we had to treat the case j = 1 in a completely different way.

3.2 Summary

Based on the initial results introduced above from the two levels j = 1, j = 2. Itis obtained that A1 — Do <
7,42 dA aa 4% 8 da Ao

203 — N, A — e < 232 4+ BN and 122 — A < 30 - )Livii 1142 — %) <

3224+ 2 )LN1t £ We expect the following pattern: ||A; — A1 < g(si - 8]+5)Kt ’ ||7 - dAJ LI <

316
37,2 3
HET vy

3.3 Making the R.S of the two inequalities independent on ;.

We will try to estimate the amounts (8i Sji_ =
3 3 23 3 : 3
5 & S 8] + 8]+5 and 35; t 8]+5 <g 5t 8]+5 Then the upper bound will be 5t
before that, we want to find an upper bound for the upper bound %

will not be proved as the proofs are straightforward.

)and(%%—t—

83 +5 ) forevery j > 1togetaj —independent constant . Since

8]+5 For every 5 > 1. But

515 +5 as we will see below. The following lemmas

Lemma 3.28. For every j > 1 then 2 5 T 8] = < %.
Lemma 3.29. For every j > 1, the following inequalities hold: 8%. — SJ.?’ﬁ < %,%% + Sfﬁ < %
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3.4 Explanation of Induction Hypothesis:

The main purpose here is to prove the following. For every j > 1, there exist positive real numbers K and M which
Ei+2 j

are independent on j such that: (1)[|A; — A < FKt )| d(ﬁj

@]l d(ﬁj || < Mt . Note that (1), (2),and (3) are deﬁned for every 0 < t < p, for some fixed 0 < p < 1 chosen
carefully. While (4) is defined only on the interval 0 < ¢ < p.The induction procedure is made on j, the first step is to
show that the four statements are all correct whenever j = 1, note that (3) follows from (1) while (4) follows from (2)
. This means that the induction procedure goes in parallel. The second step is assuming that the four statements are all
correct whenever | < j , and then the last step is showing that they are all correct whenever [ = j + 1.We start with
the case of j = 1, this case is treated carefully through propositions (3.1-3.12). Now assume that the four statements are
correct for [ < j, in the next theorem we build the bound M based on the hypothesis which says that (1) and (2) are both
correct whenever [ < j, 7 > 1. It is very important to know how does the bound M look like since we have to have the
same representation for M in the two different levels | < j,and | = j + 1. Moreover , having a representation for the
bound M will enable us to go through the proof of theorem 4.9 when we estimate the nonlinear part in the stage of [ < j.
The plan here is to have representations for the positive constants K and Min each level [ < jandl = j + 1. More than
that ,each one of K and M have to carry the same formula in the two different stages [ < j and [ = j + 1 which confirms
the independence on the index j.

4 Thelevelof! < j

81+2

Theorem 4.1. For every 0 < t < p, for fixed p, 0 < p < 1. Assume that : || — Ajq|| < oKt 5 and
1—1
1= ﬁ - dAl <2 KtS 5, forevery |l < j, for j > 1.Then there exists a positive constant M such that 1A <

MtSande(ﬁ’ | < Mt= 3 where K > 0 ,for0 <t < p, M is given by M = M(|m|, K, p) = [|m| + K pps

Proof. The sketch of the proof of the above theorem is given as a sequence of several propositions.

Proposition 4.2. Suppme that all conditions of theorem 4.1 hold , then there exists a function g;(t) which is given by:
2
i(t) = Im | + oy 35 K5 Such that | ]| < gi()t5.

Proposition 4.3. Suppose that all conditions of theorem 4.1 hold , then there exists a function g; (t) which is given by:
l 8k o * =1
67 (8) = 2llm |+ Shey K Such thar | 451 < g7 (1)t 7

Now we need an upper bound function which bounds both the two function ¢;(¢) and g; (¢).

Proposition 4.4. Suppose that all conditions of theorem 4.1 hold , then there exists an upper bound function §,(t) for the
two functions g;(t) and g; (t) for every 0 <t < p, for fixed 0 < p < 1.

The upper bound function is defined by: §,(t) = ||m|| + 22:1 Kt%. Moreover, I < gl(t)t% forevery0 <t <p,
Sor fixed p, 0 < p < 1, while || dtl || < gl(t)t%lforeverO <t<p,forfixedp,0<p<1l Forl<j,5>1

Proposition 4.5. Suppme that all conditions of theorem 4.1 hold , then the upper bound function can be rewritten as:
a(t) = |mll +Kt8L foreveryQ <t < p, forfixedp,0< p<1,forl <j.
—t3
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Proposition 4.6. For0 <t < p < 1,then0 < (300 -1

Proposition 4.7. Suppose that all conditions of theorem 4.1 hold , 0 < t < p, for fixed p, 0 < p < 1. There exists an
8 N
upper bound M which is given by: M = M(||m ||, K, p) = ||Im|| + K 225 Such that §(t) < M.
1-p3

Proposition 4.8. Suppose that all conditions of theorem 4.1 hold .Then: ||/\|| < M t3 for 0 < t < p, for fixed p,
dA’ I < MtE for0 <t < p, forfixed p,0 < p < 1. Foreveryl < j, forj > 1.

Note that theorem 4.1 gives the boundedness for the functions AA; where [ < j . In theorem 4.1 , the bound M is built in
the level [ < j, the next step is to have representation for the positive constant K in the same level [ < j.

The positive constant K is written in terms of the positive constant € as we will see in the next two theorems, the plan here
again is to have representations for the positive constants K and M in each level | < jand ! = j + 1. More than that
,each one of K and M have to carry the same formula in the two different stages ! < j and [ = j + 1 which confirms the
independence on the index j .

81+2

Theorem 4.9. For everyO < s <t < p forfixedp, 0 < p < 1. Assume that | — DN < K*s 3,
195 — =t <

wlw

K*s T , forevery | < j, for j > 1, for K* > 0. Suppose also that p = mm{[\lm\l}% ’32} ,
[W] I3 In addmon, 0 < X = min{p, p2, p3} < 1. Then there exists a positive constant € such that:

AN}
ds

dDNi_o
ds

INL(Ai-1,

() = NL(A2, TE2) ()] £ op K es ™7 @)

Where € is given by: € = [{gM(l—l-/\)% +3 = x]2}+ [3M]]

Proof. The sketch of the proof of theorem 4.9 is given as a sequence of propositions.

Proposition 4.10. For every 0 < s <t < p, for fixed p, 0 < p < 1, suppose that all conditions of theorem 4.9 hold ,
then:

JAVESY dAl 2 51 3 M2s3 M 814
NL(Ai-1, $)=NL(Ao, < —K M(1+Ms3)3 42 i +3 S e
INL(Ai-1 S )(s) (Dg—2 Y < [{ ( ) 2||1—Ms%||2} Hl—Ms%H]

Proposition 4.11. Forevery 0 < s <t < p, for fixed p, 0 < p < 1, suppose that all conditions of theorem 4.9 hold, then

dAl_l dAl_g g 1 § ﬁg 3M 8l—4
INL(A, TG ) = NL( 2 G @) < g K UM (4 ) 4 S P 1™ )
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Proposition 4.12. For every 0 < s <t < p, for fixed p, 0 < p < 1, suppose that all conditions of theorem 4 9 hold ,
81—

then there exists positive constant € such that: ||NL(2—q, dé‘dls“ )(s) = NL(A—2, dils’Q Y| < 5 K*es 5 o , where

€ is given by: ¢ = [{ M(1+)\)2 + 2 ST /\2}+ 1‘”{\]]

Theorem 4.13. Forevery 0 < s <t < p, forfixedp, 0 < p < 1 Avmme that theorem 4.9 holds , For every 0 < s <1

, 1 < j, for j > 1. Suppose also that p = mm{[Hm”]3 [”} [ ] }and(] < A = min{p1, p2,p3} < 1. Then

there exzsts a positive constant K = K (g) such that: ||\ — AN_1| < %Kt T where K is givenby, 0 < K =

min{K*, o5 K*e}, where K* is fixed to be positive constant.

Proof. The proof follows from theorem 4.9 and the estimate of || N L(A;_1, dAdls‘l )(8) = NL(A—o, dAdlS‘z Y3 -

Theorem 4.14. For every0 < s <'t < p, for fixed p, 0 < p < 1. Assume that theorem 4.9 hold , For every |l < j, for

]% 92}3 [M2] }, 0 < XA =min{p1, p2, p3} < 1.Then there exists a positive

j > 1. Suppose also that: p = min{[2 v

constant K = K (&) such that:

HmH

di dAl 1
aor 9k 4
| dt Ih=< 20 t (46)
Where K is given by 0 < K = min{K*, & K*}, and K* is fixed to be positive constant.

Proof. The proof follows from conditions of theorem 4.9 and an estimate of || N L(A;_1, dAdlS* LY(s)—NL(A 2, dAd“z )($)I-

£

O

5 Thelevelofl =j+1

It is known that the positive real numbers K and M are both J-independent if each one of them has the same formula in
the two different levels | < j and ! = j + 1. Now we know how K and M look like in the stage [ < j, it remains to see
how do they look like whenever [ = j + 1. The next theorem gives representation for ¢ in the stage | = j + 1.

Theorem 5.1. For every 0 < s < t< p, forfixed p, 0 < p < 1,assume that the following statements hold:

9 ., six2z dA dA
180 = Al € K™, |92 - oY < pes® “7)
loll < wrst, 420 < w5 @)

Where K* is fixed to be a strictly positive constant. For every 1 < ], j > 1.Where K = K(K”*,¢) and M are given in
}% ["2]7 [M2] } 0 < X = min{p1, p2, p3} < 1. Then the below

the level | < j, Suppose also that: p = mln{[”n1 I

inequality holds:
dA\; dN;— 9 ., 8it4
INL(A;, d—;)( $) = NL(Ajo1, =) (s)] < 5K Tes (49)
where ¢ is given by: € = [{gM(lJrA)% 3 = k)2}+ SM]
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Proof. The sketch of the proof of the above theorem is given as a sequence of propositions. Before that the way that
we choose the positive constant K in l < j can be summarized in the following steps: first fix a positive constant K™*

81—1
such that: [|A; — Ay < 2 AL _ B < 9 KT
the nonlinear parts to have: HNL(Al,l, Adls L )( ) — NL(AZ,Q, dA(i’;Q

two formulas: | A — A1 || < 2 [ K (¢, s)||NL(Al 1,d§l—1)(5)—NL(Al,2,dA; 2)(s)||ds,

2 fo Ky (t, s)||NL(A-q, AS‘ )(s) = NL(A— 2, 2 —=2)(s)||ds. Lastly, is collecting all the constants in the right sides

of the above two inequalities and choosing, K = K (K ,€) = min{K*, 5- K*e}. In the next propositions , our goal

is to show that the positive constant K will carry the same formula in the level | = j + 1, then we had to suppose that
[AVEAVER [
Kinthelevell =j+ 1.

.Secondly, is calculating the difference of

)(8)|| < 25 K*es s . Thirdly, is applying the
B <

81—1
dAl - dA’ L < 55K*s 5, and follow the same technique to be able to determining

O
Proposition 5.2. Assume that all conditions of theorem 5.1 hold , for every s € [0, p] , p is given above.Then
A, A0y 9 ., sia 5 .~ 2013 M M
NL(A; IV(8)=NL(Djo1, —2=)(8)|| € == K"s 3 [{-M(1+Ms3)24= — .
INL(B,, S22 (5) = NL(D1, SN 6)] < o (e R TPy e as e e
Proposition 5.3. Assume that all conditions of theorem 5.1 hold , for every s € [0, p] , p is given above.Then
dn; dAj—q 3 A 3M 9 8j+4
NL(A; J — NL(A; - J < M(14+MN2 42 —K¥*s 3 . 51
INL(2; S = NLA 0 SGEN @ € UG+ + S+ o oK s

Proposition 5.4. Assume that all conditions of theorem 5.1 hold ,for s € [0, p] ,p is given above.Then there exists a
positive real number € such that: ||NL(A;, ddAS )(s) = NL(Aj—1, dﬁl‘i’s L)(s)|| < a5 K*es 552 Where ¢ is given by:
e=[{EMA+N7 + 325} + 24

Theorem 5.1 is considered as the most significant part in the [ = j + 1—th level since it gives good estimate for the
crustal part which is the difference between the two nonlinear terms ,without theorem 5.1 we are unable to estimate

A — Ag—q|land || 55 @ — dAl L|| whenever I = j + 1.Moreover , it shows the existence of the constant € in the level
l =7+ 1anditalso shows that the positive real number € has the same representation in two different levels , | < j and
[ = j + 1 which shows that ¢ is j-independent.

Theorem 5.5. For every 0 < s < t< p, forfixed p, 0 < p < 1, assume also that |2 — D—1]] < Q%K“sm;r2

Ao 1) < SK*s s, || Al < M3,

-1
3 .Where K* is fixed to be positive constant. Note that

> 30
K lsplaced on the right stdes Uftheﬁrst wo mequalltles to be able determining the value of K in the stage of | = j + 1
For every | < j, j > 1.Where K and M are given in the level | < j, Suppose also that : p = mm{[HmH]%’ ﬁ} 5
[1’3132]%}, 0 < A = min{p, p2, p3} < 1. Then in the level | = j + 1, we have:
9 8i+10 d/N\j4q
Njp1— Djl| < Kt 3 1 45 Kt 52

N O L (52
Where K in the level | = j + 1 has the same formula: 0 < K = min{K*, J; K*e} = K(K*,¢).
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Proof. The sketch of the proof is given as a sequence of propositions.

Proposition 5.6. Suppose that all the given conditions in theorem 5.5 hold , | = j + 1L.Then: ||Aj+1 — D] <
39 g% [_3 3 1,3%10
5 20 [8j+8 - 8j+13}t

Proposition 5.7. Given j > 1, then

w

©
IN

NI

3
8j+8  Bj+1

Proposition 5.8. Suppose that all the given conditions in theorem 5.5 hold , | = j + 1.Then there exists a positive real
8j+10
number K such that: ||ANji1 — Aj|| < 5Kt s SR K s given by 0 < K = min{K*, 2= K*e}. Where K* is fixed

’ 20

such that || — D || < S K*s “, 42, —dﬁl L < 2K*s™5 For0<s<t1<jj>1

dt dt

Proposition 5.9. Suppose that all the given conditions in theorem 5.5 hold , | = j + 1.Then: || 42541 45, I <

8547
1

3
5 20K* [3 sits 8j+13]

Proposition 5.10. For every j > 1, we have:

<

»&\DJ

it o

Proposition 5.11. Suppose that all the given conditions in theorem 5.5 hold , | = j + 1. There exists a positive real

number K such that: || dA”'l — J | <5 Kt , K is given by: 0 < K = min{K*, 3, K*e} = K(K*,¢).

This completes the sketch of the proof of theorem 5.5. Then we have the same representations for the two positive constants
€ and K in two different levels [ < j,! = j + 1 and then K is j-independent.

Theorem 5.12. Assume that all conditions in theorem 5.5 hold , suppose l =4+ 1 Then there exists a positive real
number M which is independent on j, such that: ||/\j41] < Nt3, forevery 0 < t < p, and, || 7+1 | < Mt= 5 for

every 0 < t < p for fixed p given in theorem (5.5). Where M is given by: M = M(Hm”, K,p) = [m| + K’J—§
1—p3

Where K is positive real number given above in theorem 5.5 and it is j-independent.

Proof. The sketch of the proof is given as a sequence of propositions.

Proposition 5.13. Assume that all conditions in theorem 5.5 hold . Suppose | = j + 1 Then ||Aji1| < ||Doll +
2 k=0 12k+1 = Agll.
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Proposition 5.14. Assume the conditions of theorem 5.5 hold , if | = j + 1, then ||Aj41|| < gj+1(t)t%. The function
. 8(k+1)

gi+1(t) is given by gj1(t) = [Im || + 55K >3 _ot 3 . Note that K is j—independent positive real number given in

theorem 5.5, and the function g;11(t) is defined in the closed interval t € [0, p] for fixed p given in theorem 5.5.

dAk+1 _

Proposition 5.15. Assume the conditions of theorem 5.5 hold , if | = j + 1, then || dA]“ | <1952 da 22| + Z ol
dAk ||

Proposition 5.16. Assume the conditions of theorem 5.5 hold , if | = j + 1, then || dA”'l I < g]*»+1(t)t%1, where the
8(k+1)
function g5 (t) is given by: g7 1(t) = Z|lm| + TOKZk:O 3, where K is j—zndependent positive real number

given in theorem 5.5 , and the function g (t) is defined on the interval t € (0, p) for fixed p given in theorem 5.5.

Proposition 5.17. Assume the conditions of theorem 5.5 hold , consider the functions g;1(t) , gj11(t) defined in proposi-
tions 5.14 and 5.16 respectively, then for every 0 < t < p for fixed p given in theorem 1.8 there exists an upper bound func-
1— (t 5 )J

e

tion ;4+1(t) such that: Gj+1(t) = ||m| + Kt3

Proposition 5.18. Suppose that all conditions of theorem 5.5 hold and | = j+1, there exists a positive real number M in-
dependent on j ,such that: §j+1(t) < M, for0 <t < p, for fixed p given in theorem 5.5 , where M is given by: M =
8

M(||ml, K, p) = |Im|| + K 225 Note that K is j-independent and it is given in theorem 5.5.
1—p3

Proposition 5.19. Suppose that all conditions of theorem 5.5 hold and | = j + 1, there exists a positive real num-
ber M independent on j ,such that: ||| < Mt%,for everyt € [0, p), for fixed p given in theorem 5.5.

Proposition 5.20. Suppose that all conditions of theorem 5.5 hold and | = j + 1, there exists a positive real num-
A =1
ber Mindependent on j ,such that: | dAJ“ || < Mt foreveryt € (0, p], for fixed p given in theorem 5.5.

Now theorem 5.12 is proved. Finally, we have the representation for the bound M given by: M = M (||ln], K, p) =
8

|7l + K o3 R Whenever | = j + 1, if we compare the value of M in the level [ < j which is given by theo-

rem 4.1 by: M = M(||lm|, K, p) = ||m] + K £ 3 . We will see that M carries the same representation in two differ-

entlevels | = j+1 and ! < j which proves that M is j —independent. The finite induction is done on j and we have the fol-
lowing statements proven. Let us summarize the induction results as given below: Given 0 < ¢ < p for some fixed p, 0 <

p < 1 givenintheorem 5.5, forevery j > 1, there exists a positive real number K which is j-independent such that: (OH]|A;—
N < 29—01('758J3+2 (2)||di] 2%thj?jl, where K = min{K*, ;s K*e} = K(K*,¢). More-
over, the positive constant K is proven as j-independent. Given 0 < ¢ < p for some fixed p, 0 < p < 1 given in theo-

rem 5.5 , for every j > 1, there exists a bound M which is j-independent such that: (3) ||A;]| < Mt3 (2) | dij | <

_ N N 8 ~
Mt= . N = M(|m|l, K, p) = ||m] + K 225, forevery j > 1, where M is proven as j-independent.
1 3

6 Converges of the series

We try to establish the uniformity of the convergence.

Theorem 6.1. The series Y ;- | || Ag—ADp—1] converges to 55 K ! 3 inthe interval 0 < t < p < 1.The sketch of the proofis given as a se-
45

quence of propositions.
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is an upper bound series for Y - | ||Ax — Dp—1]]

+2
3
converges in the interval 0 < t < p < 1 for fixed p given in the-

8k+2
3

iKZZ"lt

t3

Proposition 6.2. The series 55 K > 7o | ¢

Proposition 6.3. The upper bound series
—t 3

orem 5.5 to the continuous function p(t) = =5 K
10

t 3

inthe interval 0 <t < p<1

=K

8
20 3

1—t

in the interval 0 <t < p <1

Proposition 6.4. The series Y ;- | ||Ax — Ag—1|| convergesto ¢(t)
10
t 3 .

Y

S K o
t3

20
|| converges if the sequence of partial sums {37 _, || %5

dAk 1

The series Y 7> | ||Ax — Ap_1|| convergesto (t) =

ﬂ_

Definition 6.5. We say that the series > 7~ | || =5
in the interval 0 < t < p <

7
3

— 9 g t°
20
1-t

dA" =L ||}52, converges.
8
3

dAk LIl converges to ®(t)

B _
|| in the inter-
Sk‘, 1

dAk 1
3

dAk

Theorem 6.6. The series Y ;- |5
1.The sketch of the proof is given as a sequence of propositions

is an upper bound series for Y ;- [|%5

0K 2

Proposition 6.7. The series
7

”8 in 0<t<p<l

—t

8k—1
oo t 3
val 0 <t < p where p is fixed and it is given in theorem 5.5. Furthermore, the upper bound series 20K Dot

in the interval 0 < t < p <

converges to ®(t) = 2 K

Lk dAk L|| converges to ®(t) =

Proposition 6.8. The series >~ | || %5

1. This completes the proof.
converges uniformly in the interval 0 <t < p < 1. For fixed p given in the-

k m k
- Zk:l t

there exists a positive integer N™ which is t-

Theorem 6.9. The upper bound series > - |
orem 5.5. The sketch of the proof is given as a sequence of propositions.
S tF < ko Forevery0 < t <

Proposition 6.10. Given k > 0, for everyn,m € N, we have :| > 7 _,

Suppose that 1 > k > 0, for every n,m € N

Proposition 6.11. X
independent such that for n > N* and m > N* such that | Y p_, t*

p, for fixed p given in theorem 5.5
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Proposition 6.12. The series > - | t* converges uniformly in the interval 0 < t < p < 1. For fixed p given in theo-
rem 5.5

Theorem 6.13. The series > oo | ||Ax — Ag—1]| converges uniformly on 0 < t < p < 1.For fixed p given in theo-
rem 5.5 The sketch of the proof is given as a sequence of propositions.

8k+2

Proposition 6.14. The series > o, o Kt

56 <3, %Ktkforevewo§t§p<l.

Proposition 6.15. The series 3, , 9 eyt converges uniformly in the interval 0 <t < p < 1.

Proposition 6.16. The series Y- || Ak — Ag—1||converges uniformly in 0 < t < p < 1.The proof is completed.

We give an alternative proof as the following: We want to show that the series > oo | [[Ar — Ag—1]| satisfies Weier-
strass M-test in the closed interval 0 < ¢ < p for fixed p given in theorem 5.5

Theorem 6.17. Given @i (t) = ||Ak(t) — Dp—1(t)||. For every 0 < t < p for fixed p given in theorem 5.5 , con-

sider {3°1_, or(t)}52 to be the sequence of partial sums of the series S 7> ¢x(t) defined on [0, p] , there exists a se-

quence of real numbers {py. }3, such that : | i (t) |< pr, foreachk > 1,372 | pr converges.The sketch of the proofis given as a se-
quence of propositions.

Proposition 6.18. Assume the conditions of theorem 6.17 hold ,there exists a sequence of real numbers {p, } 51 such that : |
ok (t) |< p, for each k > 1.

Proposition 6.19. Assume the conditions of theorem 6.17 hold , then for fixed p, 0 < p < 1 given in theorem 5.5, the se-
ries Y oo | pr converges.The proof of theorem 6.17 is completed.

10

Theorem 6.20. The series > o, ¢k (t) converges uniformly to the function p(t) = 35 K "
3
p <L

foreveryt € [0, pl, forfixed p, 0 <

1—t

Proof. From theorem 6.17 we have the sequence of partial sums {3"7_, ¢x(t)}52, satisfies Weierstrass M-test and hence the se-

ries Y oo, @x(t) also satisfies the test , this proves that the series Y- ; ¢ (¢) uniformly converges in the closed inter-
10
£

val [0, p]. We prove in theorem 6.1 that The series > - | @k (t) converges to (t) = 5 K in the interval 0 < ¢t <

t

5
1-t3
p, by the uniqueness of the limit point the series 3 .-, ¢« (t) converges uniformly to the continuous function ¢(t) for ev-
ery 0 <t <p.

Proposition 6.21. For 0 <t < p < 1, tgkgl < t* | for every k > 1. The proof is straightforward.

Theorem 6.22. The seriesy ., || ddAtk — dAd"‘tfl || converges uniformly in the interval 0 < t < p < 1. The sketch of the proofis given as a se-
quence of propositions.
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dAk 1 dAk 1

Proposition 6.23. The infinite sumy ;- | || =5 dA" | can be estimated as: > - | || =5 dA"

< QOKZk 1t

(iAk dAk 1 dAk dAk: 1

Proposmon 6.24. The infinite sum Y 3>, || %5
K et

|| satisfies the following inequality: Y777, || =5 I <

Proposition 6.25. The series Y -, |5 dAk % || converges uniformly in the above interval. Which completes the proof of the propo-
sition and theorem 6.22

FIN
We give an alternatlve proof to show that the series >~ | || =5 d‘i — ———|| converges uniformly to the continuous func-

tion ®(t) = QQ—OK t5 % on the closed interval 0 < ¢ < p for fixed p given in theorem 5.5 as follows:
1-¢3

Theorem 6.26. Given @5 (t) = || ‘m"‘(t) n
sider {3°3_, i (t)}52, to be the sequence of partial sums of the series Y p- | Py (t) defined on [0, p] , there exists a se-

quence of real numbers {qr 72, such that | ®r(t) |< qw, foreachk > 1,5 72 | qi converges. The sketch of the proof is given as a se-
quence of propositions.

Proposition 6.27. Assume the conditions of theorem 6.22 hold ,there exists a sequence of real numbers {qi } n—, such that |
D (t) |< qw, for each k > 1.

Proposition 6.28. Assume the conditions of theorem 6.22 hold , then for fixed p, 0 < p < 1 given in theorem 5.5 , the se-
ries oo, qr converges.

Theorem 6.29. The series Y n-, @1 (t) converges uniformly to the function ®(t) = 2 K HS Joreveryt € [0, pl, forfixed p,0 <

1-t3
p < lgiven in theorem(5.5).

Proof. From theorem 6.22 we have the sequence of partial sums {Zizl (1) }52, satisfies Weierstrass M-test and hence the se-
ries 3o, Px(t) also satisfies the test , this proves that the series > ;- | P (t) uniformly converges in the closed inter-

e
val [0, p]. We prove in theorem 6.6 that The series Yo, @i (t) converges to ®(t) = 55 K —"+ in the interval 0 < ¢ <
1-t3

p, by the uniqueness of the limit point the series » > ; Px(t) converges uniformly to the continuous function ®(t) for ev-
ery 0 <t <p.

Theorem 6.30. The two series Y oo, pi(t) and Y po | Pr(t) converge absolutely in the closed interval 0 < ¢ <
pforfixed p, 0 < p < 1 given in theorem 5.5 The proof follows from the definition of the absolute convergence.
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7 Construction of the solution

Start with: A; = Ag+(A1—L0)+(D2—A1) 4 H(Lj—Aj-1) and Aj = No+3 7 (Ak—Lgk—1). Now we want to find a func-
tion of ¢ say A(t) such that the sequence {A\;}72; converges to A(t) forevery 0 < ¢t < pforfixed p,0 < p <
1 given in theorem 5.5, as we will see in the next theorem.

Theorem 7.1. Given 0 < t < p for fixed p, 0 < p < 1 given in theorem 5.5 , there exists a continuous func-
tion A(t) such that \j(t) — A(t) as j — oo and t — 0.

Proof. The outline of the proof is given as a sequence of propositions.

Proposition 7.2. Given 0 < t < p for fixed p, 0 < p < 1 given in theorem 5.5, then : ||A(t) — A;(t)]| <
2kzji 18%(E) = D (D)

Proposition 7.3. Given 0 < t < p for fixed p, 0 < p < 1 given in theorem 5.5, then: N;(t) — A(t), ast —
0and j — oo.

Proposition 7.4. Given 0 <t < p for fixed p, 0 < p < 1 given in theorem 5.5, then: A(t) = No(t) + > 7o, [Dr(t) —
Ak—1(t)] is continuous function for every 0 < t < p.

Theorem 7.5. Given 0 < t < p for fixed p, 0 < p < 1 given in theorem 5.5 , there exists a continuous func-

tion 21 such that %'t(t) —)%it) asj —rooandt — 0.

dt

Proof. The outline of the proof is given as a sequence of propositions as follows:

I;ZOposition 7.6. Given 0 <t < pforfixed p, 0 < p < 1 given in theorem 5.5 ,then: % — d(ﬁj = Zz":Hl(ddA—t’“ —
k—1
ar )

d 8k—1

Proposition 7.7. Given 0 < t < pforfixed p,0 < p < 1 given in theorem 5.5 ,then .'||% — dAtj | < K>, t s

Proposition 7.8. Given 0 < t < pforfixedp, 0 < p < 1 given intheorem 5.5 . Then the sequence { dAdjt(t) }Y;21approaches the func-
dA(t)
dat

tion whenever t tends to 0 and j increases.

Proposition 7.9. Given 0 < t < p forfixed p, 0 < p < 1 given in theorem 5.5 ,the derivative dAdt(t) is a continu-

ous function in the interval 0 < t < p .This completes the proof.
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Note that the derivative dAdt(t) is unbounded whenever ¢ — 0, then the above solution cannot be considered to be the so-
lution when total collapse occurs since it is not continuously differentiable whenever ¢ tends to the collision time ¢ =
0. Then , we try to modify the solution to guarantee the boundedness whenever ¢ tends to 0.

Theorem 7.10. Given 0 <t < pforfixed p,0 < p < 1 given in theorem 5.5, consider: A(t) = DNo(t)+ 3 e, [Ak(t) —
o dAg,_
Dioa(t)] and G = S50 + 2 (5 = ).

Consider the transformation: z =t~ «— t = 27 . Then A(2), dAiz)

alent to say t — 0.

are bounded whenever z — oo which is equiv-

Proof. Start with the equation: A(t) = Ao(t) + > pe [Ak(t) — Ak—1(t)] and we obtaln A < [1Do(®)] +
Sons, 1AK(E)—Ak—1(t)|| Since the series >_72 | || Ax—Ak—_1|| converges to p(t) = == K e , intheinterval 0 <t <

8
t3

10
p <1,thenwehave > 27 [Ak(t) — Ap_1(t)]| < 5 K L3 andthen IA@®)] <] m |t3+ K 12 andsmce t=

27! Then ||A|| <] m | z’%—i—%K 3§ As z — o0, therlghthand side of the inequality tends to O and then ||A|| —
1

0 . Then the function A — 0. Now recall that: % = dAO + > l(ddAt’“ — dAd"t 1) and hence || 21 < dt“ || +

>orey ||dA’“ — dA’“ L. Since the series Y oo | HdAk — dA"‘ L|| converges to ®(t) = 5 K tss in the interval 0 <

t3

t < p <1 Then> 2, ||dA’“ dA’“ < 2K ti Then || 22| < ||7]1Ht_% + %Klii% . Now we start formu-

lating the derivative with respect to the new variable z as below: df = % % =22 @ . Then % =22 (ilf. Put ev-

erything together we get || — QdA || < 2 Hm||z3 + 5K if% , thus: 22|| | <2 ||771||23 + 5K izg . Multi-

ply both sides of the above inequality by 2~ 2, then || 2 || < 2||n ||z~ ip2 S K= f§ As z — o0, then the right hand side of the in-
equality tends to 0 and then || 2 || 0 as well . Then finally we have — 0. A; asummary , we have the following: A —

0,22 0, as z — oo.

> dz

Theorem 7.11. Forevery0 <t < pforfixed p,0 < p < 1 given in theorem 5.5 Then: (1)The function A (t) is bounded. (2) A —
0 as t— 0.

Proof. The proof is given as a sequence of propositions

Proposition 7.12. For 0 < t < pforfixed p, 0 < p < 1 given in theorem 5.5, we have: ||A®)|| < ||A; (@) + ¢(t).

Proof. Since we have for every j > 1, ) = O] £ SK> 0, ¢*5 . Since we know that for every j >
1 |A®) — ( MW= A@) ] = 1A, )|| | Then by utilizing the two above inequalities we get:| || A(E)] — |2 ()] |<

8k+2 oo 8k+2 o 8k+
FE >t #52 and then: —20K2k 1 ( H—HA )] < QQOKEk Lt thus: |A ()| — g5 K Yo b8 <

HA( < A0 + 56K 352, O =) < [A@] <
12; @) + »(t). Since we work on the upper bound on ||A(%)|], we get: ||A(2)]| < HA )] + @(2).

[V
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Proposition 7.13. For 0 < t < p for fixed p, 0 < p < 1 given in theorem 5.5 , we have for every j > 1: ||A(t)]]
« 8 N
H(t)t%. Where the function H (t) is given by: H(t) = M + 55 K —>5 Moreover, H(t) — M ast — 0.
1-t3

IN

Proof. By proposition 7.12 , we have: [[A(t)]] < [|A;#)] + 55K Yot Smce we know that [|A;(t)]] <

Mt3 for every j > 1 , M is described by: M = M(HmH,K,p) = |m| + K p3§. Then [[A(t)] < Mts 4
1-p3

<

0 8kt ) g 8k+2 . .
56K > pqyt 3 . Since the upper bound series 55 K> 70 |t 3 converges to the continuous function ¢(¢) on 0

t < p,forfixed p,0 < p < 1.Then %KZZ":JS?Q <ot) = FK “8, and then we get: | A()|| < Mt3 +

10

K 2 The following inequality is obtained: || A(t)|| < [M + 5K “§ }tﬁ. Set H(t) = M + K “§ JFt—
1-t5 1-t3 1-t3

0, then H(t) —» M. Then || A(t)|| < H(¢)t3.

Proposition 7.14. For(0 < t < pforfixedp,0 < p < 1givenintheorem 5.5, we have: ||A(t)|| < o1. Where o1 is given by: o1 =

o1 (M, K, p) = [M+K i =P 3. Where oy is j-independent , provided that: both of the positive real numbers M and K are j-
—p 3
independent.

8
3

Pmof. By proposition 7.13 , we have: ||A(t)|| < [M + 3 K £ ]t%. For 0 < t < p, we have: ||A(t)]] < [M +

8
—t3

K i ]pg. Set the bound o1 as: o1 = o1 (M, K, p) = [M + K i ]p%. Then ||A(#)|| < o1. Where o1 is j-
—p3 —p3
1ndependent Hence A(t) is bounded in the interval 0 < ¢ < p for ﬁxed p,0<p<L

Now we need to prove part (2).

Proposition 7.15. For 0 <t < pforfixed p, 0 < p < 1 given in theorem 5.5, A(t) — O0ast — 0.

Proof. From proposition 7.13 , we have: [|A(t)]| < H(t)t% and then: H(t) = M—|— 55 K ts Jdf t— 0, H(t) —
143

M and then H(t)t% — 0 and finally we get ||A(t)|| — 0 ast — 0 and hence A(t) — 0 ast —
0. We have another way to bound the function A(t) given in the next theorem.

Theorem 7.16. Forany0 <t < pforfixedp,0 < p < 1given intheorem 5.5 ,the function /A(t) is bounded by ||A(¢)|| <
~ 2
Mts.
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Proof. Start with the following representation of the function A(t) as follows: A(t) = Ao(t) + > opo [Dr(t) —
Ak—1(t)]. Take the magnitude for both sides , then we will have: ||A()]| < [|Ao(8) ||+ ey 1Ak (£)—Ak—1(t)]]. Since the se-
1

10
ries > 70 [[Ak(t) — Ar—1(t)|| convergesto p(t) = 55 K5 intheinterval 0 < ¢ < p, then: | A(t)]| < H771||t% +
1

—t3

8 8 ~
ok 5 and [ A0 < {Iml+K L5 13 For0 < ¢ < p, wehave: [A®)] < {Ilm |+ 225 13 . Since we know that N —
—i5 1-t3 1-p3

Il + K2 o = and A1) < NIE5.

Proposition 7.17. For any
~ A2
02(M, K, p) = Mp3.

®)|| < o2, where o2 is given as: o2 =

Proof. By theorem 1.23 , we have For any 0 < ¢t < p for fixed p, 0 < p < 1 given in theorem 5.5,the func-
tion A(¢) is bounded , this means ||A(¢)]] < Mt3 . Then IA@)] < Mp% Suppose that : 02 = o2(M, K, p) =
Mp3. Then | A(t)]| < o2

Theorem 7.18. For any 0 < t < p for fixed p, 0 < p < 1 given in theorem 5.5 , there exists a positive real num-
ber o such that | A(t)|| < o.

roof. By proposition 7.14 , there exists a positive real number o, givenby: o1 = o1 (M, K, p + p3 uch that: <
P B ition 7.14 , th i iti 1 b ivenb M, K MK'“'s Such that: || A(2)|| <

A2

1. By proposition 7.17 , there exists a positive real number o5 given by: o2 = oo(M, K, p) = Mp3, s uch that IA@)] <
02. Suppose that: ¢ = min {o1,02}. Then o > 0.

O
Theorem 7. 19 For0 <t < pforfixed p, 0 < p <1 given in theorem 5.5 , we have: || dA(t) || < H(t)ifTl and H(t) =
M + Q%K “§ and then: H (t) — Mas t — 0.
1-¢3
Proposition 7.20. For0 <t < pforﬁxalp 0 < p < 1 given in theorem 5.5 , we have: || t) | - @) <50 <

|| =2 dA (t> || + ©(t). Where ®(t) = 9 K 5 L is a continuous function on the closed interval t € [0, p| , for fixed p, 0 <
p < 1 given in theorem 1.8.

Proof. By proposmon 7.7 , we have: ||— — &H < 2K 3%, t 5 . By proposition 6.8, the upper bound se-
K>t et converges to the continuous function ®(t) = -5 K ”g and then the above inequality becomes: ||

| < SEE, T < (1), Since | [ 452)| 442 |< ||dA<’> 18 “)n From the two above inequali-

ties we get: | ||dA<t) || — HdA i (t) || |< @(t). Then we have: —®(t) < ||dA(t> | — H || < ®(t) and then: HdA i (1) I -
s s (t)

o(t) < 1752 < 155421 + 2(2).
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=1

Proposition7 21. For0 <t < pforfixedp,0 < p < 1 givenintheorem5.5, we have: H%ﬁ”“ < H(t)ts , where H(t) =
M + 9K t3 . Moreover, H(t) — M ast — 0.

Proof. By proposition 7.20 , we have: || dA(t) II < ||dA () H+<I>( ). Forevery j > 1, and since we know that || —L—= dA (t || <
Nt then: HdA(i)H < Mts —|— oK ” . If we factor ¢ 3 out then: ||dA(t)|| <M+ 3K t3§} 3. Put: H( )=
—t3 t3
M + 5K t§§.Then H%t(t)” < H( t)tT. Note that H (t) — M as t —s 0.
1-¢3
O

Theorem 7.22. For every0 < t < pforfixed p,0 < p < 1 given intheorem 5.5, there exists a constant M which is given above such that:

12| < 3o
Proof. Start with the formula from: 42 = 920 1 3~ (40k dAd’i’l) and we obtain the inequality: || 2= \ <422+
S 114 d‘ﬂ — dA" L|. Since we know that from theorem 1.11 that: Y52, ||ﬂ — dA’“ <2 K t3 , on the in-
-1 T —1 —1
terval 0 < ¢ < p. Then || H Slmllt= + 5K < ¢ {Flmll + 55K~ . < Al +K1jj§} s <
ol + K pSs WE < NS
O

Theorem 7. 23 Forevery0 < t < p forfixedp,0 < p < 1givenin theorem 1.8, then:|| == dA(t) I < H(p)t_Tl, where H(p) =
M+ 2K P3§ and H(p) > M.
1-p3

Proof. By theorem 7.19, we have:||%§t)|\ < H(t)t%l.ForeveryO <t< p,H%t(t)H < H(p)t%l.Providedthat: H(p) =
M+ 3K 038 > M.

1-p3

8 Applications and relating to the others’ work

The collision between two bodies could occur in the space, on the ground, or in any part of oceans. The collision between
two bodies on the real line is considered as the closest type of collision to reality. This type of collision includes but
not limited to, the collision of two airplanes, two trains, two ships, or two submarines, etc....The technique of successive
approximations has been modified to be the most powerful tool which will be employed to construct the asymptotic solution
for such type of collision. However, the proofs of the lemmas, propositions, and theorems are done analytically without
the need of the numerical analysis, and then there are no numerical calculations needed. At this point , we want to show
that our work is connected with the work of Pollard H., Saari, D.G. in [5]. Pollard H., Saari, D.G. in[5], show that: A
singularity as t — 0™ is due to collisions if and only if U ~ ozt_TQ, t — 0T for some positive constant v, where 0" is
the collision time. Recall that U is the potential energy and it is defined by: U = 3, <j<k<N %
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(1) The First Application:

2

Proposition 8.1. Given the two body problem, assume also that Wa1 = At%(l + A), where A = [W]% with

=2
A(t) — 0ast — 0, then there exists a positive constant « such that U ~ at™ ast — 0.

Proof. Since W1 = At_T4(1 +A). Then ¥2.4) — 1 L A(t) — 140 = 1,ast — 0, provided that A > 0. In other

At 3
=4 . _ _ _ ry
words Wai (t) ~ At ast — 0. Since Way = 22574 = || Wi || = ”TQT%IH =L —r;? = War. Then —2p — 1
21 21 21 At 3
,ast —» 0, and hence:
_1 mimo
T21 1 mims ro1 U U

Er = = = = 2 = === 1 3
\/Zt 3 \/Zt 3 121 [mlTI’Lz\/Z]t 3 T21 [mlmz\/Z}t 3 [mlmz\/Z}t 3 at ™3

_2
9M*

while M *is the total mass. Then U ~ at%z fora = mlmz[#]% > 0, as ¢ — 0. Then the singularity is due to
collisions as ¢ — 0.This completes the proof. Recall that total collapse means that all particles collide at a finite time .
In other words , ||7;(t) — rx(t)|| — O for j # k as t — 0if to = 0 is assumed to be the collision time. Sundman gives
two important theorems to describe the total collapse , the first theorem states that the total collapse accrues only in a finite
time while the other theorem states that if the total collapse is to occur then the angular momentum is zero [2].

2 2.1 1 . . ..
ast — 0. Choose o = mimavV A = mimz|[gr=]3]2 = mima] ]3 > 0. Since the masses are strictly positive

(2) The Second Application:

Proposition 8.2. Given the two body problem , assume also that Wa1 = At_T4 1+ A), with: A = [%%]% with
A(t) — 0ast — 0, then the two particles m1 and 2 collide as t — 0.

1 _
Proof. Since we have:—2L — 1, ast — 0. This this implies that r5," ~ \/Zth ,as t —> 0. Since the
VA3

asymptotic relation is an equivalence relation , then it is symmetric and then \/Z:‘,_T2 ~ 75 ast — 0, which gives
=2
VAt3 5 1ast —s 0. Then M — 1, which gives v/ Ara; (t) ~ 3. 1If we multiply both sides by ﬁ we
T21 t3
will have: rg1(t) ~ LAté Ast — 0, r21(t) tends to 0 like the function t3 . Moreover, [r2(t) —ri(t)]| ~ ﬁtg as
t — 0. Then, we have total collapse occurs whenever ¢ tends to 0.

O

(3) The Third Application: Newton’s Law of Universal Gravitation: The most common use is in celestial mechanics, where
gravity is the main force. Newton’s Law of Universal Gravitation, this law tells us how two point masses pull on each other
with gravity. It controls the paths that planets, moons, and satellites take around the sun. The distance (r) between two
masses (m1 and m2) is equal to the force (F") between them and it is given by: F = %, where G is the universal
gravitational constant (6.674 x 10~ N - m? /kg?). The force is always pulling things together and works along the line
that connects the two masses. Newton’s second law (F = ma@) uses this force to figure out how fast each body is moving,
which leads to the equations of motion for the system.

(4) The Fourth Application: Conservation of Angular Momentum: For a two-body system under a central force, the total
angular momentum (L) is conserved. This is because a central force always points along the line connecting the two
bodies, so it exerts no torque on the system. The angular momentum of a particle with mass m and velocity ¥’ at a position
7 relative to the center of mass is: L = 7 x P = 7 X (m%) The conservation of angular momentum explains why planetary
orbits are confined to a single plane and why a planet’s speed changes as it orbits. For example, a planet moves faster when
it’s closer to the sun (smaller r) to keep its angular momentum constant.
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9 Conclusion

The scalar version of the two body problem can be solved asymptotically when the two bodies collide on the real line at
some finite time. The asymptotic solution has a certain form which maintains certain properties, in other words, the
function A and their first and second derivatives with respect to ¢ approach 0 when ¢ attains the collision time which is
assumed to be 0. In order to obtain the specific form Wa1 (t) = At™(1 + A(¢)), there has been a long process to provide
the values of A and m respectively via the asymptotic hypothesis.The technique of successive approximation has been
modified in such a way that it could play a significant tool in the process of constructing the function A. In sum,
A(t) = Do(t) + 300, [Ak(t) — Ak—1(t)]. More than that, the function A(¢) is shown to satisfy the inequality;
8 .

A < {llml + K L35 }té, for every 0 < t < p, which asserts that A — 0 when ¢ — 0. Furthermore, the

1—p3
transformation ¢t = 2~ has been utilized effectively to prove that the first and second derivatives with respect to ¢
approach 0 when ¢ attains the collision time as ¢ — 0 if and only if 2 — co. Not only that, it has been proved that the
function A(t) is bounded in the closed interval [0, p] as ||A(t)]| < M t3.
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